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Abstract

The fully dynamic planarity testing problem consists of performing an arbitrary sequence of
the following three kinds of operations on a planar graph G: (i) insert an edge if the resultant
graph remains planar; (ii) delete an edge; and (iii) test whether an edge could be added to the
graph without violating planarity. We show how to support each of the above operations in
O(n2=3) time, where n is the number of vertices in the graph. The bound for tests and deletions
is worst-case, while the bound for insertions is amortized. This is the rst algorithm for this
problem with sub-linear running time, and it armatively answers a question posed in [11].
The same data structure has further applications in maintaining the biconnected and triconnected components of a dynamic planar graph. The time bounds are the same: O(n2=3)
worst-case time per edge deletion, O(n2=3) amortized time per edge insertion, and O(n2=3)
worst-case time to check whether two vertices are either biconnected or triconnected.
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1 Introduction
In the last decade there has been a growing interest in dynamic problems on graphs. In particular,
much attention has been devoted to the dynamic maintenance of connected components [14, 16, 43]
and higher connectivity [8, 10, 18, 19, 20, 21, 32, 35, 53], transitive closure [29, 30, 31, 37, 47, 55],
planarity [7, 8, 46], shortest paths [2, 5, 13, 39, 44], and minimum spanning trees [10, 11, 16].
In these problems one would like to answer queries on graphs that are undergoing a sequence of
updates, such as insertions and deletions of edges and vertices. The goal of a dynamic graph
algorithm is to update eciently the solution of a problem after dynamic changes, so queries can
be answered faster than solving again the problem from scratch. For this reason, devising dynamic
algorithms is usually more dicult than dealing with static algorithms and often requires the design
of new data structures and new algorithmic techniques. We say that a problem is fully dynamic if
the update operations include both insertions and deletions of edges. On the other hand, a problem
is called partially dynamic if only one type of update, i.e., either insertions or deletions, is allowed.
Partially dynamic problems that deal with insertions only are called incremental.
Planarity testing is a basic problem which has inspired an extensive amount of research in graph
theory [9, 34, 54], data structures [4, 7, 15, 46], and sequential [28, 38] as well as parallel [33, 42]
algorithms. Informally, a graph is planar if it can be embedded onto the plane without edge
crossings. The planarity testing problem consists of answering the question whether a given graph
is planar and if so of constructing such an embedding onto the plane. Hopcroft and Tarjan [28]
showed that this can be done in O(n) time, where n is the number of vertices in the graph. The
incremental planarity testing problem consists of performing an intermixed sequence of the following
operations on a planar graph G with n vertices. Operation Insert(x; y ) adds an edge (x; y ) to G
provided that the resulting graph remains planar. A Test(x; y ) returns true if (x; y ) can be added
to G while maintaining planarity, and it returns false otherwise. Di Battista and Tamassia [7, 8]
showed how to do incremental planarity testing in O(log n) 1 amortized time per operation. Later,
Westbrook achieved an O( (q; n)) expected bound for biconnected graphs [52], where is a very
slowly growing function (a functional inverse of Ackermann's function), and q is the total number of
operations. Recently La Poutre [36] obtained an O( (q; n)) bound for general planar graphs. In the
fully dynamic planarity testing problem in addition to Test and Insert, we allow Delete operations,
where a Delete(x; y ) removes the edge (x; y ) from G. Notice that an Insert(x; y ) as de ned above
consists of a Test(x; y ) which checks whether (x; y ) could be inserted without violating planarity,
and of a primitive add(x; y ) which actually inserts the edge (x; y ) if it maintains planarity. In the
following, we use the term update to refer to either the actual insertion (i.e., an add primitive) or
the actual deletion (i.e., a Delete operation) of an edge in the graph. Planarity testing appears
naturally in many applications, such as VLSI layout, graphics, and computer aided design. In all
these applications, there seems to be a need for dealing with dynamic updates.
As mentioned in [11], there has been no solution for this problem better than either a repeated
application of a the static planarity testing algorithm [28] or of an incremental planarity testing
algorithm [36]. (A previous fully dynamic algorithm of Tamassia [46] is committed to an embedding
and cannot check whether a dynamic graph remains planar if this embedding changes.) The
algorithms in [28, 36] when applied to the fully dynamic setting achieve the following performance.
Using the static algorithm [28], one can handle eciently updates (both edge insertions and edge
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In this paper all the logarithms are assumed to be base two.
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deletions) in O(1) time, but then it takes O(n) time to perform Test operations. On the other hand,
the best incremental algorithm [36] supports Test operations in O( (q; n)) time but each update
can require as much as O(n) time in the worst case.
The main result of this paper is a new data structure which supports each Test, Insert and
Delete operation in O(n2=3) time. The times for edge deletions and queries are worst-case, while
the time for edge insertion is amortized. This can be summarized as shown in Table 1.

Test
Update

Static [28] Incremental [36] Fully Dynamic (new)
O(n)
O(1)

O( (q; n))
O(n)

O(n2=3)
O(n2=3)

Table 1
Insertions of vertices and deletions of disconnected vertices can be done in O(1) amortized time,
while maintaining the same time performance for the other operations. Using a similar approach,
we are able to achieve a fully dynamic algorithm for checking whether two vertices in a planar graph
are either biconnected or triconnected, in O(n2=3) time per operation. The times for edge deletions
and queries are worst-case, while the time for edge insertion is amortized. The same bound for
biconnectivity was already known (and with worst-case time also for insertions) [21]; however, the
new algorithm is simpler. On the other hand, this is the rst fully dynamic algorithm known for
maintaining information about triconnectivity in a planar graph.
A fully dynamic setting is di erent and often much more complex than a partially dynamic
setting. In the incremental setting, for example, maintaining a minimum spanning tree can be
done in O(log m) time per insertion using dynamic trees [45], where m is the current number of
edges in the graph. Incremental maintenance of the connected components of an undirected graph
can be done in O( (q; n)) amortized time per insertion using set-union data structures [49], where
q is the total number of operations, and n is the total number of vertices in the graph, Similarly,
the incremental maintenance of the 2-edge-connected components of a graph
p require O( (q; n))
amortized time per operation [53]. However, no better bound than O( n log(m=n)) is known
for all the corresponding fully dynamic problems [10]. Fully dynamic problems on planar graphs
become substantially more dicult if changes of the embedding are allowed. We distinguish the two
cases by referring to planar graphs with xed embedding as embedded planar or plane graphs. For
instance, the fully dynamic maintenance of minimum spanning trees and connected components
on plane graphs require O(log n) time per operation [11], while the fully dynamic maintenance of
2-edge connectivity on plane graphs requires O(log2 n) time in the worst-case [26]. However, if
the graph is planar (i.e.,
update operations cause changes in the embedding) the best bound for
p
these problems is O( n ). This last bound is obtained by specializing to planar graphs the best
algorithm known for general graphs. Thus, while it is known how to take advantage of planarity
on fully dynamic plane graphs, existing fully dynamic algorithms for planar graphs seem to be able
to merely exploit sparsity.
The techniques used by our new algorithm are the following. First, we maintain a suitable
partition of a planar graph into edge clusters, using the separator theorem of Lipton and Tarjan [40].
We keep the time required for updates small by ensuring that each update operation changes at
most a constant number of clusters. We remark that clusterization techniques are widely used in
fully dynamic algorithms [16, 18, 19]. Our main contribution is that we de ne and maintain a
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compressed representation of each cluster. Despite its succinctness, this compressed representation
certi es the planarity of a cluster by capturing all the possible ways neighbor clusters interact with
each other during changes of the embedding. This allows us to carry out Test operations without
having to look at the entire graph each time.
The rest of the paper consists of seven sections. In Section 2 we give some preliminary de nitions
and lemmas. Section 3 de nes our partition of a planar graph into edge clusters. In Section 4,
we show how to compute a compressed representation of each cluster in this partition. Section 5
presents a fully dynamic algorithm for planarity testing. In Section 6 we present our fully dynamic
biconnectivity algorithm, and Section 7 deals with fully dynamic triconnectivity. In Section 8 we
give some concluding remarks.

2 Preliminaries
We assume that the reader is familiar with graph terminology as in [1]. Given two graphs G1 =
(V1; E1) and G2 = (V2; E2), we use G1 [ G2 for the graph G = (V1 [ V2 ; E1 [ E2 ), but use G1 \ G2
for V1 \ V2 . We now rst introduce some de nitions and properties of vertex connectivity. Then,
we introduce some terminology on planar graphs.

2.1 Vertex connectivity

Let G = (V; E ) be an undirected multigraph (i.e. a graph with possibly multiple edges), and let
x and y be any two vertices in G. We say that a vertex set V 0  V ? fx; yg is a vertex-cut for
vertices x and y if the removal of all the vertices in V 0 disconnects x and y . We denote by jV 0 j the
cardinality of a vertex-cut V 0 . A vertex-cut V 0 for x and y is said to be a min-vertex-cut if there
is no other vertex-cut V 00 for x and y such that jV 00j < jV 0j. Then x and y are k-vertex-connected
if and only if a min-vertex-cut for x and y contains at least k vertices. A graph G is said to be
k-vertex-connected if all its pairs of vertices are k-vertex-connected. A min-vertex-cut of cardinality
1 is called articulation point; a graph with no articulation points is said to be biconnected. A minvertex-cut of cardinality 2 is called separation pair; a biconnected graph with no separation pairs is
said to be triconnected. Note that as special cases, a singleton vertex, a graph consisting of single
edge, and a triangle consisting of vertices v1 , v2 , v3 and edges (v1 ; v2), (v2; v3), and (v3; v1), are all
triconnected simple graphs. We refer to such graphs as trivial triconnected graphs. It is known (see
reference [50]) that a simple triconnected graph with more than three edges has at least six edges
and four vertices: we refer to a triconnected simple graph with more than three edges as non-trivial
triconnected graph. The following lemma is a consequence of the max- ow min-cut theorem (see
for instance reference [6]).

Lemma 2.1 Let G = (V; E ) be a non-trivial triconnected graph. Let V1; V2  V be two vertex sets
such that V1 \ V2 = ; , and jV1j = jV2j = h  3. Then there are h vertex-disjoint paths between
the h vertices in V1 and the h vertices in V2. Similarly, let G = (V; E ) is a biconnected graph, and
let V1; V2  V be two vertex sets such that V1 \ V2 = ; , jV1j = jV2j = h  2. Then there are h
vertex-disjoint paths between the h vertices in V1 and the h vertices in V2 .

In what follows, we de ne and prove some properties of the biconnected components and of the
triconnected components of a multigraph.
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Let G = (V; E ) be a multigraph with n vertices and m edges. Let E1 ; E2; : : :; Eh be the partition
of E into equivalence classes such that two edges e0 and e00 are in the same equivalence class if and
only if either (i) e0 = e00 or (ii) there is a simple cycle (i.e., a cycle with no repetition of edges
and vertices) of G containing both e0 and e00 . For 1  i  h let Vi be the set of vertices that are
endpoints of the edges in Ei . The subgraphs Gi = (Vi ; Ei) are called the biconnected components
(or blocks) of G. An articulation point appears in more than one biconnected component. The set
of edges of every graph can be partitioned into biconnected components in a unique way and every
edge belongs exactly to one biconnected component. The block tree of G is composed of square
nodes (corresponding to vertices in G) and round nodes (corresponding to biconnected components
in G): whenever a vertex belongs to a given biconnected component, there is a tree edge between
the corresponding square and round nodes in the block tree. As a result, each path in a block tree
alternates between square and round nodes. We refer to the block tree of G as T2(G). It is easy
to see that T2(G) has O(n) round and square nodes. Furthermore, the computation of the block
tree is immediate once the biconnected components of G have been found. Consequently, the time
required to compute T2(G) is O(m + n) [48]. We associate with each round node  of T2 (G) the
corresponding biconnected component, referred to as the pertinent graph of . The space required
by T2(G) will now be O(m + n), but the time required for its computation remains O(m + n). Note
that given T2 (G) it is possible to reassemble the biconnected components into the original graph
using the extra information stored in the pertinent graphs.
Let G = (V; E ) be a biconnected multigraph. The triconnected components of G [27, 50] are
de ned according to a recursive decomposition of G with respect to its separation pairs. We now
sketch this decomposition.
Let V 0  V be a set of vertices of G. Then E can be partitioned into equivalence classes as
follows: two edges are in the same class if and only if they are in a same path that does not contain
any vertex of V 0 (except as endpoints). These equivalence classes are called the separation classes
of G with respect to V 0 , or in short w.r.t. V 0. A class consisting only of one edge is called a trivial
separation class. Let E1 ; E2; : : :; Ep be the separation classes of G w.r.t. V 0 . Each such class Ej
de nes a nontrivial bridge Bj = (Vj ; Ej ) of V 0, where Bj is the subgraph of G induced by Ej (that
is, v 2 Vj if and only if there is an edge of Ej incident on v ). An edge (u; v ), with u and v both
in V 0 , is called a trivial bridge. The vertices of a bridge which are elements of V 0 are called its
attachments. Note that any two bridges Bi and Bj , i 6= j , share at most their attachments.
Let fu; v g be a separation pair for G. Note that fu; v g is a separation pair if and only if there are
either two nontrivial bridges of fu; v g or there are at least three bridges, one of which is nontrivial.
Let E 0 = Ej be a separation class of G w.r.t. fu; v g, and let E 00 = [i6=j Ei , such that jE 0j  2,
jE 00j  2, and either the subgraph induced by E 0 (denoted by G0) or the subgraph induced by E 00
(denoted by G00) is biconnected. We apply a split to G by forming two new graphs G1 and G2 from
G: G1 = G0 [ f(u; v)g and G2 = G00 [ f(u; v)g. G1 and G2 are called the split graphs of G w.r.t.
fu; vg, and the edge (u; v) associated with the split is called a virtual edge in G1 and G2. Edges
that are not virtual, and therefore correspond to edges of G, are called actual edges.

Lemma 2.2 [51] Let G = (V; E ) be a biconnected graph, and let fu; vg be a separation pair of G,
with split graphs G1 and G2. Then G1 and G2 are biconnected.

Because of Lemma 2.2, we can recursively apply splits to the split graphs of G. Indeed, the
triconnected components of G are obtained by recursively applying splits to the split graphs until
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no further split is possible. It can be seen that the triconnected components of a multigraph are
unique and can be only of three types: a triconnected simple graph (i.e., a triconnected graph with
no multiple edges), or a simple cycle (called a polygon), or a pair of vertices with at least three
edges between them (called a bond).
A splitting is denoted by split(u; v;  ) where fu; v g is the separation pair involved, and 
is a label used to distinguish this split from other splits. The inverse of a split is denoted by
merge(u; v; ), and it reassembles two split graphs into one by deleting the virtual edges. By
applying all the possible merges to the triconnected components, we obtain the original multigraph
G.
The recursive decomposition of a multigraph G into its triconnected components is naturally
described by a labeled tree, called the tree of triconnected components of G, and referred to as T3(G).
T3(G) has three types of nodes corresponding to the three types of triconnected components of G: P nodes (corresponding to polygons), B -nodes (corresponding to bonds), and T -nodes (corresponding
to the triconnected subgraphs). We now de ne T3 (G) according to the recursive decomposition of
G into its split graphs. At the beginning, we have a singleton node corresponding to G. Let
fu; vg be a separation pair of G, and let G1 and G2 be the two split graphs of G after a split(u; v; ).
Then is split into two nodes 1 and 2 (corresponding to G1 and G2 respectively) joined by an
edge labeled (u; v;  ). We apply recursively these splits to 1 and 2 . If a tree node i correspond
to a graph ?i that cannot be split, then ?i is a triconnected component of G. We label i P , B , or
T , depending on whether ?i is a polygon, a bond, or a triconnected graph. We associate ?i with
i . ?i is referred to as the pertinent graph of i . As implicit in [27], the tree T3 (G) and the set
of triconnected components of G are unique and do not depend on the order we split G and its
subgraphs.
By de nition, an edge ( i ; j ) of T3(G) labeled (u; v;  ) corresponds to a split(u; v;  ). The
inverse merge(u; v;  ) would contract this edge and merge the two pertinent graphs of i and
j . Consequently, applying merge operations to all the edges of T3(G) reassembles the original
multigraph G. Furthermore, if m0 is the total size of all the pertinent graphs of nodes in T3(G),
then the reassembled graph will have O(m0) vertices and edges. Let T be a tree of triconnected
components. We denote the graph obtained from T after applying all the merge operations in T
as G3 (T ). In other words, G3 (T ) is a graph whose tree of triconnected component is T . Obviously,
G = G3(T3(G)). We recall that the tree of triconnected components gives a succinct encoding of
all the separation pairs of a graph G. The following fact is a consequence of the de nition of the
tree of triconnected components.

Fact 2.1 Let G = (V; E ) be a biconnected graph and let T3(G) be the tree of triconnected compo-

nents of G. No two P -nodes and no two B -nodes are adjacent in T3(G).

So far, we have made use of a non-rooted version of the tree of triconnected components.
However, it is possible to use a rooted representation of T3(G) as follows. Root T3 (G) arbitrarily at
one of its nodes. Let i be a non-root node of T3(G) and let j be its parent. In the remainder of
the paper, we will refer to the pertinent graph of a node h as ?h . Let the edge ( i; j ) be labeled
(si ; ti ; i). Note that by de nition the virtual edge (si ; ti) is in ?i . We de ne si and ti as the poles of
?i and ei = (si ; ti ) as the polar edge of ?i . If i is the root of T3(G) we choose arbitrarily any edge
of ?i as the polar edge. Let v be a vertex of G and let i be the highest node in T3(G) such that v
5

belongs to the pertinent graph of i. Node i is called the allocation node of v , and is referred to
as (v ). We now prove some properties of allocation nodes.

Lemma 2.3 Let G be a biconnected graph, and let T3(G) be its rooted tree of triconnected components. Let v be a vertex of G, and let j be a node in T3(G) such that its pertinent graph ?j
contains v . Let (v ) be the allocation node of v . Then v is a pole in the pertinent graphs of all
nodes in the path of T3(G) between j and (v ) ( (v ) excluded).
Proof: De ne

= (v ). Since ?j contains v , by de nition of allocation node, i must be an
ancestor of j . If i = j , then the path of T3(G) between these two nodes contains no node (recall
that i is excluded), and the lemma is trivially true. So, assume that i is a proper ancestor of
j . Let h and k be two consecutive nodes on the path between j and i, k the parent of h .
Recall that the only common vertices in the two pertinent graphs ?h and ?k are the two vertices
in the split pair (separating ?h and ?k ), and that these two vertices are by de nition the poles of
?h . Since v 2 ?j and v 2 ?i , this implies that v must be a pole in ?h . This proves that every node
h 6= i in the path between j and i must have v as a pole. 2
Recall that by de nition the edge leaving node i in T3(G) is labeled with the poles of ?i .
Therefore, a corollary of Lemma 2.3 is that all the edges in the path between j and (v ) are
labeled with v .
Lemma 2.3 gives a linear-time algorithm for computing the allocation nodes of all the vertices
of a given graph G. We simply visit T3(G) in a top-down fashion, starting from its root r . r is
the allocation node of all the vertices of ?r . Each time we visit a non-root node i entering through
edge (ai ; bi; i), i is the allocation node of all the vertices of ?i but ai and bi. If G has m vertices
and n edges, the total time needed to compute all the allocation nodes of vertices of G is O(n).
We conclude this section by mentioning that the total number of nodes in T3(G) is O(n) and the
total space required by T3(G) (including the pertinent graphs) is O(m + n). As in the case of T2(G),
also T3 (G) can be easily computed while computing the triconnected components of G. Therefore
the total time required to compute T3(G) is O(m + n). Figure 1 shows a tree of triconnected
components of a biconnected graph.
i

[ Figure 1 ]

2.2 Planar graphs

A graph is planar if it can be drawn in the plane such that no two edge cross (except at their
endpoints). Such a drawing is called an embedding of the planar graph. We represent embeddings
by assigning to each vertex v a cyclic ordering of the edges leaving v , as de ned by Guibas and
Stol in [24]. For each edge e = (u; v ) of the planar graph G, de ne two directed versions of e:
one going from u to v , and another (symmetric) going from v to u. Denote a directed edge by
putting an arrow on it: ~e . For each directed edge ~e denote its left and right faces Left(~e ) and
Right(~e ) respectively. Given a vertex v, the edge ring of v is de ned as the circular list (ordered
counterclockwise) of directed edges originating from v . We will refer to this list as EdgeRing (v ).
For each vertex v , de ne the face ring of v as the circular list (ordered counterclockwise) of faces
that are on the right of edges in EdgeRing (v). We refer to this list as FaceRing (v ). Given a face
f , we de ne the contour of f as the cycle of directed edges ~e such that Left(~e ) = f .
6

We now characterize topological properties of min-vertex-cuts in the embedding of a planar
graph.

Lemma 2.4 [51] The contour of any face of an embedded planar biconnected graph is a simple
cycle.

Lemma 2.5 [51] The contour of any face of an embedded planar 2-edge-connected graph is a cycle
(not necessarily simple).

Notice that Lemma 2.4 can be rephrased by saying that vertex v is an articulation point of an
embedded planar graph G if and only if there is a face f that appears at least twice in FaceRing(v ).
Equivalently, v is an articulation point if and and only if it appears twice in the contour of a face.
Similarly, Lemma 2.5 is equivalent to saying that an edge e is a bridge if and only if it appears
twice in the contour of a face, or if and only if Left(~e ) = Right(~e ).

Lemma 2.6 [51] Let G be an embedded planar graph, and let fv1; v2g be a pair of vertices of G.
Then fv1; v2g is a separation pair of a biconnected component of G if and only if there exist two
faces f1 and f2 such that the following is true:

(i) v1 and v2 are on both f1 and f2 ; and
(ii) v1 and v2 are not adjacent in at least one of f1 and f2 .

The de nition of tree of triconnected components is closely related to the decomposition trees
of planar graphs given in [3, 7]. Indeed, there is a close relationship between triconnectivity and
planarity: it is well known that a triconnected planar graph G has a unique embedding in the
sphere [25]. This implies that a triconnected planar graph has essentially only one embedding in
the plane too (recall that an embedding in the plane can be obtained from an embedding in the
sphere by simply choosing one face as the external face). Consequently, it is meaningful to talk
about faces of a triconnected planar graph G, since they do not change with the embedding.
It is known that the tree of triconnected components of a biconnected planar graph G encodes all
the possible embeddings of G. Given an embedding of a biconnected graph G, another embedding
of G can be found by arbitrarily applying any sequence of the following operations: (i) arbitrarily
permuting the separation classes of a bond, and (ii) reversing any separation class (i.e., ipping
it over) around the corresponding separation pair. This was the base of the incremental planarity
testing algorithm in [7, 8]. In case of a biconnected planar graph G, however, we can have another
representation of T3(G), where each pertinent graph has an orientation of its edges. Before giving
this representation, we need more de nitions.
A planar st{graph G = (V; E ) is a planar acyclic directed graph with one source s and one sink
t, such that there is an embedding of G having s and t in the contour of the same face [38]. A
planar st{orientation of an undirected graph G is an orientation of the edges of G yielding a planar
st{graph. It is known that every biconnected planar graph has an st{orientation, and such an
orientation can be found in O(n) time [15]. Note that each pertinent graph in T3(G) is biconnected
because of Lemma 2.2. Consequently, each pertinent graph ?i in T3(G) has an st{orientation.

