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Abstract

Crossed complexes have longstanding uses, explicit and implicit, in homotopy theory and the
cohomology of groups. It is here shown that the category of crossed complexes over groupoids has
a symmetric monoidal closed structure in which the internal Hom functor is built from morphisms
of crossed complexes, nonabelian chain homotopies between them and similar higher homotopies.
The tensor product involves non-abelian constructions related to the commutator calculus and the
homotopy addition lemma. This monoidal closed structure is derived from that on the equiva-
lent category of w-groupoids where the underlying cubical structure gives geometrically natural
definitions of tensor products and homotopies.

Introduction

The definition of a crossed complex is motivated by the principal example, the fundamental crossed
complex TTX, of a filtered space

Xe :XogCX1 CEXp S-S X C&-- CX

Here (TTX,); is the fundamental groupoid 71 (X1, Xp) and for n > 2, (TTX,), is the family of rel-
ative homotopy groups 7, (Xn, Xn_1,P),p € Xo, together with the standard boundary operators
o (MXy)n — (TTX4)n—1 and the actions of (TTX,); on (TTX,)n, n > 2. The axioms for a crossed
complex are those universally satisfied by this standard example.

*This is a slightly edited BIgX version of the article which appeared in J. Pure Appl. Alg. 47 (1987) 1-33.
tResearch of the authors supported by the Science and Engineering Research Council under grant No. GR/B/73798.



We have shown earlier [6, 7] that the fundamental crossed complex satisfies a Higher Homotopy
van Kampen type theorem! (i.e., it preserves certain colimits), which is related to and generalises
many basic facts in homotopy theory, such as the relative Hurewicz theorem, and which leads to
new results [4]. Crossed complexes have also been used by a number of writers [19, 20, 24, 25] to
interpret the cohomology groups H™(G; A) of a group G with coefficients in a G-module A. These
results suggest that the category of crossed complexes is both a convenient first approximation to
the homotopy theory of CW-complexes and a suitable context for the development of non-abelian
homological algebra (see also [8] and the surveys [5, 6]).

Our aim here is to give additional arguments for this view by endowing the category Crs of crossed
complexes with appropriate notions of tensor product A ® B and internal hom-functor CRS(B, C),
thereby giving Crs the structure of symmetric monoidal closed category. The crossed complex CRS(B, C)
is in dimension O the set of all morphisms B — C. In dimension m > 1, it consists of m-fold homotopies
h: B — C over morphisms f : B — C, that is, maps of degree m from B to C in which the component
B1 — Cyn41 is a derivation and the components B, — Cy4n,n > 2, are operator morphisms,
all over the morphism f : By — C; of groupoids. the defining formulae are given in (3.1) below,
and Proposition 3.14 gives a complete description of the crossed complex structure on CRS(B, C).
In dimension 1, the elements of CRS(B, C) determine homotopies between morphisms B — C, and
these are in essence the same as the homotopies defined by Whitehead in [26] for particular kinds of
crossed complexes. It should be noted that, just as the category of groups has no internal hom-functor,
while the category of groupoids does have one, so also, to obtain a monoidal closed structure on the
category Crs it is essential to use crossed complexes over groupoids, not over groups.

The tensor product A ® B of crossed complexes A and B is generated as crossed complex by
elements a ® b in dimension m + n for all a € Ay, b € By, m,n > 0, with defining relations
given in (3.11). This tensor product is associative, symmetric (Section 4) and satisfies the adjointness
condition required for a monoidal closed structure:

Crs(A ®B,C) = Crs(A, CRS(B, C)).

Given the formulae (3.1), (3.11) and (3.14), it is possible , in principle, to verify all the above facts
within the category of crossed complexes, although the computations, with their numerous special
cases, would be long. We prefer to prove these facts using the equivalent category w-Gpd of w-
groupoids where the formulae are simpler and have clearer geometric content.

The relationships developed between crossed complexes and the underlying cubical structure of w-
groupoids will in any case be required in other contexts (in particular for the construction of classifying
spaces [10]). Although the usual simplicial notions are more firmly embedded in the literature than
the cubical ones, the latter are more convenient for handling higher homotopies. An analysis of the
symmetric, monoidal closed structure on simplicial T-complexes, which form the simplicial analogue
of w-groupoids (Ashley [1]), has not yet been attempted.

The results of this paper will form the basis of further papers [9, 10] extending work of Whitehead
and Eilenberg-Mac Lane on abstract homotopy theory and the cohomology of groups. In particular,
in [10], we define the classifying space BC of a crossed complex C and show that, for any CW-
complex X, there is a natural bijection of homotopy classes [X, BC] = [TTX,, C]. We also show that

1t has recently (2007) been suggested by Jim Stasheff that this term should replace the previous ‘Generalised van
Kampen Theorem’.



Xy ® Yi) = TX, @ MY, for CW-complexes X and Y. The corresponding results for cubical sets are
proved in Section 3 below.

The structure of the paper is as follows. Tensor products and hom-functors are described for cubical
sets in Section 1, for w-groupoids in Section 2 and for crossed complexes in Section 3. The transition
from w-groupoids to crossed complexes uses the equivalences

v:w—Gpd =2 Crs: A

established in [6]. In Section 4 we establish the symmetry of the tensor product which, by contrast
with the other results, is easier to prove for crossed complexes than for w-groupoids. (It is interesting
to note that the tensor product of cubical sets is not symmetric; the extra structure of w-groupoids is
needed to define the symmetry map G ® H — H® G.) In Section 5 we give a brief account of the case
of crossed complexes with base-point. Finally, in Section 6, we calculate some special tensor products;
in particular, the tensor product of two groupoids involves an interesting new construction akin to the
Cartesian subgroup of a free product of groups.

1 Cubical sets

We start by examining the tensor products and internal hom functor in the category of cubical sets.
These well-known constructions are related by exponential laws which we shall exploit later when we
study similar but more difficult constructions for w-groupoids and crossed complexes. We recall the
notations and main results.

A cubical set K = {Ky,, 0, ¢;} consists of a family of sets K,, (n > 0) and functions 9 : K,, —
Kn_1, €¢i : Kno1 — Kp (1 =1,2,...,n; o« = 0,1) satisfying the usual cubical laws (see, for exam-
ple, [6]). A cubical map f : K — L is a family of functions f, : K, — L, (n > 0) preserving the 9 and
;. These form the category Cub of cubical sets.

If H,K are cubical sets, their tensor product H ® K has

(H®Kn_< | ] Hp ><K>

p+gq=n

where ~ is the equivalence relation generated by (e +1x,y) ~ (x, e1y) forx € Hy,y € K¢ (r+s =n—1).
We write x ® y for the equivalence class of (x,y). The maps 0, ¢; defined for x € H,,y € K4 by

(Ofx)ey if1<i<y,

0 (x®y) =
' Y {x@(a?_py) 1fp+1<1 p+dq,

(eix) ®@y ifl<i<p+1,
eilx®@y) =
x® (eipy) fp+1<i<p+q+1

make H ® K a cubical set. We note, in particular, that
(ep+1%X) ®Yy =x® (e1y) when x € Hy,.

The universal property possessed by this tensor product is the following. Any cubical map f :
H ® K — L defines a family of functions F,q : H, x Kq — Ly 44 (given by Fpq(x,y) = fp1q(x @ y))
satisfying



1.1

q0fxy)  fl<i
—1(x, 0% y) fp+1
(
(

€iX, ifl<i
a-qu(x®y):{ p+1,q €L y) if

0 Fpalx @ y) :{

<
pq+1X51 py) ifp—|—1< <pt+qg+ 1l

Such a family F = {F,, 4} will be called a bicubical map from (H, K) to L. Conversely, given a a bicubical
map F: (H,K) — L, there is a unique cubical map f: H® K — L such that F,,4(x,y) = fpq(x @ y).
This is because the defining equations (1.1) for a bicubical map imply that, for x € H, and y € K

Fr+1,s(€r+1x,y) =erp1Frs(x,y) = FT‘,S+1(X: £1Y),

that is, the maps F,, 4 respect the equivalence ~ used in defining H ® K. The resulting map H@ K — L
is cubical by (1.1).

We denote by I"™ the cubical set freely generated by one element c,, in dimension n. It is free in the
sense that, for any cubical set K and any x € Ky, there is a unique cubical map % : I — K such that
x(cn) = x. The solution of the word problem for I" is well known. The non-degenerate elements are
uniquely of the form a"ila“z a“rcn where o; =0,1and 1 <13 < iz <--- <1, < n. An arbitrary
element is then (as in all cubical sets) umquely of the form ¢;,¢5, - - - €5,%, Where x is non-degenerate
of dimension t, say, and s + t > j; > jo > -+ > js. We shall show below that I™ @ I = I™*™, In
what follows, the cubical set I = I' plays the role of the unit interval in homotopy theory. We denote
its vertices by 0 = 39c; and 1 = d1c;.

We now look at the internal hom functor CUB(K, L) for cubical sets K, L. This construction em-
braces the notions of homotopies and higher homotopies for cubical maps (cf. Kan [21]). However
we need to distinguish between left and right homotopies because tensor products of cubical sets are
not symmetric (we return to this point later).

We first define, for any cubical set L, the left path complex PL which is the cubical set with

(PI—)r = I—r+1

and cubical operations 95, 05, ...,ag;l : (PL)y — (PL)yy1, €2,€3,-+.,&r41 ¢ (PL)y—1 — (PL); (that
is, we ignore the first operations 81, 61, ¢1 in each dimension.) The bicubical maps from (I, K) to L are
in natural one-one correspondence with (a) the cubical maps f : 1 ® K — L , and with (b) the cubical
maps f : K — PL. Here corresponding maps f, f are related by f(x) = f(c; ® x) and either of them is
termed a left homotopy from fq to f1, where f, : K — L is given by

fox = fla®x) = 0§fx (x=0,1).

