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patrick.traxler@inf.ethz.ch

Abstract. We study the time complexity of (d, k)-CSP, the problem of
deciding satisfiability of a constraint system C with n variables, domain
size d, and at most k variables per constraint. We are interested in the
question how the domain size d influences the complexity of deciding
satisfiability. We show, assuming the Exponential Time Hypothesis, that
two special cases, namely (d, 2)-CSP with bounded variable frequency
and d-UNIQUE-CSP, already require exponential time Ω(dc·n ) for some
c > 0 independent of d. UNIQUE-CSP is the special case for which it is
guaranteed that every input constraint system has at most 1 satisfying
assignment.
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Introduction

In this work we study the time complexity of the NP-complete Constraint Satisfaction Problem (CSP). We are interested in the following question: What makes
CSP hard to solve? Besides being NP-hard – already (3, 2)-CSP and (2, 3)-CSP
are NP-hard – many algorithms and heuristics for CSP slow down with increasing domain size d. It is however not clear that CSP effectively becomes harder
with increasing d.
A promising result [10, 1] is that we can solve d-COL, the d-Graph Colorability Problem, in time 2ne · poly(input-size), where n
e is the number of vertices of
the input graph. Such a result is however not known for (d, k)-CSP or the special
cases (d, 2, 3d2 )-FREQ-CSP and d-UNIQUE-CSP.
– (d, k, f )-FREQ-CSP is the (d, k)-CSP for which every input constraint system has maximum variable frequency f .
– (d, k)-UNIQUE-CSP is the (d, k)-CSP for which every input constraint system is guaranteed to have at most 1 satisfying assignment. Without any
restriction on the constraint size we have d-UNIQUE-CSP.
We provide precise definitions in Section 2. We now introduce some definitions to state our results. We call an algorithm a 2c·n -randomized algorithm iff
its running time is bounded by 2c·n · poly(input-size) and its error probability is
at most 1/3. Let
cd,k := inf{c : ∃2c·n -randomized algorithm for (d, k)-CSP}.
?
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UQ
Define cFQ
d,k,f and cd,k analogously for (d, k, f )-FREQ-CSP and (d, k)-UNIQUECSP. Let cd,∞ := limk→∞ cd,k .
The variant of the Exponential Time Hypothesis (ETH) we assume here states
that c2,3 > 0, i.e., 3-SAT is exponentially hard. It is straight forward to apply
the results from [7] to show that c3,2 > 0 iff c2,3 > 0. In this work we improve
on the lower bound cd,2 > 0, assuming ETH.

Theorem 1. If ETH holds, there exists c > 0 such that for all d ≥ 3
c · log(d) ≤ cFQ
d,2,3d2
(where c depends on c3,2 .)
Theorem 1 strongly contrasts the time complexity of d-COL for which we
know a 2ne -algorithm [10, 1]. Such an algorithm is however unlikely to exist for
(d, 2, 3d2 )-FREQ-CSP because its existence implies that ETH fails.
The second special case of (d, k)-CSP we study is d-UNIQUE-CSP.
Theorem 2. For all d ≥ 2, it holds that
c2,∞ · blog(d)c ≤ cUQ
d,∞ .
Theorem 2 roughly says that the unique case is already the hardest one. Note
that the currently best upper bound for c2,∞ is 1.
Motivation. The motivation for our results comes from the design and analysis
of exponential time algorithms. We usually fix some natural parameter like the
number of variables n and try to find some small c such that we can solve CSP in
time O(cn ). The best known upper bound (d(1−1/k)+ε)n ·poly(input-size), ε >
0, for (d, k)-CSP [12] is achieved by Schöning’s algorithm and it was improved to,
omitting the polynomial factor, d!n/d for (d, 2)-CSP [4], to 1.8072n for (4, 2)-CSP
[3], and to 1.3645n for (3, 2)-CSP [3]. The problem of maximizing the number
of satisfied constraints of a (d, 2)-constraint system is considered in [15]. Our
results say that the dependency on d of these algorithms comes close to the best
possible.
Studying the special case (d, 2, 3d2 )-FREQ-CSP is motivated by the observation that algorithms for CSP are also analyzed w.r.t. to the number of constraints
m instead of n. This is in particular the case if optimization variants of CSP
are considered. See [13] for such an algorithm and also for further references. A
(d, 2)-constraint system in which every variable has maximum frequency 3d2 has
at most 3d2 n constraints. Our results imply therefore limitations of algorithms
which are analyzed w.r.t. m (Corollary 2).
The second special case we study, d-UNIQUE-CSP, is motivated by the use
of randomness. The expected running for finding a satisfying assignment of a
constraint system with s > 0 satisfying assignments is roughly dn /s. A considerable improvement, namely (2n /s)1−1/k , exists for k-SAT [2]. It also seems
likely that the algorithms in [12, 4] become faster if many satisfying assignments