7

Fact 2.2 [7] Let G = (V; E ) be a biconnected graph, with a given st{orientation with source s and

sink t. Let T3(G) be the tree of triconnected components of G. Let i be any node in T3(G), and let
?i be the pertinent graph of i . The st{orientation of G induces an st{orientation of ?i , as follows.
If i is a non-root node, the source and sink of ?i are respectively its poles si and ti . If i is the
root, the source and sink of ?i are respectively s and t.

Fact 2.3 Let G = (V; E ) be a directed st{planar graph, and let e = (a; b) be an edge in G, directed

from a to b. Then there is in G a path ps;a from s to a, and a path pb;t from b to t, such that ps;a
and pb;t are vertex-disjoint. If a, b, s and t are all in the contour of a same face of G, then also
ps;a and pb;t can be chosen in the contour of a same face.

We now introduce some more terminology on planar graphs. Given a biconnected planar graph
G = (V; E ), and an edge e1 2 E , we say that an edge e2 6= e1 [respectively a vertex v] of G is
co-facial with e1 if and only if there is an embedding of G where e1 and e2 [respectively v ] appear
in the contour of the same face. Let T3 (G) be the tree of triconnected components of a biconnected
graph, rooted arbitrarily at one of its nodes. Let i be a node of T3 (G), ?i the pertinent graph of
i , and ei = (si ; ti ) the polar edge of ?i . We say that an edge e [respectively a vertex v ] of ?i is
peripheral if there is an embedding of ?i having e [respectively v ] and ei in the contour of the same
face. We denote by (?i ) (referred to as the periphery of ?i ) the vertices and edges (excluding
virtual edges) that are peripheral in ?i . Let i be a non-root node of T3 (G) and let j be its parent.
Let the edge between i and j be labeled (si ; ti ; i) so that ei = (si ; ti ) is the polar edge of ?i . We
say that i is a peripheral node if edge (si ; ti) is peripheral in ?j , the pertinent graph of j . Note
that all the children of either a P - or a B -node are peripheral. Let i be any node of T3(G). The
periphery of i, denoted by ( i), is recursively de ned as follows. If i is a leaf, ( i) = (?i ). If
i is a non-leaf, let i;1, i;2 , : : :, i;p, p  1, be the peripheral children of i. Then the periphery
of i is de ned as ( i) = (?i ) [ [[pj=1 ( i;j )].
Let i be a node of T3(G), and let ei be its polar edge. Let T i be the subtree of T3(G) rooted
at i. Let G3 (T i ) be the graph obtained after applying all the merges to T i . By de nition of tree
of triconnected components, G3(T i ) contains edge ei .

Fact 2.4 ( i) consists exactly of all and only the vertices and edges of G3(T ) that are co-facial
i

with the polar edge ei .

Let  be a simple cycle of a biconnected graph G, and let 1, 2 , : : :, h be the bridges of
G w.r.t. . We say that two bridges i and j interlace if either (i) both i and j have two
attachments (fui ; vig and fuj ; vj g respectively), which are all distinct and appear on  in the order
ui, uj , vi, vj ; or (ii) i and j share three attachments. We say that three bridges interlace if each

two of them interlace. The bridges of separation pairs and of simple cycles are crucial to planarity,
as the following lemmas show.

Lemma 2.7 [12] Let G = (V; E ) be a biconnected graph. Let  be a simple cycle of G, and let B1,
B2, : : :, Bp be the bridges of G w.r.t. .  [ B1 [ B2 [ : : : [ Bp has a planar embedding in which
all these bridges are internal to  if and only if the following two conditions are satis ed:
(i)  [ Bi is planar, 1  i  p; and
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(ii) no two bridges interlace,

The following lemma is a corollary of Lemma 2.7.

Lemma 2.8 [12] Let G be a biconnected graph, and  be a simple cycle in G. G is planar if and
only if the bridges B1 , B2 , : : :, Bp of G w.r.t.  satisfy the following two conditions:
(i)  [ Bi is planar, 1  i  p.
(ii) The set of bridges can be partitioned into two subsets, such that no two bridges in the same
subset interlace.

Lemma 2.9 [12] A graph is planar if and only if its biconnected components are planar.
Lemma 2.10 [12] Let G = (V; E ) be a biconnected graph with a separation pair fa; bg, and let
B1 , B2 , : : :, Bp be the bridges of G w.r.t. fa; bg. Then G is planar if and only if for 1  i  p
Bi [ f(a; b)g is planar.
Lemma 2.11 [51] Let G = (V; E ) be a biconnected graph with a separation pair fa; bg. Let G1 =
(V1; E1) and G2 = (V2; E2) be two split graphs of G with respect with fa; bg. If there is a planar

embedding of G1 with virtual edge (a; b) between faces f10 and f100, and a planar embedding of G2
with virtual edge (a; b) between faces f20 and f200, then there is a planar embedding of G having two
faces f1 and f2 de ned as follows. The contour of f1 is given by deleting virtual edges (a; b) and
merging the remaining contours of f10 and f100 (f1 = (f10 ? f(a; b)g) [ (f100 ? f(a; b)g)). Similarly, the
contour of f2 is given by deleting virtual edges (a; b) and merging the remaining contours of f20 and
f200 (f2 = (f20 ? f(a; b)g) [ (f200 ? f(a; b)g)).
Conversely, assume that there is a planar embedding of G with the two vertices a and b of
a separation pair in the contour of two faces f1 and f2 . Then there is a planar embedding of
G1 with virtual edge (a; b) between faces f10 and f20 and a planar embedding of G2 with virtual
edge (a; b) between faces f100 and f200 , such that f1 = (f10 ? f(a; b)g) [ (f100 ? f(a; b)g) and f2 =
(f20 ? f(a; b)g) [ (f200 ? f(a; b)g).

Notice that in both Lemmas 2.8 and Lemma 2.10, the necessary and sucient conditions for
planarity hold only for biconnected graphs. However, because of Lemma 2.9 they are meaningful
also for non-biconnected graphs. Indeed, since each biconnected component of a planar graph can
be embedded independently of the others, the conditions of Lemmas 2.8 and Lemma 2.10 must hold
for every biconnected component of a non-biconnected graph. For instance, combining Lemmas 2.9
and 2.10 gives the following corollary.

Corollary 2.1 Let G = (V; E ) be a graph, let G0 be a biconnected component of G, let fa; bg be a
separation pair of G0 , and let B1 , B2 , : : :, Bp be the bridges of G0 w.r.t. fa; bg. Then G is planar
if and only if:

(i) For 1  i  p Bi [ f(a; b)g is planar.
(ii) All the other biconnected components of G (di erent from G0 ) are planar.
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We now prove some lemmas that will be used throughout the paper.

Lemma 2.12 Let G be a non-trivial triconnected simple planar graph. Then the following is true:
(i) Any two faces of G share at most two vertices.
(ii) If faces f1 and f2 share two vertices v1 and v2 , then v1 and v2 are adjacent in both faces f1
and f2 .

Proof: Since G is triconnected, there is essentially only one embedding of G, and the faces of G

are well de ned. Condition (ii) is a simple consequence of Lemma 2.6. Therefore, to prove the
lemma we only need to prove condition (i).
Assume by contradiction that two faces of G, say f1 and f2 , share three vertices, say v1, v2 and
v3 . We have only two possible cases: either (a) there are two such vertices which are not adjacent
in either f1 or f2 , or (b) v1, v2 , and v3 are all adjacent in both f1 and f2 . Note that case (a) is not
possible, since by Lemma 2.6 G would not be triconnected. Consequently, v1 , v2, and v3 must be all
adjacent in both f1 and f2 . We further distinguish two subcases: either (b1) v1 , v2 and v3 appear
only once in the contour of faces f1 and f2 , or (b2) there is an i, 1  i  3 and a j , 1  j  2, such
that vertex vi appears twice in the contour of face fj . Recall that G is triconnected, and therefore
Lemma 2.4 rules out case (b2).
In summary, vertices v1 , v2, and v3 must be all adjacent in both faces f1 and f2 , and furthermore
they must appear only once in the contour of the two faces. Since v1 , v2 , and v3 are adjacent, there
are edges e1 = (v1; v2), e2 = (v2; v3), and e3 = (v3 ; v1) in G. Because v1, v2 and v3 appear only
once in the contour of f1 and f2 , both these contours consist of edges e1 , e2 , and e3 . This implies
that G is a triangle, contradicting the fact that G is a non-trivial triconnected graph. 2
The following is a corollary of Lemma 2.12.

Corollary 2.2 Let G = (V; E ) be any planar non-trivial triconnected simple graph. Then no two
edges of G can be both in the contour of two faces in the embedding of G.

De ne an operation that replaces an edge in a graph with a path whose intermediate vertices
are all new. Denote this operation as a chain replacement. We say that two graphs G1 and G2
are homeomorphic if both can be obtained from the same graph by means of chain replacements.
An immediate consequence of this de nition is that two homeomorphic graphs have essentially the
same embeddings (replacing chains with edges).

Lemma 2.13 Let G = (V; E ) be a graph. Let G0 = (V 0; E 0) be a planar subgraph of G that is

homeomorphic to a triconnected simple graph. Let B1 , B2 , : : :, Bp be the bridges of G w.r.t. V 0 ,
such that G0 [ Bi is planar, 1  i  p. Then for Bi , 1  i  p, all the attachments of Bi are in a
same face of G0 . Furthermore, all the planar embeddings of G0 [ Bi have Bi inside a face containing
all the attachments of Bi .

Proof: Consider a planar embedding of G0 [ Bi. Since G0 is homeomorphic to a triconnected graph,

there is only one planar embedding for G0. By de nition of bridge, two vertices of Bi cannot be
in di erent faces of G0 because in this case any path between them must cross edges of G0 . Thus,
Bi must be embedded inside a face of G0. Of course, the contour of this face must contain all the
attachments of G0. 2
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Lemma 2.14 Let G = (V; E ) be a graph. Let G0 = (V 0; E 0) be a subgraph of G that is homeomor-

phic to a non-trivial triconnected graph. Let B1 , B2 , : : :, Bp be the bridges of G w.r.t. V 0 . Let
f1; f2; : : :; fq be the faces of G0. Then G is planar if and only if the following two conditions hold.
(i) for 1  i  p, G0 [ Bi is planar; and
(ii) The set of bridges can be partitioned into q subsets F1 ; F2; : : :; Fq , such that all the bridges
in Fi , 1  i  q , have attachments only on the contour of face fi , and do not interlace in the
contour of fi .

Proof: We rst assume that conditions (i) and (ii) hold, and show that G is planar. By condition
(ii), for each 1  i  p, the attachments of bridge Bi are all in the contour of the same face. Since

G0 is homeomorphic to a triconnected graph, it has no articulation points. By Lemma 2.4 the
contour of each face of G0 is a simple cycle. By Lemma 2.7 and condition (ii), all the bridges with
attachments on the contour of face f can be embedded inside f . This gives a planar embedding of
G.
Conversely, assume that G is planar, and consider a planar embedding of G. Clearly condition
(i) must hold, and by Lemma 2.13 all the attachments of each Bi are in the contour of the same
face. We now prove condition (ii). For 1  i  q , de ne Fi to be the set of all bridges of G w.r.t. V 0
that are embedded inside face fi of G0. Again, since G0 is homeomorphic to a triconnected graph,
the contour of each face of G0 is a simple cycle. Then by Lemma 2.7, the partition of the bridges
into F1 ; F2; : : :; Fq satis es condition (ii). 2
We end this section by describing some transformations that, given a planar embedding of a
graph, yield a new embedding which is itself planar. These transformations will be used frequently
throughout the paper.
(1) Edge Contraction: Contract edge (u; v ) identifying u  v .
(2) Biconnected Expansion: Let u be a vertex of G. Add a new planar biconnected component
having u as the only articulation point.
(3) Nontrivial Bridge Contraction. Let Bi be a nontrivial bridge of separation pair fu; v g: replace
Bi with edge (u; v).
(4) Trivial Bridge Expansion. Let (u; v ) be an edge of G: replace fu; v g with a nontrivial bridge
Bi having u and v as attachments and such that Bi [ f(u; v)g is planar.
(5) Parallel Edge Contraction: Let e1 ; e2; : : :; ep be parallel edges between vertices u and v :
replace e1 ; e2; : : :; ep with only one edge e0 between u and v .
(6) Parallel Edge Expansion: Let e0 = (u; v ) be an edge of G: replace e0 with p  1 parallel edges
e1 ; e2; : : :; ep .
Note that transformation (4) is the inverse of (3), and (6) is the inverse of (5).
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3 The Partition into Clusters
Let G be any planar graph with n vertices having non-negative vertex costs summing to no more
than one. Then the separator algorithm of Lipton and Tarjan [40] partitions the vertices of G into
three sets A, B , and C such that no edge joins a vertex in pA with a vertex in B , neither A nor B
has total cost exceeding 32 , and C contains no more than 2 2n vertices.
We now describe our partition into edge clusters which is reminiscent of the one used by Frederickson in [17]. The size of a cluster is given by the number of edges it contains. Let C be a cluster.
If only edges of C are incident to a vertex v , we say that v is internal to C . If both edges in C
and edges not in C are incident to v , we say that v is a boundary vertex of C . For any cluster C ,
we denote by B (C ) the total number of boundary vertices in C . Let z be a positive integer to be
xed later. Given a planar
graph G, we maintain a P
partition of G into O( nz ) clusters of size O(z )
P
each, and such that C B (C ) = O( pnz ). Note that C B (C ) gives the total number of boundary
vertices in the partition (each counted with its multiplicity). This partition can be computed using
the recursive approach described in [41]. At the beginning, we start with only one cluster corresponding to the whole graph and having only internal vertices. Each time we have a cluster whose
size is greater than z , we apply the planar separator theorem to this cluster (with uniform vertex
costs) and replace it by two new clusters: one having edges in A [ C and the other having edges
in B [ C . Edges whose endpoints are both in C can be given to either A [ C or B [ C . Note that
clusters need not to be connected. As shown in [17], this yields the desired partition into O( nz )
clusters of size O(z ) each, having a total of O( pnz ) boundary vertices. Since a planar separator
can be found in linear time [40], the total time required by this computation is easily seen to be
O(n log n). Goodrich showed how to speed up this computation to O(n) time [23].

4 The Compressed Representation of a Cluster
Let C be a cluster, and let B (C ) be the total number of boundary vertices in C . In this section
we describe how to compute a compressed representation of C , denoted by Ce, which is the basic
building block of our fully dynamic algorithm. Informally, Ce will be a contraction of C that contains
all its boundary vertices, plus only O(B (C )) extra vertices and edges. Despite its succinctness, Ce
will still capture all the ways in which neighbor clusters interact with C during possible changes of
the embedding of the graph.
Formally, let G = (V; E ) be a planar graph, and let G0 = (V0; E0) be a connected subgraph of G
(V0  V , E0  E ). De ne E0 = E ? E0, and let G0 = (V0; E0) be the graph induced by E0 (v 2 V0
if and only if there is an edge e 2 E0 incident to v ). We refer to G0 as the complement of G0 in
G. Denote by VG0 ;G the set of the vertices of V to which both edges from E0 and E0 are incident.
We call VG0 ;G the boundary of G0 . Note that while E0 \ E0 = ;, we have that V0 \ V0 = VG0 ;G .
If v 2 V0, we say that v is external to G0 . Notice that also the boundary of G0 is considered to
be external to G0 . Let G1 = (V1; E1) be a graph that contains all the vertices in the boundary of
G0 (i.e., VG0 ;G  V1) but no other vertex of G0 (i.e., V1 \ (V ? V0) = ;). Then substituting G1 in
place of G0 in G gives rise to a new graph G0 = (V 0 ; E 0), with vertex set V 0 = (V ? V0 ) [ V1 and
edge set E 0 = E0 [ E1 . Let G0 be G0 [ G1 . Fix two vertices x and y external to G0 . If it happens
that G [ f(x; y )g is planar if and only if G0 [ f(x; y )g is planar, we say that the substitution of G1
in place of G0 in G is planarity-preserving for x and y . If this substitution is planarity-preserving
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for any pair of vertices external to G0 , we simply say that it is planarity-preserving.
Let C be a cluster and let B (C ) be its number of boundary vertices. We say that a graph Ce is
a valid compression of C if and only if it satis es the following three properties.
(i) Ce contains all the boundary vertices of C , and no other vertex of G external to C ; and
(ii) Ce has at most O(B (C )) vertices and edges; and
(iii) the substitution of Ce in place of C is planarity-preserving.

We now give an algorithm to compute a valid compression Ce of a cluster C . The invariant we
will maintain is that Ce can be computed by means of a sequence of substitutions, each of which is
planarity-preserving. The computation of Ce is done in two steps. First, in Section 4.1 we compute
the forest of block trees of C (recall that C might not be connected) and prune it by leaving only
O(B(C )) biconnected components. Second, in Section 4.2 we show how to compress each remaining
biconnected component. These two steps will be combined in Section 4.3 to give a valid compression
of a cluster.

4.1 Step 1: Compressing a Block Tree

We now describe an algorithm to perform the rst step. Without loss of generality we assume
that the cluster C is connected. Otherwise we can apply the same algorithm to all the connected
components of C . Given C , we compute T2 (C ), the block tree of C . Since C has O(z ) vertices and
edges, T2(C ) has size O(z ).
Color red the square nodes of T2(C ) that correspond to the boundary vertices of C , and color
black all the other nodes. Note that round nodes are always black. De ne the degree of a node
(both round and square) of T2 (C ) to be the number of nodes adjacent to it. De ne the restricted
degree of a round node  to be its degree minus the number of black leaves adjacent to .
We compress T2 (C ), obtaining a new block tree whose number of round nodes will be linear
in the number of red (square) nodes. There are two reasons why the number of round nodes of
T2(C ) may not be linear in the number of red nodes. First, there can be round nodes of restricted
degree one. Second, even if there are no round nodes of restricted degree one, there may be chains
alternating between round nodes of restricted degree two and black square nodes of degree two;
we refer to maximal chains of this kind as black chains. We rst delete round nodes of restricted
degree one by applying repeatedly the following rule.
(B1) If there is a round node  of degree r which is adjacent to r ? 1 (square) leaves, all of which
are black, then delete  and its r ? 1 adjacent square leaves (see Figure 2).

Lemma 4.1 Rule (B1) gives rise to planarity-preserving substitutions in C .
Proof: The interpretation of the above rule in the original cluster C is the following. Rule (B1)
takes a biconnected subgraph G1 of C that has exactly one articulation point v , and such that the
only possible boundary vertex in G1 is v . Then v is substituted in place of G1 . Let Gb be the graph
obtained from G after this substitution.
Let x and y be any two vertices external to cluster C , and assume that G [ f(x; y )g is planar,
i.e., there is a planar embedding of G that has x and y in the contour of the same face. Since Gb
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can be obtained from G by applying edge contractions and parallel edge contractions, and such
contractions preserve planarity, the planar embedding of Gb induced by these contractions has x
and y in the contour of the same face. Therefore Gb [ f(x; y )g is planar too. Conversely, assume
Gb [f(x; y)g planar. Since G [f(x; y)g can be obtained from Gb [f(x; y)g by means of a biconnected
expansion, G [ f(x; y )g must be planar too. 2
We now show how to compress black chains. Let  = fv0; 1; v1; 2; : : :vp?1 ; p; vpg be such a
chain; namely, i , 1  i  p, is a round node of restricted degree two, vi , 1  i  p ? 1, is a
degree-two black square node, and v0 and vp are either red nodes or black nodes of degree greater
than two. For 1  i  p, let Gi be the pertinent graph of i . We refer to G( ) = G1 [ G2 [ : : : [ Gp
as the graph corresponding to the black chain  . We de ne v0 and vp to be the terminals of the
black chain  . We say that a round node i is free if the graph Gi [f(vi?1; vi )g is planar. We de ne
i to be blocking otherwise. A black chain  is said to be free if it contains only free round nodes.
Otherwise,  contains at least one blocking round node and it is referred to as a blocking chain. Free
and blocking chains are substantially di erent with respect to planarity, as the following lemma
shows.

Lemma 4.2 Let  = fv0; 1; v1; 2; : : :vp?1; p; vpg be a black chain, and let Gi be the pertinent
graph of i , 1  i  p. Let G( ) = G1 [ G2 [ : : : [ Gp be the graph corresponding to  . G( ) [
f(v0; vp)g is planar if and only if for all 1  i  p Gi [ f(vi?1; vi)g is planar.
Proof: Let Ge = G() [ f(v0; vp)g. Assume Ge is planar. Note that for any i, 1  i  p, Gi [
f(vi?1; vi)g can be obtained from Ge by means of edge contractions and parallel edge contractions.
Since such contractions preserve planarity, Gi [ f(vi?1 ; vi)g, 1  i  p, must be planar too.
To prove the converse assume that for 1  i  p, Gi [f(vi?1 ; vi)g is planar. Consider the simple
cycle  consisting of vertices v0 ; v1; : : :; vp and edges (vi ; v(i+1) mod (p+1)), 0  i  p. Clearly, 
is planar. Note that Ge can be obtained from  by replacing edge (vi?1 ; vi) with Gi , 1  i  p.
Due to the planarity of Gi [ f(vi?1 ; vi)g, each such transformation is a trivial bridge expansion.
Consequently, Ge must be planar too. 2
Lemma 4.2 states that a black chain  is free if and only if there is an embedding of its
corresponding graph G( ) having both terminals v0 and vp in the contour of the same face.
Let  be a chain with terminals v0 and vp. Given a round node i in  with pertinent graph
Gi, 1  i  p, we denote by Gi (v0 ; vp) the graph obtained from Gi by replacing vertex vi?1 with
vertex v0 and vertex vi with vertex vp . If  is blocking, we arbitrarily choose a blocking node j
in  , and we refer to such node as the witness of  . Our technique to compress black chains is the
following.

(B2) If the black chain  is free, then choose arbitrarily a node i, 1  i  q in the chain.
G() = G1 [ G2 [ : : : [ Gp is replaced by Gi(v0; vp). If the black chain is a blocking chain
with witness j , replace G( ) by Gj (v0 ; vp) (see Figure 2).

