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Abstra t

Our previous work on statisti al language
modeling introdu ed the use of probabilisti feedforward neural networks to help dealing with the urse of dimensionality. Training this model by maximum likelihood however requires for ea h example to perform as
many network passes as there are words in
the vo abulary. Inspired by the ontrastive
divergen e model, we propose and evaluate
sampling-based methods whi h require network passes only for the observed \positive
example" and a few sampled negative example words. A very signi ant speed-up is
obtained with an adaptive importan e sampling.
1

Introdu tion

In our previous work (Bengio, Du harme and Vin ent,
2002), we have shown that the probability of word sequen es w1 ; w2 ; : : : wT an be eÆ iently represented by
various arti ial neural network ar hite tures, where
eÆ iently refers here to the statisti al sense, meaning
that these models generalize well and have low perplexity (the perplexity is the exponential of the negative average log-likelihood). However they are omputationally mu h more expensive than n-grams, both
for training and for probability omputation. The basi ideas were the following: a neural network represents P (wt jwt 1 ; : : : wt n ), using an intermediate distributed representation for ea h word in the vo abulary (e.g. as a learned real feature ve tor in R30 ). The
probability fun tion depends smoothly on the feature
ve tors of the observed words, thus when one (or more)
word is repla ed by another with a lose feature ve tor,
the output probability does not hange mu h. This is
obtained without lustering, rather by automati ally
learning a notion of similarity between words, simply

through maximum likelihood training of the probability fun tion (by sto hasti gradient des ent on the logarithm of the perplexity). In prin iple, this type of representation (whi h is distributed rather than lo al)
also opens the door to learning dependen ies between
many high-dimensional dis rete obje ts. For example,
the neural network an easily be extended beyond the
usual 2 words of ontexts (up to 8 in our experiments),
without the ensuing over tting typi ally observed with
n-grams.

1.1 Curse of Dimensionality, Distributed
Representation
Asso iating probabilities (or other numbers) with all
the possible ombinations of words (or other highdimensional dis rete obje ts) in one or more senten es
obviously blows up exponentially with the number of
words. This an be avoided with drasti onditional
independen e assumptions, but these prevent us from
apturing some dependen ies that we know to matter. This well-known problem plagues n-grams (Katz,
1987; Jelinek and Mer er, 1980), lexi alized sto hasti grammars (Charniak, 1999; Collins, 1999; Chelba
and Jelinek, 2000), and many other probabilisti models (e.g. graphi al models with dense y les, in general, see (Jordan, 1998)), and it is well des ribed, with
many examples and analyzes, in the book (Manning
and S hutze, 1999). The usual solution is to ombine the model with simpler models, e.g. by deleted
interpolation or by ba king-o to the simpler models
a ording to some threshold rules. This prevents any
observation sequen e from getting a tiny probability,
but this is a a hieved at a high pri e, by distributing
probability mass over vast volumes of data spa e.

1.2 Distributed Representations for
High-Order Dependen ies
The idea of using distributed representations has
been one of the early ontributions of the onne tionist
resear hers of the 80's ( .f. (Hinton, 1986)). The hid-

den units of an arti ial neural network en ode information in a very eÆ ient way; as an example, n binary
neurons an represent 2n di erent obje ts. More importantly, these hidden units an apture the highorder dependen ies that matter most. Consider
for example m binary inputs to a neural network.
There are 2m possible ombinations of these inputs,
and a linear / polynomial model would require O(2m )
free parameters to apture all of them. For binary
inputs, a polynomial estimator is therefore essentially
equivalent to a table of all variable values ombinations. In general, for a polynomial model to apture
all dependen ies of order d (i.e., involving d-tuples of
variables) would require O(md ) parameters. This is a
parti ular ase of the urse of dimensionality. Things
are obviously mu h worse with natural language, in
whi h the \input variables" are not binary but highdimensional obje ts (e.g. words hosen in a vo abulary of size 20,000). Here the advantage of arti ial
neural networks is that a small number H of hidden
units an apture the H most important high-order
dependen ies between the inputs. The number of free
parameters is only O(Hm), yet dependen ies of any
order (between any number of input variables) an be
aptured. The drawba k is that the estimation of the
parameters is mu h more diÆ ult and requires more
omputation be ause the obje tive fun tion is not
onvex and an in fa t be quite omplex. These ideas
have been exploited to learn the probability fun tion of
high-dimensional dis rete data in (Bengio and Bengio,
2000), where omparisons have been made with polynomial learners and table-based graphi al models.
In terms of representation, distributed models (e.g.
neural networks, distributed representation graphi al
models (Saul and Jordan, 1996), or Maximum Entropy models (Berger, Della Pietra and Della Pietra,
1996)) an be exponentially more eÆ ient than \lo alist" models, allowing to onsider many higher-order
dependen ies. However, they are more diÆ ult to optimize, be ause analyti or qui kly onverging algorithms like EM are not appli able, and they may involve expensive omputations, like the omputation of
the partition fun tion in Maximum Entropy models.