We note that the functor I ® — is left adjoint to P : Cub — Cub and we generalise this adjointness as
follows.
First we define the n-fold left path complex P™L inductively by P"L = P(P™~1L), so that

(Pn]—)r = LTL+T

with cubical operations 0%, ;,0% . ,,...,0%, . : (P"L); — (P™L)y—1and en41, eny2, -5 Engr : (PML)r1 —

n+1> “n+2°
(P™L);. The omitted operations 0f,...,0% in each dimension induce morphisms of cubical sets
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0%,...,0% : P"L — P™L, and similarly we have morphisms of cubical sets €1, ¢3,...,én : P"L —
P™L. These morphisms satisfy the cubical laws, so the family

P*L={P"Lln>0

is an internal cubical set in Cub.
We now define
CUBL(K,L) = Cub(K,P™L)

and observe that, because of the internal cubical structure on P*L, the family CUB(K, L) of sets
CUBL (K, L) for n > 0 inherits a cubical structure. Its cubical operations CUB,, (K,L) = CUB,, _1(K, L)
are induced by the operations 0f, 05, ..., 0%, €1, €2,...,en of L. Thus a typical f € CUB,(K,L) is a
family of maps f, : K; — L, satisfying

fT*lai(,x = a1o1c_+if1‘5 fT‘S]' = ‘ST‘I.-l—]'fT*]. (IJJ = 17 23 ce ,T)
and its faces are given by
(03 f)y = 0 f, (i=1,2,...,n,0=0,1).

In geometric terms, the elements of CUB(K, L) are the cubical maps K — L, the elements of CUB; (K, L)
are the (left) homotopies between such maps, the elements of CUB,(K, L) are homotopies between
homotopies, etc.

Proposition 1.2 (i) The functor CUB(K, —) : Cub — Cub is right adjoint to — ® K.
(ii) For cubical sets H, K, L there are natural isomorphisms of cubical sets

HoKoL2H® (KoL),
CUB(H® K, L) = CUB(H, CUB(K, L)),

giving Cub the structure of a monoidal closed category. O

Corollary 1.3 (i) — ® I"™ is left adjoint to CUB(I™, —) : Cub — Cub.
(i) I™ @ — is left adjoint to P™ : Cub — Cub.
(iii) There are natural (and coherent) isomorphisms of cubical sets

Hm ® I[TL ~ Hm+n.

Proof (i) is a special case of (1.2)(i).
(ii) follows from the natural bijections

Cub(I" ® K, L) = Cub(I", CUB(K, L))
= CUBn (K, L) = Cub(K, P™L).

(iii) follows from (ii) since P™ o P™ = pm+™, O

This corollary serves to remind the reader that for cubical sets the tensor product is not symmetric
since (x,y) — Yy ® x is not a bicubical map. However, there is a ‘transposition’ functor T : Cub — Cub,



where TK has the same elements as K in each dimension but has its face and degeneracy operations
numbered in reverse order, that is, the cubical operations d{* : (TK),, — (TK),_1 and e; : (TK),_1 —
(TK)n are defined by d* = 05, ;_;,ei = eny1-i. Clearly T2K is naturally isomorphic to K and T(K®L)
is naturally isomorphic to T(L) ® T(K). Instead of the expected isomorphism of CUB(I™, L) with P"L,

we have:

Corollary 1.4 There is a natural isomorphism of cubical sets
CUB(I™,L) = TP"TL.

Proof By (1.3), P™ is right adjoint to I™ ® —, so P™T is right adjoint to T(I™ ® —). Hence TP™T is
right adjoint to T(I™ ® T—) = (— @ TI™). But there is an obvious cubical isomorphism TI™ = I™ and

this induces a natural isomorphism (— ® TI") = (— ® I"™). Hence TP™T is naturally isomorphic to the
right adjoint CUB(I", —) of — @ I"™. O

Note. A simpler argument shows that the functor A ® — : Cub — Cub has a right adjoint T
CUB(TA, T—) and hence that the monoidal closed category Cub is biclosed, in the sense of Kelly [22],
even though it is not symmetric.

2 w-groupoids

An w-groupoid is a cubical set with extra structure, namely, (i) connections (which are extra degenera-
cies) and (ii) n groupoid structures in dimension n (one composition along each of the n directions).
The precise definition is in [6]. The prime example is the fundamental w-groupoid p(X) of a filtered
space X, which is the quotient of the (cubical) singular complex of X by the relation of filter-homotopy.

The category w-Gpd of w-groupoids is a convenient algebraic model for certain geometric con-
structions. In particular it is well-suited for the discussion of homotopies and higher homotopies and
their composition. The internal hom functor for cubical sets generalises immediately to w-groupoids
as follows.

For any w-groupoid H, considered as a cubical set, the n-fold left path complex P"H has (P"H), =
Hy, v, with cubical operators 0% | 1,07 5, ..., 05 : (P"H)y — (P™"H),—1 and ent1, Eny2, v vs engr s
(P"H)y_1 — (P™H),. The connections Iy 11, Mm2,...,Thir—1: (P"H):_1 — (P™H), and the compo-
sitions +n 11, +nit2,.-., +nir on (P™"H). make P"H an w-groupoid since the laws to be checked are
just a subset of the w-groupoid laws of H. We call P™H the n-fold (left) path w-groupoid of H. The
operators of H not used in P™H give maps

0%,...,0% :P™H — P™ 1N,

€1,y E6m P IH — P™H,

M,...,Mm_1:P™ 'H > P™H

which are morphisms of w-groupoids and obey the cubical laws. The unused additions of H define
partial compositions +1,+2, ..., +m on P™H which, by the w-groupoid laws for H, are compatible
with the w-groupoid structure of P™H. Hence

PH = (H, PH, P?H,...,)
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with the above operators and additions is an internal w-groupoid in the category of w-groupoids.
For any w-groupoids G, H, we now define

K = w-GPD(G, H) = w-Gpd(G, PH),

that is, w-GPD, (G, H) = w-Gpd(G, P™H), and it is clear that the internal w-groupoid structure on PH
induces an w-groupoid structure on K with operators 9%,...,0% : Kyn — K1, €15+ 5 €m, 11,05 mo1:
Kimm_1 — Ky and compositions +1, ..., +m on Ky, all induced by the similarly numbered operations

on H. Thus in dimension 0, w-GPD(G, H) consists of all morphisms G — H,while in dimension n it
consists of n-fold (left) homotopies G — H. We make w-GPD(G, H) a functor in G and H (contravari-

ant in G) in the obvious way: if g : G — G’ and h : H — H’ are morphisms, the corresponding
morphism

k: w-GPD(G, H) — w-GPD(G’, H’)

is given, in dimension r, by
kr(f)=(P"h)ofog, wheref:G — P"H.

The definition of tensor products of w-groupoids is harder. We require that —® G be left adjoint to
w-GPD(G, —) as a functor from w-Gpd to w-Gpd, and this determines ® up to natural isomorphism.
Its existence, that is, the representability of the functor w-Gpd(F,w-GPD(G,—)) can be asserted on
general grounds. The point is that w-Gpd is an equationally defined category of many sorted algebras
in which the domains of the operations are defined by finite limit diagrams. General theorems on such
algebraic categories (see [12-15,22,27]) imply that w-Gpd is complete and cocomplete and that it
is monadic over the category Cub of cubical sets. In particular the underlying cubical set functor U :
w-Gpd— Cub has a left adjoint p : Cub — w-Gpd, and we call p(K) the free w-Gpd on the cubical set
K. (This notation is consistent with our previous use of p(K) as the fundamental w-Gpd of the filtered
space X because, for any cubical set K, p(K) = p(|K|). See Note (i) at the end of this section.) We may
also specify an w-groupoid by a presentation, that is, by giving a set of generators in each dimension
and a set of defining relations of the form u = v, where u, v are well-formed formulae of the same
dimension made from generators and the operators 0, €;, I, +i, —i. (For example, p(K) is the w-
groupoid generated by the elements of K with defining relations given by the face and degeneracy
maps 0 : K;, — Kp—qand ¢; : K1 — Ky

The validity of using presentations in this context enables us follow the standard procedure for
defining tensor products of modules. Given w-groupoids F, G, we define F ® G by giving a presen-
tation of it as an w-groupoid. The universal property of the presentation will then give the required
adjointness. Gray [16,17] has given a related definition of tensor products of 2-categories, but his
definition is complicated by the fact that he restricts attention to 2-categories. The tensor product of
two 2-categories is more naturally defined as a 4-category, so Gray has to introduce extra defining
relations to ensure that elements in dimensions 3 and 4 are trivial.

Let F, G be w-groupoids. We define F® G to be the w-groupoid generated by elements in dimension
n > 0 of the form x®@y where x € F,,, y € G4 and p+q = n, subject to the following defining relations
(plus, of course, the laws for w-groupoids)

@y fl<i<p,

2.1 () *(x®y)=
® oftxey) {X®(6{"py) fp+l<i<m

7



B giX) ® fl<i<p+1,
() eix®y) = leox) @y f P
x®@(eipy) Fp+l<is<n+tl;
lix) ® ifl1<i<vp,
i) Rxoy) =4 ey ¥ P
x® (M—py) fp+1<i<ng

(v) (x+ix)@y=x®y)+i(x' ®@y)if1 <i<pandx+;x’is defined in F;

WM x@U+HyY)=x®Y)+py (x®@y')if1 <j< qgandy +;y’ is defined in G;

We note that the relation

(—ix) ®y if1<i<p,
i

(Vi) —i(x®y) = {x@ (—i—py) ifp+1<

<n
follows from (iv) and (v). Also the relation
(vi)) (ep+1%) @Y =x® (e1y)

follows from (ii).