are present. Our results say that d-UNIQUE-CSP still has increasing complexity w.r.t. to d and that CSP can only become easier if s is large enough. The
observed dependency of randomized algorithms on d and s seem therefore to be
unavoidable.
Related Work. This work builds upon a series of papers [6, 7, 2] which mainly
deal with SAT and special cases of SAT like k-SAT. A central question is: What
makes SAT hard to solve? This question is motivated by the observation that
many algorithms and heuristics for SAT work better on instances with special
properties. For example, there exists a 1.324n -randomized algorithm for 3-SAT
[8], whereas the best algorithms for SAT still take 2n steps in the worst case.
In [6] it was shown, assuming ETH, that for every k there exists k 0 > k such
that c2,k < c2,k0 . In other words, k-SAT becomes harder with increasing k. Our
results, Theorem 1 and 2, are of the same kind. It is however not clear how to
adapt the techniques in [6] to our problem. In particular, Impagliazzo & Paturi
[6] ask if a similar result as theirs holds for d-COL. Our approach is indeed
different from theirs. They use the concept of a forced variable whereas we work
with a different technique of partitioning variables (see Lemma 1).
In [9] the exponentially hard instances of the Maximum Independent Set
(MIS) problem with respect to the maximum degree were identified. It was shown
that if there exists a subexponential time algorithm for MIS with maximum
degree 3, then there exists one for MIS (which would contradict ETH). One part
of the proof of this theorem is a sparsification lemma for MIS. In the proof of our
Lemma 2, a sparsification lemma for (d, 2)-CSP, we apply the same technique as
there. We prove a new sparsification lemma for (d, 2)-constraint systems because
we want good bounds. The sparsification lemma in [7] could also be used. But
it gives much worse bounds.
2
Calabro et al. [2] proved that c2,k ≤ cUQ
2,k +O(log (k)/k) (Lemma 5 of [2]). We
UQ
generalize and improve this to cd,k ≤ cd,k +O(log(dk)/k) (see Section 4). Calabro
et al. [2] concluded cUQ
2,∞ = c2,∞ from their result. This theorem generalizes to
UQ
cd,∞ = cd,∞ by the previous relation. We remark that our proof is different
from theirs although the dependency on k is similar. Calabro et al. adapt the
isolation lemma from [14] whereas we build upon the isolation lemma from [11].
In particular, we need a new idea to apply a generalization of the isolation lemma
from [11] in our situation (see Lemma 4).
Overview of Work. In Section 2 we introduce the constraint satisfaction problem
we study in this work. In Section 3 we prove Theorem 1 and in Section 4 we
prove Theorem 2.
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Preliminaries