1.3 Neural Ar hite ture for Representing
High-Dimensional Distributions
The neural network already des ribed in (Bengio,
Du harme and Vin ent, 2002) has the basi ar hite ture shown in Figure 1.
Many variants are possible, but we formalize one
in parti ular below. The output of the neural network depends on the next word wt and the previous words ht = (wt 1 ; wt 2 ; : : : ; wt n ) as follows.
In the features layer, one maps ea h word wt i in

(wt ; wt 1 ; wt 2 ; : : : ; wt
tinuous subspa e zi :

n)

to a lower-dimensional on-

zi = Cw ; i 2 f0; 1; : : : ; ng;
z = (z0 ; z1 ; : : : ; zn)
t

i

(1)

where Cj is the j -th olumn of the word features
matrix of free parameters. The resulting ve tor z (the
on atenation of the proje tions zi ) is the input ve tor
for the next layer, the hidden layer:

a = tanh(d + W z )

(2)

where d is a ve tor of free parameters (hidden units
biases), W is a matrix of free parameters (hidden layer
weights) and a is a ve tor of hidden units a tivations.
Finally the output is a s alar energy fun tion

E (wt ; ht ) = bw

t

+ Uw

t

 z + Vw  a
t

where b is a ve tor of free parameters ( alled biases),
and U (dire t input to output layer weights) and V
(hidden to output layer weights) are matri es of free
parameters with one olumn Ui or Vi per word.
To obtain onditional probabilities, we normalize the
exponentiated energies:

e E (w ;h )
P (wt jht ) = P
E (w0;h ) :
w0 e
t

t

t

The above neural ar hite ture an be viewed as a speial ase of energy-based probability models of the form

E (y)
E (y0)
y0 e

e
P (Y = y) = P

(3)

or, for onditional probabilities

E (y;x)
E (y0 ;x)
y0 e

e
P (Y = yjX = x) = P

where E () is a parametrized fun tions whi h is low
for plausible on gurations of y (or (y; x)), and high
for improbable ones. In our ase, x = ht is the past
ontext (previous words) and y = wt is the next word.
The diÆ ulty with these energy models is in learning the parameters of the energy fun tion, without an
expli it omputation of the partition fun tion (normalizing denominator, denoted Z below). In general,
the partition fun tion is extremely expensive to ompute (be ause it may involve an exponential number
of terms). However, in the ase of the above language
model, when the model is used to ompute the onditional probability of the next word, the omputation
of the partition fun tion is feasible (only grows linearly
with the vo abulary size) but is still quite expensive.
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Figure 1: Ar hite ture of the neural language model. The rst layer has is linear, with lo al onne tions and
temporally shared parameters (the matrix C whose olumns are word features).
Hinton has proposed the ontrastive divergen e (Hinton, 2002) approa h to approximate the
gradient of the log-likelihood with respe t to these
parameters, in the unsupervised ase, to make learning omputationally feasible. Contrastive Divergen e
is based on a sampling approximation of the loglikelihood gradient,  log P(Y =y) . More generally, the
gradient an be de omposed in two parts: positive reinfor ement for Y = y (the observed
value) and negative reinfor ement for every y0, weighted by P (Y = y0),
as follows (by di erentiating equation 3):

 log P (y)
 E (y) X 0  E (y0 )
=
+
P (y )



y0

(4)

of sampling to approximate the gradient. In this paper, we propose several new variants of that key idea.

1.4 Produ ts vs Sums of Probabilities
Like previous probabilisti models (e.g. weighted averages in the log-domain (Genest and Zide k, 1986;
Heskes, 1998)), the Maximum Entropy model (Berger,
Della Pietra and Della Pietra, 1996) and the neural
models des ribed above, an be interpreted as energybased models that orrespond to normalized produ ts, as in Hinton's Produ ts of Experts (Hinton, 2002)
model:
Q
P (y)
(5)
P (y) = i i