An alternative way of stating this definition is to define a bimorphism (F, G) — A, where F,G, A
are w-groupoids, to be a family of maps F,, x Gq — Ap4q (p,q = 0), denoted by (x,y) — x(x,y)
such that

(a) for each x € Fp, the map y — x(x,y) is a morphism of w-groupoids G — PPA;

(b) for each g € G4 the map x — x(x,y) is a morphism of w-groupoids F — TP9TA, where as in sec-
tion 1, the w-groupoid TX has the same elements as X but has its cubical operations, connections
and compositions numbered in reverse order.

The w-groupoid F ® G is now defined up to natural isomorphism by the two properties:
(i) the map (x,y) — x ®y is a bimorphism (F,G) — F ® G;

(i) every bimorphism (F, G) — A is uniquely of the form (x,y) — o(x ® y) where 0: F® G — A is
a morphism of w-groupoids.

In the definition of a bimorphism (F,G) — A, condition (a) gives maps F, — w-GPD,(G,A)
for each p, and condition (b) states that these combine to give a morphism of w-groupoids F —
w-GPD(G, A). This observation yields a natural bijection between bimorphisms (F,G) — A and
morphisms F — w-GPD(G, A). Since there is also a natural bijection between bimorphisms (F, G) — A
and morphisms F® G — A, we have

Proposition 2.2 The functor — ® G is left adjoint to the functor w-GPD(G, —) from w-Gpdto w-Gpd.
O

Proposition 2.3 For w-groupoids F, G, H, there are natural isomorphisms of w-groupoids

) FRG)®H=F® (G®H), and



(i) w-GPD(F® G,H) = w-GPD(F,w-GPD(G, H))
giving w-Gpd the structure of a monoidal closed category.

Proof (ii) In dimension r there is, by adjointness, a natural bijection

w-GPD,(F® G, H) = w-Gpd(F ® G, P"H)
=~ w-Gpd(F, w-GPD(G, P"H))
— w-Gpd(F, P"(w-GPD(G, H)))
— w-GPD,(F, w-GPD(G, H)).

These bijections combine to form the natural isomorphism (ii) of w-groupoids because, on both sides,
the w-groupoid structures are given by 0%, ¢;, I, +1 induced by the corresponding operators 0%, ¢;,
etc. in H. For example, if u € w-GPD;(F ® G, H) corresponds to 1t € w-GPD,(F,w-GPD(G, H)), then

u(f®g) =0(f)(g) € Hpyq4r forall f € F,, g € Gg;
hence, for1 <i <,
(0fwW(f® g) =0 (u(f @ g)) = o (1(f)(g))) :== A (W)(f)(g)

so 0{u also corresponds to 0.
(i) This isomorphism can be proved directly or deduced from (ii) by means of the natural isomor-
phisms

wW-GPD((F® G) ® H,K) = w-GPD(F ® G, w-GPD(H, X))
= w-GPD(F, w-GPD(G, w-GPD(H, K)))
= w-GPD(F, w-GPD(G @ H, K))
= w-GPD(F® (G ® H), K).

Again, coherence is easily established. O

Proposition 2.4 For a cubical set | and an w-groupoid G, there is a natural isomorphism of cubical sets
U(w-GPD(p(L), G)) = CUB(L, UG).

Proof The functor p : Cub — w-Gpd is left adjoint to U : w-Gpd— Cub, and this is what the proposition
says in dimension 0. In dimension r we have a natural bijection

w-GPD;(p(L), G) = w-Gpd(p(L), PTG)
= Cub(L, UP"G) = CUB,(L, UG)

and these bijections are compatible with the cubical operators as in the proof of (2.3)(ii). O



Proposition 2.5 If K, L are cubical sets, there is a natural isomorphism of w-groupoids
p(K® L) = p(K) @ p(L).
Proof By (2.3) and (2.4), for any w-groupoid G, there are natural isomorphisms of cubical sets

U(w-GPD(p(K® 1), G)) = CUB(K @ L, UG)
~ CUB(K, CUB(L, UG))
= CUB(K, U(w-GPD(p(L), G)))
= U(w-GPD(p(K), w-GPD(p(L), G)))
= U(w-GPD(p(K) ® p(L), G)).

The proposition follows from the information in dimension 0, namely
w-Gpd(p(K® L), G) = w-Gpd(p(K) ® p(L), G).

a

Writing G(n) for p(I™), the w-groupoid freely generated by one element in dimension n, and using
(1.3)({ii), we have

Corollary 2.6 There are natural isomorphisms of w-groupoids

G(m)®G(n) =G(m+n).

Proposition 2.7 (i) G(n) ® — is left adjoint to P™ : w-Gpd— w-Gpd.
(i) — ® G(n) is left adjoint to w-GPD(G(n), —).
(iii) w-GPD(G(n),—) is naturally isomorphic to TP™T.

Proof (i) There are natural bijections

w-Gpd(G(n) ® H,K) = w-Gpd(G(n), w-GPD(H, K))
= w-GPD,(H, K) = w-Gpd(H, P"K).

(ii) This is a special case of (2.2).

(iii) It follows from (i) that TP™T : w-Gpd— w-Gpdhas left adjoint T(G(n) ® T(—)) = — @ TG(n).
But the obvious isomorphism TI — T induces an isomorphism TG(n) = G(n), so —®TG(n) is naturally
isomorphic to — ® G(n). The result now follows from (ii). O

Notes. (i) It was proved in [7] that G(n) is the fundamental w-groupoid p(I}') of the n-cube with
its skeletal filtration. We will show in [10]2, by similar methods, that for any cubical set K, there

2This paper was submitted in a cubical setting, but was not welcomed by some referees (‘not exciting’). So the final
paper was simplicial, and this result did not appear in that version. This result will appear in a new exposition ‘Nonabelian
algebraic topology’, by R. Brown, P.J. Higgins, and R. Sivera.
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is a natural isomorphism p(K) = p(|K|), where [K| is the geometric realisation of K, with its skeletal
filtration. Thus (2.5) gives an isomorphism

p(Kl®[L) = p(IK]) @ p(|L])
which can be generalised to an isomorphism
p(X®Y) =p(X)®p(Y)

for arbitrary CW-complexes X, Y.
(ii) We will show in Section 4 that the tensor product of w-groupoids is symmetric, although the
isomorphism G ® H = H ® G is not an obvious one.

3 Crossed complexes

A crossed complex C consists of a set Cg, a groupoid C; over Cg, a crossed module C, over C; and,
for n > 3, modules C,, over Cq, with boundary maps & : C;, — C,,_; satisfying certain identities. The
details are in [6], where it is proved that the category Crs of crossed complexes is equivalent to the
category w-Gpd. The equivalence vy :w-Gpd— Crs is straightforward: if G is an w-groupoid, then yG
consists of those cubes x in G all of whose faces 9%x except 39 are concentrated at a point p € Go. The
inverse equivalence A : Crs — w-Gpd was defined in [6] using a complicated folding operation ® and
the homotopy addition lemma. This definition of A involves certain choices, so different conventions
are possible; we use those adopted in [6]. (With hindsight one can show that (AC),, = Crs(TTI™, C),
but there are difficulties in using this more canonical description as a definition.)

The monoidal closed structure defined on w-Gpd in section 2 can clearly be transferred to the
category Crs by the equivalences A and y. One simply defines A ® B = y(AA ® AB) and CRS(A,B) =
v(w-GPD(AA,AB)), for arbitrary crossed complexes A and B. The problem is then to describe these
constructions internally in the category Crs. The difficulty in passing from presentations in w-Gpd to
presentations in Crs may be illustrated by the example G(n). In w-Gpdthis is free on one generator
in dimension n; however, the corresponding crossed complex yG(n) = =(I") requires, for each -
dimensional face d of I™, a generator x(d) in dimension r, with defining relations of the form

d(x(d) = ) {x(3gd)),
(e,1)

where the formula for the ‘sum of the faces’ on the right is given by the Homotopy Addition Lemma
((7.1) of [6]).

The key to the translation is the notion of (left or right) m-fold homotopy for crossed complexes,
analogous to the corresponding notion for w-groupoids and related to it by means of the folding map
®. Let B, C be crossed complexes and let m > 1. Then an m-fold left homotopy B — C is a pair (h, f),
where f : B — C is a morphism of crossed complexes (the base morphism of the homotopy) and h is
a map of degree m from B to C (i.e., h: B,y — Cy 1, for each n > 0) satisfying

3.1 () Ph(b) =pf(b)forallb € B;
(i) if b,b’ € Biand b + b’is defined, then
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h(b+1b’) =h(b)(*) + h(b’);
(iii) if b,b’ € Bn(n > 2)and b + b’is defined, then
h(b+b’) = h(b) + h(b’);
(iv) if b € Ba(n > 2), by € Byand bP1is defined, then

h(bP1) = h(b)f(b1),

Here, in any crossed complex C, ¢ denotes the base-point of c, that is, if ¢ € Cy then pfc = ¢, if
c € Ci(p,q)orc € Cr(q) for n > 2, then fc = g. (In an w-groupoid G, the base-point of a cube x
of dimension n is fx = 6%6% e a}Lx.) Condition (3.1)(ii) (in combination with (i)) says that, on B1,h
is a derivation over f. Conditions (iii) and (iv) say that, on B (n > 2), h is a morphism of modules
over the morphism f : By — C; of groupoids. Thus, in each dimension, h and f preserve structure
in the only reasonable way. (However, there is no requirement that h should be compatible with the
boundary maps 6 : B, 4 B, 1and 6:C,, — C,_1.)