[ Figure 2 ]

Lemma 4.3 The compression of a black chain achieved by rule (B2) gives rise to planaritypreserving substitutions in C .
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Proof: Let  be a black chain between square nodes v0 and vp in the block tree. Let G be the
graph before compressing the black chain  , and let Gb be the graph obtained after compressing 
by means of rule (B2). Let x and y be any two vertices external to cluster C . We want to show
that G [ f(x; y )g is planar if and only if Gb [ f(x; y )g is planar.
Let vi , 0  i  p, be the square nodes in  , and let i , 1  i  p, be the round nodes
(all of restricted degree two) in  , such that i is adjacent to vi?1 and vi . For 1  i  p,
let Gi = (Vi ; Ei) be the pertinent graph associated with round node i . Note that G can be
decomposed as G = G0 [ G( ), where G( ) = G1 [ G2 [ : : : [ Gp consists of the biconnected
subgraphs (corresponding to the round nodes) of the black chain  , and G0 corresponds to the rest
of the graph. Since there are no red nodes in  , the only possible boundary vertices of V1 [V2 [: : :[Vp
are v0 and vp . As a result, any bridge of G w.r.t. V1 [ V2 [ : : : [ Vp (the vertex set of G( )) has
attachments only in fv0 ; vpg (i.e., G0 \ G( ) = fv0 ; vpg). Since x and y are external to C , x; y 2 G0.
After compressing the black chain by means of rule (B2), we have that Gb = G0 [ Gj (v0; vp) for
some j , 1  j  p, and consequently Gb can be obtained from G by simply replacing G( ) with
Gj (v0; vp). Let G(0v0 ) be the set of bridges of G w.r.t. V1 [ V2 [ : : : [ Vp that include as attachment
v0. Similarly, let G0(vp ) be the set of bridges of G w.r.t. V1 [ V2 [ : : : [ Vp that include as attachment
vp (note that G0 = G(0v0 ) [ G0(vp) ).
Assume that G [ f(x; y )g is planar. Since Gb can be obtained from G by means of edge contractions and parallel edge contractions, and such contractions preserve planarity, Gb [f(x; y )g must be
planar too.
Conversely, assume that Gb [ f(x; y )g is planar. Note that G is obtained from Gb by replacing
Gj (v0; vp) with G(). We now distinguish two cases.
Assume rst that G(0v0 ) \ G0(vp ) = ;, and that x and y are either both in G(0v0 ) or both in G0(vp ).
Without loss of generality, assume they are both in G(0v0 ) . Then v0 and vp are articulation points
both in G [ f(x; y )g and in Gb [ f(x; y )g. By Lemma 2.9 the planarity of Gb [ f(x; y )g implies the
planarity of G(0v0 ) [ f(x; y )g. Applying again Lemma 2.9 this time to G, yields that Gi , 1  i  p,
and G0(vp ) are planar. Since vi , 1  i  p, are all articulation points in G [ f(x; y )g, by Lemma 2.9
G [ f(x; y)g is planar.
Assume now that either G(0v0 ) \ G0(vp ) 6= ; or x and y are one in G(0v0 ) and the other in G0(vp ).
This implies that the graph Ge = G(0v0 ) [ G(0vp) [ f(x; y )g is connected. Let Ge = G0 [ f(x; y )g. Note
that Gb [f(x; y )g = Ge [ Gj (v0 ; vp), and that G [f(x; y )g = Ge [ G( ), with Ge \ Gj (v0; vp) = fv0; vpg
and Ge \ G( ) = fv0; vpg. We claim that the planarity of Gb [ f(x; y )g implies the planarity of both
Ge [ f(v0; vp)g and G() [ f(v0; vp)g.
Indeed if Gj (v0; vp) consists of the single edge (v0 ; vp), then Gj = f(vj ?1 ; vj )g and the corresponding round node j is trivially a free node. Rule (B2) implies that  must be a free chain and
consequently G( ) [f(v0; vp)g is planar. Furthermore, Gb [f(x; y )g = Ge [ Gj (v0; vp) = Ge [f(v0 ; vp)g
is by hypothesis planar. If Ge consists of the single edge (v0; vp), then (v0; vp) = (x; y ) and
Gb = Gj (v0; vp). Ge [ f(v0; vp)g is trivially planar in this case, and the planarity of Gb [ f(x; y)g
implies that  is a free chain and therefore G( ) [ f(v0; vp)g is planar.
If neither Ge nor Gj (v0 ; vp) is a singleton edge, then fv0 ; vpg is a separation pair in both G [
f(x; y)g and Gb [f(x; y)g. Because of Corollary 2.1, the planarity of Gb [f(x; y)g implies the planarity
of Ge [ f(v0; vp)g and the planarity of Gj (v0 ; vp) [ f(v0 ; vp)g. Due to the de nition of rule (B2),
if Gj (v0 ; vp) [ f(v0; vp)g is planar, then  must be a free chain, and therefore G( ) [ f(v0; vp)g is
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planar.
In all the above three cases, both Ge [ f(v0; vp)g and G( ) [ f(v0; vp)g are planar. If Ge consists
of the single edge (v0 ; vp), then G [f(x; y )g = G( ) [f(v0; vp)g is planar. Similarly, if G( ) consists
of the single edge (v0; vp), then G [ f(x; y )g = Ge [ f(v0; vp)g is planar. Otherwise, fv0 ; vpg is a
separation pair of G [f(x; y )g = Ge [ G( ). Because of Corollary 2.1, the planarity of Ge [f(v0 ; vp)g
and G( ) [ f(v0; vp)g implies the planarity of G [ f(x; y )g = Ge [ G( ). 2
Let T (C ) be the tree obtained from T2(C ) after applying any sequence of the rules (B1) and
(B2) until no rule can be further applied. Notice that T (C ) has only square (black or red) leaves.
Furthermore, all the round nodes are black and cannot be leaves. We recall here that cluster C
has O(z ) vertices and edges, and B (C ) boundary vertices. The following lemma characterizes some
properties of T (C ).

Lemma 4.4 T (C ) can be computed in O(jCj) time, has O(B(C )) round nodes and O(B(C )) internal

square nodes.

Proof: As said before, the block tree T2(C ) can be computed in O(jCj) time and has size O(jCj).
Rule (B1) can be repeatedly applied in a bottom up fashion, starting from the leaves of T2(C ) in a
total of O(jT2(C )j) = O(jCj) time. All the black chains in the resulting block tree can be located
in a total of O(jCj) time. Note each round node i is considered at most once while applying rule
(B2). Let Gi be the pertinent graph of i. Checking whether i is free or blocking can be done
in O(jGij) time by running an o -line planarity testing on Gi [ f(vi?1 ; vi)g [28]. Since also the
compression given by rule (B2) can be computed in time proportional to the size of G( ), it follows
that the total time spent in computing T (C ) will be O(jCj).
To bound the total number of round nodes and internal square nodes of T (C ) we use the
following argument. By de nition, the number of red nodes in C is B (C ). Because of rule (B1), the
children of any round node in T (C ) cannot all be black leaves. Call terminal the round nodes of
T (C ) that have at least one child that is a square red leaf. Note that the number of terminal round
nodes in T (C ) is at most O(B (C )). Because of rule (B2), each black chain in the original block
tree is compressed into a chain of at most a constant numbed of round and internal square nodes.
Consequently, the number of square internal and round nodes in T (C ) is linear in the number of
terminal round nodes in T (C ), and therefore it is O(B (C )). 2

4.2 Step 2: Compressing a Biconnected Component

In this section we consider the following problem. Let G = (V; E ) be a planar graph, and let
G0 = (V 0; E 0) be a biconnected subgraph of G contained in a cluster C . Let G0 = (V 0 ; E 0) be the
complement of G0 in G. As usual de ne the boundary of G0 as the set of all vertices v 2 V such that
there is at least one edge of E 0 and at least one edge of E 0 = E ? E 0 incident to v . We denote the
boundary of G0 as VG0 ;G . We are interested in nding a planar graph G00 = (V 00; E 00) that satis es
properties similar to the valid compression of a cluster. That is
(i)
(ii)
(iii)

G00 contains the boundary of G0 (VG0;G  V 00) and no other external vertex of G0 ; and
G00 has at most O(jVG0;G j) vertices and edges; and
the substitution of G00 in place of G0 is planarity-preserving.
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In the rest of this section we show how to compute such a G00 starting from G0. Denote by n0
the number of vertices of G0 . Since G0 is planar, the number of edges of G0 is O(n0 ). We start by
computing T3(G0), the tree of triconnected components of G0. As said in Section 2 this can be done
in O(n0 ) time. We now distinguish two cases, depending on whether G0 is triconnected or not.

4.2.1 Compressing a Triconnected Graph
We now describe our planarity-preserving compression of a non-trivial triconnected graph (in
short triconnected compression). Given a non-trivial triconnected simple planar graph G0 with O(r)
selected vertices, denoted by red vertices, we wish to reduce G0 to a graph G00, of size O(r), that
is non-trivial triconnected and such that this reduction is planarity-preserving. An edge whose
endpoints are both red is also colored red. G00 will contain all the red vertices and red edges and
will satisfy two important additional properties:
(1) red vertices that are in the same face in G0 will be in the same face in G00; and
(2) red vertices that are not in the same face in G0 will not be in the same face in G00.
We rst de ne a graph Ge as follows. The vertices of Ge are the red vertices of G0 . Consider
a face f of G0 and its vertices. If the contour of f contains at least two red vertices, there is an
edge in Ge between two red vertices u and v if in the contour of f in G0 there is a path between
u and v that contains only non-red vertices (and possibly consisting of only one edge). With this
transformation, we get a new (possibly leaner) face in Ge starting from face f of G0 . Apply this
transformation to all the faces of G0. Note that there can be multiple edges in Ge derived from
di erent paths of G0 between the same two red vertices.
Since G0 is triconnected, it has essentially only one embedding. Therefore it is meaningful to
talk about the faces of G0. Furthermore, we represent Ge embedded, considering the embedding of
Ge induced by the embedding of G0. Consequently, also in this case we talk about faces of Ge . Call
good faces the faces of Ge that correspond to the original faces of G0 . Call bad faces the remaining
faces of Ge .
We call this step the face step. At the end of the face step, we have that any two red vertices
that are adjacent in G0 are adjacent in Ge too. Furthermore, two or more red vertices are in the
contour of the same face f of G0 if and only if they are all in the contour of the same good face in
Ge . This implies that Ge satis es constraint (1) above because of the good faces. However, Ge might
still not satisfy constraint (2) because of the bad faces.
Note that Ge may be split into disconnected subgraphs, with total size O(r). In what follows,
we deal with each connected component of Ge . We will then show how to reconnect the components
into one triconnected graph.

Lemma 4.5 Let Ge be the embedded planar graph de ned above starting from a non-trivial simple

planar triconnected graph G0 . Then Ge has no bad faces if and only if all the vertices of G0 are red.

Proof: If all the vertices of G0 are red, then by construction Ge = G0, and all the faces of Ge are

good. Conversely, assume by contradiction that all the faces of Ge are good, but not all the vertices
of G0 are red. Thus, there must be at least one edge e = (u; v ) in Ge corresponding to a path pu;v of
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G0 containing at least one non-red vertex w. Let f10 and f20 be the faces on the two sides of (u; v) in
Ge . Since all the faces of Ge are good, f10 and f20 correspond to two faces f1 and f2 of G0 on the two
sides of the path pu;v . Note that u, v and w are in the contour of faces f1 and f2 . There are three

facts that we exploit in the remainder of the proof, all of them are consequences of the hypothesis
that G0 is triconnected.
First, u and v must be adjacent on both f1 and f2 : indeed if this was not the case then by
Lemma 2.6 fu; v g would be a separation pair in G0, a contradiction. Since by hypothesis u and v
are not adjacent in the path pu;v , they must be adjacent on the other side (namely, the contour
of face f1 contains the path pu;v and the edge (u; v )). The second fact that we exploit is that pu;v
must contain only two edges: (u; w) and (w; v ). Indeed if pu;v contains at least three edges, denote
by u1 and v1 the two vertices of pu;v closer to u and v respectively (u1 6= v1 ). Note that u1 and
v (or v1 and u) are not adjacent in either f1 or f2 , and therefore by Lemma 2.6 fu1 ; vg or fu; v1g
are both separation pairs of G0, a contradiction. Third, by Lemma 2.4 neither u nor v nor w can
appear more than once in the contour of either face f1 or face f2 .
The above three facts imply that vertices u, v , and w must be all adjacent in both faces f1 and
f2, and furthermore they must appear only once in the contour of the two faces. Because of the
rst property, there are edges e1 = (u; v ), e2 = (v; w), and e3 = (w; u) in G0. Because of the second
property, the contour of both f1 and f2 consists exactly of edges e1 , e2 , and e3 . But this implies
that G0 is a triangle, contradicting the hypothesis that G0 is a non-trivial triconnected graph. 2

Corollary 4.1 Let Ge be the embedded planar graph de ned above starting from a non-trivial simple

planar triconnected graph G0. Consider the embedding of each connected component of Ge separately.
If there is at least one non-red vertex in G0, then the embedding of each connected component of Ge
has at least one bad face.

Proof: If Ge is connected, then the corollary follows from Lemma 4.5. If Ge is not connected,

then consider the embedding of all the connected components of Ge induced by the embedding of
G0. Note that by construction the contour of a good face of Ge must be a simple cycle: since Ge
is not connected, the contour of the external face of Ge is not even connected and thus is not a
simple cycle. Consequently, if we take the embedding of all the connected components together,
the external face of such embedding is bad. Since the embedding of each connected component is
considered separately (from the other components), the embedding of each connected component
has its own external face. Each such face does not correspond to any original face in G0, and
therefore it is a bad face. 2

Lemma 4.6 Let Ge be the embedded planar graph de ned above starting from a non-trivial simple

planar triconnected graph G0. Then the following is true:

(i) Any two good faces of Ge share at most two vertices.

(ii) If good faces f1 and f2 share two vertices v1 and v2, then v1 and v2 are adjacent in both faces
f1 and f2 .

Proof: Condition (i) can be proved by contradiction. Indeed, if there were two good faces f1 and

f2 of Ge sharing three vertices, then by construction there would be two faces of G0 sharing the
same three vertices, which is impossible by Lemma 2.12.
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Similarly to prove (ii), assume by contradiction that there are two good faces f1 and f2 of Ge
sharing two vertices v1 and v2, and such that v1 and v2 are not adjacent in at least one of f1 and
f2 . Then, by construction of Ge, there exist two faces in G0 sharing v1 and v2 and such that v1
and v2 are not adjacent in at least one of the two faces. By Lemma 2.12, this contradicts the
triconnectivity of G0 . 2

Lemma 4.7 Any connected component of Ge is either a singleton vertex or a 2-edge-connected
graph.

Proof: Let Ge i be a connected component of Ge which has at least two vertices. Let e = (u; v) be

an edge of Ge i . By construction, e corresponds to a path in G0 between red vertices u and v , and
such that this path is contained in the contour of a face f of G0 . Since G0 is triconnected, it has
no articulation points. By Lemma 2.4 the contour of f gives a simple cycle in G0 . After the face
step, e will be in a cycle in Ge i . This shows that each edge of Ge i is in a cycle, and therefore Ge i is
2-edge-connected. 2
If all the faces of Ge are good, we de ne G00 = Ge and stop. Note that by Lemma 4.5 all the
vertices of G0 are red, and therefore G00 = G0.
Assume now that Ge has at least one bad face. Let Ge i be a connected component of Ge . By
Lemma 4.7, either Ge i consists of a single vertex or it is 2-edge-connected. If Ge i is 2-edge-connected,
by Lemma 2.5 the contour of each face f of Ge i gives a cycle (not necessarily simple) in Ge i . For each
bad face f of Ge i do the following. Let v0 ; v1; : : :; v`?1 , `  2, be the vertices in the contour of f .
For 0  i  ` ? 1, do the following. Insert a new vertex ni as middle-point in edge (vi ; v(i+1) mod ` ).
Insert new vertices si and ti in the interior of face f , joining them to the contour of face f with
edges (n(i?1) mod ` ; ti ), (ti ; vi), (vi; si ), and (si ; ni ). Finally, insert edges (ti ; si ) and (si ; t(i+1) mod ` ).
This construction is called face separator (see Figure 3). The edges (ti ; si ) and (si ; t(i+1) mod ` ),
0  i  ` ? 1, are the contour of a new face called the crown of the face separator. The other new
faces created by edges f(n(i?1) mod ` ; ti ); (ti; vi); (vi; n(i?1) mod ` )g and f(vi ; si); (si; ni ); (ni; vi)g are
called the triangles of the face separator. If Ge i consists of a single vertex v , the face separator is a
wheel with hub v and four new vertices u1 , u2 , u3 , and u4. The triangles of the face separator are
the four faces containing v in their contour, and the face having u1, u2, u3 , and u4 in its contour
is the crown of the face separator.
We now summarize some properties that follow immediately from the de nition of face separators. First, the crown of a face separator contains at least four edges. Second, any two vertices in
the same face separator (both a triangle or a crown of the face separator) are triconnected. Third,
crowns of a face separator can share vertices only with triangles. Finally, whenever a triangle shares
two vertices with any other face, these two vertices must be adjacent in both faces.
[ Figure 3 ]

Lemma 4.8 Let He be any connected component obtained after all the face separators have been
inserted. Then

(i) If any two red vertices are adjacent in G0, they are adjacent in He ; and

(ii) He is triconnected; and
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(iii) Any two or more red vertices are in the contour of the same face of He if and only if they are
in the contour of the same face of G0 (in the same order).

Proof: Let u and v be two red vertices of He , and assume that they are adjacent in G0. Let Ge

be the graph obtained from G0 after the face step. Let f1 and f2 be the two faces of G0 that are
on the two sides of edge (u; v ). By construction, u and v will be in two good faces f100 and f200 of
Ge corresponding to f1 and f2 respectively, and adjacent in these faces. Since f100 and f200 are good
faces, no face separators are inserted in f100 and f200. Consequently, u and v will still be adjacent in
He . This proves (i).
We now prove that He must be triconnected. Recall that G0 is triconnected. We proceed by
contradiction and assume that He is not triconnected. Then there is either an articulation point
v or a separation pair fv1; v2g in He . We prove that consequently there must be respectively an
articulation point or a separation pair in G0 too, getting the desired contradiction. Since G0 is
triconnected, it has a unique planar embedding. Throughout the proof, we consider the planar
embedding of He induced by the embedding of G0 .
First, assume there is an articulation point v in He . By Lemma 2.4, there must be a face f that
is encountered at least twice while going counterclockwise around v in the embedding of He . Note
that the faces of He are only of three types: triangles of a face separator, crowns of a face separator,
and good faces. By construction, triangles and crowns of face separators do not have articulation
points. Therefore f must be a good face. Again as a consequence of the construction of He , if f is
a good face, and v is an articulation point in it, v must be a red vertex. This implies that v is in a
face f of G0 , and f is encountered at least twice while going around v in G0. By Lemma 2.4, v is
an articulation point in G0 too, a contradiction.
The previous argument shows that He is at least biconnected. We now show by contradiction
that it must be triconnected. Assume that there is a separation pair, say fv1 ; v2g, in He . By
Lemma 2.6 there must exist two faces of He , say f1 and f2 , such that v1 and v2 are in f1 and f2 ,
and such that v1 and v2 are not adjacent in at least one of f1 and f2 . Again, we observe that each
face of He can be only of three di erent types: either a triangle of a face separator, or a crown of a
face separator, or a good face. We have only two possibilities: either one of the faces is a triangle,
or both faces are good faces. If either one of the faces is a triangle, v1 and v2 would be adjacent in
both f1 and f2 . Similarly, if f1 and f2 are both good faces of He , by Lemma 4.6 v1 and v2 would
also be adjacent in both f1 and f2 . This yields the desired contradiction, proving (ii).
We now prove (iii). Note that since both G0 and He are triconnected, they have only one
embedding. The fact that red vertices are in the contour of the same face of G0 if and only if
they are in the contour of the same face of He (with the same order) is now a consequence of the
construction of He . When building Ge , consider the embedding of Ge induced by the embedding
of G0 . If some red vertices are in the contour of the same face f of G0, at the beginning of the
construction of He , they will be in the same good face of Ge . On the other hand, if two red vertices
v1 and v2 are not in the contour of the same face of G0 , then they will not be in the contour of the
same good face in Ge . If they are not even in the contour of a bad face of Ge , they will not be in
the contour of the same face of He as well. If x and y are in the contour of the same bad face of Ge
a face separator will separate them in He . Consequently, x and y will not be in the contour of the
same face of He as well. 2
The only problem left is that this construction might give rise to disconnected graphs. So
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assume this is the case. Denote by H the graph consisting of all the connected graphs He de ned
before.
Note that by Corollary 4.1, each He has at least one face separator. For each He arbitrarily pick
one face separator, and choose the planar embedding of He having as external face the crown of
such face separator. To merge two disconnected graphs He 1 and He 2 of H we simply take two pairs
of three adjacent vertices ti , si and ti+1 in the chosen face separators (external faces) of He 1 and He 2.
Now merge He 1 and He 2 by identifying the two pairs of the three adjacent vertices and by removing
multiple edges. Since the two pairs of adjacent vertices are in the external faces of He 1 and He 2 , this
merging produces a planar graph. As noted before, the contour of the crown of a face separator
(i.e., the contour of the external faces of He 1 and He 2 ) contains at least four edges. Since the new
external face produced by the merging of the previous two faces has at least four edges, this merge
can be always repeated as needed. Furthermore, since the si 's and ti 's from the face separators
are not any of the original vertices from G0, the adjacency properties between red vertices are not
changed. We now show that if He 1 and He 2 are triconnected, then this merging always produces a
triconnected graph.

Lemma 4.9 Let G1 = (V1; E1) and G2 = (V2; E2) be two non-trivial triconnected graphs with
V1 \ V2 = ;. Let e1 = (a1 ; b1) and e2 = (b1; c1) be two edges in G1 incident upon the same vertex

b1, and let e3 = (a2; b2) and e4 = (b2; c2) be two edges in G2 incident upon the same vertex b2. Let
G be the graph obtained from G1 and G2 after identifying a1 = a2 , b1 = b2, c1 = c2, and after
removing e3 and e4 . Then G is a non-trivial triconnected graph.

Proof: Note that G1  G, and G2  G. Let a = a1 = a2, b = b1 = b2, and c = c1 = c2 be the three

vertices of G involved in the merging. Assume by contradiction that G is not triconnected and let
fu; vg be a separation pair of G. Clearly, the separation pair fu; vg cannot be entirely either in G1
or in G2 since by hypothesis these two graphs are triconnected. This implies that u 6= a; b; c and
v 6= a; b; c. Consequently, one vertex of fu; vg, say u, must be in G1 ? fa1 ; b1; c1g and the other,
v, in G2 ? fa2; b2; c2g. But this is also impossible, since in this case u and v would be articulation
points in the triconnected graphs G1 and G2 respectively. This proofs that G is triconnected. The
fact that G is non-trivial follows immediately from jE j = jE1j + jE2j ? 2  6. 2
The subgraphs of H are merged pair-wise until a connected graph is obtained. This graph is
00
G , the triconnected compression of G0. As a consequence of this merging, we obtain:

Lemma 4.10 Let G00 be the graph de ned above. If G0 is a non-trivial triconnected planar graph
then G00 is non-trivial triconnected planar. Furthermore, the following is true:
(i) If any two red vertices are adjacent in G0, they are adjacent in G00; and
(ii) Any two or more red vertices are in the contour of the same face of G00 if and only if they are
in contour of the same face of G0 (in the same order).