A (d, k)-constraint system C consists of a set of values Σ with |Σ| = d, called
the domain of C, and a set of constraints of the form
C := {x1 6= s1 , x2 6= s2 , ...}

with |C| ≤ k, xi being some variable and si ∈ Σ. We often identify C with the
set of constraints and denote by Dom(C) the associated domain Σ. Let Var(C)
denote the set of variables occurring in C. Unless stated otherwise n := |Var(C)|.
We call a mapping a : Var(C) → Dom(C) an assignment. A constraint C ∈ C is
satisfied by an assignment a iff there exists some (x 6= s) ∈ C such that a(x) 6= s.
A constraint system C is satisfied iff every C ∈ C is satisfied. We denote by
Sat(C) the set of all satisfying assignments of C. The Constraint Satisfaction
Problem (d, k)-CSP is the problem of deciding if a satisfying assignment for a
given (d, k)-constraint system exists. The (d, k, f )-FREQ-CSP is the special case
of (d, k)-CSP with maximum variable frequency f , that is, we require that every
variable occurs at most f times in an input (d, k)-constraint system, and (d, k)UNIQUE-CSP is the special case for which an input (d, k)-constraint system is
guaranteed to have at most 1 satisfying assignment.
The (2, k)-CSP is the k-Boolean Satisfiability Problem (k-SAT). The (d, 2)CSP is a generalization of the d-Graph Colorability Problem (d-COL). For seeing
this, consider the following example.
Example 1. Let G = (U, E) be a graph. For {u, v} ∈ E the constraints
{u 6= 1, v 6= 1}, {u 6= 2, v 6= 2}, ..., {u 6= d, v 6= d}
are in C. Set Dom(C) := {1, ..., d}. Then C is satisfiable iff G is d-colorable.
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Binary Sparse CSP (Proof of Theorem 1)

The proof of Theorem 1 consists of three steps. We show first how to reduce
the number of variables by increasing the domain size (Lemma 1). We need this
lemma to provide a relation between (d, k)-CSP and (d0 , k)-CSP for d0 larger
than d. This is the core of our result that CSP has increasing complexity w.r.t.
d. Then, we show in the second step how to transform a (d, 2)-constraint system
into a sparse (d, 2)-constraint system, i.e., we prove a sparsification lemma for
(d, 2)-constraint systems (Lemma 2). Our transformation can be carried out
in subexponential time. Combining both lemmas we are finally able to prove
Theorem 1.
At the end of this section we point out how our result relates to algorithms
which are analyzed w.r.t. the number of constraints.
Lemma 1. Let r ∈ N, r > 0. For every (d, k)-constraint system C over n
variables there exists a satisfiability equivalent (dr , k)-constraint system C 0 over
n0 := d nr e variables which is computable in time drk · poly(|C|).
Proof. The idea of our algorithm is to group the variables in groups of size r
and replace every group of variables by a new variable. We need the following
definition. Let U ⊆ Var(C) and D be a constraint. Define NonsatU (D) to be the
set of all assignments a : U → Dom(C) which do not satisfy D. Our algorithm
gets as input a (d, k)-constraint system C and outputs a (dr , k)-constraint system