There is a corresponding notion of m-fold right homotopy B — C in which (3.1)(ii) is replaced by

(i)’ h(b+1b’) =h(b’) +h(b)f(P),

that is, h : By — Cy,11 is an anti-derivation over f. Since C;, is abelian for n > 3, the m-fold left and
right homotopies coincide except when m = 1.

Proposition 3.2 Let G, H be w-groupoids and let B = yG, C = yH be the corresponding crossed com-
plexes. Let \ : G — H be an m-fold left homotopy and, for b € B, define

(D h(b) = OP(b),
(i) f(b) =21a}---dL Y(b).

Then (h, f) is an m-fold left homotopy of crossed complexes B — C.
Moreover, if (h,f) is any m-fold left homotopy from B to C there is a unique m-fold left homotopy
U : G — Hsatisfying (i), (ii) for b € B and the extra condition

(i) %W (x) = e H(x) for 1 <i<m, (o, i) # (0,1) and all x € G,

where f denotes the unique morphism of w-groupoids G — H extending the morphism f : B — C of
crossed complexes.

Proof Since 9101 ---9L 1 : G — H is a morphism of w-groupoids it maps B to C and induces a
morphism f : B — C of crossed complexes. Also, for b € By,

Bh(b) = BDW(b) = Pp(b) = 8735 -+ A%, (D)
=01 0P (31 -~ 35,b) = f(Bb).
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The other conditions for (h, f) to be a homotopy are consequences of the formulae for ®(x +; y) in
(4.9) of [6]. Firstly, if b + b’ is defined in B; = G, then
h(b+1b’) = ®Y(b +;1 b’ ) @(P(b) +my1W(b)
= (OYP(b))™ + @P(b’) = h(b)* +h(b'),
where u = U 1p(b’) = 31--- 9L P(b’) = f(b’). (We recall that, in the notation of [6], w;x, for
a k-dimensional cube x, denotes the edge 91 ---9} ;0! ;---9%x.) Similarly, if n > 2 and b + b’ is

defined in B,,, then
h(b+b’) = h(b)* + h(b’),

where

U= UmnP(b') =07+ 03,0041+ Vg1 (b)

=01+ 0, (d1 -+ 3}, 4b).

But since b’ € By, = ynG, the element 9] ---31 b’ of B is the identity element ¢18b’; so u =
f(e1Bb’) is also an identity element and h(b + b’) = h(b) + h(b’). Finally, if b’ is defined, where
beB,(n>2)andt € By, then

h(b') = OY(b') = DPY(—nel Ht+n b +n e} 1)
= (_m+n5m+111)( ) +min 1|)( ) tmin € 2111111)“))
= —(@en Lb(0)" + (OP(b))Y + el (1)

for certain edges u,v € C;. Butn > 2, so £m+11b( ) is degenerate and ®£m+11p( ) =0 (see (4.12)
of [6]). Hence h(b') = h(b)Y, where

V=1Umnin(e Tnl;ullq)( )
=01 O n 16 b(t) =07+ D b(t) = f(1).

Suppose now that (h, f) is any m-fold left homotopy B — C. If 1 is an m-fold homotopy G — H
satisfying conditions (i), (ii) and (iii), then it must also satisfy, for x € G,

h(®x) = DY(Dx) = OY(D; - - Dy 1)
— DD,y <1>m+n71w< ) = D (x) by (4.10) of [6].

Thus in proving existence and uniqueness of \» we may replace condition (i) by the stronger condition
h(®x) = OP(x) for all x € G.

We may also omit condition (ii) which is a consequence of (iii). So we look for { : G — H of degree
m satisfying, for all x € G, n > 0,
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(i) a%P(x) = e* (x) for i <m, (e, 1) # (0,1), and
(iv) OP(x) = h(Dx),

the right-hand sides being specified in advance, and we proceed by induction on n.

When n = 0, all faces but one of {(x) are specified by (iii). The elements z{* = a{“flf(x) =
e{“*lf(x) of Hy,—1 for («,1) # (0,1) form a box and the Homotopy Addition Lemma ((7.1 of [6])
gives a unique last face 2(1) such that 6@z = Xz has the value dh(®x) € C,,_1. Proposition 5.6 of [6]
then gives a unique filler \(x) for the box such that ®(\)(x)) has the value h(®x). (Of course, one
must verify that 6h(®x) = dh(x) has the same basepoint as the given box, but this is clear since
Bh(x) = Bf(x).)

Now suppose that n > 1 and assume that {(x) is already defined for all x of dimension < n and
that it satisfies (iii) and (iv) for all such x. Assume further that 1 satisfies all the conditions for an
m-fold left homotopy in so far as they apply to elements of dimension < n. Then, for x € G;,; we need
to find ¥ (x) € Hy4n satisfying (amongst others) the conditions

0%p(x) = e* M(x) for1<j<m,(aj)#(0,1),
0 0% blx) = $(0%x) forl<j<n,
OY(x) = h(Dx).

One verifies that the specified faces of \(x) form a box whose basepoint is Bf(x) = f(®x) = h(Dx)
and therefore, as in the case n = 0, there is a unique \{(x) satisfying these conditions. To complete the
induction we need only verify that this {(x) has all defining properties of an m-fold homotopy. For
example, to prove that

V(x +iy) =¥(x) +mri b(y),

we first note that 6}11“11,)( ) =P(0ix) =p(d%y) =% , ;W (y) so that z = P(x) +m+i W(y) is defined.
We then verify easily, using the induction hypotheses, that the faces of z other than 39z are given by

0z = e{”*lfA(x +ivy) for1 <j<m,
(e, j) # (0, 1),
0 452=V(0(x+iy)) forl<j<n.

Also

Oz = O(P(x) +m+i W(y))
= (@P(x))™ + D(y), by (4.9) of [6]

where 1 = w4 P (y) = 81 --- 0L W(wiy) = f(wiy) = f(uyy). But it may be verified that
R(@(x +1y)) = h(®x) V) 4 h(Dy)

using the defining properties of h and formulae (4.9) of [6]. (In the case n = 1,1 = 1 one needs to
observe that addition in C,, 1, is commutative.) Hence

Oz =h(D(x +iy))
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in all cases. It follows, by the uniqueness of \(x) satisfying conditions (1), that z = (x +;y). The other
properties of 1 are proved in a similar way. O

This proposition sets up a bijection between m-fold left homotopies B — C and certain special
m-fold left homotopies 1 : G — H, namely those satisfying

AW (x) = e 18705 - - W (x) for i < m, (o, 1) # (0, 1).

(Note that if 0fu = a{“_lv, then v must be a% e a}nu.) These are precisely the elements of y(w-
GPD(G, H)) = CRS(B, C) in dimension m, where m > 1. We complete this correspondence by defining
a 0-fold left (or right) homotopy of crossed complexes B — C to be a morphism f : B — C. We then
have:

Proposition 3.3 The elements of CRS(B, C) in dimension m > 0 are in natural one-one correspondence
with the m-fold left homotopies from B to C. O

In view of this result we will, from now on, identify CRS(B, C) with the collection of morphisms
and left homotopies from B to C. The operations which give this collection the structure of a crossed
complex can be deduced from the correspondence in Proposition 3.2. They will be described later, but
we note here that the basepoint of the homotopy (h, f) is the morphism f: B — C.

We now introduce the analogue for crossed complexes of bimorphisms (F, G) — H of w-groupoids.
A bimorphism 0 : (A, B) — C of crossed complexes is a family of maps 0 : A;;; X By — Cy4n satisfying
the following conditions, where a € A,,,,b € By:

3.4 () BAO((a,b)) =06(pa,pb))forallac A,b e B.
(i) 8(a,bP1) =0(a,b)?BLLifm >0,n >
(i) 0(a®,b) =0(a,b)?(a:Pblifm > 2 n > 0.

(iii)
b b’ 1 >1,n>2,
o(a,b L b') = 9(a, )—I—G(aj ) fm=0n>1lorm n
0(a,b)®(BP) 1 9(a,b’) ifm>1,n=1.
(iii)’
6(ata’,b) = 0(a,b) +06(a’,b) / fm>1,n=00rm>2n2>1,
8(a’,b) +0(a,b)®(@’B) ifm =1n>1.
(iv)
8(5a,b) + (—)™8(a, 5b) fm>2n>2,
5(0(a b)) —0(a,5b) —0(8'a, b) + 0(5%a, b)°(eBb) fm=1n>2,
U ) (=)™ H10(a, 81b) 4 (—)™0(a, 8%b)0(PP) £ 9(5a,b) fm>2,n =1,
—0(8'a,b) —0(a,8°b) +0(5%, b) + 0(a, 6'b) fm=n=
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)

0(a,8b) fm=0,n2>2,

5(6(a, b)) = {B(Sa,b) ifm>2,n=0.

0(a,8*b) ifm=0n=1a=0,1
sx(0(a.b))  [0(@5%0) Fm=0n=1(=01)
0(0%a,b) if m=1,n=0(ax=0,1).
These equations have been displayed for future reference; they can be summed up as follows:
3.5 (i) Foreach a € Ay (m > 1)the maps

he:b— 0(a,b),
fa:b— 0(Ba,b)

form an m-fold left homotopy : B — C.(If m = 0, then hy = f4is a morphism of crossed complexes :
B—C.)

(ii) For each b € By the maps
h{ :a— 0(a,b),
fi, :a— 6(a, pb)
form an n-fold right homotopy : A — C.(If n = 0, then h{, = f{is a morphism : A — C.)
(iii) 8(0(a,b))is given by equations (3.4) (iv) form > 1,n > 1.
(Note that (3.4) (v) follows from (3.5) (i) and (ii)).