Lemma 4.11 Let G0 = (V 0; E 0) be a triconnected graph with n0 vertices and r red vertices and red

edges. Then the graph G00 = (V 00; E 00) de ned above contains the red vertices and red edges of G0 , has
at most O(r) vertices and edges, and the substitution of G00 in place of G0 is planarity-preserving.
Furthermore G00 can be computed in O(n0) time.
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Proof: The lemma is obvious if there are no bad faces after the face step, since by Lemma 4.5 all

the vertices and edges of G0 are red, and by construction G00 = G0 .
Assume now that there is at least one bad face after the face step. G00 is initialized with the
red vertices of G0. The red edges are inserted during the face step. Note that red vertices are never
deleted from G00. Furthermore, if e is a red edge, it is between two faces fi and fj that will not
undergo the construction of a face separator. Therefore, also red edges are never destroyed, and
G00 contains the red vertices and red edges of G0.
To bound the size of G00, we observe that we build G00 with a constant number of steps, and at
each step the extra vertices and edges introduced is always linear in the size of the previous graph.
The time bound is a consequence of the fact that each step can be implemented in linear time.
We wish to prove that the substitution of G00 in place of G0 is planarity-preserving. Denote
by Gb the graph obtained by replacing G00 in place of G0 in G. Let x and y be two vertices of G
external to G0, let VG0 ;G be the boundary of G0 in G, and let VG00 ;Gb be the boundary of G00 in Gb .
Since by construction G00 has the same boundary as G0, we have that the red vertices of G0 (and
G00) are the vertices in VG0;G = VG00 ;Gb.
Assume G [f(x; y )g is planar. We now prove that also Gb [f(x; y )g must be planar. Consider the
separation classes E1 ; E2; : : :; Eq , q  1, of G [ f(x; y )g w.r.t. V 0 (the vertex set of G0) as de ned
in Section 2.1. Let B1 = (V1; E1); B2 = (V2; E2); : : :; Bq = (Vq ; Eq ) be the bridges de ned by these
separation classes. For 1  i  q , let ui;1 ; ui;2 : : :ui;pi be the attachments of bridge Bi . Note that by
de nition ui;j 2 VG0 ;G = VG00 ;Gb, 1  i  q , 1  j  pi . In other words, G = G0 [ B1 [ B2 [ : : : [ Bq
and Gb = G00 [ B1 [ B2 [ : : : [ Bq .
By Lemma 2.13 and Lemma 2.14, since G0 is a non-trivial triconnected subgraph of the planar
graph G [ f(x; y )g, we have that
(i) for 1  i  q , the attachments ui;1; ui;2 : : :ui;pi of bridge Bi are on the contour of a face of
G0; and
(ii) any two bridges Bi and Bj whose attachments are on the contour of a face of G0 are not
interlacing.

Note that by Lemma 4.10, any two or more boundary vertices of G0 are in the contour of the
same face of G00 if and only if they are in the contour of the same face of G0. Furthermore, because
of Lemma 4.10 (part (ii)), G00 preserves the same order of red vertices around a face. Consequently,
properties (i) and (ii) above hold also for G00 and therefore Gb [f(x; y )g is planar too. The converse
can be proved with the same argument. 2

4.2.2 Compressing a Non-triconnected Graph
We now consider the case where G0 is a biconnected subgraph of G, but G0 is not triconnected.
We show how to compute a graph G00 that satis es the three properties given in Section 4.2. Let
VG0;G be the boundary of G0 in G. Recall that given a vertex v in G0, its allocation node (v) is
the highest node in T3(G0) that has v in its pertinent graph. Color red each node of T3 (G0) that is
an allocation node of a boundary vertex of G0, and color black all the other nodes of T3 (G0). As a
result, we have at most jVG0 ;G j red nodes in T3(G0). To compute G00 we use the same approach used
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in Section 4.1 with T2 (G): namely we compress T3(G0) yielding a compression of G0. However, this
time the details will be more involved.
As in Section 4.1, the new G00 will be obtained from G0 by applying a sequence of elementary
transformations. Each such transformation will not destroy boundary vertices of G0 and will be
planarity-preserving. Let K (0) = G0 , and de ne K ( +1) as the graph obtained after applying the
( +1)-th transformation on K ( ),   0. Similarly, we denote the trees of triconnected components
as T3 (K ( )),   0. Let h  0 be such that K (h) = G00. The sequence of h transformations applied
to G0 changes the whole graph G as well, producing the graphs G = G(0); G(1); : : :; G(h), where G( )
is obtained from G( ?1) by substituting K ( ) in place of K ( ?1), 1    h. We now de ne the
rules used to change G0 into G00. As in Section 4.1 there will be one rule that deletes black leaves,
and one that compresses black chains. The analog of rule (B1) is the following:
(T1) Delete a black node of degree 1 in the tree of triconnected components.

Lemma 4.12 Rule (T1) does not delete boundary vertices and gives rise to planarity-preserving
substitutions in G0 .

Proof: For some   0, let T3(K ( )) be the tree before applying rule (T1). Recall that K ( ) can

be reassembled by performing all the possible merges in T3 (K ( )). Let i be a black node of degree
1 in T3(K ( )). This means that i is not allocation node of any boundary vertex, and has only one
tree edge incident to it. Let (a; b;  ) be the label of this tree edge. Then fa; bg is a separation pair
in the graph K ( ). Denote by H 0 and H 00 the two split graphs of K ( ) w.r.t. fa; bg, with H 0 being
the pertinent graph of i .
Let H1 and H2 be the two graphs obtained after deleting the virtual edge (a; b) from H 0 and H 00
respectively. Then K ( ) = H1 [ H2 . Notice that since by hypothesis i is black, the only possible
boundary vertices of H1 are a and b. Consequently the whole graph G( ) can be decomposed
into G0 and H1 , G( ) = G0 [ H1, such that H1 \ G0 = fa; bg. Rule (T1) deletes i from T3(K ( )),
producing a new tree of triconnected components T3(K ( +1)) = T3(K ( )) ?f i g. Then by de nition
of tree of triconnected components, rule (T1) replaces the triconnected component H 0 with edge
(a; b). That is, the graph obtained from G( ) after applying rule (T1) is G( +1) = G0 [ f(a; b)g.
Clearly, this does not destroy any boundary vertex. Let x and y be any two vertices external to
K ( ). Then x and y must be in G0. Assume G( ) [ f(x; y)g is planar; since G( +1) can be obtained
from G( ) by applying contractions, G( +1) [ f(x; y )g is planar too. To prove the converse, assume
G( +1) [ f(x; y)g is planar. But since G( ) [ f(x; y)g can be obtained from G( +1) [ f(x; y)g by
replacing edge (a; b) with H1 (nontrivial bridge expansion), then G( ) [f(x; y )g must be planar too.

2

Denote by T3(G0(T 1)) the tree obtained from T3(G0), when rule (T1) cannot be applied any more:
T3(G0(T 1)) = T3(K (h1 )), for some h1 , 0  h1  h. As usual let G0(T 1) = K (h1) denote the graph
obtained by reassembling T3(G0(T 1)). Note that because of rule (T1), there are no more than jVG0 ;G j
nodes of degree 1 in T3(G0(T1) ), because each one of them must be red. Since all the red nodes of
T3(G0) are still in T3 (G0(T 1)), G0(T 1) contains the boundary of G0. By Lemma 4.12, the substitution
of G0(T 1) in place of G0 is planarity-preserving. But even though there are at most O(jVG0;G j) nodes
of degree 1 in T3(G0(T 1)), G0(T 1) might still have more than O(jVG0 ;G j) vertices and edges. This might
happen for two di erent reasons. First, T3(G0(T 1)) itself can be larger than O(jVG0 ;G j) because of
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possible degree-two black nodes in T3(G0(T1) ). Second, even if there are no degree-two black nodes
in T3 (G0(T1) ) (and consequently the number of nodes in T3(G0(T1) ) is O(jVG0 ;G j)), the overall size of
the pertinent graphs of nodes left in T3(G0(T1) ) (and therefore the size of the reassembled graph) can
be more than O(jVG0 ;G j). We tackle the two problems separately. First, we consider the problem
of compressing the pertinent graph of red nodes and of black nodes of degree at least three in
T3(G0(T1)), giving a compression rule denoted by (T2). Then we will give another compression rule,
denoted by (T3), which will allow us to compress the black chains (i.e., paths of degree-two black
nodes).
Let i be a node of T3(K ( )) which is either a red node or a black node of degree at least three,
and let ?i = (Vi; Ei) be its pertinent graph. Let v1 ; v2; : : :; vp, p  1, be the boundary vertices of
K ( ) whose allocation node is i. We color these vertices red in ?i . Let e1 ; e2; : : :; eq, q  3, be
the edges of T3(K ( )) incident to i , and let (sj ; tj ; j ) be the label of edge ej , 1  j  q . We
also denote by ej the virtual edge (sj ; tj ). For 1  j  q , we color in ?i the virtual edge ej and
its endpoints sj and tj red. All the other vertices and edges of ?i are colored black. We refer to
Vi0 = fv1; : : :; vp; s1; t1; : : :; sq; tq g as the red set of ?i . We compress ?i into a new graph G00i , which
has O(jVi0j) vertices and edges and such that the substitution corresponding to the replacement of
?i with G00i is planarity-preserving. We perform three di erent types of compression depending on
whether i is a P -, a B -, or a T -node.
(T2.a) If i is a B -node, then ?i is a bond consisting of (at least three) parallel edges between
two vertices a and b. Denote these edges by e1 ; : : :; eq ; eq+1; : : :; ep, p  3, p  q , with ej ,
1  j  q , being red edges. Rule (T2) in this case deletes the black edges es ; es+1; : : :; ep,
where s = maxfq +2; 4g. In other words, if q > 1, (T2) deletes all the black edges eq+2 : : :; ep.
If q = 1, (T2) deletes the black edges eq+3 : : :; ep. In any case, the compression of ?i contains
at least the three multiple edges e1, e2 , and e3 .
(T2.b) If i is a P -node, then ?i is a polygon consisting of a simple cycle on vertices Vi = fv0 ; v1 ; : : :;
?1 f(v ; v
vp?1 g, p  3, and with edges Ei = [pj=0
j (j +1) mod p )g. If the edge (vj ; vj +1 ) is red, then
we color red also the two vertices vj and vj +1 . Let Vi0  Vi and Ei0  Ei be respectively the
set of red vertices and red edges in ?i . De ne black paths of P those paths whose endpoints
are red but do not contain any red vertex or edge inside. (T2) contracts a black path with
more than three edges into a path with exactly three edges, and it is repeatedly applied until
there are no more black paths with more than three edges in ?i . The compression of ?i is
always a cycle, whose number of edges is at least three, and is linear in the number of red
vertices and edges of ?i .
(T2.c) If i is a T -node, then ?i is a triconnected graph: we apply to ?i the compression algorithm
given in Section 4.2.1, with red vertices de ned above and red edges de ned above plus the
edges whose endpoints are red (as in Section 4.2.1).
Let i a node of T3(G0 ) that we compress according to rule (T2), and let ?i = (Vi; Ei) be its
corresponding triconnected component. Denote by n i the number of boundary vertices of K ( )
that have i as allocation node (these are red vertices in ?i ), and by m i the number of edges of
T3(G0) incident to i (these are red edges in ?i). Recall that other red vertices and red edges may be
added: indeed in case (T2.b) the endpoints of a red edge are colored red, while in case (T2.c) edges
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between two red vertices are colored red. However, in both cases the number of added red vertices
and red edges is linear in n i and m i , and the size of the red set of i is always O(n i + m i ).

Lemma 4.13 Rule (T2) given above does not delete boundary vertices and gives rise to planarity-

preserving substitutions in G0 . Furthermore, after compressing a node i according to (T2), the
size of the triconnected component associated with i reduces to O(n i + m i ).

Proof: It is easy to see that transformation (T2) does not delete any boundary vertex. We now

show that it is planarity-preserving. Let T3(K ( )) be the tree before applying this compression,
and let K ( ) be the graph reassembled after performing all the possible merges in T3 (K ( )).
If i is a B -node as in case (T2.a), e1 ; : : :; eq ; eq+1 ; : : :; ep correspond to the separation classes
of the separation pair fa; bg. Furthermore, since the edges eq+1 ; : : :; ep do not correspond to tree
edges in T3(K ( )), they correspond to trivial separation classes of fa; bg (that is, classes consisting
of singleton edges). Then K ( ) can be decomposed as follows: K ( ) = H1 [ feq+1 g [ : : : [ fep g.
Consequently, the whole graph G( ) can be decomposed as G( ) = G0 [ feq+1 g [ : : : [ fepg. After
the transformation we have that either K ( +1) = H1 [ feq+1 g or K ( +1) = H1 [ feq+1 g [ feq+2 g
and therefore either G( +1) = G0 [ feq+1 g or G( +1) = G0 [ feq+1 g [ feq+2 g. The change induced
in G( ) consists only of deleting some multiple edges in eq+2 ; : : :; ep. Therefore, since we perform
only parallel edge contractions, given any two vertices x and y , G( +1) [ f(x; y )g is planar if and
only if G( ) [ f(x; y )g is planar. Since the graph resulting from transformation (T2.a) contains at
most two black edges (eq+1 and eq+2 ), the new pertinent graph of i has O(n i + m i ) vertices and
edges.
Now consider the case in which i is a P -node. We have that G( +1) is obtained from G( )
by just contracting each black path of ?i with more than three edges into a path with exactly
three edges. Note that, because of rule (T1), black edges of i do not correspond to non-trivial
separation classes of G( ) but correspond to edges of G( ). Consequently, a path of black edges of
?i corresponds to a path of degree-two vertices (except the endpoints) in G( ). Recall that we can
always replace a path of degree-two vertices with an edge without changing the planar embedding
(nontrivial bridge contraction); and vice versa we can always replace an edge with a path of degreetwo vertices without changing the embedding (trivial bridge expansion). Note that we can go from
G( ) [ f(x; y)g to G( +1) [ f(x; y)g (and vice versa) by means of a sequence of nontrivial bridge
contractions followed by a sequence of trivial bridge expansions. This shows that G( +1) [ f(x; y )g
is planar if and only if G( ) [f(x; y )g is planar. After all the black paths have been contracted, the
bounds on the size of the new pertinent graph of i are straightforward.
Finally, if i is a T -node, the lemma follows from Lemma 4.11. 2

4.2.3 Compressing a black chain

Denote by T3(G0(T 2)) the tree obtained from T3(G0(T 1)), when rule (T2) cannot be applied any more:
T3(G0(T 2)) = T3(K (h2 )), for some h2 , 0  h1  h2  h. As usual let G0(T 2) = K (h2) denote the graph
obtained by reassembling T3(G0(T 2)). A black chain in T3(G0(T 2)) is a directed path consisting of
black nodes of degree two. We say that the black chain is trivial if it contains only one node, and
non-trivial otherwise.
In this section we consider the problem of reducing the size of T3(G0(T2) ) down to O(jVG0 ;G j).
We recall that the only obstacles left are the non-trivial black chains of T3 (G0(T2) ). Since we will
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not consider trivial black chains any further, in the remainder of this section we use the term black
chains to denote non-trivial black chains.
Let 1 and ` , be the two endpoints of a maximal black chain  = f 2; 3; : : :; `?1g, `  4, in
T3(K ( )), h2    h, such that ` is a proper ancestor of 1. That is, all the nodes j , 2  j  `?1,
are degree-two black nodes, while 1 is not a degree-two black node, and either ` is the root of
T3(K ( )) or ` is not a degree-two black node. Note that the removal of the two edges ( 1; 2) and
( `?1 ; `) partitions the tree T3(K ( )) into three subtrees. Let these subtrees be T 0 , T 00, and T 000,
such that T 0 contains 1 , T 00 =  = f 2; : : :; `?1g is the black chain, and T 000 contains ` . From
now on, we refer to the black chain as  . Let G3 (T 0), G3( ) and G3 (T 000) be the graphs obtained by
performing all merges to T 0,  and T 000 respectively. We refer to G3( ) as the graph corresponding
to the black chain  .
For 1  j  ` ? 1, let ej be the tree edge between j and j +1 , and let ej be labeled (sj ; tj ; j ).
For 2  j  ` ? 1, let ?j be the pertinent graph of j (corresponding to its triconnected component).
We also denote by ej the virtual edge (sj ; tj ) in ?j and ?j +1 . This creates no danger of confusion
with the tree edge ej = (sj ; tj ; j ): the tree edge and the two virtual edges are associated with the
same split j . The two edges e1 = (s1 ; t1) and e`?1 = (s`?1 ; t`?1 ) are referred to as the terminals
of the black chain  . Note that e1 and e`?1 are the only virtual edges of G3 ( ): all the other edges
are actual edges. Moreover, ej ?1 = (sj ?1 ; tj ?1 ) and ej = (sj ; tj ) are the only virtual edges in ?j ,
2  j  ` ? 1.
Our goal is to compress the black chain  into a graph of constant size containing vertices s1 , t1 ,
s`?1 , and t`?1 , such that this compression is planarity-preserving. In other words, the compressed
graph must have the same planar behavior with respect to vertices s1 , t1 , s`?1 and t`?1 as the
black chain  . We will give a compression technique that follows the same ideas given for the black
chains of the block trees in Section 4.1. Namely, we will partition black chains into blocking chains
and free chains. As in Section 4.1, a chain  will be blocking if there is no planar embedding of
G3(), having the two terminals in the contour of the same face. However, since now the terminals
of a chain are edges and not simply vertices as in Section 4.1, there is a much richer combinatorial
structure in the chain  , and the details will be more involved. Before giving our compression rule,
we need some technical lemmas and more terminology.

Lemma 4.14 Let T3(K ) be the tree of triconnected components of a biconnected graph K . Let
 = f 2; : : :; `?1g be a chain of degree-two nodes in T3(K ), and let T 0 and T 000 be the two subtrees

of T3(K ) at the endpoints of the black chain. Then there is a path p1 between s1 and t1 in G3(T 0)
and a path p`?1 between s`?1 and t`?1 in G3(T 000), such that p1 and p`?1 consist both of actual edges
and are disjoint.

Proof: Since G3(T 0) is a split graph of K w.r.t. fs1; t1g, (s1; t1) is the only virtual edge of G3(T 0),

and by Lemma 2.2 G3(T 0) is biconnected. This implies that there is a simple cycle containing edge
(s1 ; t1), or equivalently, there is a path p1 in G3 (T 0) between s1 and t1 that contains actual edges
only. Similarly, there is a path p`?1 in G3(T 000) between vertices s`?1 and t`?1 that contains actual
edges only. Since G3 (T 0) is a split graph of K with respect to separation pair fs1; t1 g, and G3(T 000)
is a split graph of K with respect to separation pair fs`?1 ; t`?1 g, the paths p1 and p`?1 are disjoint.

2
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Lemma 4.15 Let  = f 2; : : :; `?1g be a chain of degree-two nodes. If there is a node i, for
some i, 2  i  ` ? 1, such that in its pertinent graph ?i we have that si?1 = si and ti?1 = ti , then
i

is a B -node.

Proof: Note that if si?1 = si and ti?1 = ti , the virtual edges ei?1 and ei are multiple edges in
?i . Consequently, i can be neither a P -node nor a T -node, because the pertinent graphs of such
nodes do not have multiple edges. Then i must be a B -node. 2
Lemma 4.16 Let  = f 2; : : :; `?1g be a chain of degree-two nodes. If r, for some 2  r  ` ? 1,
is either a B -node or a T -node, then in ?r there is a path between vertices sr and tr , and a path
between vertices sr?1 and tr?1 that contain no virtual edges.
Proof: If

is a B -node, then sr?1 = sr and tr?1 = tr . Consequently, r contains at least one
actual edge (sr ; tr ) and the lemma is trivially true. If r is a T -node, then its pertinent graph ?r
is a simple triconnected graph having as virtual edges (sr?1 ; tr?1) and (sr ; tr ). Consequently, there
are at least three vertex disjoint paths between sr and tr , and three vertex disjoint paths between
vertices sr?1 and tr?1 . Due to the fact that there are only two virtual edges in ?r , in ?r there is a
path between sr and tr and a path between sr?1 and tr?1 that contain no virtual edges. 2
De ne H1 = (V1; E1) by deleting the virtual edge e1 = (s1 ; t1) from G3(T 0), H2 = (V2; E2)
by deleting virtual edges e1 = (s1; t1 ) and e`?1 = (s`?1 ; t`?1 ) from G3 ( ), and H3 = (V3; E3) by
deleting virtual edge e`?1 = (s`?1 ; t`?1 ) from G3(T 000). Note that K ( ) = H1 [ H2 [ H3, where
H1 \ H2 = fs1 ; t1g, H2 \ H3 = fs`?1 ; t`?1 g. Since there are no red nodes in , the only possible
boundary vertices of H2 are s1 , t1 , s`?1 , and t`?1 . Let G be a graph obtained by adding edges to
G( ): G = G( ) [ N , where the graph N has the same vertex set as G( ). If the endpoints of every
edge of N are both external to cluster C , we say that G is an expansion of G( ) w.r.t. C . Our main
use of expansions will be by only one edge: (x; y ). Note that H2  G( )  G, and that again the only
possible boundary vertices of H2 in G are s1 , t1 , s`?1 , and t`?1 . As a result, any bridge of G w.r.t.
V2 (the vertex set of H2) has attachments only in fs1 ; t1 ; s`?1 ; t`?1 g. Let G1 be the set of bridges of
G w.r.t. V2 whose attachments include either s1 or t1 , and let G`?1 be the set of bridges of G w.r.t.
V2 whose attachments include either s`?1 or t`?1 . Then the whole graph G can be decomposed
into three parts: G = G1 [ H2 [ G`?1 , where H1  G1, H3  G`?1 , and G1 and G`?1 may or may
not have empty intersection. We further partition G1 and G`?1 as follows. Let G`(?s`1?1 ) contain the
bridges of G`?1 that include s`?1 but not t`?1 as attachment; let G(`t?`?1 1 ) contain the bridges of G`?1
that include t`?1 but not s`?1 as attachment; nally let G`(?e`1?1 ) contain the bridges of G`?1 that
include both s`?1 and t`?1 as attachments. Note that G`?1 = G`(?e`1?1 ) [ G(`s?`1?1 ) [ G`(?t`?1 1 ). We de ne
a similar partition of G1 into three sets G1(e1 ) , G1(s1 ) , and G(1t1) . Using this notation, the whole
graph G is decomposed into seven parts: G = G(1e1 ) [ G1(s1 ) [ G1(t1 ) [ H2 [ G`(?e`1?1 ) [ G(`s?`1?1 ) [ G(`t?`?1 1 ).
However, some of these parts can have non-empty intersections: for instance a bridge of G w.r.t. V2
that has attachments s1 ; s`?1 ; t`?1 appears both in G1(s1 ) and in G`(?e`1?1 ) . We claim that not all the
six graphs G1(e1 ) , G1(s1 ) , G(1t1) , G`(?e`1?1 ), G`(?s`1?1 ) and G(`t?`?1 1 ) are necessary for our purposes. Indeed the
following two lemmas prove that only G1(e1 ) , G`(?e`1?1 ) , G`(?s`1?1 ), and G(`t?`?1 1) are sucient to describe
completely G.
r
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Lemma 4.17 Let K ( )  C be the biconnected subgraph of G( ) that contains a black chain
 = f 2; 3; : : :; `?1g. The only possible boundary vertices of K ( ) in H2 are s`?1 and t`?1 .
Furthermore, for any expansion G of G( ) w.r.t. C , we have that: (i) G1(s1 ) = ; unless s1 = s`?1 ;
(ii) G1(t1 ) = ; unless t1 = t`?1 ; (iii) G1(e1 ) =
6 ;; and (iv) G`(?e 1?1) =6 ;.
`