C 0 . It works as follows.
Compute a partition of pairwise disjoint subsets P1 , ..., Pt of Var(C) such that
|Pi | = r for 1 ≤ i < t and 1 < |Pt | ≤ r. Extend Pt with new variables such that
|Pt | = r. Find new variables y1 , ..., yt , i.e., variables which are not in Var(C).
Set C 0 ← C and Dom(C 0 ) ← Dom(C)r , i.e., Dom(C 0 ) is the set of all strings of
length r with symbols from Dom(C). For every C ∈ C 0 and every 1 ≤ i ≤ t: if
Var(C) ∩ Pi 6= {} then replace all the variables of Var(C) ∩ Pi in C in the following way. Let D ⊆ C be the set of all inequalities with variables from Var(C) ∩ Pi .
Add the constraint C 0 ← (C \ D) ∪ {yi 6= b} to C 0 for every b ∈ NonsatPi (D).
Remove C from C 0 .
We claim that C is satisfiable iff C 0 is satisfiable. Let a ∈ Sat(C). For yi
we define a0 (yi ) := a(x01 ) · ... · a(x0r ) with {x01 , ..., x0r } = Pi , i.e., a0 (yi ) is the
concatenation of the values of variables in Pi . Let C 0 ∈ C 0 and C ∈ C be the
corresponding constraint C 0 emerged from. Since a satisfies C there exists some
inequality x 6= s ∈ C satisfied by a, i.e., a(x) 6= s. Assume x ∈ Pi . Then
x 6= s ∈ D, D as in the algorithm. This implies that yi 6= b ∈ C 0 for some
b ∈ NonsatPi (D). Since a0 (yi ) 6= b for all b ∈ NonsatPi (D) (because of a(x) 6= s)
it follows that C 0 is satisfied by a0 and therefore a0 ∈ Sat(C 0 ).
For the other direction, assume that a 6∈ Sat(C) for all assignments a of C. We
have to show that a0 6∈ Sat(C 0 ) for all assignments a0 of C 0 . For x ∈ Var(C) and
x ∈ Pi , 1 ≤ i ≤ t, we define a(x) := (a0 (yi ))(x). The assignment a is well defined
because P1 , ..., Pt is a partition of Var(C). Also note that we consider a0 (yi ) here
as an assignment of the form Pi → Dom(C). We know that there exists some
C ∈ C which is not satisfied by a. This implies that there exists some C 0 ∈ C 0
which is not satisfied by a0 and which emerged from C. For seeing this, choose
in the construction of C 0 the partial assignment b ∈ NonsatPi (D) according to
a, i.e., choose b such that b(x) = a(x) for all x ∈ Pi .
It holds that n0 = t = d nr e. Note that the length of some assignment in
NonsatPi (D) is r and we introduce therefore dr new values. The old values are
not used any longer. The running time is polynomial in the input size with the
exception of enumerating NonsatPi (D) which takes time O(dr · |C|) and we may
have to do this for every variable in a constraint of size at most k. This yields
O(drk · |C|).
t
u
The following result is a direct implication of this lemma.
Corollary 1. For constant d, d0 and k with d0 ≥ d. It holds that cd0 ,k ≥
blogd (d0 )c · cd,k .
To prove Lemma 2 we will use algorithm SPARSIFYε defined in Figure 1.
The idea of our algorithm is similar to one of the many backtracking algorithms for the Maximum Independent Set Problem (MIS), namely, branching
on vertices with large degree first. Johnson & Szegedy [9] applied the same
technique to prove a sparsification lemma for MIS. Let ε > 0 and Kε,d :=
d
(ε/d)
/(d(ε/d) − 1)). SPARSIFYε uses the procedure SUBS(C) which
ε·log(d) · log(d

searches in C for constraints of the form {x 6= s} and removes all C ∈ C with
|C| ≥ 2 and (x 6= s) ∈ C. It also uses the operation C [x7→f ] by which all constraints C ∈ C with (x 6= f 0 ) ∈ C, f 0 6= f , and all inequalities x 6= f get removed
from C. Let freq(C, x, s) be the number of times x 6= s occurs in C.

Input: a (d, 2)-constraint system C.
Output: a list L of (d, 2)-constraint systems.
1. if there exists x ∈ Var(C) and s ∈ Dom(C) s.t. freq(C, x, s) > dKε,d e, then
2.
call SPARSIFYε (SUBS(C [x7→s] ));
3.
call SPARSIFYε (SUBS(C ∪ {{x 6= s}}));
4. else output C;
Figure 1: Algorithm SPARSIFYε