Proposition 3.6 Let F, G, H be w-groupoids with corresponding crossed complexes A = yF,B = G,
C =+vH. Ifx : (F, G) — H is any bimorphism of w-groupoids, then 0 : (A, B) — C defined by

) 0:(a,b) = Dx(a,b) forae A,b € B,

is a bimorphism of crossed complexes. Conversely, given any bimorphism 6 : (A,B) — C of crossed
complexes, there is a unique bimorphism x : (F, G) — H of w-groupoids satisfying (*).

Proof First let x be given. Then
pB(a,b) = pdx(a,b) = px(a,b) =x(Ba, b) =68(pa, pb).

If a € Ay is fixed, then x — x(a,x) is a morphism of w-groupoids G — H, so b — ®x(a,b) is
a morphism of crossed complexes B — C. Similarly, by Proposition 3.2, if a € A,, is fixed, then
x — X(a, x) is an m-fold left homotopy of w-groupoids, so b — ®x(a,b) is an m-fold left homotopy
B — C over the morphism b — 91---91 x(a,b) = x(Ba,b). This morphism maps B into C = yH,
so ®x(Ba,b) = x(Pa,b) and the morphism can also be written b — 6(fa, b). This proves (3.5)(i).

16



Condition (3.5)(ii) follows in the same way from the right-homotopy version of Proposition 3.2. (Note
that in this version for n-fold right homotopies A — C the formula f(b) = a% - 9L (b) is replaced
by f(a) =9 ;- 0L, m(a). Hence, if b € By, the right homotopy a — ®x(a,b) : A — C has base
morphism a — 9} _; -9}, .x(a,b) =x(a, b).)

To prove (3.4) (iv) we use the Homotopy Addition Lemma; in order to compute 60(a, b) = 6dx(a, b)
we need to compute ®0{x(a, b) for each face of x(a,b) and sum them according to the formulae in

(7.1) of [6], which we will refer to as HAL.

Lemma 3.7 If x : (F,G) — H is a bimorphism of w-groupoids, then x(x,y) is thin whenever x or y is
thin.

Proof For any fixed y € G,,, the map x — x(x,y) is a morphism of w-groupoids from F to P"H. If x
is thin in F, it follows that x(x,y) is a thin element of P"H. But the thin elements of P™H are a subset
of the thin elements of H. o

To compute 60(a, b) in the general case m > 2,n > 2 we note that the faces of a and b other
than a‘l)a, a‘{b are all thin, so all but two faces of x(a, b) are thin by Lemma 3.7, and we conclude that
®0ofx(a,b) = 0 except when o« = 0 and i = 1 or m + 1. The appropriate formula of HAL now gives

80(a,b) = 5@x(a,b) = (@x(3%a,b))” + (=)™ (Px(a, dIb))™
— e(éa:b)v + (7)me(a’ 6b)w5

where v =uix(a,b) = x(uia, fb) and w = un1x(a,b) = x(Ba,u;b). Since a € A,b € B, both uja
and u;b are identities, so v, w act trivially and we obtain the formula

50(a,b) =0(da,b) + (—)™0(a, db).

The other formulae of (3.4)(iv) are proved in the same way using the different forms of HAL in various
cases. Thus 0 is a bimorphism of crossed complexes.

Now suppose that theta is given; we wish to reconstruct x. For each a € A,, we have an m-
fold left homotopy (hg,fq) : B — C. By Proposition 3.2, there is a unique m-fold left homotopy
V4 : G — H satisfying the conditions

3.8

Oy (b) =hg(b) =0(a,b) forb e B,
Vg € Y(w-GPD(G,H)) =D, say.

The required bimorphism x must yield such an n-fold left homotopy y — x(a,y), so the definition
x(a,y) = Pq(y) is forced. Furthermore, since A generates F as w-groupoid (see (5.8) of [6]) and
x(x,y) must preserve w-groupoid operations on the first variable x, for fixed y, the values x(a,y) for
a € A,y € G determine x completely. Thus x is unique if it exists.

To prove that the required bimorphism x exists we first note that we have a map a — {4 from A
to D of degree 0 and we will show that it is a morphism of crossed complexes. The crossed complex
structure of D is defined, as in §3 of [6], by the w-groupoid structure of w-GPD(G, H) which in turn
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comes from the w-groupoid structure of H. The operations of D are therefore as follows. If £, € D,
and t € D; are such that £ +mn and &7 are defined, then, for any y € G,

1(y),

We need to show that Yaiar = Yo + Par, Par = V24, Psa = g if @ € A (m > 2), and Pgaq =
0% if a € A;. Using the characterisation (3.8) of {4 and the fact that {4 + 11)(1/,1])}11" etc. are all
elements of D, it is enough to prove that, for b € B,

3.9 (1) O(Pa(b) +mba(b)) =0(a+ a’,b)if a+ a’is defined in A,
() O(—mel™ " Pe(b) +mWa(b)+mel 'pe(b)) =0(at,b) if t € Ajand atis defined in Ay (m > 2),
(i) ®(d%q(b)) =0(8a,b)ifa e Am,m > 2,
(iv) ®(0SPq(b)) =0(8%a,b)ifaec Aj,x=0,1.
The calculations for (i) and (ii) are similar to calculations done in the proof of Proposition 3.2. For
example, in (3.9)(ii), if a € A, b € By, then d)(s]“*ltl)t(b)) =0, so
O(—me™ e (b) +m Wal(b) +m el* e (b) = (Pa(b))” = 6(a,b)

where

v = umsinfllbt(b) =al... a}n_la}nﬂ e a}nme;“*lxpt(b)

=03+ 0p 1 We(b) = e (3] -+ dyb)

=1¢(pb) = 0(t, b) (since ® = id in dimension 1).
Hence 6(a,b)¥ = 0(a,b)?(t:BP) = g(at, b) since a — 0O(a,b) is an n-fold right homotopy with base
morphism a — 0(a, b). The calculations for (3.9)(iii) and (iv) use HAL and the extra defining property
(3.4)(iv) for 0. For example, to prove (3.9)(iii) we observe that ®{4(b) = 0(a,b) and 6P, (b) =
L{Do 4 (b)}, the sum of the folded faces on the right being calculated by the appropriate formula
of HAL, depending on the dimensions of a and b. Now a € A and b € B so, as in the proof of
(3.4)(iv), most terms in this sum are 0. In the case m > 2,n > 2, two terms survive and one

of these, CDa?Tl +1Va(b), we can calculate: because P, is an m-fold left homotopy of w-groupoids,
032 1 ha(b) = PPo(d9b) = 6(a, 5b). Hence HAL says

56(a,b) = @34 (b) + (—)™6(a, db).
Comparing this with the defining property
50(a,b) =0(da,b) + (—)™0(a, db)

we obtain (3.9)(iii). The other cases are similar.
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This proves that a — 1, is a morphism of crossed complexes from A = yF to D = y(w-
GPD(G, H)). It therefore extends uniquely to a morphism of w-groupoids x — 1y, say, from F to
w-GPD(G, H). But now the definition x(x,y) = V¥« (y) gives a bimorphism of w-groupoids (F,G) — H
such that ®x(a,b) = OPp4(b) =0(a,b) for a € A,b € B, and this completes the proof of Proposition
3.6. O

It is now easy to describe tensor products of crossed complexes. Taking A = yF,B =vyG,C =yH
as above, we have A ® B = y(F® G) by definition. Any morphism of crossed complexesn: A®B — C
extends uniquely to a morphism of w-groupoids 1j : F ® G — H, giving a bimorphism x : (F,G) — H
defined by x(x,y) = fi(x ® y). This induces a bimorphism of crossed complexes 6 : (A,B) — C by
8(a,b) = ®x(a,b) = ®fi(a®b) where a&b denotes the tensor product in F ® G. We write a ® b for
®(a®b) € A ® B and deduce that 8(a,b) = 1j(®(a®b)) = n(a ® b). This correspondence is one-one
by (3.5), so A ® B is the universal object in Crs for bimorphisms from (A, B) to arbitrary crossed
complexes. The definition (3.4) of a bimorphism now gives the following presentation of A ® B:

Proposition 3.10 Let A, B be crossed complexes. Then A®B is the crossed complex generated by elements
a ® b in dimension m + n, where a € A, b € By, with the following defining relations (plus, of course,
the laws for crossed complexes):

3.11 () B(a®b)=pa® Bd.

() a®bt=(a®@b)P®tifm >0,n>2,teB;.
(i) a*@b=(a®@b)’®PPifm>2n>0scA;.
(iii) If b + b’is defined in B,,, then

a®b+axb’, fm=0n>lorifm>1,n>2,

a® (b+b') = ,
( ) {(a@b)ﬁa®b+a®b’, fm>1ln=1

(iii)" If a + a'’is defined in A, then

, a®b+a’ @b, fm>1,n=00rifm>2n>1,

(a+a')®b= '9B8b -

A’ @b+ (a®@b)r®Bb ifm=1n>1.
(The reversal of addition is significant only when m =n = 1.)
(iv)

da®b+ (—)™(a® ob) fm>=2n>2,
—(a®6b)— (8'a®@b) + (8%a ® b)a®BRDb fm=1n>2,
S(asb) = (=)™ a® 6'b) + (—)™(a® 8°b)Pe®P L 5a®@b ifm>2,n=1,
) -6la®b-—a®8 +8%a®b+a®slb fm=1n=1,
a®db ifm=0,n>2,
da®b ifm>2n=0.
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a®d%* ifm=0,n=1,

d3*(a®b) =
( ) {6“a®b ifm=1,n=0.