Proof: Let T3(K ( )) be the tree of triconnected components of K ( ). Recall that a node of T3(K ( ))

is red if and only if it is the allocation node of a boundary vertex of K ( ), and it is black otherwise.
By de nition of black chain, all the nodes i, 2  i  ` ? 1, are black. Consequently, in H2 only
vertices s1 , t1 , s`?1 and t`?1 can possibly be boundary vertices of K ( ). We now show that if s1
[respectively t1 ] is a boundary vertex of K ( ), then s1 = s`?1 [respectively t1 = t`?1 ], which proves
that the only possible boundary vertices of K ( ) in H2 are s`?1 and t`?1 . Indeed, assume that s1 is
a boundary vertex of K ( ). Then, the allocation node (s1) of s1 must be a red vertex in T3(K ( )).
Note that s1 appears in ?2 , the pertinent graph of 2. By de nition of allocation node, we have
that (s1) must be an ancestor of 2 in T3 (K ( )). However, i , 2  i  ` ? 1, is not a red node in
T3(K ( )). Consequently, (s1) must be a proper ancestor of `?1 . By Lemma 2.3, s1 = s`?1 . A
similar argument shows that if t1 is a boundary vertex of K ( ) then t1 = t`?1 .
We now prove that G1(s1 ) = ; unless s1 = s`?1 . Assume that G1(s1 ) 6= ;. Then there is a bridge
of G w.r.t. V2 (the vertex set of H2 ), whose attachments include s1 but not t1 . Since fs1 ; t1g
is a separation pair of K ( ), all the paths between a vertex in G1 and a vertex in G`?1 that are
entirely contained in K ( ) must go through H2. This implies that any path between a vertex in
G1(s1 ) and a vertex in G`?1 that is entirely contained in K ( ) must go through s1 . Since K ( ) is a
biconnected subgraph, this implies that if G1(s1 ) 6= ; then G1(s1 ) \ K ( ) = fs1 g (otherwise s1 would
be an articulation point inside K ( ), a contradiction). Consequently, s1 must be a boundary vertex
of K ( ). The rst part of the lemma implies s1 = s`?1 . The same argument shows that G1(t1 ) = ;
unless t1 = t`?1 .
To complete the proof of the lemma, we need to show that G1(e1 ) 6= ; and that G`(?e`1?1 ) 6= ;.
Consider T 0 and T 000, the two subtrees of T3(K ( )) that are at the endpoints of the black chain. As
usual, let G3(T 0) and G3 (T 000) be the graphs obtaining by applying all the merges to T 0 and T 000.
Recall that the only virtual edge contained in G3 (T 0) [respectively G3 (T 000)] is (s1 ; t1) [respectively
(s`?1 ; t`?1 )], and that H1 = G3(T 0 ) ? f(s1; t1)g, and H3 = G3(T 000) ? f(s`?1 ; t`?1 )g. Note that T 0
contains at least 1, and T 000 contains at least ` . This implies that G3 (T 0) and G3(T 000) contain
actual edges, and therefore H1 6= ;, and H3 6= ;. Since fs1 ; t1g is a separation pair of K ( ) with
separation classes H1 and H2 [ H3 , we have that H1  G(1e1 ). Similarly, fs`?1 ; t`?1 g is a separation
pair of K ( ) with separation class H3 and H1 [ H2 , which implies H3  G`(?e`1?1 ) . This yields G1(e1 ) 6= ;
and G`(?e`1?1 ) 6= ;. 2

Lemma 4.18 Let G be an expansion of G( ) w.r.t. cluster C .
(i) If s1 =
6 s`?1 and t1 6= t`?1 , then G1(s1) = G(1t1) = ;.
(ii) If s1 = s`?1 and t1 =
6 t`?1 , then G1(s1) = G`(?s 1?1) [ G`(?e 1?1) and G(1t1) = ;.
(iii) If s1 =
6 s`?1 and t1 = t`?1 , then G1(s1) = ; and G1(t1) = G(`t??1 1) [ G`(?e 1?1).
`

`

`
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`

(iv) If s1 = s`?1 and t1 = t`?1 , then G1(s1 ) = G`(?s`1?1 ) and G1(t1 ) = G(`t?`?1 1) .

Proof: Case (i) follows immediately from Lemma 4.17. Consider now case (ii). By Lemma 4.17
we have that G1(t1 ) = ;. Recall that G(s1 ) is the set of bridges of G( ) w.r.t. V2 whose attachments

include s1 but not t1 , and that the only attachments of bridges of G( ) w.r.t. to V2 can be
s1 = s`?1 , t1 and t`?1 (the boundary vertices of H2 ). Consequently, G1(s1) is the set of bridges
whose attachments are either fs`?1 g or fs`?1 ; t`?1 g, which implies G1(s1 ) = G`(?s`1?1 ) [ G`(?e`1?1 ) . A
similar argument (interchanging s's and t's) can be repeated for case (iii).
Assume now that s1 = s`?1 and t1 = t`?1 . This implies G1 = G`?1 , and therefore G1(s1 ) =
G`(?s`1?1 ) and G1(t1 ) = G(`t?`?1 1 ). 2
Let  = f 2; 3; : : :; `?1g be a black chain, and let G3( ) be the corresponding graph. As
usual, let ?i be the pertinent graph of i , 2  i  ` ? 1. We say that  is a blocking chain, if and
only if there is no embedding of G3 ( ) having e1 = (s1 ; t1) and e`?1 = (s`?1 ; t`?1 ) in the contour
of the same face. We say that  is a free chain otherwise. We will partition blocking chains into
four di erent types of chains, but rst we need more terminology.
Let  be a blocking chain. Recall that a triconnected graph (such as the pertinent graph of a
T -node) has only one embedding. A blocking T -node of type 1 is a T -node i , 2  i  ` ? 1, in 
such that ei?1 and ei are not in the contour of the same face of ?i .
A blocking T -node of type 2 is a T -node i, 2  i  ` ? 1, in  such that ei?1 and ei are not in
the contour of the same face of ?i , and such that either
(i) si 6= s`?1 ; or
(ii) si = s`?1 , but ei?1 is not in the same face contour as s`?1 .
A blocking T -node of type 3 is a T -node i, 2  i  ` ? 1, in  such that ei?1 and ei are not in
the contour of the same face of ?i , and such that either
(i) ti 6= t`?1 ; or
(ii) ti = t`?1 , but ei?1 is not in the same face contour as t`?1 .
A T -node i that is both of type 2 and 3 is called a blocking T -node of type 4. The following
corollary is an immediate consequence of these de nitions.

Corollary 4.2 Let b be a blocking chain. T -nodes of type 2 and 3 are also of type 1. T -nodes of

type 4 are also of type 1, 2 and 3.

Blocking T -nodes of type 1, 2, 3, and 4 are simply referred to as blocking T -nodes. By Corollary 4.2, each blocking T -node is at least of type 1. Consequently, a node that is not a blocking
T -node must have ei?1 and ei in the same face of its embedding. A (blocking) T -node of type i,
1  i  4, which is not of type j , j > i, is called a pure (blocking) T -node of type i.

Lemma 4.19 Let  = f 2; : : :;

g be a be a chain of degree-two nodes in T3(K ( )). Then there
can be at most one pure T -node of type 1 in  . If there is one, say i, 2  i  ` ? 2, then either
(i) i = ` ? 1 or (ii) i = ` ? 2 and `?1 is a B -node.
`?1
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Proof: Assume there is at least one pure T -node of type 1 in . Let i be the pure T -node of type
1 with smallest i in  , and let ?i be the pertinent graph of i . Since i is of a pure T -node of type
1, i is of type 1 but not of type h, h  2, and si = s`?1 , ti = t`?1 . Let 2;i?1 = f 2; : : :; i?1g
and i+1;`?1 = f i+1; : : :; `?1g be the two subchains into which i partitions the chain  . By our
assumption, 2;i?1 has no pure T -node of type 1.
Since si = s`?1 and ti = t`?1 , by Lemma 2.3 we have that sj = s`?1 and tj = t`?1 , i  j  ` ? 1.
This implies that sj ?1 = sj (= s`?1 ) and that tj ?1 = tj (= t`?1 ), i +1  j  ` ? 1. By Lemma 4.15,
j is a B -node, i + 1  j  ` ? 1. This shows that there is no T -node in i+1;`?1 . Consequently,
i is the only pure T -node of type 1 in  . Since by Fact 2.1 there are no two adjacent B -nodes
in a tree of triconnected components, either (i) i = ` ? 1 (i.e., i+1;`?1 = ;) or (ii) i = ` ? 2 (i.e.,
i+1;`?1 = f `?1 g) and `?1 is a B-node. 2
Lemma 4.20 Let b = fb2; : : :; bb̀?1g be a chain of degree-two nodes in T3(K ( )). Let the tree
edge between bi and bi+1 be labeled (sbi ; bti ; bi ), 1  i  b̀ ? 1. There is a simple cycle  of G3(b )
containing the two edges eb1 = (sb1 ; tb1 ) and ebb̀?1 = (sbb̀?1 ; tbb̀?1 ), and vertices sbi and bti , 1  i  b̀ ? 1.
Furthermore, sb1 ; sb2 ; : : :; sbb̀?1 , btb̀?1 ; btb̀?2 ; : : :; bt1 appear in this order around . If b is free, then there
is an embedding of G3(b ) having the simple cycle  as the contour of a face.

Proof: For 2  i  j  b̀ ? 1, consider the subchain of b containing the nodes between bi and bj :
bi;j = fbi; : : :; bj g. Note that b = b2;b̀?1 . For 2  i  j  b̀? 1, let G3 (bi;j ) be the graph obtained

after applying all the merges to the subchain bi;j . By de nition of tree of triconnected components,
the only virtual edges of G3(bi;j ) are ebi?1 = (sbi?1 ; bti?1 ) and ebj = (sbj ; btj ). In order to prove the
lemma, we prove that for 2  i  j  b̀? 1, there is a simple cycle i;j in G3 (bi;j ) containing edges
ebi?1 and ebj , and vertices sbk and btk , i ? 1  k  j , such that sbi?1 ; sbi; : : :; sbj , btj ; btj?1 ; : : :; tbi?1 appear
in this order around i;j . Moreover, if bi;j is free there is an embedding of G3(bi;j ) having a face
with contour i;j . The lemma will follow for i = 2 and j = b̀ ? 1.
We proceed by induction on (j ? i). The base of the induction is for j ? i = 0. In this case,
bi;i consists of the single node bi, and G3(bi;i) = ?b i. Recall that by Fact 2.2 the directed version
of ?b i is st{planar with source sbi and sink bti . By Fact 2.3, given an edge (a; b) of the st{planar
graph ?b i , there is a path pbsi ;a from sbi to a and a path pb;bti from b to bti such that the two paths
are vertex-disjoint. Choosing (a; b) = (sbi?1 ; tbi?1 ) gives two paths pbsi ;bsi?1 and pbti?1 ;bti . Furthermore,
by Fact 2.3 if ebi?1 and ebi are in the contour of a same face, the two paths pbsi ;bsi?1 and pbti?1 ;bti can
be chosen in the contour of the same face. The undirected versions of pbsi ;bsi?1 , ebi?1 = (sbi?1 ; tbi?1 ),
pbti?1 ;bti and ebi = (sbi ; tbi ) gives the desired cycle i;i .
We now prove the induction step. Assume that the induction hypothesis holds for j ? i  r,
r  0. We will show that it holds for j ? i = r + 1. Let bi;j be any a subchain such that
j ? i = r + 1. Choose a k, i  k  j ? 1, and consider the two subchains bi;k and bk+1;j . By
the induction hypothesis, there is a simple cycle  in G (b ) containing vertices sb ; sbi ; : : :; sbk ,
btk ; btk?1 ; : : :; bti?1 (in this order), and edges ebi?1 = i;k(sbi?1; bt3i?1)i;kand ebk = (sbk ; tbk ). If bi;ki?1is free,
i;k
is the contour of a face. Similarly, there is a simple cycle k+1;j in G3(bk+1;j ) containing vertices
sbk ; sbk+1 ; : : :; sbj , tbj ; tbj?1 ; : : :; tbk (in this order), and edges ebk = (sbk ; tbk ) and ebj = (sbj ; tbj ). If bk+1;j is
free, k+1;j is the contour of a face. Since fsbk ; tbk g is a separation pair in G3 (b ), i;k and k+1;j
share only vertices sbk , tbk and edge (sbk ; btk ). Note that G3 (bi;j ) is obtained from a merge operation
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on the two graphs G3(bi;k ) and G3(bk+1;j ). Then the cycle i;j obtained by merging the two cycles
i;k and k+1;j and deleting the two virtual edges ebk proves the induction step. 2
Note that by Lemma 4.20, a chain  with terminals e1 = (s1 ; t1) and e`?1 = (s`?1 ; t`?1 ) is such
that si 6= tj for any i and j , 1  i; j  ` ? 1.

Lemma 4.21 Let  be a chain with terminals e1 and e`?1 , and let G3() be the corresponding
graph of  . Then the following is true:

(i) If there is a node of type 1 in  , then there is no embedding of G3( ) having e1 and e`?1 in
the contour of the same face.
(ii) If there is a node of type 2 in  , then there is no embedding of G3( ) having e1 and s`?1 in
the contour of the same face.
(iii) If there is a node of type 3 in  , then there is no embedding of G3 ( ) having e1 and t`?1 in
the contour of the same face.

Proof: We rst prove (i). Assume there is a node of type 1 in . Namely, there is a T -node

i such that ei?1 = (si?1 ; ti?1 ) and ei = (si ; ti ) are not in the contour of the same face of ?i .
Let 2;i?1 = f 2; : : :; i?1g and i+1;`?1 = f i+1; : : :; `?1g be the two subchains into which i
partitions  .
We now nd a path p2;i?1 between vertices si?1 and ti?1 in G3(2;i?1 ), such that the only
virtual edge contained in p2;i?1 is e1. Similarly, we nd a path pi+1;`?1 between vertices si and ti
in G3(i+1;`?1 ), such that the only virtual edge contained in pi+1;`?1 is e`?1 . As boundary cases, if
2;i?1 = ; (i.e., i = 2) then p2;i?1 = e1 , and if i+1;`?1 = ; (i.e., i = ` ? 1), p2;i?1 = e`?1 . We now
assume that 2;i?1 6= ; and i+1;`?1 6= ; and show how to nd p2;i?1 and pi+1;`?1 . By Lemma 4.20
applied to the black chain b = 2;i?1 , there is a simple cycle 2;i?1 in G3(2;i?1) containing the
virtual edges e1 = (s1 ; t1) and ei?1 = (si?1 ; ti?1 ), and there is a simple cycle i+1;`?1 in G3(i+1;`?1 )
containing the virtual edges ei = (si ; ti ) and e`?1 = (s`?1 ; t`?1 ). Let p2;i?1 = 2;i?1 ? f(si?1 ; ti?1 )g
be the path in G3(2;i?1) between si?1 and ti?1 , and let pi+1;`?1 = i+1;`?1 ? f(si ; ti )g be the path
in G3(i+1;`?1 ) between si and ti . Note that e1 is in p2;i?1 and e`?1 is in pi+1;`?1 .
Let G00i be the graph obtained from ?i by replacing the virtual edge ei?1 with the path p2;i?1,
and the virtual edge ei with the path pi+1;`?1 . Note that G00i  G3( ), and that G00i is homeomorphic
to the non-trivial triconnected graph ?i , and therefore it has a unique embedding. By hypothesis
ei?1 and ei are not in the contour of the same face of ?i , which implies that e1 and e`?1 are not in
the contour of the same face of G00i . Since G00i  G3 ( ), this implies that there is no embedding of
G3() having e1 and e`?1 in the contour of the same face.
We now turn to (ii). Assume there is a node of type 2 in  , i.e., there is a T -node i such that
ei?1 and ei are not in the contour of the same face of ?i , and such that one of the following two
conditions hold: either (a) si 6= s`?1 or (b) si = s`?1 but ei?1 = (si?1 ; ti?1) and s`?1 are not in the
contour of the same face of ?i . Again let 2;i?1 = f 2; : : :; i?1g and i+1;`?1 = f i+1; : : :; `?1g
be the two subchains as de ned above. Let p2;i?1 and pi+1;`?1 be the two paths of G3 (2;i?1) and
G3(i+1;`?1 ) containing respectively edges e1 and e`?1 , and let G00i be the graph homeomorphic
to ?i as de ned before. We now distinguish the two cases (a) and (b) above. Assume rst that
si 6= s`?1 (i.e., we are in case (a)). Recall that e`?1 (and therefore s`?1 ) is in pi+1;`?1 and e1 is in
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p2;i?1. Since G00i has a unique embedding, and by hypothesis ei?1 and ei are not in the contour of
the same face of ?i , this implies that e1 and s`?1 are not in the contour of the same face of G00i .
If we are in case (b), then si = s`?1 but ei?1 and s`?1 are not in the contour of the same face of
?i . Consequently, e1 and s`?1 will not be in the contour of the same face of G00i . In both cases (a)
and (b), e1 and s`?1 are not in the contour of the same face in the unique embedding of G00i . Since
G00i  G3(), there is no embedding of G3 () having e1 and s`?1 in the contour of the same face.
The proof of (iii) is analogous to the proof of (ii). 2
The conditions in Lemma 4.21 are actually necessary and sucient, as the following lemma
shows.

Lemma 4.22 Let  be a chain with terminals e1 and e`?1 , and let G3() be the corresponding
graph of  . Then the following is true:

(i) There is no embedding of G3( ) having e1 and e`?1 in the contour of the same face if and
only if there is a node of type 1 in  .
(ii) There is no embedding of G3( ) having e1 and s`?1 in the contour of the same face if and
only if there is a node of type 2 in  .
(iii) There is no embedding of G3 ( ) having e1 and t`?1 in the contour of the same face if and
only if there is a node of type 3 in  .
(iv) There is no embedding of G3 ( ) having e1 and t`?1 , and e1 and s`?1 in the contour of the
same face if and only if there is a node of type 4 in  .

Proof: We rst prove (i). If there is a node of type 1 in , then by Lemma 4.21 there is no

embedding of G3 ( ) having e1 and e`?1 in the same face. Conversely, assume that there is no
embedding of G3( ) having e1 and e`?1 in the contour of the same face. By Fact 2.4, we have that
e1 62 ( `?1 ). By the de nition of periphery given in Section 2.2, this implies that there must be a
T -node i in , 2  i  ` ? 1, such that its two virtual edges ei?1 and ei cannot be put in the same
face of ?i . Since in the pertinent graph of either a P -node or a B -node any two edges can be put
in the same face, i must be a T -node. In summary, there must be a T -node i in  such that ei?1
and ei are not in the same face of the unique embedding of ?i : this is exactly a T -node of type 1.
We now turn to (ii). If there is a node of type 2 in  , then by Lemma 4.21 there is no embedding
of G3( ) having e1 and s`?1 in the same face. Conversely, assume that there is no T -node of type 2
in  . This implies that for any T -node i in  , 2  i  ` ? 1, si = s`?1 and ei?1 is in the same face
contour as s`?1 in ?i . For any B -node or P -node i , choose an embedding in which ei?1 is in the
same face contour as ei (as noticed before, this is always possible since each edge of the pertinent
graph of either a B -node or a P -node is peripheral). Applying all the merges to  with the chosen
embedding of the pertinent graphs by Lemma 2.11 gives an embedding of G3 ( ) in which e1 and
s`?1 are in the contour of the same face.
The proof of (iii) is completely analogous to the proof of (ii), while (iv) follows from the fact
that a node of type 4 is by de nition both of type 2 and of type 3. 2
Because of Lemma 4.22, we say that a node of type 1 blocks e1 from e`?1 , a node of type 2
blocks e1 from s`?1 , and a node of type 3 blocks e1 from t`?1 .
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Lemma 4.23 Let  be a black chain. If there is a type 2 node in  which is not of type 3, then
there is no type 3 node in  which is not of type 2. Similarly, if there is a type 3 node in  which
is not of type 2, then there is no type 2 node in  which is not of type 3.

Proof: Assume by contradiction that there are two nodes i and j , 2  i; j  ` ? 1, in  such

that (i) i is of type 2 but not of type 3 (i.e., i blocks e1 from s`?1 but not from t`?1 ); and (ii) j
is of type 3 but not of type 2 (i.e., j blocks e1 from t`?1 but not from s`?1 ). The contradiction
we show is that in  neither i can be an ancestor of j nor j can be an ancestor of i.
Since i is of type 2, then in ?i ei?1 is not in the same face contour as ei . But since i is not of
type 3, it must be that ti = t`?1 and ei?1 is in the same face contour as ti = t`?1 . By Lemma 2.3,
tk = t`?1 , i  k  ` ? 1. For i + 1  k  ` ? 1, ek?1 = (sk?1 ; tk?1 ) = (sk?1 ; t`?1 ) is incident to
t`?1 . This implies that for i  k  ` ? 1, ek?1 is in the same face contour as tk = t`?1 in ?k (recall
that ei?1 is in the same face contour as ti = t`?1 ). Thus no ancestor of i can be of type 3, and
consequently j cannot be an ancestor of i . A similar proof shows that i cannot be an ancestor
of j , and gives the contradiction. 2
We de ne a blocking chain  to be a chain of type i, 1  i  4, if it contains at least one T -node
of type i, but no T -node of type j , j > i. Note that because of Lemma 4.23, if  has T -nodes of
type 2 and of type 3, it must also have a T -node of type 4.
The following corollary is a consequence of Lemma 4.22.

Corollary 4.3 Let  be a black chain.
(i)  is a free chain if and only if there is an embedding of G3 ( ) having e1 and e`?1 in the
contour of the same face.
(ii)  is of type 1 if and only if there is no embedding of G3( ) having e1 and e`?1 in the contour
of the same face, but there is an embedding having e1 and s`?1 in the contour of the same face,
and an embedding having e1 and t`?1 in the contour of the same face (these two embeddings
may or may not be the same).
(iii)  is of type 2 if and only if there is no embedding of G3( ) having e1 and s`?1 in the contour
of the same face, but there is an embedding of G3 ( ) having e1 and t`?1 in the contour of the
same face.
(iv)  is of type 3 if and only if there is no embedding of G3( ) having e1 and t`?1 in the contour
of the same face, but there is an embedding of G3( ) having e1 and s`?1 in the contour of the
same face.
(v) Finally,  is of type 4 if and only if there is no embedding of G3 ( ) having e1 in the same
face contour as either s`?1 or t`?1 .