Lemma 2. Let C be a (d, 2)-constraint system and ε > 0. SPARSIFYε enumerates with polynomial delay a list L of (d, 2)-constraint systems which has the
following properties:
1. (Correctness) it holds that C is satisfiable iff there exists some satisfiable
C 0 ∈ L,
2. (Bounded frequency) for all D ∈ L, x ∈ Var(D), and s ∈ Dom(D):
freq(D, x, s) ≤ dKε,d e,
3. (Size) |L| ≤ dε·n .
Proof. To see the correctness of algorithm SPARSIFYε note that C is satisfiable
iff SUBS(C [x7→s] ) or SUBS(C ∪ {{x 6= s}}) is satisfiable. The bounded frequency
property holds because of the branching rule. It remains to prove the last property. SPARSIFYε branches on pairs (x, s) with freq(C, x, s) > dKε,d e. There are
at most d · n such pairs. Let n0 be the number of these pairs in C and t(n0 )
be the size of the search tree induced by SPARSIFYε . If we can show that
0
t(n0 ) ≤ d(ε/d)·n , then |L| ≤ dε·n . For n0 ≤ dKε,d e we can assume that t(n0 ) ≤
0
d(ε/d)·n holds. Now assume that the induction hypothesis t(i) ≤ d(ε/d)·i holds for
i ≤ n0 − 1. SPARSIFYε removes either at least 1 or at least dKε,d e pairs according to the two cases of the branching rule. In the first case, SUBS(C ∪ {{x 6= s}})
yields a constraint system in which {x 6= s} occurs once. No superset of {x 6= s}
occurs in SUBS(C ∪ {{x 6= s}}). In the second case, the constraint system C [x7→s]
contains freq(C, x, s) new constraints of size 1 with no superset in SUBS(C [x7→s] ).
Hence t(n0 ) ≤ t(n0 − 1) + t(n0 − dKε,d e) which is by the induction hypothesis at
0
0
0
most d(ε/d)·n −(ε/d) + d(ε/d)·n −(ε/d)·dKε,d e ≤ d(ε/d)·n · (d−(ε/d) + d−(ε/d)·Kε,d ). By
−(ε/d)
−(ε/d)·Kε,d
the definition of Kε,d : d
+d
= 1.
t
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Proof (of Theorem 1). We apply Lemma 2 to a (d, 2)-constraint system C with
fixed ε = γ := c3,2 /(4 log(3)) and get a list L of constraint systems. Every

C 0 ∈ L has maximum frequency Kγ,d · d. Let Kγ := dγ −2 e. Then, Kγ,d ≤ Kγ · d.
2
ln(d)
1
y
Kγ,d ≤ γ −2 d simplifies to y − ln(d)
d
y ≤ ln(e − 1) with y := γ d . Note that
0 < γ ≤ 1/4 by the definition of γ and therefore we can assume 0 < y ≤
The function f (y) := ln(ey − 1) − y +

ln(d)2 1
d
y

takes the minimum in y =

ln(d)
4d .
ln(d)
4d .