Z

The idea of ontrastive divergen e is to approximate
the average in the right-hand side above by a sample from a single step of a Monte-Carlo Markov Chain
(e.g. Gibbs sampling, for the Produ ts of Experts arhite ture (Hinton, 2002)). The hain is started at y
so that it would onverge to the stationary intra table
distribution P (y 0 ). Unfortunately, this te hnique relies on the parti ular form of the energy fun tion in
the ase of produ ts of experts, whi h lends itself naturally to Gibbs sampling (using the a tivities of the
hidden units as one of the random variables, and the
network input as the other one, see equation 5 below).

where Pi (y ) are individual expert models, and Z is
the partition fun tion. Su h a form is also found in
Maximum entropy statisti al language models (Berger,
Della Pietra and Della Pietra, 1996), in whi h the individual \expert" has the form

Based on the premise that we have at our disposal a
good proposal distribution Q (an approximation of P )
from whi h it is easy to sample, we an take advantage

(with Uiw = i-th element of olumn w of matrix U ),
or
Pi (wjh) = eV a (w;h)

Pi (yjx) = e f (y;x)=Zi :
i i

In the above neural network, instead, we have \experts" of the form

Pi (wjh) = eU

z (w;h)

iw i

iw

i

or

Pi (wjh) = e

bw

(the latter being essentially \unigram" experts).

This type of model an be ontrasted with mixture
models su h as HMMs and many other probabilisti

(EM-trained) models. Comparisons between mixtures
of experts and produ ts of experts have been arried
out in di erent instan es, and they suggest that produ ts of experts an yield signi ant improvements in
terms of out-of-sample likelihood. For example, Foster's experiments (Foster, 2002) onfront head-to-head
a normalized produ t of probabilities (implemented by
a Maximum Entropy model) with a weighted sum of
probabilities. In this ase the appli ation is to statisti al translation; one would like to estimate

P (next translated wordjprevious translated words;sour

e senten e)

in the pro ess of building

P (translated senten ejsour e senten e):
With an additive approa h, one builds a mixture of
P (next translated wordjprevious translated words)
and P (next translated wordjsour e senten e). This
orresponds more to a kind of disjun tion: the probability of the mixture is \not low" if one or the
other omponent is \not low". With a multipli ative
approa h (mu h more omputationally expensive beause of the normalization problem), the two probabilities are multiplied and then normalized. This orresponds more to a kind of onjun tion: the probability of the produ t is \not low" only if both one
and the other omponent are \not low". The results
of this experiment are extremely strong, with a redu tion of perplexity by a fa tor of 2 using the
normalized produ t (Foster, 2002).
Another onvin ing set of omparative results is provided by Charniak's experiments (Charniak, 1999)
with sto hasti grammars. Many omparisons are performed with di erent variants of a lexi alized sto hasti grammar. One of the omparisons involves the
hoi e between a deleted interpolation s heme { a mixture { and a Maximum Entropy s heme { a produ t { in order to ombine several sour es of information ( onditioning events to predi t the rule probability). The performan e measure is average performan e/re all of synta ti stru ture, starting from an
error rate of about 12%. Charniak nds that whereas
the Maximum Entropy s heme yields an absolute improvement of 0.45%, the deleted interpolation in this
ase worsens performan e by 0.6%, an overall di eren e of more than 1%, whi h is quite substantial with
respe t to the 12% error mark.

Why do we observe su h improvements? We onje ture that in high-dimensional spa es, a mixture is generally too wasteful of the probability mass. In the
translation example, it is lear that a onjun tion is
more appropriate than a disjun tion: we want to a ept a translated word if it is both onsistent with the
previously translated words and with the sour e senten e. In general, the produ t gives rise to a sharper
likelihood, whereas a mixture an only dilute the
probability mass. If ea h expert only has part of
the information (e.g. looking only at ertain aspe ts
or ertain variables), then it is more sensible to use
a produ t. The experts in the produ t an be seen
as onstraints to be satis ed. This argument has
been made by Hinton (Hinton, 2002).
2

Sampling Approximations of the
Log-Likelihood Gradient

When the vo abulary size is M , the full omputation
of the log-likelihood gradient essentially involves M
forward ( al ulating E ) and ba kward passes ( al ulating E ) through the neural network (there are a
few omputations that do not need to be re-done, orresponding to the part of W z that depends only on ht ,
see equations 1 and 2).
Again, let ht = (wt 1 ; : : : ; wt n ). With our \energybased" models with output E (),

e E (w ;h )
P (wt jht ) = P
E (w0;h )
w0 e
t

t

t

and the gradient has two parts: positive reinfor ement
for wt and negative reinfor ement for every word i,
weighted by P (ijht ):

 log P (wt jht )
 E (wt ; ht ) X
 E (w0 ; ht )
=
+ P (w0 jht )



w0
(6)

Be ause of the large number of words M in the voabulary, there learly is a huge potential for greater
omputational speed by repla ing the above weighted
average by Monte-Carlo samples. Sin e we are basially training these models by sto hasti or mini-bat h
gradient des ent, we don't need an exa t estimation of
the gradient. An unbiased estimator, as long as it is
not too noisy, might yield training onvergen e about
as fast (noting that the instantaneous gradient is itself
a noisy unbiased estimator of the \ omplete" gradient,
whi h is an average a ross all the data points).
The basi idea of the pro edures that we are exploring here is thus the following: for ea h training example (wt ; ht ), run Algorithm 1 with N samples, where
w  P means sampling w with probability P (w).