We now describe our transformation (T3), that compresses a maximal black chain  , that is a
black chain not included in any other black chain. Let G( ) be a graph, let C be a cluster in G( ),
and let K ( ) be the biconnected component of C , whose tree T3(K ( )) contains the black chain  .
We have two di erent transformations: one for free chains, and another for blocking chains. Rather
than describing (T3) on the whole graph G( ), we will describe this transformation on G3( ), that
is the graph corresponding to  .
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Consider rst the case of a free chain  : there is an embedding of G( ) having s1 ; t1; s`?1 and
t`?1 in the contour of the same face. Consider (s1) and (t1), respectively the allocation nodes
of s1 and t1 in T3 (K ( )). By de nition, (s1) and (t1) must be proper ancestors of 1, since both
s1 and t1 appear in ?2, the pertinent graph of 2. De ne two nodes p and q , 2  p; q  `, as
follows. If the allocation node (s1) is in the chain  , then there is a node j , 2  j  ` ? 1, such
that (s1) = j : de ne p = j . If (s1) is not in the chain  , then de ne p = ` . Similarly, de ne
q to be the allocation node of t1 if this allocation node is in the chain  , and to be ` otherwise.
Note that by Lemma 2.3, si = s1 for 2  i  p ? 1, and ti = t1 for 2  i  q ? 1, and by de nition
of allocation node sj 6= s1 , p  j  ` ? 1, and tj 6= t1 , q  j  ` ? 1.
Without loss of generality assume p  q (otherwise interchange sj and tj in what follows). To
compress G3( ), we partition the black chain  into at most ve subpaths: 2;p?1 = f 2; : : :; p?1g,
p;p = f pg, p+1;q?1 = f p+1; : : :; q?1g, q;q = f q g, and q+1;`?1 = f q+1 ; : : :; `?1 g (we consider
a subpath i;j = f i; : : :; j g empty whenever j < i). Let i;j be any such subchain. We denote
by G3 (i;j ) the graph obtained by applying merge operations to the tree nodes in i;j . Note that
the only virtual edges in G3 (i;j ) are ei?1 and ej . We de ne Hi;j to be the graph obtained by
deleting the virtual edges ei?1 and ej from G3(i;j ). Since G3( ) is obtained by merging the graphs
G3(2;p?1), G3(p;p), G3 (p+1;q?1), G3 (q;q ), and G3 (q+1;`?1 ), we have that H2 = H2;p?1 [ Hp;p [
Hp+1;q?1 [ Hq;q [ Hq+1;`?1 . Similarly G( ) = G1 [ H2;p?1 [ Hp;p [ Hp+1;q?1 [ Hq;q [ Hq+1;`?1 [ G`?1
(see Figure 4).
[ Figure 4 ]
We now give a compressed representation of each non-empty subchain (2;p?1, p;p, p+1;q?1,
q;q , or q+1;`?1 ). Let i;j = f i; : : :; j g be such a subchain.
If i = j , then the subchain i;j consists of a single node i = j . We call this a singleton subchain
(note that p;p and q;q are singleton subchains). In this case we compress the pertinent graph ?i
of i using rule (T2) with red nodes fsi?1 ; ti?1 ; si; ti g. The graph obtained with this compression
will be referred to (interchangeably) as either ?0i or G0i;i . We call this a node compression.
If i < j , then i;j consists of at least two nodes. Let (si?1 ; ti?1 ; i?1) be the label of the tree
edge entering node i and let (sj ; tj ; j ) be label of the tree edge leaving node j . This implies that
the only virtual edges in G3(i;j ) are ei?1 = (si?1 ; ti?1 ) and ej = (sj ; tj ). Note that we cannot have
both si?1 = sj and ti?1 = tj . Indeed, if this was true by Lemma 2.3 we would have sh = sj and
th = tj , for i ? 1  h  j . Because of Lemma 4.15, all the nodes h , i ? 1  h  j , are B-nodes.
But since by Fact 2.1 in a tree of triconnected components no two B -nodes can be adjacent, this
implies i = j and that i;j is a singleton chain. Consequently, if i < j either si?1 =
6 sj or ti?1 =6 tj
0 )
(namely jfsi?1 ; ti?1 ; sj ; tj gj  3). We represent i;j with a triconnected graph G0i;j = (Vi;j0 ; Ei;j
that is a wheel on vertices si?1 , ti?1 , sj , and tj and having as hub an extra (new) vertex w.
0 contains edges (si?1 ; sj ), (sj ; tj ), (tj ; ti?1 ), (ti?1 ; si?1 ),
Formally, Vi;j0 = fsi?1 ; ti?1 ; sj ; tj ; wg and Ei;j
(si?1 ; w), (sj ; w), (tj ; w), and (ti?1 ; w). We delete self-loops and multiple edges resulting from a
possible repetition in the de nition of Vi;j0 . All the previous edges are considered actual edges.
Furthermore, we add new virtual edges ei?1 = (si?1 ; ti?1 ) and ej = (sj ; tj ). Note that there are
two edges between si?1 and ti?1 , and two edges between si and ti : in both cases one is actual and
the other is virtual. We call this a wheel replacement.
By de nition, 2;p?1 is such that si = s1 and ti = t1 , 2  i  p ? 1. By Lemma 4.15, 2;p?1
is either empty or contains only one B -node. If they are not empty, p;p and q;q gives always rise
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to a node compression, and p+1;q?1 and q+1;`?1 can yield either a node compression or a wheel
replacement. Note that each node compression and each wheel replacement has always a constant
number of vertices and edges. In summary, in this case transformation (T3) replaces the graph
G3() with a graph G0 obtained from the merges of G02;p?1 , ?0p , G0p+1;q?1, ?0q , G0q+1;`?1 , and such
that the size of G0 is constant.
Consider now the case where  is a blocking chain. We rst reduce to two the number of
multiple pure T -nodes of the same type by deleting all the multiple pure T -nodes of the same type
but the rst and the last. This leaves a chain with a constant number of blocking T -nodes. Note
that the subchains between these blocking T -nodes are free: we compress each such subchain to
O(1) size using the rule described for free chains. Finally, we compress each blocking T -node left
using a node compression.
For both free and blocking chains, transformation (T3) replaces the corresponding graph G3( )
of the black chain  with a new graph G0 . Recall that H2 is the graph obtained from G3 ( ) after
deleting the virtual edges e1 and e`?1 . Similarly, de ne H20 to be the graph to be obtained from
G0 after deleting the virtual edges e1 and e`?1 . Then the e ect of transformation (T3) in the
original graph G( ) is to replace H2 with a graph H20 . In other words, (T3) gives rise to the graph
G( +1) = G1 [ H20 [ G`?1 obtained from G( ) = G1 [ H2 [ G`?1 , where H20 has a constant number
of vertices and edges.
It is easy to see that rule (T3) does not destroy boundary vertices. We now show that it is
planarity-preserving. We prove two di erent lemmas: one for free chains, and the other for blocking
chains.

Lemma 4.24 Let  be a free chain in a planar graph G( ). Then rule (T3) gives rise to planaritypreserving substitutions.

Proof: If  is a free chain, then there is an embedding of G3() having the two virtual edges

e1 = (s1; t1) and e`?1 = (s`?1 ; t`?1 ) in the contour of the same face. Or equivalently, the vertices
s1 , t1, s`?1 and t`?1 can all be put in a same face of H2 . Before applying rule (T3), G( ) = G0 [ H2,
where G0 \ H2 = fs1 ; t1; s`?1 ; t`?1 g. Afterwards, the new graph is G( +1) = G0 [ H20 , where again
G0 \ H20 = fs1; t1; s`?1 ; t`?1 g. We check that this transformation is planarity-preserving for any
two vertices in G0 .

Compressing a free chain is implemented by using two basic primitives: node compressions and
wheel replacements. Since a node compression is planarity-preserving because of Lemma 4.13, we
need to analyze wheel replacements only. Recall that a wheel replacement can only happen for the
subpaths p+1;q?1 and q+1;`?1 . We only consider the subchain q+1;`?1 = f q+1; : : :; `?1g, and
assume that it gives rise to a wheel replacement, and that this replacement is done before the replacement of p+1;q?1 = f p+1; : : :; q?1g. An analogous argument can be repeated for the subchain
p+1;q?1 = f p+1; : : :; q?1g, including the case that we have two wheel replacements. Transformation (T3) substitutes the wheel G0q+1;`?1 in place of G3 (q+1;`?1 ), the graph corresponding to
q+1;`?1 . This yields a new graph Gb from G( ). In order for G0q+1;`?1 to be a wheel replacement,
it must be that either sq 6= s`?1 or tq 6= t`?1 (otherwise by Lemma 4.15 G0q+1;`?1 is a B -node
compression). In what follows, we assume that sq 6= s`?1 and tq 6= t`?1 ; if either sq = s`?1 or
tq = t`?1 we can apply the same argument given below.
Recall that fsq ; tq g is a separation pair in G3( ) separating Hq+1;`?1 from H2;p?1 [ Hp;p [
Hp+1;q?1 [ Hq;q . As a consequence of G0 \ H2 = fs1 ; t1; s`?1 ; t`?1 g, in Hq+1;`?1 the only attachments
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of bridges in G0 can possibly be s`?1 , t`?1 , sq (if sq = s1 ) and tq (if tq = t1 ). In summary, the
boundary of Hq+1;`?1 in G( ) is given by the vertices s`?1 , t`?1 , sq and tq .
Let x and y be any two vertices in G0, and assume that Gb [ f(x; y )g is planar. Recall
that Hq0 +1;`?1 = (Vq0+1;`?1; Eq0 +1;`?1) has vertex set Vq0+1;`?1 = fs1 ; tq ; s`?1 ; t`?1 ; wg and edge set
Eq0 +1;`?1 = f(tq ; w); (sq; w); (s`?1; w); (t`?1; w); (sq; s`?1 ); (tq; t`?1 ); (sq; tq ); (s`?1; t`?1 )g.
Let Hq+1;`?1 be the complement of Hq+1;`?1 in G( ) [ f(x; y )g, and let Hq0 +1;`?1 be the complement of Hq0 +1;`?1 in Gb [f(x; y )g. Since G( ) [f(x; y )g and Gb [f(x; y )g di ers only in Hq+1;`?1 and
Hq0 +1;`?1 , Hq+1;`?1 = Hq0 +1;`?1 .
Recall that Hq0 +1;`?1 is a triconnected wheel and has sq , s`?1 , t`?1 and tq in the contour of
the same face in its unique embedding embedding (and exactly in this order). The planarity of
Gb [ f(x; y)g implies that there must be an embedding of Hq0 +1;`?1 = Hq+1;`?1 having sq , s`?1 , t`?1
and tq in the contour of the same face and exactly in this order.
Consider now Hq+1;`?1 = (Vq+1;`?1 ; Eq+1;`?1). Recall that it is obtained by applying all the
merges to the subchain q+1;`?1 = f q+1 : : :; `?1 g, and by discarding the virtual edges eq = (sq ; tq )
and e`?1 = (s`?1 ; t`?1 ). By hypothesis,  is a free chain, and therefore there are no T -nodes of
type h, h  1, in  . This implies that also in the subchain q+1;`?1 of  there are no T -nodes
of type h, h  1. By hypothesis G( ) is planar, and therefore we have that G3(q+1;`?1 ) =
feq g [ Hq+1;`?1 [ fe`?1g  G( ) is planar. Because of Corollary 4.3 applied to the chain q+1;`?1,
there is a planar embedding of feq g [ Hq+1;`?1 [ fe`?1 g having eq and e`?1 in the contour of the
same face. This implies that there is an embedding of Hq+1;`?1 having sq , s`?1 , t`?1 and tq all
in the contour of the same face (and exactly in this order by Lemma 4.20). Note that also the
unique embedding of the wheel Hq0 +1;`?1 has sq , s`?1 , t`?1 and tq all in the contour of the same
face (and exactly in this order). Because of this property, we can substitute Hq+1;`?1 in place of
Hq0 +1;`?1 while maintaining the planarity of the embedding: indeed, as shown before, there must
be an embedding of Hq0 +1;`?1 = Hq+1;`?1 having sq , s`?1 , t`?1 and tq in the contour of the same
face (and exactly in this order). Consequently, if Gb [ f(x; y )g is planar, then G( ) [ f(x; y )g must
be planar too.
We now prove the converse: namely, we show that if G( ) [ f(x; y )g is planar, then Gb [ f(x; y )g
must be planar. This part of the proof is more complicated because Hq0 +1;`?1 has only one possible
embedding, while Hq+1;`?1 can have many embeddings. Our proof is by contradiction: namely,
we assume that G( ) [ f(x; y )g is planar, but Gb [ f(x; y )g is not, and derive a contradiction.
Let  be the black chain. By Lemma 4.20, there is a simple cycle  in G3( ) containing vertices
s1 ; : : :; sp; : : :; sq?1 ; sq; : : :s`?1 , t`?1 ; : : :; tq ; tq?1 ; : : :; tp; : : :; t1 (encountered in this order while going
around ), and virtual edges e1 = (s1 ; t1) and e`?1 = (s`?1 ; t`?1 ).
Let T 0 and T 000 be the subtrees of T3(K ( )) at the two endpoints of the black chain. By
Lemma 4.14, there is a path p1 in G3 (T 0) between s1 and t1 that contains actual edges only, and
there is a path p`?1 in G3(T 000) between vertices s`?1 and t`?1 containing actual edges only, such
that p1 and p`?1 are disjoint. Since fs1 ; t1g and fs`?1 ; t`?1 g are separation pairs of K ( ), replacing
virtual edge (s1 ; t1) with path p1 , and virtual edge (s`?1 ; t`?1 ) with path p`?1 , yields a simple cycle
( ) of K ( ) containing again vertices s1 ; : : :; sp; : : :; sq?1; sq ; : : :s`?1 , t`?1 ; : : :; tq ; tq?1 ; : : :; tp ; : : :; t1
(encountered in this order while going around ( )). Since ( ) is in K ( ), it is contained in G( ).
Let Bj be any bridge of G( ) [f(x; y )g w.r.t. ( ). Since by hypothesis G( ) [f(x; y )g is planar, by
Lemma 2.10, ( ) [ Bj is planar. Since fsp?1 ; tp?1g, fsp ; tp g, fsq?1 ; tq?1 g, and fsq ; tq g are all sep36

aration pairs in G3( ), the subgraphs H2;p?1, Hp;p , Hp+1;q?1, Hq;q , Hq+1;`?1 are all edge-disjoint.
Consequently, each bridge Bj of G( ) [f(x; y )g w.r.t. ( ) is contained in at most one such subgraph.
Recall that Gb is obtained from G( ) by replacing Hq+1;`?1 with the wheel G0q+1;`?1 on vertices
sq , tq , s`?1 , and t`?1 . Let b be the simple cycle of Gb obtained from ( ) by replacing the path
between sq and s`?1 with the edge (sq ; s`?1 ) of Hq0 +1;`?1 , and path between tq and t`?1 with the
edge (tq ; t`?1 ) of Hq0 +1;`?1 .
Note that in Gb [ f(x; y )g the bridges of Hq+1;`?1 are replaced with the bridges of Hq0 +1;`?1 .
Since the other bridges not in Hq+1;`?1 are left unchanged, we have that for each such unchanged
bridge Bj , also b [ Bj is planar. We now show that this is true also for the bridges of Hq0 +1;`?1 .
Note that Hq0 +1;`?1 gives rise to three bridges in b : the edge (sq ; tq ), the edge (s`?1 ; t`?1 ), and 3
that contains the hub of the wheel and has attachments fsq ; tq ; s`?1 ; t`?1 g. It is easy to see that
b [ f(sq ; tq )g, b [ f(s`?1 ; t`?1 )g, and b [ 3 are all planar, and that (sq ; tq ), (s`?1 ; t`?1 ) and 3 do
not interlace in b .
for every bridge Bj of b , b [ Bj is planar. By Lemma 2.8 the non-planarity of
bG [fIn(x;summary,
y)g implies that there must be three interlacing bridges (namely each two of them interlace)
in b . Since Gb [f(x; y )g di ers from the planar graph G( ) [f(x; y )g only because it has Hq0 +1;`?1 in
place of Hq+1;`?1 , at least one of such bridges must be in Hq0 +1;`?1 . Note that the attachments of
the bridges (sq ; tq ) and (s`?1 ; t`?1 ) are properly contained in the attachments of 3 and 3 does not
interlace with any one of the two. Consequently, 3 interlaces with any bridge that interlaces with
either (sq ; tq ) or (s`?1 ; t`?1 ). This implies that if there are three interlacing bridges 0 , 00 and 000
in b , with 000 being in Hq0 +1;`?1 and 000 6= 3 , then also 0 , 00 and 3 interlace in b . This shows
that without loss of generality, we can assume that one of the three bridges interlacing in b is 3.
We now characterize the other two bridges of Gb [ f(x; y )g interlacing with 3, say 1 and 2,
showing that 1 and 2 must be in G0 [ f(x; y )g. Recall that Gb [ f(x; y )g = H2;p?1 [ Hp;p [
Hp+1;q?1 [ Hq;q [ Hq0 +1;`?1 [ G0 [ f(x; y)g. Note that 1 and 2 cannot be in Hq0 +1;`?1 , since
Hq0 +1;`?1 consists only of 3 plus the two edges (sq ; tq ) and (s`?1 ; t`?1 ) (which do not interlace with
3). Thus, to prove that 1 and 2 are in G0 [ f(x; y )g, it is enough to show that they cannot be
in H2;p?1 [ Hp;p [ Hp+1;q?1 [ Hq;q . Consider the cycle ( ) in G( ). By Lemma 4.20, ( ) contains
vertices s1 ; : : :; sq ; : : :; s`?1 ; t`?1 ; : : :; tq ; : : :; t1, and they are encountered in this order while going
around ( ). Furthermore, the boundary vertices of Hq+1;`?1 are sq , tq , s`?1 , and t`?1 . Partition
( ) into four paths:
(i) (tq ; sq ) containing vertices tj and sj , 1  j  q .
(ii) (sq ; s`?1 ) containing vertices sj , q  j  ` ? 1.
(iii) (s`?1 ; t`?1 ) containing vertices s`?1 and t`?1 .
(iv) (t`?1 ; tq ) containing vertices tj , q  j  ` ? 1.
Since f(s1; t1)g[ H2;p?1 [ Hp;p [ Hp+1;q?1 [ Hq;q [f(sq ; tq )g is a split graph of G3( ) with respect
to separation pair fsq ; tq g, the attachments of bridges of ( ) [ H2;p?1 [ Hp;p [ Hp+1;q?1 [ Hq;q w.r.t.
( ) are all contained in (tq ; sq ). Recall that b can be obtained from ( ) by replacing (sq; s`?1 )
with the edge (sq ; s`?1 ), and (t`?1 ; tq ) with the edge (t`?1 ; tq ). Consequently, also the attachments
of bridges of b [ H2;p?1 [ Hp;p [ Hp+1;q?1 [ Hq;q w.r.t. b are all contained in (tq ; sq ). Since 3
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has attachments in fsq ; s`?1 ; t`?1 ; tq g, this implies that no bridge of Gb [ f(x; y )g contributed by
H2;p?1 [ Hp;p [ Hp+1;q?1 [ Hq;q interlaces in b with 3 . Since 1 and 2 can be neither in Hq0 +1;`?1
nor in H2;p?1 [ Hp;p [ Hp+1;q?1 [ Hq;q , they must be entirely contained in G0 [ f(x; y )g.
Due to the fact that H2 \ G0 = fs`?1 ; s1; t1; t`?1 g, the only possible attachments of bridges
of G0 [ f(x; y )g in b are the four vertices s`?1 , s1 , t1 , and t`?1 . Since 1 and 2 interlace with
3, they must have at least one attachment in fs1 ; t1 g and at least one attachment in fs`?1 ; t`?1 g.
By Lemma 4.18 (applied to G = G( ) [ f(x; y )g, an expansion of G( ) w.r.t. C ), if they have one
attachment in fs1 ; t1g (say s1 ) they must also have the other attachment (t1 ). Indeed if such a
bridge had attachment s1 but not t1 , G1(s1 ) would not be empty and therefore by Lemma 4.18
s1 = s`?1 . But then this bridge would have at most the two attachments s1 = s`?1 and t`?1 and
therefore would not interlace with 3.
This implies that the only possibilities for 1 and 2 to interlace with 3 are either (i) both
and
1
2 include as attachments fs1 ; t1; s`?1 g; or (ii) both 1 and 2 include as attachments
fs1; t1; t`?1g; or (iii) one of them (say 1) includes as attachments fs1; t1; s`?1g, and the other (say
2) includes as attachments fs1 ; t1; t`?1 g (see Figure 5).
[ Figure 5 ]

Since G( ) di ers from Gb only because it has Hq+1;`?1 rather than Hq0 +1;`?1 , 1 and 2 are
bridges in ( ) too. We now show that there must be a bridge in Hq+1;`?1 that is interlacing with
1 and 2. Indeed, consider q+1;`?1 = f q+1 ; : : :; `?1 g. Since by hypothesis it gives rise to a
wheel replacement, q+1;`?1 consists of at least two nodes or equivalently, q + 1 < ` ? 1. (recall
that if q+1;`?1 had only node, it would have given rise to a node compression). Moreover, by
Lemma 4.15 it cannot be sq = s`?1 and tq = t`?1 , and since we assumed that Hq0 +1;`?1 is a wheel
on four vertices, sq 6= s`?1 and tq 6= t`?1 . Since by Fact 2.1 no two P -nodes can be adjacent, we
cannot have that both q or q+1 are P -nodes. This implies that there must be at least one B -node
or one T -node r , for r = q or r = q + 1. By Lemma 4.16, there is a path in ?r between vertices
sq and tq (this is true if r = q and if r = q + 1). This path is a part of a bridge Bj of H2 whose
attachments include sq and tq .
We observe that q , the allocation node of t1 , is in the chain  . Indeed it is in  because
otherwise we would have q = ` and the wheel Hq0 +1;`?1 would not exist. Consequently, tq 6= t1 .
Since tq 6= t1 , and as said before, sq 6= s`?1 and tq 6= t`?1 , the bridge Bj  H2 interlaces with 1
and 2. In summary, also in H2  G( ) there is a bridge of G( ) w.r.t. ( ) that is interlacing with
1 and 2 as well. By Lemma 2.8, G( ) [ f(x; y )g is not planar, which contradicts the hypothesis.
The argument for a wheel replacement in Hp+1;q?1 is similar to the argument used for a wheel
replacement in Hq+1;`?1 . The only di erence is that now the simple cycle b is obtained from ( )
by substituting the edges (sp; sq?1 ) and (tq?1 ; tp) in place of the corresponding paths in ( ). If we
have two wheel replacements (both Hq+1;`?1 and Hp+1;q?1 ), then the same argument used for the
rst wheel replacement applies also to the second wheel replacement. 2
Before proving that also the substitution for blocking chains is planarity-preserving, we need
few technical lemmas.