The claim follows from f ( ln(d)
4d ) ≥ 0 for all d ≥ 3. To reduce the maximum
2
frequency to 3d , we introduce for every variable x new variables x(1) , ..., x(Kγ ) .
We can express that x(i) has exactly the same value as x(i+1) with at most d2
constraints, namely, with all constraints {x(i) 6= s1 , x(i+1) 6= s2 }, s1 6= s2 . We
add all constraints for 1 ≤ i ≤ Kγ − 1 to C 0 and replace every occurrence of
x in such a way that for all x ∈ Var(C 0 ), s ∈ Dom(C 0 ): freq(C 0 , x, s) ≤ 3d. The
number of variables is at most Kγ · n. Using Corollary 1 we get the relation
cd,2 ≥ blog3 (d)c · c3,2 . Thus
cFQ
d,2,3d2 · Kγ + γ · log(d) ≥ cd,2 ≥ blog3 (d)c · c3,2 ,
and cFQ
t
d,2,3d2 ≥ blog3 (d)c · c3,2 /(2Kγ ). This completes the proof of Theorem 1. u
As a direct consequence we get a lower bound for
ed,k := inf{c : ∃2c·m -randomized algorithm for (d, k)-CSP}
where m is the number of constraints.
Corollary 2. If ETH holds, there exists c > 0 such that for all d ≥ 3: ed,2 ≥
c · log(d)/d2 .
Note that ed,2 ≤ 2 · log(d)/d since we can remove every variable x which
occurs less than d times (because then there is a remaining value we can assign
to x to satisfy every constraint x occurs in). Hence, we may assume |C| ≥ d/2 · n.
Enumerating all possible assignments of the n variables yields the claimed upper
bound.
Lemma 2 and the transformation afterwards give an upper bound of 3d2 on
the variable frequency and actually the bound freq(C, x, s) ≤ 3d. Let px be the
number of possible values of x, that is, d minus the number of constraints of
size 1 in which x occurs. Since we expect in the worst case that px = Ω(d) for
x ∈ V the following result suggests that this upper bound comes
√ close to the
best possible. For example, an improvement of freq(C, x, s) ≤ d seems to be
questionable.
Proposition 1 ([5]). Let C be a (d, 2)-constraint system and define pmin :=
minx∈Var(C) px . Then C is satisfiable, if for all x ∈ Var(C) and s ∈ Dom(C):
freq(C, x, s) ≤ pmin
2 .
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Unique CSP (Theorem 2)

The proof of Theorem 2 consists of four steps. Our goal is to prove the relation


log(dk)
c2,k · blog(d)c ≤ cd,k ≤ cUQ
+
O
(Corollary 3).
d,k
k

Taking the limit k → ∞ proves Theorem 2. In this section we prove the upper
bound on cd,k . The lower bound follows from Corollary 1, Section 3. The first step
in our proof of the upper bound is a generalization of the isolation lemma from
[11]. We generalize this lemma from the boolean to the non-boolean case (Lemma
3). We can however not apply this lemma directly to prove our upper bound. In
a second step, we therefore show how to use it to get an isolation lemma (Lemma
4) which fits our needs. The crucial difference between the isolation lemma from
[11] and Lemma 4 is that we can encode the random linear equations from
Lemma 4 by a (d, k)-constraint system. This is done in the third step (Lemma
5). Finally, we can put it all together (Corollary 3) and prove Theorem 2.
We conclude this section with a remark on our main technical contribution,
Lemma 4.
We start with a generalization of Lemma 1 from [11]. The lemma there states
that if S ⊆ {0, 1}n is non-empty, then the probability that S has a unique
minimum w.r.t. a random weight function is at least 1/2. Our result works for
non-empty S ⊆ {0, ..., d − 1}n .
Lemma 3. Let n, c ∈ N and S ⊆ {0, ..., d − 1}n , S 6= {}. Choose wi , 1 ≤ i ≤ n,
independently and uniformly from P
{1, ..., c}. Define a random weight function
n
w : {0, ..., d − 1}n → N as w : a 7→ i=1 wi · ai . It holds that

d
Pr(S has a unique minimum w.r.t. w) ≥ 1 − n ·
w

2

c

.

Proof. Let 1 ≤ i ≤ n and 0 ≤ l ≤ d − 1. Define Si,l := {a ∈ S : ai = l} and
(
mina∈Si,l w(a) − l · wi if Si,j 6= {}
Mi,l :=
.
0
Denote by Ei the event that ∃0 ≤ j < k ≤ d − 1 : Mi,j + j · wi = Mi,k + k · wi .
For any i it holds that
Pr(Ei ) = Pr(∃0 ≤ j < k ≤ d − 1 : (Mi,j − Mi,k )/(k − j) = wi ) ≤
w
w
 
 
d
d
Pr((Mi,j − Mi,k )/(k − j) = wi ) ≤
/c.
2 w
2
Here, we used the union bound and the fact that
(
1
if (Mi,j − Mi,k )/(k − j) ∈ {1, ..., c}
Pr((Mi,j − Mi,k )/(k − j) = wi ) = c
w
0
(wi is chosen independently of w1 , ..., wi−1 , wi+1 , ..., wn ). Applying the union
bound we get (*)