O
Proposition 3.12 There is a natural bijection between
(i) morphisms of crossed complexes & : A — CRS(B, S),
(ii) morphisms of crossed complexes &,: A ® B — C, and
(iii) bimorphisms of crossed complexes 0 : (A, B) — C, given by
£(a)(b) = £(a@b) =6(a,b).
O

We now return to CRS(B, C) and give a description of its crossed complex structure in terms of
the crossed complex structures of B and C. We write C(m) for the crossed complex freely generated
by one generator a in dimension m. Any given element of CRS,,,(B, C) induces a morphism C(m) —
CRS(B, C), which is equivalent to a bimorphism 0 : (C(m), B) — C. If m = 0 the given element is the
morphism

VPq : B — C defined by {,(b) =06(a,b).

If m > 1 it is the homotopy {, = (hg, fq) defined by
ha(b) =0(a,b), fa(b) =0(Ba,b).

Similarly, if two elements of CRS(B, C) are given, we may choose A to be the free crossed complex
on two generators of appropriate dimensions and represent both the given elements as induced by
the same bimorphism 0 : (A, B) — C for suitable fixed values of the first variable. We have seen that
the map a — 1, from A to CRS(B, C) given in this way by 6 is a morphism of crossed complexes,
so we can now read off the crossed complex operations on CRS(B,C) from the bimorphism laws
(3.4) for 0. For example, given (h,f) € CRS;1(B, C)(m > 2) we determine 6(h, f) as follows. Write
(h,f) = (hgq, fa) for suitable a € A as above, where hy(b) = 0(a,b),fq(b) =0(Ba,b). Then 6(h, ) =
(hsa,fsa). We note that f5, = f since 6fa = Ba. We write dh for hsq, so that §(h,f) = (6h,f).
Now (8h)(b) = 8(da, b) is given by formula (3.4)(iv) in terms of known elements, namely (assuming
m > 2)

5(0(a, b)) + (—)™*10(a, ob) ifbeBn(n=2),
0(8a,b) = { (—)™*+10(a, 5%)0(Bab) 4 (—)MmQ(qa,d5'b) + 6(0(a,b)) ifb e By,
5(0(a, b)) if b € B.
In other words
3.13
§(h(b)) 4+ (=)™ Th(sb) ifb €Bn(n = 2),
(8h)(b) = < (—)™F1h(8%)F(®) + (—)™h(8'b) + 5(h(b)) ifb € By,
5(h(b)) if b € Bo.
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This automatic procedure gives

Proposition 3.14 The crossed complex structure of CRS(B, C) is defined as follows:
Dimension 1. If (h, f) is a 1-fold left homotopy B — C, then 5 (h,f) = B(h,f) = f and §°(h, f) = f°,
where

[f(b) + h(&b) + §(hb)]~"(BP)  ifb e Bn(n > 2),
f(b) = { h(8%) + f(b) + 6(hb) — h(sb) if b € By,
8%(hb) if b € Bo.
If (k, g) is another 1-fold left homotopy with 8°(k, g) = &' (h, f) = f, then
(h,f) +(k,g) = (h+k,g)
where

k(b) + h(b)k(BP) ifb e By,n > 1,

(h+k)(b) = {h(b) 1 k(b) if b € Bo.

Dimension > 2. If (h, f), (k, f) are m-fold homotopies B — C over the same base morphism f, where
m > 2, and if (hy, f1) is a 1-fold left homotopy such that 8°(hy, f1) = f, then
(i) 6(h,f) = (dh,f) where dhis given by (3.13).
() (h,f)+ (k,f) = (h+k,f) where (h+k)(b) =h(b) + k(b) forall b € B.
(iii) (h,f)(hf1) = (WM f;) where h™(b) =h(b)M(B?) forall b € B. O
To end this section we summarise the basic properties of ® and CRS in the category Crs.
Theorem 3.15 (i) The functor — ® B is left adjoint to the functor CRS(B, —) from Crs to Crs.
(ii) For crossed complexes A, B, C, there are natural isomorphisms of crossed complexes
(A®B)®C=A® (B®C),
CRS(A ® B, C) = CRS(A, CRS(B, C))
giving Crs the structure of a monoidal closed category. O

For any cubical set K we define the fundamental crossed complex of K to be 7t(K) = yp(K). Propo-
sitions 2.5 and 2.6 then give immediately

Theorem 3.16 If K, L are cubical sets, there is a natural isomorphism of crossed complexes
n(K® L) = n(K) ® n(L).

In particular
m(I™) @ m(I™) = (I™F ™).
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For any crossed complex A we define the cubical nerve of A to be NA = UAA, which is a cubical
set. Since p is left adjoint to U, = yp is left adjoint to N = UA, but we now prove a stronger
result. We observe that, for any w-groupoid G and any cubical set L, CUB(L, UG) has a canonical
w-groupoid structure induced by the structure of G (see Proposition 2.4). In particular CUB(L, NA)
is an w-groupoid and Proposition 2.4 gives

Theorem 3.17 For any cubical set L and any crossed complex A, there are natural isomorphisms of
crossed complexes
CRS(TL, A) = y(w-GPD(pL,AA)) = y(CUB(L,NA)).

O
By taking cubical nerves and connected components we obtain
Corollary 3.18 Let L be a cubical set and A be a crossed complex.
(i) There is a natural isomorphism of cubical sets
CUB(L,NA) = N(CRS(TTL, A)).
(ii) There is a natural bijection
(L, NA] = [TTL, Al,
where [—, —] denotes the set of homotopy classes of morphisms in Cub or in Crs, as the case may be.
O

4 The symmetry of tensor products

We have seen that in the category Cub, the map x ® y — y ® x does not give an isomorphism X® Y —
Y ® X; indeed it is easy to construct examples of cubical sets X, Y such that X® Y and Y ® X are not
isomorphic. However, in w-Gpdand Crs the situation is different. Although the map x®y — y ® x still
does not give an isomorphism X ® Y — Y ® X, there is a less obvious map which does. This is easiest
to see in Crs.

Theorem 4.1 Let A, B be crossed complexes. Then there is a natural isomorphism A @B — B ® A which,
for a € A, b € By, sends the generator a ® b to (—)™™b ® a. This isomorphism, combined with the
structure given in Proposition 3.14, makes the category of crossed complexes a symmetric monoidal closed

category.

Proof One merely checks that the defining relations (3.11)(i)-(iv) satisfied by the generators a ® b
are preserved by the map a ® b — (—)™™b ® a. The necessary coherence and naturality conditions
are obviously satisfied. O

This proof is unsatisfactory because, although it is clear that a ® b — b ® a does not preserve the

relations (3.11), the fact that a ® b — (—)™™b ® a does preserve them seems like a happy accident.
A better explanation is provided by the transposing functor T (see Sections 1 and 2).
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For a cubical set K, TK is not in general isomorphic to K. But for any w-groupoid G and any crossed
complex B we will construct isomorphisms G — TG and B — TB. Since in all these categories we
have obvious natural isomorphisms T(X ® Y) = TY ® TX, this implies the symmetry X@ Y =Y ® X.

For an w-groupoid G, TG has the same elements as G but has all its operations 0, e, I}, +1, —1
numbered in reverse order with respect to i (but not with respect to o« = 0, 1). For a crossed complex
B, TB is defined, of course, as y(TAB). The calculation expressing this crossed complex in terms of the
crossed complex structure of B is straightforward (though it needs a clear head).

Proposition 4.2 The crossed complex TB is defined, up to natural isomorphism, in the following way:

(i) (TB)g = Bg as a set;

(i) (TB)2 = B as a groupoid;

(iii) (TB)y, = By, as a groupoid forn =1 and n > 3;

(iv) the action of (TB)1 on (TB)n(n > 2) is the same as the action of B1 on By;

(v) the boundary map T6: (TB)n+1 — (TB)y, is given by

T6=(—)"6:Bns+1 — Bn.
O

(We note that —o : By — Bj is an anti-homomorphism, that is a homomorphism ng — By, as required;
the map +6 : B3 — ng is also a homomorphism because the image is in the centre of By. In higher
dimensions the groupoids B, and B;? are the same.)

Corollary 4.3 For any crossed complex B there is a natural isomorphism T : B — TB given by
1(b) = (—=)"™?b for b € By..
O

The somewhat surprising sign (—)™/2! is forced by the signs in (4.2); it is less surprising when
one notices that it is the signature of the permutation which reverses the order of (1,2,...,n). The
symmetry map of Theorem 4.1 now comes from the map

a®b—-1tHtb®1a) = (—)*b®a,

where k = [m/2] + n/2] — [(m + n)/2], which is 0 if m or n is even, and 1 if both are odd.

The isomorphism T : B — TB extends uniquely to an isomorphism t : G — TG, where G =
AB,B = yG. This isomorphism can be viewed as a ’reversing automorphism’ x — x* of G, that is,
a map of degree O from G to itself which preserves the operations while reversing their order (e.g.
(x+iy)* =x* +n_i+1y* in dimension n). The isomorphism G ® H — H® G for w-groupoids is then
given by

x®@y— (Y @x")".
Note. The element x* should be viewed as a transpose of the cube x, and in the geometric case
G = p(X), it is induced from x by the map (ti,...,tn) — (tn,...,t1) of the unit n-cube. The
operation * is preserved by morphisms of w-groupoids, because of the naturalness of T : 1toT. It
follows that the operation * can be written in terms of the w-groupoid operations 0, ¢, I, +i, —i,
but the formulae needed for this are rather complicated.

23



5 The pointed case

We consider briefly the notions of tensor product and homotopy in the categories w-Gpd, and Crs, of
pointed w-groupoids and pointed crossed complexes. Here the objects have a distinguished element
* in dimension 0 and only morphisms preserving this basepoint are included.