Lemma 4.25 Let b be a blocking chain with terminals eb1 = (sb1; bt1) and eb`?1 = (sb`?1; tb`?1 ). Let

b be contained in a graph Gb. Let G3(b) be the graph corresponding to the chain b , and let Hb 2 =
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(Vb2; Eb2) be the graph G3(b ) ? feb1; eb`?1 g. Let x and y be any two vertices of Gb external to Hb 2. Let
Bb be the set of bridges of Gb [ f(x; y)g w.r.t. Vb2 (the vertex set of Hb 2). If Gb [ f(x; y)g is planar
then:
(i) If b is of type 2, the attachments of bridges in Bb are contained either in fsb1 ; bt1 ; tb`?1 g or in
fsb`?1; tb`?1 g.

(ii) If b is of type 3, the attachments of bridges in Bb are contained either in fsb1; bt1 ; sb`?1 g or in
fsb`?1; tb`?1 g.

(iii) If b is of type 4, then the attachments of bridges in Bb are contained either in fsb1; bt1 g or in
fsb`?1; tb`?1 g.

Proof: First, recall that Lemma 4.18 (applied to G = Gb [ f(x; y)g) rules out the possibility of
having certain bridges in Bb. Indeed if sb1 =
6 sb`?1 then any bridge in Bb containing sb1 must contain
bt1 too, and similarly if tb1 =6 tb`?1 any bridge in Bb containing tb1 must contain sb1 too. Therefore the
only attachments feasible for a bridge in Bb are: (a) sb1 , tb1 , sb`?1 , bt`?1 ; (b) sb1 , bt1 , sb`?1 ; (c) sb1 , tb1 ,

tb ; (d) sb1 , tb1 ; (e) sb`?1 , tb`?1 ; (f) sb`?1 ; (g) bt`?1 . Note that (b) - (g) above include also the cases
bt1`?=1 bt`?1 and
sb1 = sb`?1 .
Assume that b is of type 2. By Corollary 4.3 there is no embedding of G3(b ) having eb1 and
sb`?1 in the same face. Let pb1 and pb`?1 be the two paths outside Hb 2 given by Lemma 4.14. Since
Hb 2 [ pb1 [ pb`?1 is homeomorphic to G3(b), there is no embedding of Hb 2 [ pb1 [ pb`?1 with sb1, tb1,
and sb`?1 in the same face. If there were a bridge Bj in Bb with attachments sb1 , tb1 , and sb`?1 , then
Hb 2 [ pb1 [ pb`?1 [ Bj  Gb [ f(x; y)g would not be planar. But since Gb [ f(x; y)g is supposed to be
planar, such a bridge cannot exists. This rules out bridges with attachments sb1 , tb1 , and sb`?1 , and
leaves as only possibilities bridges with attachments either in fsb1; tb1 ; tb`?1 g or in fsb`?1 ; tb`?1 g. This
proves (i). The proof of (ii) is similar.
To prove (iii), we observe that by Corollary 4.3 there is no embedding of G3(b ) having eb1 in
the same face as sb`?1 , and eb1 in the same face as tb`?1 . This implies that there is no embedding
of Hb 2 [ pb1 [ pb`?1 with sb1 , bt1 , and sb`?1 in the same face, and no embedding with sb1 , tb1 and bt`?1
in the same face. As before, this rules out bridges with attachments sb1 , tb1 , sb`?1 , and bridges with
attachments sb1 , bt1 , bt`?1 and gives the lemma. 2

Lemma 4.26 Let  = f 2; 3; : : :; `?1g be a blocking chain in a planar graph G, and let i,
and k , 2  i < j < k  ` ? 1, be three pure blocking T -nodes of the same type. Then deleting
from  gives rise to a planarity-preserving transformation.

j
j

Proof: Let h be the type of i, j and k . Note that h must be greater than 1, since by Lemma 4.19

there can be at most one pure node of type 1 in a blocking chain. Consequently, we have to prove
the lemma only for chains of type z , 2  z  4.
De ne  0 =  ? f j g as the chain obtained after the deletion of j . Let ?j be the pertinent
graph of j with virtual edges ej ?1 = (sj ?1 ; tj ?1 ) and ej = (sj ; tj ). Note that deleting j results in
deleting the edges in ?j ? fej ?1 ; ej g and identifying sj ?1 with sj and tj ?1 with tj . The chain  0 is
obtained from  by deleting j and by identifying these two pairs of vertices. Let z be the type of
the chain  . Because of i , j and k , z  h  2, and furthermore  0 is also of type z .
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Let G be the graph containing  . Let G3( ) be the graph corresponding to the chain  , and let
H2 = (V2; E2) be the graph de ned as H2 = G3 () ?fe1; e`?1 g. Let G0 be the graph obtained from
G after deleting j from . Namely, G0 is obtained from G after substituting  with  0 , or, what is
the same, H2 with H200 = (V200; E200) de ned as H200 = G3( 0) ? fe1; e`?1 g. Node j splits  into three
parts: 2;j ?1 = f 2; : : :; j ?1g, j;j = f j g, and j +1;`?1 = f j +1; : : :; `?1g. Since i 2 2;j ?1,
2;j?1 =
6 ;, which implies that G3(2;j?1) is non-empty and has at least one actual edge. Similarly,
since k 2 j +1;`?1 , j +1;`?1 =
6 ;, which implies that also G3(j+1;`?1) is non-empty and has at
least one actual edge. Pairs fsj ?1 ; tj ?1 g and fsj ; tj g are separation pairs in G3 ( ). Indeed they
split G3( ) into three (non-empty) split graphs: G3(2;j ?1) containing s1 and t1 , G3 (j;j ) = ?j , and
G3(j+1;`?1 ) containing s`?1 and t`?1 . Using this terminology, G3 (0) is the merge of G3 (2;j?1)
and G3 (j +1;`?1 ), and H200 is obtained from H2 by deleting all the edges of ?j ? fej ?1 ; ej g and by
identifying sj ?1 = sj and tj ?1 = tj . Since  0 = 2;j ?1 j +1;`?1 , fsj ?1 ; tj ?1 g = fsj ; tj g is a separation
pair in G3 ( 0), and splits G3( 0) into two (non-empty) split graphs: G3 (2;j ?1) containing s1 and
t1 , and G3(j+1;`?1 ) containing s`?1 and t`?1 .
Let x and y be any two vertices of G external to H2 . Since x and y are external to H2 , x and
y are vertices of G0 too. To prove the lemma, we prove that G [ f(x; y)g is planar if and only if
G0 [ f(x; y)g is planar.
Assume rst that G [ f(x; y )g is planar. Since ?j is by hypothesis a triconnected graph, there
is a sequence of edge contractions such that, when applied to ?j ? fej ?1 ; ej g, identi es sj ?1 = sj
and tj ?1 = tj , reducing ?j ? fej ?1 ; ej g to a single edge e between sj ?1 = sj and tj ?1 = tj . Note
that the same sequence of edge contractions applied to G [ f(x; y )g would produce G0 [ f(x; y ); eg.
Since edge contractions preserve planarity, the planarity of G [ f(x; y )g implies the planarity of
G0 [ f(x; y); eg, and consequently the planarity of G0 [ f(x; y)g.
To prove the converse, assume that G0 [ f(x; y )g is planar. Let B0 be the graph composed of
all the bridges of G0 [ f(x; y )g with respect to V200 , and let B be the graph composed of all the
bridges of G [ f(x; y )g with respect to V2 . Since G [ f(x; y )g and G0 [ f(x; y )g di er only in H2,
B = B0. By de nition of B0, G0 [ f(x; y)g = H200 [ B0 and G [ f(x; y)g = H2 [ B0, or what is the
same G [ f(x; y )g = [G3 ( ) ? fe1; e`?1 g] [ B0 and G0 [ f(x; y )g = [G3( 0) ? fe1 ; e`?1 g] [ B0 . We
distinguish three cases according to the di erent types of  (recall that  and  0 are of the same
type).
If  (and consequently  0) is of type 2 then by Lemma 4.19 i, j and k must be all pure
nodes of type 2. By de nition of type 2 nodes, ti = tj = t`?1 , and because of Lemma 2.3 tr = t`?1 ,
i  r  ` ? 1. This implies that G3(2;j?1 ) contains s1 ; t1,and t`?1 (this includes also the case
t1 = t`?1 ), and that G3(j+1;`?1 ) contains s`?1 and t`?1 . By Lemma 4.25 applied to the chain  0,
the attachments of bridges in B0 are contained either in fs1; t1 ; t`?1 g or in fs`?1 ; t`?1 g. Partition
the graph B0 into two graphs: B10 containing only bridges with attachments in fs1 ; t1; t`?1 g, and B20
containing only bridges with attachments in fs`?1 ; t`?1 g. This partition is not uniquely de ned,
since there are bridges that can be put indi erently in B10 or in B20 (such as a bridge having as only
attachment t`?1 ). We assign each such bridge arbitrarily to B10 (see Figure 6).
[ Figure 6 ]
De ne G2;j ?1 = [G3(2;j ?1) ?fe1 g] [B10 and Gj +1;`?1 = [G3 (j +1;`?1 ) ?fe`?1 g] [B20 . Since both
G3(2;j?1 ) and G3(j+1;`?1 ) contain at least one actual edge, G2;j?1 6= ; and Gj+1;`?1 6= ; (recall
that e1 and e`?1 are both virtual edges). All the possible attachments of bridges in B10 (namely s1 , t1
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and t`?1 ) are contained in G3 (2;j ?1), and therefore G2;j ?1 is connected. Similarly, all the possible
attachments of bridges in B20 (namely s`?1 and t`?1 ) are contained in G3(j +1;`?1 ), and therefore
also Gj +1;`?1 is connected. Recall that B10 and B20 contain bridges of G0 [ f(x; y )g w.r.t. V200, and
that by de nition any two bridges share at most their attachments. Since all the attachments of
B10 are in G2(2;j?1) and all the attachments of B20 are in G3(j+1;`?1), and since G3(2;j?1), ?j
and G3(j +1;`?1 ) are split graphs of G3( ) separated by split pairs fsj ?1 ; t`?1 g and fsj ; t`?1 g, this
implies that G2;j ?1 \ ?j = fsj ?1 ; t`?1 g, ?j \ Gj +1;`?1 = fsj ; t`?1 g, and G2;j ?1 \ Gj +1;`?1 = ft`?1 g.
So, G2;j ?1 , ?j , and Gj +1;`?1 are split graphs of G [f(x; y )g separated by fsj ?1 ; t`?1 g and fsj ; t`?1 g.
Since B = B0 , also G0 [ f(x; y )g is split into two split graphs: G2;j ?1 and Gj +1;`?1 separated by the
split pair fsj ?1 ; t`?1 g = fsj ; t`?1 g.
By Corollary 2.1, G [f(x; y )g is planar if G2;j ?1 [fej ?1 g, ?j and Gj +1;`?1 [fej g are planar. But
?j is planar by Corollary 2.1 because G3 ( ) is planar (since G is planar). Again by Corollary 2.1,
the planarity of G0 [ f(x; y )g implies the planarity of G2;j ?1 [ fej ?1 g and Gj +1;`?1 [ fej g. Thus,
G [ f(x; y)g is planar.
A similar argument can be applied if  (and consequently  0) is of type 3. Indeed by Lemmas 4.19
and 4.23 i , j and k must be all pure nodes of type 3. By de nition of type 3 nodes, si = sj =
sk = s`?1 , and by Lemma 2.3 sr = s`?1 , i  r  ` ? 1. This time s1 ; t1,and s`?1 are in G3(2;j?1 ),
and s`?1 and t`?1 are in G3(j +1;`?1 ). By Lemma 4.25, the attachments of bridges in B0 are
contained either in fs1; t1 ; s`?1 g or in fs`?1 ; t`?1 g. The same argument applied for type 2 chains
shows that fs`?1 ; tj ?1 g and fs`?1 ; tj g are split pairs that separate G [f(x; y )g into three split graphs
G2;j?1 , ?j , and Gj+1;`?1 . Furthermore, also G0 [ f(x; y)g is split into two split graphs: G2;j?1 and
Gj+1;`?1 separated by the split pair fs`?1 ; tj?1 g = fs`?1 ; tj g. Again by Corollary 2.1 the planarity
of G0 [ f(x; y )g implies the planarity of G [ f(x; y )g.
If  is of type 4, then by Lemma 4.25, the attachments of bridges in B0 are contained in fs1 ; t1g
and fs`?1 ; t`?1 g. Again, these bridges imply that the pairs fsj ?1 ; tj ?1 g and fsj ; tj g split G [f(x; y )g
into three split graphs: (i) G2;j ?1 containing s1 and t1 , (ii) ?j , and (iii) Gj +1;`?1 containing s`?1
and t`?1 . The same argument applied to chains of type 2 shows that also in this case deleting j
from  is planarity-preserving. 2

Lemma 4.27 Let  be a blocking chain. Then rule (T3) gives rise to planarity-preserving substitutions in G0.

Proof: If  is a blocking chain, then rule (T3) consists rst of deleting multiple blocking T -nodes

of the same type. This is planarity-preserving because of Lemma 4.26. Then the subchains between
the remaining blocking T -nodes are compressed: this is planarity-preserving because of Lemma 4.24
since these subchains are free. Finally, the remaining blocking T -nodes are compressed according
to rule (T2), which is planarity-preserving because of Lemma 4.11. 2
We refer to the graph G00 = (V 00; E 00) obtained by compressing G0 by means of rules (T1),
(T2), and (T3) as the compressed version of G0 with boundary VG0 ;G . The following lemma is a
consequence of Lemmas 4.12, 4.13, 4.24 and 4.27.

Lemma 4.28 Let G = (V; E ) be a planar graph, and let G0 = (V 0; E 0) be a biconnected subgraph

of G. Let VG0 ;G be the boundary of G0 , and let G00 = (V 00; E 00) be the compressed version of G0 with
boundary VG0 ;G . Then substituting G00 in place of G0 in G is planarity-preserving.
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We now characterize the time and space required by the computation of G00.
Lemma 4.29 Let G0 = (V 0; E 0) be an n0-vertex biconnected planar graph with boundary S  V 0.
Then G00, as de ned above has O(jS j) edges and vertices, and can be computed in O(n0 ) time.
Proof: Let T3(G0) be the tree of triconnected components of G0. By de nition, T3(G0) has O(jS j)
red nodes. Apply the sequence of rules (T1), (T2) and (T3) as described before. The e ect of these
transformation is as follows. (T1) deletes the black leaves in this tree. Let i be either a red node
or a black node of degree at least three, and let ?i be its pertinent graph. Denote by ri the total
number of red vertices in ?i (namely the red vertices that have i as allocation node, plus the red
vertices created by the tree edges incident to i ). Then (T2) compresses ?i to size O(ri). Finally
(T3) compresses black chains in the tree to O(1) size. Consequently, after all the rules (T1), (T2)
and (T3) have been applied, the graph G00 obtained by applying all the possible merges to the
compressed tree has size O(jS j).
To bound the time need to compute G00, we observe that T3(G0) can be computed in O(n0 ) time
and is of size at most O(n0) [27]. We then have to apply a sequence of the three rules (T1), (T2),
and (T3) to the tree of triconnected components, as described above. Rule (T1) consists of deleting
black nodes of degree 1. Consequently, we can support the sequence of all the possible rules (T1)
that are applicable in a total of O(n0 ) time by visiting T3(G0) in a bottom-up fashion starting from
the leaves.
We now consider rule (T2), which consists of applying a compression to the pertinent graph ?i
of a node i in the tree. If i is either a B - or a P -node, rule (T2) can be implemented in time
O(j?i j). The same time is required if i is a T -node because of
P Lemma 4.11. Consequently, the
total time required to apply all the rules (T2) to the tree is O( i j?i j), which is O(n0 ).
We now consider rule (T3). The black chains of the tree can be found in a total of O(n0 ). If a
chain is free, we rst have to nd the allocation nodes (s1) and (t1). As shown after Lemma 2.3,
the allocation nodes of all the vertices of G0 can be computed once and for all before applying any
(T3) rule in a total of O(n0) time. Then we apply a constant number of node compressions and
wheel replacements. Let  be the free chain to be compressed, and let z be the number of vertices
in G3( ). Node compressions in  require at most a total of O(z ) time as previously shown. All the
wheel replacements in  delete at most O(z ) vertices and edges and add at most a constant number
of vertices and edges, and therefore can be accomplished in a total of O(z ) time. Consequently, the
compression of all the free chains requires a total of O(n0 ) time.
If a chain is of type h, h  1, we have to nd rst the type of all the T -nodes in the chain.
Checking the type of a T -node i can be done by simply looking at the embedding of its pertinent
graph ?i , and therefore can be supported in O(j?ij) time. This gives a total of O(n0 ) for all the
possible black chains in the tree. At this point, we reduce to 2 the number of multiple T -nodes of
the same type, as suggested by Lemma 4.26. This yields a constant number of blocking T -nodes
and of free subchains among those blocking T -nodes. Compressing the blocking nodes and the free
subchains requires again a total of O(n0 ) time for all the possible blocking chains.
Since we rst apply only rule (T1), in total time O(n0), then only rule (T2), in total time O(n0 ),
and then only rule (T3), in total time O(n0), the total time needed to compute G00 is O(n0 ). 2

4.3 The Valid Compression of a Cluster
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We now put the previous two steps together and describe the computation of Ce starting from
cluster C . We rst compute the connected components of C , which can be done in O(jCj) = O(z )
time. Denote by C1 ; C2; : : :; Cp, p  1, the connected components of C . Let B (Ci ) be the number of
boundary vertices of C that are in connected component Ci , 1  i  p. Note that

Xp B(C ) = B(C );
i

i=1

and

Xp jC j = jCj = O(z):
i=1

i

For each connected component Ci , 1  i  p, do the following. Compute the tree T (Ci) as
described in Section 4.1. By Lemma 4.4, the time required for the computation of T (Ci) is O(jCij).
Furthermore, T (Ci ) has O(B (Ci )) round and internal square nodes. Now, using the information
about the pertinent graphs of the round nodes of T (Ci), compute the graph associated with T (Ci ).
Denote by Ci0 this graph. In other words Ci0 is the graph whose block tree is T (Ci), and it can be
reassembled starting from T (Ci ) in O(jCi0j) time. Note that by Lemmas 4.1 and 4.3, the substitution
of Ci0 in place of Ci is planarity-preserving.
0 , qi  1, the biconnected components of C 0. Note that
Denote by Bi;0 1 ; Bi;0 2; : : :; Bi;q
i
i

Xq jB0
i

j =1

i;j

j = O(jCi0j):

Since by Lemma 4.4 there are O(B (Ci )) round nodes in T (Ci ), we have that qi = O(B (Ci )). For
0 , and let Si;j be the set of all the vertices in
each j , 1  j  qi , do the following. Consider Bi;j
0 corresponding to square nodes of T (Ci) that are either internal or red nodes. Note that by
Bi;j
Lemma 4.4
Xqi jS j = O(B(C )):
i;j
i
Consequently,

j =1

Xp Xq jS
i

i=1 j =1

i;j j =

Xp O(B(C )) = O(B(C )):
i

i=1

0 the compression of a biconnected subgraph described in
For each j , 1  j  qi , apply to Bi;j
00 , which by Lemma 4.29 has O(jSi;j j)
Section 4.2 with boundary Si;j . This yields a new graph Bi;j
0
vertices and edges, and can be computed in O(jBi;j j) time. Moreover, by Lemma 4.28, the substi00 in place of B 0 is planarity-preserving.
tution of Bi;j
i;j
00
0 , 1  i  p, 1  j  qi yields a new graph Ce starting from
Substituting Bi;j in place of Bi;j
cluster C . We now show that Ce is indeed a valid compression of cluster C .

Lemma 4.30 Given a cluster C , Ce as computed above is a valid compression of C . The time
required to compute Ce is O(z ).
Proof: To show that Ce is a valid compression of C , we need to show that the following three
properties are true.
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(i) Ce contains all the boundary vertices of C , and no other vertex of G external to C ;
(ii) Ce has at most O(B (C )) vertices and edges; and
(iii) the substitution of Ce in place of C is planarity-preserving.
First notice that the manipulations used on C to produce Ce maintain the boundary vertices of
C , and do not make use of any other vertices if G external to C . Consequently, property (i) is true.
To prove (ii), we observe that the total size of Ce is
q
p X
q
Xp X
X
00
jB j =
O(jS
i

i=1 j =1

i

i;j

i=1 j =1

i;j

p
X
j) = O(B(C )) = O(B(C )):
i=1

i

We now turn to (iii). Note that Ce is obtained by rst replacing each connected component Ci of
C with Ci0 obtained as shown in Section 4.1. By Lemmas 4.1 and 4.3, the substitution of Ci0 in place
0 of
of Ci is planarity-preserving for vertices external to C . Next, each biconnected component Bi;j
0
00
Ci is substituted with Bi;j using the compression described in Section 4.2. By Lemma 4.28, also
this substitution is planarity-preserving for vertices external to C . As a result, also property (iii) is
true. This proves that Ce is a valid compression of C .
We now analyze the time required to compute Ce starting from C . The connected components
Ci, 1  i  p, of C can be computed in a total of O(z) time. Then the computation of Ci0 from Ci
requires O(jCij) time because of Lemma 4.4. This gives again a total time bound of

O(

Xp jC j) = O(jCj) = O(z):
i=1

i

0 of C 0 is compressed. By Lemma 4.29, this requires a total
Finally, each biconnected component Bi;j
i
of
Xp Xqi jB0 j) = O(Xp jC 0j) = O(jCj) = O(z)
O(
i;j
i
i=1 j =1

time. 2

i=1

5 The Fully Dynamic Algorithm
We now describe our algorithm. Let e be any edge of G. We de ne the proper cluster of e, denoted
by Ce , as the cluster containing edge e (recall that an edge is contained in exactly one cluster of the
partition). Let x be any vertex of G. We de ne the proper cluster of x, denoted by Cx , as follows. If
x is internal to a cluster C , then Cx = C . Otherwise x is a boundary vertex: Cx is arbitrarily chosen
as one of the clusters that have x in its boundary. Finally, for each boundary vertex v , we denote
by B(v ) the set of clusters that have v in their boundary. If v is an internal vertex, B(v ) = ;.

5.1 Test( )
x; y

To support a Test(x; y ) operation we proceed as follows. Let Cx and Cy be the proper clusters of
x and y respectively. Note that Cx and Cy may not be necessarily be distinct. Then we replace all
the clusters but Cx and Cy with their valid compression, and leave Cx and Cy unaltered. This gives
rise to a new graph Gx;y (G), called the supergraph induced by x and y .
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Lemma 5.1 Gx;y (G) has O(z + pnz ) vertices and edges. Furthermore, it can be computed in O(z +
pnz ) time.

Proof: By Lemma 4.30, the valid compression of a cluster C has O(B(C )) vertices and edges, where
B(C ) is the number of boundary vertices in C . As a result, Gx;y (G) has
X B(C ))
O(z +
C6=Cx ;Cy

vertices and edges and can be computed in the same time bound. The lemma now follows from the
bound on the total number of boundary vertices, namely

X B(C ) = O( pn ):
z

C

2

We now run the o -line planarity testing algorithm of Hopcroft and Tarjan [28] on Gx;y (G) [
f(x; y)g. Because of Lemma 5.1 this requires O(z + pnz ) time. If Gx;y (G) [ f(x; y)g is planar we
return true, and false otherwise. The correctness of this approach derives from the following lemma.