Pr(∃0 ≤ i ≤ n : Ei ) ≤ n ·

d
2

.
c
Finally, assume that there exist a 6= b ∈ S which take the minimum value w.r.t.
w. Since a 6= b there exists 1 ≤ i ≤ n such that ai 6= bi and Mi,ai + ai · wi =
w


Mi,bi + bi · wi . This can happen with probability at most n · d2 /c because of
(*). Hence,
 the probability that S has a unique minimum w.r.t. w is at least
1 − n · d2 /c.
t
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The random weight function w depends on n variables. This makes it at the
first sight useless for our needs since we can not encode it as a constraint system
in subexponential time. We can however apply it iteratively as we will see in the
proof of the following lemma.
Lemma 4. Let d ≥ 2, k ≥ 1, and S ⊆ {0, ..., d − 1}n be non-empty. There
exists a polynomial time computable set L of d nk e random linear equations, each
depending on at most k variables, such that
Pr(|S ∩ Sold (L)| = 1) ≥ 2−O(n
L

log(dk)
)
k

,

where Sold (L) is the set of solutions of L in {0, ..., d − 1}n .

Proof. We employ Lemma 3. Let c := 2 · d2 · k. Independently and uniformly
choose wi from {1, ..., c} for all i. We define L to be the set of linear equations
(1+j)·k

X

wi · xi = rj

i=1+j·k

Pn
for 0 ≤ j ≤ t − 1 and i=1+t·k wi · xi = rt , where r0 , ..., rt are chosen uniformly
at random from {0, ..., c · (d − 1) · k}.
For simplicity we assume that n is a multiple of k, i.e., there exists i such
that n = ik. We prove by induction over i that the i equations in L have a
unique solution in S with probability at least (2c(d − 1)k + 2)−i . If i = 1,
then the probability that S has a unique minimum w.r.t. w1 , ..., wk is at least
1/2 by Lemma 3 and the probability of guessing the right value r1 is at least
1/(c(d − 1)k + 1); together at least 1/(2c(d − 1)k + 2). Now, assume the induction
hypothesis holds for i − 1. Let S 0 := {an−k+1 ...an : a ∈ S}. The probability
that the corresponding equation in the variables xn−k+1 , ..., xn has a unique
solution in S 0 is at least 1/(2c(d − 1)k + 2). Let an−k+1 ...an be this solution
and S 00 := {b ∈ S : bn−k+1 = an−k+1 , ..., bn = an }. By the induction hypothesis
the probability that the first i − 1 equations have a unique solution in S 00 is at
least (2c(d − 1)k + 2)−i−1 . Since w1 , ..., wn and r0 , ..., ri−1 are chosen uniformly
and independently the overall success probability is at least (2c(d − 1)k + 2)−i .
Hence, PrL (|S ∩ Sold (L)| = 1) is greater or equal than
(2c(d − 1)k + 2)−n/k−1 ≥ (4d3 k 2 )−n/k−1 ≥ 2−O(n

log(dk)
)
k

.
t
u

The next lemma states the simple but important fact that we can encode the
random linear equations from the previous lemma as a (d, k)-constraint system.