For any w-groupoid H with basepoint *, the w-groupoid P™H has basepoint 0, = &]*(x), the
constant cube at x. An m-fold pointed (left) homotopy h : G — H is a morphism h : G — P™H
preserving basepoints, that is, a homotopy h with h(x) = 0,. Clearly, all such pointed homotopies
form an w-subgroupoid w-GPD,(G,H) of w-GPD(G, H) since 0, = e]*(*) is an identity for all the
compositions +i(1 < i < m). This w-subgroupoid has as basepoint the trivial morphism G — H
which sends each element of dimension n to 0, = &}'(x). Thus we have an internal hom functor
w-GPD, (G, H) in the pointed category w-Gpd,. The pointed morphisms from F to w-GPD.(G,H)
are in one-one correspondence with the pointed bimorphisms x : (F, G) — H, that is, bimorphisms x
satisfying the extra conditions

5.1
X(x,*%) =0, forallx €F,
x(x,y) =0, forally € G.

To retain the correspondence between bimorphisms (F, G) — H and morphisms F ® G — H, we must
therefore add corresponding relations to the definition of the tensor product. Thus, for pointed w-
groupoids F, G, we define F®. G to be the w-groupoid with generators x ®.y(x € F,y € G), basepoint
* = % @, *, and defining relations (2.1) together with

5.2
{x®* x =0, foralxeTF,

xR,y =0, foralyeG.

These equations are to be interpreted as x ®, * = * ®, y = * when x,y have dimension 0, so that
(F®« G)o = Fo A Go.

Similar remarks apply to crossed complexes. In the pointed category Crs, we define an m-fold
pointed left homotopy B — C to be an m-fold left homotopy (h, f) satisfying f(x) = * and h(x) =
0. € C. The collection of all these is a sub-crossed complex CRS. (B, C) of CRS(B, C) with basepoint
the zero morphism b — 0, and, clearly, CRS,(B, C) = y(w-GPD,(AB,AC)). A pointed bimorphism
0:(A,B) — Cis a bimorphism satisfying

5.3
0, foracA,

0(a, *)
0(+,b) =0, forb e B,

and A ®. B is the pointed crossed complex generated by all a ®, b with defining relations (3.11) and

5.4
a®,*=0, foracA,
*+®,b=0, forbeB.
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The symmetry A®B = B® A preserves the relations (5.4) and so gives a symmetry A®,B = B, A
which can be carried over to the tensor product in w-Gpd..

Theorem 5.5 The pointed tensor products and hom functors described above define symmetric monoidal
closed structures on the pointed categories w-Gpd, and Crs,. O

6 Computations

Any group G can be viewed as a crossed complex A with Ag ={-}, A1 = G, A;, = 0(n > 2). The tensor
product of two such crossed complexes will have one vertex and will be trivial in dimension > 3, that
is, it will be a crossed module. We use multiplicative notation for G for reasons which will appear
later.

Proposition 6.1 The tensor product of groups G, H, viewed as crossed complexes of rank 1, is the crossed
module GOH — G * H, where GOH denotes the Cartesian subgroup of the free product G x H, that is, the
kernel of themap G+ H — G x H. If g € G,h € H, then g ® h is the commutator [h,g] = h g~ 'hg =
[g,h]~1in G« H.

Proof GOH is a normal subgroup of G * H, so GOH — G * H is a crossed module which we view
as a crossed complex C, trivial in dimension > 3. One verifies easily that the equations 8(g, h) =
h,gl,0(g,-) = g,0(-,h) = h define a bimorphism 0 : (G, H) — C; the equations (3.4) (iii), (iii)’ reduce
to the standard commutator identities

[hhy, gl = [h, gI™[hy, g],

[h, gg1] = [h, g1l[h, g]9%,

and the rest are trivial.

Now GOH is a free group with basis consisting of all [g,h](g € G,h € H,g,h # 1) (see Gruen-
berg [18], Levi [23]). It follows that if ¢ : (G, H) — D is any bimorphism, there is a unique morphism
of groups ¢» : GOH — D5 such that d2([h, gl) = (g, h) forall g € G, h € H. (Note that the definition
of bimorphism implies that ¢(g,h) = 1 if either g = 1 or h = 1.) There is also a unique morphism
¢1:GxH — Dy such that ¢1(g) = d(g,-) and d1(h) = (-, h) forall g € G, h € H. These morphisms
combine to give a morphism ¢, : C — D of crossed complexes as we show below, and this proves the
universal property making C the tensor product of G and H, with g ® h = [h, g]. We need to verify
that (i) ¢. is compatible with 4 : GOH — G x H and that (ii) ¢, preserves the actions of G x H and
Dl- Now

5¢2([h, gl) = dd(g, h)
=—=¢(,h) —dlg,") + ¢(-,h) + dlg,) by (3.3)({v)
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and this implies (i). As for (ii):

da([h, g191) = dba([h, 911 [h, gg1])
— _d)(gli h) + (b(gglah)
= ¢(g, )91 by (3.3) (i)’
= ¢a([h, g])P1lo),

There is a similar calculation for the action of h; € H, and the result follows. O

Note. This tensor product of (non-Abelian) groups is related to, but not the same as, the tensor
product defined by Brown and Loday and used in their construction of universal crossed squares of
groups [11]. The Brown-Loday product is defined for two groups acting compatibly on each other.
It also satisfies the standard commutator identities displayed above. The relation between the two
tensor products is clarified in [28].

We can easily extend Proposition 6.1 to groupoids G = Go and H = H, viewed as crossed
complexes of rank 1. For this we need a new construction to take the place of the free product G * H.
We define the groupoid G # H to be the pushout in the category Gpd of the diagram

G x id(H)

/

id(G) x id(H)

id(G) xH

where, for any groupoid K, id(K) denotes the trivial sub-groupoid consisting of all identity elements
of K. Thus G #H is a groupoid over Gy x Hp and, in the category of groupoids over Gy x Hy, it
is the coproduct of Gx id(H) and id(G) x H. It is generated by all elements (1,,h), (g, 14) where
g € G,h e H,p € Gop,q € Hp. We will sometimes write g for (g,14) and h for (1,,h). This may
seem to be wilful ambiguity, but when composites are specified in G # H, the ambiguity is resolved;
for example, if gh is defined in G # H, then g must refer to (g, 1), where q = §°h, and h must refer to
(15, h), where p = &g. This convention simplifies the notation and there is an easily stated solution
to the word problem for G # H. Every element of G # H is uniquely expressible in one of the following
forms:

(i) an identity element (1,,14);

(ii) a generating element (g,14) or (1, h), where p € Go,q € Hp,g € G,h € H and g, h are not
identities;

(iii) a composite k1ks - - -k (n > 2) of non-identity elements of G or H in which the k; lie alternately
in G and H, and the odd and even products kiksks - -- and kokske - - - are defined in G or H.

26



For example, if g : m — p,g2:p — qin G, and h; : v — s,hy : s — t in H, then the word
g1hi 92h292_1 represents an element of G # H from (m, r) to (p, t).

Note that the two occurrences of g, refer to different elements of G # H, namely (g2, 15) and (g2, 1+).

The similarity with the free product of groups is obvious and the normal form can be verified in
the same way; for example, one can use 'van der Waerden’s trick’. We omit the details.

There is a canonical morphism o : G # H — G x H induced by the inclusions id(G) xH — G xH and
Gx id(H) — G x H. This morphism separates the odd and even products kiks - -- and kak4 - -+ from
each word kjkoks - - -, that is, it introduces a sort of commutativity between G and H. The kernel of ¢
will be called the Cartesian subgroupoid of G # H and denoted by G O H. It consists of all elements of
type (i) and those of type (iii) for which both odd and even products are trivial. Clearly, it is generated
by all ‘commutators’ [g,h] = g~'h~!gh, where g € G,h € H and g, h are not identities. (Note that
[g, hl] is uniquely defined in G # H for any such pair of elements g, h, but the two occurrences of g (or
of h) do not refer to the same element of G # H.)

Proposition 6.2 (i) The Cartesian subgroupoid G OH of G # H is freely generated, as a groupoid, by
all elements [g, h] where g, h are non-identity elements of G, H, respectively. Thus, GOH is the
disjoint union of free groups, one at each vertex, and the group at vertex (p, q) has a basis consisting
of all [g, h] with 6'g = p and 'h = q(g and h not identity elements).

(ii) The tensor product of the groupoids G and H, considered as crossed complexes of rank 1, is the
crossed complex
+—-0—+--+—>0—-GOH— G#H = Gg x Ho,

withg@h=Tlh,g,p®h=(1,,h),g®q=I(g9,1q) forge G,h € H,p € Go, q € Ho.
Proof In the notation introduced above the ’commutators’ [h, g] satisfy the same formal identities as

in the group case:
[h, gl =[g,h]",

[hhy, gl = [h, g™ [h1, gl,
[h, gg1] = [h, g1][h, g]°*

whenever ggi, hh; are defined in G, H. These identities are to be interpreted as equations in G # H,
with the obvious meaning for conjugates: [h, g]™ means hflhflgflhghl, which represents a unique
element of G # H. The proof of the proposition is now formally the same as the proof of (6.1). O

We are now in a position to analyse the structure of A ® H, where A is any crossed complex and H
is a groupoid (viewed as a crossed complex). We write ZH for the abelian groupoid (family of abelian
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groups) over Ho in which ZH(q) is the free abelian group on all h € H with 6'h = q. Then ZH
becomes a (right) H-module under composition on the right:

() anh)* =) an(hk)

when ) anh € ZH(q) and k € H(q,r). This is the right regular H-module. The right augmentation
module TH of H is the submodule generated by all h — h’, where h,h/ € H and &'h = 5'h’. Then
IH(q) has a basis consisting of all h — 14 where 8'h = q. (These constructions are the reason for
writing H multiplicatively.)