Lemma 5.2 Gx;y (G) [ f(x; y)g is planar if and only if G [ f(x; y)g is planar.
Proof: Gx;y (G) is obtained from G by applying a sequence of rules (B1), (B2), (T1), (T2) and (T3)
inside all the clusters but Cx and Cy . The lemma now follows since by Lemmas 4.1, 4.3, 4.12, 4.13, 4.24
and 4.27 all these transformations are planarity-preserving. 2
As a straightforward consequence of Lemmas 5.1 and 5.2 we have the following lemma.

Lemma 5.3 Each Test operation can be supported in O(z + pnz ) time.

5.2 Add( ) and Delete( )
x; y

x; y

We rst describe an implementation of the primitive add(x; y ) which takes care of the actual
insertion of the edge (x; y ). We assume that the edge (x; y ) keeps the graph planar. Indeed, as
mentioned in Section 1, an Insert(x; y ) operation is carried out by rst executing a Test(x; y ). If it
returns true, then the primitive add(x; y ) is carried out. Otherwise, the edge is not inserted.
Let Cx and Cy be the proper clusters of x and y respectively. We assign the new edge (x; y )
to cluster Cx . This implies that y becomes a boundary vertex of both Cx and Cy , if it was not
already so. Indeed if Cx 62 B(y ) [respectively Cy 62 B(y )], then we add Cx [respectively Cy ] to B(y ).
Consequently, the insertion of edge (x; y ) causes changes to both cluster Cx and Cy , and to their
valid compressions. The change in the clusters can be easily taken into account. By Lemma 4.30,
the valid compressions of Cx and Cy can be recomputed from scratch in O(z ) time.
When an edge (x; y ) is deleted, let C(x;y) be the cluster containing edge (x; y ). Then it might
happen that, because of the deletion of edge (x; y ), either one of its endpoints ceases to be a
boundary vertex. We describe how to detect this for x, and the same argument applies to y . We
rst check whether there are other edges of C(x;y) (beside (x; y )) that are incident to x. If there are
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other edges, then x does not change its status and remains either boundary or internal as before.
If there are no other edges of C(x;y) incident to x, we check B(x). If jB(x)j = 0 then x was not a
boundary vertex, and again nothing changes. Otherwise, since there are no more edges of C(x;y)
(other than (x; y ) itself) incident to x, then x is no longer a boundary vertex in C(x;y) : we delete
C(x;y) from B(x). If now B(x) contains only one cluster, say C 0, then x ceases to be a boundary
vertex also in C 0; therefore C 0 is removed from B(x). In summary, C(x;y) and at most two other
clusters and their valid compressions have to be updated. As before, this can be done in no more
than O(z ) time.
Let (x; y ) be the edge inserted [respectively deleted]. In addition to the changes in a constant
number of clusters, the insertion [respectively deletion] of (x; y ) a ects the partition in two ways.
First, the total number of boundary vertices is increased at most by two [respectively decreased
at most by four]. Second, there is at most one cluster (Cx in the case of insertions and C(x;y) in
the case of deletions) whose size increases [respectively decreases] by one. To maintain the desired
invariants of the partition (namely O( nz ) clusters of size O(z ) each, and with at most O( pnz ) total
boundary vertices), we recompute the partition from scratch exactly every T (z; n) = minfz; pnz g
Insert operations. After T (z; n) Insert operations the total increase in the size of all clusters can be
at most z and the total increase in the number of boundary vertices can be at most p2nz . Note that
Test and Delete do not increase the size of any cluster or the total number of boundary vertices.
Therefore if the invariants of the partition were holding before T (z; n) Insert operations, they will
still hold afterwards. Since recomputing the partition from scratch requires O(n) time, this charges
n ) amortized time to each Insert operation.
O( T (z;n
)
n ) amortized time, while
Lemma 5.4 Each Insert operation can be supported in O(z + pnz + T (z;n
)

each Delete operation requires O(z ) worst-case time.

Proof: Inserting edge (x; y) requires rst to carry out Test(x; y) plus the actual insertion of edge
(x; y ). By Lemma 5.3, a Test operation can be supported in O(z + pnz ) time. As said before, the
n
actual insertion of a new edge can be done in O(z ) time plus the O( T (z;n
) ) amortized time charged
for recomputing the partition every T (z; n) Insert operations. 2
Theorem 5.1 Each Test, and Delete can be supported in O(n2=3) worst-case time, while an Insert

requires O(n2=3) amortized time.

Proof: Fix z = dn2=3e. Then T (z; n) = minfz; pnz g = (n2=3). The claimed bounds now follow
from Lemmas 5.3 and 5.4. 2

6 Fully Dynamic Biconnectivity on Planar Graphs
In this section, we consider the problem of performing any sequence of the following three types of
operations on a planar graph. As before, Insert(x; y ) adds an edge (x; y ) to G provided that the
resulting graph remains planar, while Delete(x; y ) removes the edge (x; y ). SameBiconnected(x; y )
returns true if x and y are biconnected, and returns false otherwise. Note that we allow changes in
the embedding. Galil and Italiano [21] showed how to perform Insert, Delete and SameBiconnected
in O(n2=3) time in the worst case. We use a slight modi cation of the data structure presented in
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Section 4 combined with techniques borrowed from [21]. This allows us to achieve the same bounds
as in [21], but with the bound for insertions being amortized rather than worst-case. However, the
new algorithm is simpler, and it is the base of a new fully dynamic triconnectivity algorithm that
will be presented in Section 7.
Again, we partition the planar graph into O( nz ) edge clusters of size O(z ) each, in such a way
the total number of boundary vertices in the partition will be O( pnz ). We then compress each
cluster so as to preserve some important properties with respect to biconnectivity.
We now describe the techniques used to compress a cluster C . The rules used are similar to
rules (B1) and (B2) given in Section 4. Again, we start from the block tree T2(C ) of C . We color
red all the square nodes of T2(C ) corresponding to boundary vertices of C , and we color black all
the other nodes. The equivalent of rule (B1) is the following.
(R1) Delete any black (either round or square) leaf.
Applying repeatedly rule (R1) on T2 (C ) yields a block tree, whose leaves are all red. Again,
there can be chains of degree-two black nodes, and we refer to them as black chains. The rule used
to compress black chains is slightly di erent from (B2).
(R2) If there is any degree-two round node  whose two adjacent square nodes, say u and v , are
both black, then delete round node  and merge u and v into a new square node (i.e., all the
edges previously incident to u and v are now incident to the new node).
The tree obtained from T2(C ) after applying repeatedly rules (R1) and (R2) is denoted by T (C )
and called the compression of C . We omit the proof of the following lemma which is similar to the
proof of Lemma 4.4.

Lemma 6.1 T (C ) has O(B(C )) round and square nodes and can be computed in O(jCj) time.
We now describe how to perform our operations. Operations Insert and Delete are almost the
same as in the case of our fully dynamic planarity algorithm. The only di erence lies in the data
structures that we maintain for each cluster C . This time, we maintain the block tree T2(C ) and its
compression T (C ). Again, all these data structures can be initialized in O(jCj) time.
To perform a SameBiconnected(x; y ) operation, we do the following. Let Cx and Cy be the
proper clusters of x and y as de ned in Section 5. Once again, we replace all the clusters but
Cx and Cy with their compression. Then we replace Cx and Cy with their block trees T2(Cx) and
T2(Cy ). We obtain a new graph which is called the super-graph induced by x and y. Similarly to
the terminology used in Section 5, we denote this graph by Gx;y (G). By Lemma 6.1, Gx;y (G) has
size O(z + pnz ).
The following lemma shows that Gx;y (G) satis es nice properties with respect to biconnectivity.

Lemma 6.2 There is an articulation point separating x and y in G if and only if there is at least
one square node that is an articulation point separating x and y in Gx;y (G).
Proof: De ne Gb to be the graph obtained from G by replacing each cluster with its block tree.
Note that there are two square nodes x and y in both Gb and Gx;y (G). We rst show that
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(i) there is an articulation point separating x and y in G if and only if there is a square node
that is an articulation point separating x and y in Gb .
We then complete the proof by showing that
(ii) there is square node that is an articulation point separating x and y in Gb if and only if there
is at least one square node that is an articulation point separating x and y in Gx;y (G).
Gb can be obtained from G by rst making all the vertices of G square nodes and then by
repeatedly applying the following transformation.

(S1) Biconnected subgraph replacement : Given a biconnected subgraph Ge of G, remove all the
edges in Ge and introduce a round node . Connect to  all the vertices in Ge .

We can de ne a transformation which is the inverse of (S1): it takes a round node  and replace it
with the corresponding biconnected subgraph of G.
If there is an articulation point separating x and y in G, then (S1) preserves this articulation
point. It is possible to re-obtain G from Gb by means of the inverse transformation of (S1), which
again preserve articulation points. This proves (i).
To prove (ii) we notice that Gx;y (G) can be obtained from Gb by means of a sequence of the
following two transformations.
(S2) Leaf elimination : Given a (round or square) node v (v 6= x and v 6= y ) of degree one, delete
v together with its incident edge.
(S3) Round node contraction : Given a round node  of degree two that is not adjacent to x and
to y , denote by u and v the two square nodes adjacent to . Delete round node  and merge
u and v into a new square node (i.e., all the edges previously incident to u and v are now
incident to the new node).
Indeed transformations (S2) and (S3) correspond to the two rules given earlier: (S2) corresponds
to rule (R1), and (S3) to rule (R2). Again, we can de ne inverse transformations of (S2) and (S3).
The inverse of (S2) adds a new leaf to the tree, and the inverse of (S3) replaces a square node with
square nodes u and v joined by a degree-two round node . If there is a square node that is an
articulation point separating x and y in Gb , then transformations (S2) and (S3) preserve at least
one square node that is an articulation point separating x and y . Indeed during (S2) v cannot be
an articulation point separating x and y , while in (S3) if u is an articulation point separating x
and y , also v must be an articulation point separating x and y and therefore the new square node
will be an articulation point separating x and y too. Similarly, the inverse transformations of (S2)
and (S3) preserve articulation points separating x and y from Gx;y (G). 2
As a consequence of Lemma 6.2, we can check whether two vertices x and y are 2-vertexconnected by rst constructing Gx;y (G), the super-graph induced by x and y , and then by checking
whether there is a square node of Gx;y (G) that separates x and y . As in Section 5, this can be done
in a total of O(z + pnz ) time, and gives the following theorem.

Theorem 6.1 Each SameBiconnected and Delete operation can be supported in O(n2=3) worst-case

time, while an Insert operation requires O(n2=3) amortized time.
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7 Fully Dynamic Triconnectivity on Planar Graphs
In this section, we present a fully dynamic algorithm for maintaining information about triconnectivity on planar graphs. In additions to the operations Insert and Delete as de ned before, we would
like to perform a SameTriconnected(x; y), which returns true if x and y are 3-vertex-connected, and
returns false otherwise.
We maintain new data structures to check triconnectivity together with the data structure
described in Section 6 for fully dynamic biconnectivity. To check whether x and y are 3-vertexconnected, we rst check whether they can be separated by an articulation point. If they can, then
x and y are not even 2-vertex-connected: we stop and return false. If there is no articulation point
whose removal disconnects x and y , then x and y are in a same biconnected component: we check
whether there is a separating pair for x and y in this biconnected component. If there is at least
one, we return false. Otherwise, we return true.
Checking for articulation points while performing edge insertions and edge deletions can be
done as shown in Section 6. We now concentrate on how to check for separation pairs. We show
that we need very few new data structures. Indeed we use the substitutions (B1), (B2), (T1)
and (T2) presented in Section 4, which turn out to be not only planarity-preserving, but also
triconnectivity-preserving. The only new transformation we need here is a rule for compressing
black chains: the new rule will be much simpler than rule (T3) given in Section 4. The de nition
of triconnectivity-preserving is similar to the de nition of planarity-preserving and can be given as
follows.
Let G = (V; E ) be a planar graph, and let G0 = (V0; E0) be a connected subgraph of G. Let
G0 = (V0; E0) be the complement of G0 in G, and let VG0 ;G be the boundary of G0 , as de ned in
Section 4. Let G1 = (V1; E1) be a graph that contains all the vertices in the boundary of G0 but
no other vertex of G0. Denote by G0 = (V 0; E 0) the graph obtained after substituting G1 in place
of G0 in G. Fix any two vertices x and y external to G0 , such that x and y are 2-vertex-connected.
If it happens that x and y are 3-vertex-connected in G if and only if they are 3-vertex-connected in
G0, we say that the substitution of G1 in place of G0 in G is triconnectivity-preserving for x and y.
If this substitution is triconnectivity-preserving for any pair of 2-vertex-connected vertices external
to G0, we simply say that it is triconnectivity-preserving.
We now prove that the four substitutions (B1), (B2), (T1) and (T2) given in Section 4 are
triconnectivity-preserving. We refer the reader to Section 4 for the de nition of such substitutions
and for the terminology used.

Lemma 7.1 Rule (B1) gives rise to triconnectivity-preserving substitutions in C .
Proof: Recall that rule (B1) takes a biconnected subgraph G1 of C that has exactly one articulation

point v , and such that the only possible boundary vertex in G1 is v . Then v is substituted in place
of G1 . Namely, G = G1 [ G0, such that G1 \ G0 = fv g. Let Gb be the graph obtained from G after
this substitution: Gb = G0. Let x and y be any two 2-vertex-connected vertices external to cluster
C . Since G1  C , we have that x; y 2 G0. But then this implies that x and y are 3-vertex-connected
in G if and only if they are 3-vertex-connected in G0 = Gb . 2

Lemma 7.2 Rule (B2) gives rise to triconnectivity-preserving substitutions in C .
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Proof: Recall that rule (B2) compresses a black chain . Using the terminology of Section 4, G
can be decomposed as G = G0 [ G( ), where G( ) = G1 [ G2 [ : : : [ Gp. Since there are no red
nodes in the chain  , the only possible boundary vertices of V1 [ V2 [ : : : [ Vp are v0 and vp . As
a result, any bridge of G w.r.t. V1 [ V2 [ : : : [ Vp (the vertex set of G( )) has attachments only
in fv0 ; vpg. Namely, G0 \ G( ) = fv0; vpg. Then rule (B2) produces a graph Gb = G0 [ Gj (v0; vp)
for some j , 1  j  p, and consequently Gb can be obtained from G by simply replacing G( ) with
Gj (v0; vp). Again G0 \ Gj (v0; vp) = fv0; vpg.
Let x and y be any two 2-vertex-connected vertices external to cluster C . Since the only
possible boundary vertices of G( ) are v0 and vp , x; y 2 G0 . We now prove that rule (B2) is
triconnectivity-preserving. Assume x and y are 3-vertex-connected in G. Then there are at least
three vertex-disjoint paths between x and y in G. Note that at most one of them can have a
subpath between v0 and vp in G( ), while the other two must be entirely in G0. Since G( ) is
replaced by Gj (v0; vp), and there is still a path in Gj (v0; vp ) between v0 and vp , x and y must be
3-vertex-connected also in Gb . The converse can be proved with a similar argument. 2
Lemma 7.3 Rule (T1) gives rise to triconnectivity-preserving substitutions.
Proof: As shown in Lemma 4.12, rule (T1) takes as input a graph G = G0 [ H1, such that
H1 \ G0 = fa; bg and H1 [ f(a; b)g is a triconnected component in G, and it replaces H1 with
edge (a; b). That is, the graph obtained from G after applying rule (T1) is Gb = G0 [ f(a; b)g.
Let x and y be any two 2-vertex-connected vertices external to C . Then x and y must be in G0.
Similarly to the proof of Lemma 7.2, x and y are 3-vertex-connected in G if and and only if they
are 3-vertex-connected in Gb . 2

Lemma 7.4 Rule (T2) gives rise to triconnectivity-preserving substitutions.
Proof: We denote as usual by G the graph before applying rule (T2), and by Gb the graph obtained

after applying rule (T2). We distinguish the three cases as in Section 4, according to whether we
have a type (T2.a), (T2.b), or (T2.c) rule.
First, we consider rule (T2.a) that consists of compressing a bond. As shown in Lemma 4.13,
the change induced in G by this rule consists of deleting either multiple edges eq+2 ; eq+3; : : :; ep or
multiple edges eq+3 ; eq+4 ; : : :; ep . In other words, G can be decomposed as G = G0 [ feq+1 g [ : : : [
fepg, and after the transformation we have that either Gb = G0 [feq+1 g or Gb = G0 [feq+1g[feq+2 g.
Therefore, given any two vertices x and y in G0 , x and y are 3-vertex-connected in G if and only
if they are 3-vertex-connected in Gb .
Next, we turn to rule (T2.b) that compresses a polygon. Let x and y two 2-vertex-connected
vertices external to C . As shown in Section 4, this rule contracts chains of vertices (di erent from
x and y) of degree two into a constant number of edges. Obviously, x and y are 3-vertex connected
in G if and only if they are 3-vertex-connected in Gb .
Finally, we analyze rule (T2.c) that consists of compressing a triconnected subgraph. This
was de ned in Section 4.2.1 as triconnected compression. We now prove that this triconnected
compression is triconnectivity-preserving. Let G0 be a the triconnected subgraph to be compressed,
and let G00 be the triconnected compression of G0 as de ned in Section 4.2.1. As usual, let G =
G0 [ G0 and Gb = G0 [ G00 the graph before and after applying this substitution, and let x; y be any
two 3-vertex-connected vertices in G0. Then there are three vertex-disjoint paths in G between x
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and y . Denote by h, 0  h  3, the number of such paths that contain at least one edge in G0.
Notice that each such path must be between two boundary vertices of G0. Since by Lemma 4.11
G00 has the same boundary vertices as G0, because of Lemma 2.1 there will be also h vertex-disjoint
paths in G00 between the same boundary vertices. Consequently, x and y are 3-vertex-connected
in Gb . The same argument proves that if x and y are 3-vertex-connected in Gb , they must be
3-vertex-connected in G. 2
We now de ne a new rule (T3') which compresses black chains in a triconnectivity-preserving
fashion. Let  = f 1; 2; : : :; `?1 g be the black chain to be compressed with terminals e1 =
(s1 ; t1) and e`?1 = (s`?1 ; t`?1 ). Let G3 ( ) be graph corresponding to  , and let H2 = G3( ) ?
fe1; e`?1g. Note that even though G3() is biconnected because of Lemma 2.2, H2 is not necessarily
biconnected. Our compression of H2 is as follows. We apply rules (B1) and (B2) to H2 with
boundary vertices s1 , t1 , s`?1 and t`?1 . Because of Lemma 4.4, this yields a graph H20 with O(1)
biconnected components and consequently O(1) articulation points. Color red s1 , t1 , s`?1 , t`?1 ,
and the articulation points of H20 : this gives a total of O(1) red vertices. Replace each biconnected
component of H20 with a simple cycle through its red vertices. The new graph obtained is called
H200, has O(1) vertices and edges. Rule (T3') consists of substituting H200 in place of H2 .
Lemma 7.5 Rule (T3') gives rise to triconnectivity-preserving substitutions.
Proof: We denote as usual by G the graph before applying rule (T3'), and by Gb the graph obtained
after applying rule (T3'). Recall that transformation (T3') substitutes H200 in place of H2 in the
cluster C containing the black chain.
Rule (T3') consists of two steps. During the rst step, we apply rules (B1) and (B2) with
boundary fs1 ; t1; s`?1 ; t`?1 g, thus compressing H2  G to a new graph H20 . Substituting H20 in place
of H2 yields a new graph Ge . This substitution is triconnectivity-preserving because of Lemmas 7.1
and 7.2.
As said before, H20 has O(1) biconnected components and O(1) articulation points. Then we
color red the four vertices s1 , t1 , s`?1 , t`?1 and the O(1) articulation points of H20 . Fix a biconnected
component B of H20 : notice that its boundary in the graph Ge is given by the red vertices in B . The
second step consists of replacing each biconnected component of H20 with a simple cycle through
its red vertices.
To complete the proof of the lemma, we show that, given a graph G0, and a biconnected subgraph
B  C , replacing B with a simple cycle C through its boundary gives rise to a triconnectivitypreserving transformation. Let G00 be the graph obtained after this replacement, and let x and y
be any two vertices external to C . Assume x and y are 3-vertex-connected in G0. Then there are
three vertex-disjoint paths between x and y in G0. Since the boundary of H20 in G0 is given by
fs1; t1; s`?1; t`?1g, at most two such paths can go through H20 : this implies that at most two such
paths can go through B  H20 . Let p01 and p02 be such paths, and let a1 ; b1 [respectively a2 ; b2] be
the two vertices where path p01 [respectively p02] gets into B and out of B . Note that a1 ; a2; b1; b2 are
in the boundary of B and therefore are red vertices. Recall that B is replaced by a simple cycle C
through its red vertices: there are now by Lemma 2.1 two vertex-disjoint paths p001 and p002 between
fa1; a2g and fb1; b2g.
If p001 and p002 have the same endpoints as p01 and p02 (namely p001 is between a1 and b1, and p002 is
between a2 and b2), replacing p01 and p02 with p001 and p002 respectively gives two vertex-disjoint paths
between x and y going through H200 in G00. Therefore, x and y are 3-vertex-connected in G00 too.
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If p001 and p002 do not have the same endpoints as p01 and p02 (namely p001 is between a1 and b2, and
00
p2 is between a2 and b1), there are still two vertex-disjoint paths between x and y going through
H200 in G00: one going through a1 and b2 , and the other going through a2 and b1. Again, x and y
are 3-vertex-connected in G00 too.
Conversely, if x and y are 3-vertex-connected in G00, then at most two vertex-disjoint paths
can go through the cycle C , and again by Lemma 2.1 there are two vertex-disjoint paths in the
biconnected subgraph B which can be used to give two vertex-disjoint paths between x and y going
through H20 . This proves that x and y must be 3-vertex-connected in G0 too. 2
Lemmas 7.1, 7.2, 7.3, 7.4, and 7.5 imply the following theorem.

Theorem 7.1 Each SameTriconnected and Delete operation can be supported in O(n2=3) worst-

case time, while an Insert operation requires O(n2=3) amortized time.

8 Conclusion
We have presented a sub-linear-time algorithm for the fully dynamic planarity testing problem.
We are able to perform any sequence of Test, Insert and Delete operations in O(n2=3) time each.
The bounds for Test and Delete are worst-case, while the bound for Insert is amortized. Our
algorithm yields also fully dynamic algorithms for maintaining information about biconnectivity
and triconnectivity in planar graphs with the same time bounds. The heart of all these algorithms
is the notion of compressed representation for the properties we wish to maintain. It would be
interesting to study also fully dynamic planarity testing on embedded planar graphs. The algorithm
given by Tamassia [46] runs in O(log n) time per operation; however, it works only for biconnected
graphs, and it has signi cant restrictions on the edge deletions that can be supported.
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