Lemma 5. Let C be a constraint system with domain size d over n variables.
There exists a (d, k)-constraint system C 0 over n variables computable in time
dk · poly(|C|) such that if C is satisfiable, then C ∪ C 0 has exactly one satisfying
log(dk)
assignment with probability at least 2−O(n· k ) . Moreover, |C 0 | ≤ dk · (n/k + 1).
Proof. Let L be as in Lemma 4. For every equation in L we can enumerate all
assignments of the k variables in dk steps. Thus, we can encode a single equation
as a (d, k)-constraint system in polynomial time. We define C 0 to be the set of
these at most dk ·(n/k +1) constraints. Now, let S := Sat(C). If C is unsatisfiable,
then C ∪ C 0 is unsatisfiable. Otherwise, S 6= {}. The probability that C ∪ C 0 has
exactly one satisfying assignment is as in Lemma 4.
t
u
We are now at a point where we can prove Theorem 2. It follows from the
following corollary by taking the the limit k → ∞.
Corollary 3. For all d ≥ 2 and k ≥ 2, it holds that c2,k · blog(d)c ≤ cd,k ≤
log(dk)
).
cUQ
d,k + O(
k
Proof. The relation c2,k ·blog(d)c ≤ cd,k follows from Corollary 1. To prove cd,k ≤
O(n·(log(dk)/k))
cUQ
times and test every time
d,k +O(log(dk)/k) we apply Lemma 5 2
0
if C ∪ C is satisfiable using an algorithm A of time complexity 2(cd,k +δ)·n , δ ≥ 0,
for (d, k)-UNIQUE-CSP. If A once accepts, C gets accepted, otherwise rejected.
t
u
In the proof of Lemma 5 we used the fact that we can encode the solutions of
a random linear equation as a constraint system without changing the number of
variables. The opposite is however not true. Therefore we may say that Lemma
4 is stronger than Lemma 5. In particular, if we want to obtain similar relations
as in Corollary 3 for other problems, Lemma 4 is appropriate if the problem at
hand allows a compact encoding of the solutions of a random linear equation.
This is for example the case for Binary Integer Programming. We also remark
here that for the proof of Theorem√ 1 it is not necessary that C 0 has constant
constraint size k. For example, k = n suffices. To give an example of a situation
where it is necessary that C 0 has constant constraint size k we prove Corollary
4.
Corollary 4. ETH holds iff cUQ
3,2 > 0.
Proof. Let C be a (3, 2)-constraint system over n variables and ε > 0. Make
k = k(ε) large enough such that O(log(dk)/k) < ε. Applying Lemma 5 we get a
constraint system C ∪ C 0 . The constraints in C 0 have size at most k and |C 0 | ≤ n ·
(3k +k)/k. By introducing K ≤ n·(3k +k) new variables we can transform C 0 into
a (3, 2)-constraint system C 00 with the same number of satisfying assignments. Set
C 00 to C 0 . Replace every {x1 6= s1 , ..., xl 6= sl } ∈ C 00 with l > 2 by {x1 6= s1 , y 6= 1},
{x2 6= s2 , y 6= 2}, {x3 6= s3 , ..., xl 6= sl , y 6= 3}. Here, y is a new variable not used
before. We add constraints to C 00 which say that x1 6= s1 implies y 6= 2 and that
x1 6= s1 implies y 6= 3. Hence, if the inequality x1 6= s1 is satisfied y is forced to

be 1. The constraints are {x1 6= s11 , y 6= 2}, {x1 6= s21 , y 6= 2}, {x1 6= s11 , y 6= 3}
and {x1 6= s21 , y 6= 3} where {s1 , s11 , s21 } = Dom(C). Next we add constraints
to C 00 which say that x2 6= s2 implies y 6= 3. In the case that the inequality
x1 6= s1 is not satisfied but x2 6= s2 is y is forced to be 2. The constraints are
{x2 6= s12 , y 6= 3}, and {x2 6= s22 , y 6= 3} where {s2 , s12 , s22 } = Dom(C). In the last
case that x1 6= s1 and x2 6= s2 are not satisfied y is forced to be 3. We repeat
this step until every constraint has size at most 2. In every step the size of one
constraint is reduced by one and exactly one variable is used. Hence, we need
K ≤ n · (3k + k) new variables. We conclude that c3,2 ≤ (3k(ε) + k(ε)) · cUQ
3,2 + ε
UQ
for every ε > 0. If c3,2 = 0, then c3,2 ≤ ε for every ε > 0. A contradiction to
ETH.
t
u
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