We observe that if M, N are modules over the groupoids G, H, respectively, we may form M &y N,
an abelian groupoid over Gg x Hp with the group M(p) ®z N(q) lying over (p, q). Then M ®z N is a
(G x H)-module, with diagonal action

(M ®z n)(g’h) =m9 ®y Tlh,
and hence it is a (G # H)-module via the canonical map G#H — G x H.

We also need two constructions from the theory of crossed modules. If A is a crossed complex
and H is a groupoid, then A, is a crossed module over the groupoid A; and hence A; x Hg is a
crossed module over A;x id(H). The embedding p : A;x id(H) — A; # H now induces a crossed
module w,(Ag x Hp) over A1 # H (see [5, 7]) and we denote this crossed module by A,. The Cartesian
subgroup A; O H is also a crossed module over A; # H and we need the coproduct of these two crossed
(A1 # H)-modules. In the case when P is a group, the construction of the coproduct X op Y of crossed
P-modules X and Y is described in [4]. This construction works equally well when P is a groupoid.
The family of groups X acts on Y via P, so one can form the semidirect product X x Y. It consists of a
semidirect product of groups X; x Y; at each vertex i of P and it is a pre-crossed module over P. One
then obtains the crossed P-module X op Y from X x Y by factoring out its Peiffer groupoid.

We write A; multiplicatively but A,, additively for n > 2.

Theorem 6.3 Let A be a crossed complex and H be a groupoid. Let C = A ® H, where H is viewed as a
crossed complex of rank 1. Then (up to natural isomorphism)

Co = Ao x Ho,
Ci1=A1#H,
Ca = Az oc, (A10H),
C3=A3R®y ZH D A%b X7, TH,
Chn=An®zZH&® An_1 @z H(n > 4).
In this model for C, C; = Ay # H acts diagonally, via A1#A — A1 X H, on each of the Z-tensor products
in C for n > 3 as described above. Its action on Cq is given as part of the structure of Co as a
coproduct of Ci-crossed modules. The canonical generators a ® h for A ® H are defined as follows. Let
an € An,p € Ho,h € H,8'h = q and let d; be the image of ag in A. Then
ap ®@p = (ag,p) € A x Ho,
a®p = (al,lp) € A1 #H,
az ®p = o(az,p)

28



where o is the canonical map o : Az X Hp — i (Ag x Hp) = Ay — Ca,

an ®P = an @z 1p € Aq @2 ZH C Ch,
ap@h = (1g,,h) € A #H,
a; ® h = 1([h, a])

where T is the canonical map A;oH — Ca,

aOh=dy®z(h—1q) € AL @z TH C Cs,
an ®@h=an®z(h—14) € Ay @z THC Cp(n > 3).

Finally, the boundary maps are defined as follows. The map 6 : Co — Cj is given as part of the crossed
module structure. The map 6 : C3 — Cy is given by

6.4
{6((13 ®zh) = (8ag @ p)™ € Ay, where p = 5%h,

§(dz @z (h—1g)) = —a2®@q + (a2 @p)" + 8az ® h,
(where h acts as the appropriate (15,h) € C1). The map & : C,, — C_1 for n > 5 is given by

6.5
8(an ®zu) =dan @z u (an € An,u € ZH),

§(an-1®zVv) = (—)" lan_1 @z v +8an_1@zVv (an_1 € An_1,v € IH),

where v denotes the image of v under inclusion IH — ZH. When n = 4, 5 is given by the same formulae
with dag replaced by daz € AZ.

Proof We first verify that C is a crossed complex. The formulae (6.5) define, for n > 4, a unique
morphism 6 : C, — Cy,_1 of C;-modules. The definition of C, ensures that & : C, — C; is a crossed
module. However, the map & : C3 — C; is more problematic since Cs is abelian, but Cy is not. We have
to show that the relations imposed on C; by the definitions of induced crossed module and coproduct
of crossed modules are sufficient to ensure the existence of a morphism 4 : C3 — C, of C;-modules
satisfying (6.4).
We write
x =x(az,h) = (dag @ p)" = (5az @ p)1=M),

y=ylap,h)=—a2®q+ (a2 @p)"+8az ®h

for the right-hand sides of (6.4), where p = 6°h, q = 6'h, s = Bas. Then x and y are elements of Co,
and we easily verify that

5x = (1s,h) 18(8az ®p)(1s,h) = (15, h) (15, 1p)(1s, h) = 1(5,q)-

Also
5y =8(az ® q) *(1t, h) " *8(az ® p)(1¢, h)8(8az ® h),
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where t = fay. In our abbreviated notation for A1 # H, this is
oy = (8az) th ™ (8ax)hlh, daz] = 1(( q)-

Since 6 : Co — Cj is a crossed module, these equations imply that x and y are in the centre of Cy (that
is, in the centres of the appropriate groups of C,). It now follows that

ylag+ajh) =—(az+ay) @ ((az +ay) @p)™ + (6az +8a) @ h
——a,®q—a3®q+ (a2 @p)" + (a5 @ p)" +6a) @ h+ (dag ® h)®(22®d)
=—a,®q+ylagh)—8az®h+a;®q+ylag,h) —a;®q+daz@h+a;®q
=1y(az,h) +ylaz h) =ylaz,h) +ylaz, h).
Thus y(ag, h) is additive as a function of ay and depends only on d, € Agb. It preserves the action of
A1x id(H) C A; # H since, for a € A; (acting as (a,14) € A; #H),
ylaz, ) = —(a2® @) + (a2 @ p)"* + (a2 @ )
=—af®@q+(a®p)*e® _(a@h)+ (Sax+a)®h
= —af®@q—a®@h+(a$@p)"+(a+8(a3))®h
=—af®q—a®h+(af @p)"+8(ad) @ h+ (a@h)dlas)
=—af®q—a®h+ay®q+y(ai,h)—af ®q+a®h+af ®q
=yl(az, h).

For each h € H, we now have a morphism of A;-modules d; — y(az, h) from Agb to the centre of C,.
Since TH has Z-basis consisting of all h — 14(h # 14) and since y(az, 14) = O for all ay, these maps
combine to give a morphism 6 : A;b ®z [H — Cy of groups with §(dz ®z (h—14)) =u(az, h), and 8
preserves the action of A; x id(H). The reason for the appearance of IH is that its H-module structure
is such that the action of id(A1) x H is also preserved by 6. For let k € H with 6%k = q, 'k = r. Then

(h—1g)*=hk—k=(hk—1,) — (k—1;)
while

ylaz, W)* = —(az ® q)* + (a2 @ p)™* + (baz @ W)®
= (a2 ®q)* + (ag @)™  + 8ay @ hk — daz @ k
= —(a2® @)+ az ® T+ y(ag, hk) —das @ k
=day ® k—y(az, k) +y(ag, hk) —dax @ k
=y(az, hk) —y(az, k).

Thus the second equation of (6.4) defines a unique morphism 6 of C;-modules from Agb ®z IH to the
centre of C,. A similar, but much easier calculation shows that the first equation of (6.4) defines a
unique C;-morphism from A3z ®7 ZH to C,. Hence we have a Cy-morphism 4 : C3 — Cs.

Now C, — Cj is, by definition, a crossed module, so the only other crossed complex axioms to
be checked are: (i) 86 = 0; (ii) 6C; acts trivially on C,, for n > 3. We leave the first of these to the
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reader (having already checked the case C3 — Co — Cj). As for (ii), we know that C, is generated,
as Ci-crossed module, by all elements a; ® q € A, and a; ® h € A;OH. Hence §Cs is generated by
conjugates of elements d(az ® q) = (daz,14) and 6(a; ® h) = [h, a;] in A1#H. But day acts trivially
on A, forn > 3 and also on Agb (since it acts by conjugation on Ay), and the commutator [h, a;] acts
trivially on C,,(n > 3) since the action of A; # H is diagonally defined.

It is now an easy matter to verify that the given definition of a ® h satisfies all the laws (3.11)
(some of the calculations have already been done) and it is universal. O

Corollary 6.6 The canonical morphism A ® Hyp — A ® H is an injection.

Proof It is clear that A ® Hg (where H, stands for the crossed complex with vertices Hy and trivial
groupoids in all dimensions) has the groupoid A,, x Hp in dimension n. Indeed, this is a special case
of the theorem. The canonical map sends the element a,, ® p to a an, ®z 1, € A, @z ZH C Cy,
when n > 3, and this is clearly an injection. We have already shown that A; x Hy is embedded in
A1 #H = Cq, so it remains to examine the map in dimension 2.

Now A, x Hy has vertices Ay x Hp and can be made into a crossed (A; # H)-module by the rules
d(az,p) = (8az, 1p), (az, p)tarle) = (af,p), (a2, p) 1™ = (az, q), where p = §%h, g = &'h, s = Bay.
The identity map on A; x Hy therefore induces a morphism Ay — Ag xHg of crossed (A;#H)-modules.
There is also a morphism A;OH — Ay x Hg of crossed (A; # H)-modules in which each element is
mapped to the zero element at the same vertex. These two morphisms induce a morphism from
Cy = Ay oc, (A10H) to Az x Hp. The composite Ay x Hyp — Ca — Ay x Hg is the identity map, and
the corollary follows. O

We recall that the crossed complex C(1) = 7t(I) has vertices p°, p! and is freely generated by an
edge e; from p° to p!. When viewed as a groupoid it is often denoted J and is called the unit interval
groupoid.

Corollary 6.7 For any crossed complex A the canonical maps i°,i' : A — A ® J defined by i*(a) =
a®p*(ax=0,1) are injections. O
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