Algorithm 1 Monte-Carlo approximation of gradient
Add positive ontribution:  E (w;h )
f N is the number of random samples g
for k 1 to N do
Sample negative example w0  P (jht ) (*)
0
Add negative ontribution: N1  E (w;h )
Update parameters  from sum of above ontributions
t

t

t

The maximum speed-up of the above pro edure is

M=N if there is no redu tion in onvergen e speed
due to a noisier gradient. Sin e M is typi ally several
tens of thousands, and (Hinton, 2002) found N = 1 to

work well for the ontrastive divergen e method, this
is appealing. Unfortunately, we an't a tually perform a ( heap) ordinary Monte-Carlo approximation
0
P
of w0 P (w0 jht )  E (w;h ) be ause we don't know how
to heaply sample from P (w0 jht ) (step (*) above): doing it exa tly would require as mu h work as doing the
full sum itself.
t

Fortunately, in the ase of language modeling, we have
the opportunity to take advantage of approximations
Q of P , from whi h it is easy ( heap) to sample, e.g.
those provided by a unigram or by n-grams in general.
In parti ular, su h an approximation an be used as
a proposal distribution in a Monte-Carlo sampling
algorithm. Several sampling algorithms exist that an
take advantage of a proposal distribution, as long as
P > 0 ) Q > 0.

2.1 Independent Metropolis-Hastings
A Monte-Carlo Markov Chain (MCMC) onverging to
! 1 an be obtained using the Independent Metropolis-Hastings method, shown applied
to our ase in Algorithm 2.

P (jht ) as N

Algorithm 2 Independent Metropolis-Hastings Gradient Approximation
Add positive ontribution:  E (w;h )
t

w wt
k 0
while k < N + Ns do
Sample w0  Q(jht )
E( 0 )
r min(1; ee E( ) QQ((ww0jjhh )) )
with probability r do
k k+1
w w0
if k  N then
w ;ht
w;ht

t

t

When we hoose N small (e.g. 0), we do not wait at
all for the onvergen e of the MCMC. This is following
the intuition of Hinton's ontrastive divergen e (whi h
is based on Gibbs sampling), that a good approximation of the gradient an be obtained after only one
step of the hain, if we start the hain at the observed
input wt . However, be ause of the nature of \word
spa e" and its simple-minded representation here, it
is not lear that the above sampling s heme has mu h
preferen e for \neighboring" words. If on the other
hand we were sampling words based on their ontinuous representation (in the word features C (i)), su h a
s heme be loser in spirit to the ontrastive divergen e
algorithm. But the way to eÆ iently perform su h a
sample is not lear yet.

2.2 Importan e Sampling Approximation
Importan e sampling is a Monte-Carlo s heme whi h
does not involve a Markov Chain; every sample is
an unbiased estimator. It is used when one annot sample from P but has a proposal distribution
Q. WhereasPthe ordinary Monte-Carlo estimator of
EP [g(Y )℄ = y0 P (y0 )g(y0 ) is
1 X

N y0 P

g(y0 )

the orresponding importan e sampling estimator is
obtained by sampling from Q instead of P , and weighing the samples:
1 X
P (y0 )
g(y0 ) 0 :
N y0 Q
Q(y )
It is easy to show that the above is an unbiased estimator of EP [g (Y )℄. Stri tly speaking, we annot use
ordinary unbiased importan e sampling sin e we don't
want to ompute P (y 0 ) exa tly (only up to the normalization onstant Z ). However, we an use an approximate s heme in whi h Z is also estimated. Compared
to the Metropolis method, this has the lear advantage
of not being an MCMC, i.e. we don't need to worry
about onvergen e of the Markov hain.

Z is itself an average (with uniform distribution 1=M ):
X
X
0
0
Z (ht ) = e E (w ;h ) = M (1=M )e E (w ;h )

t

Add negative ontribution:

be ause this is an MCMC, we obtain an unbiased sample only as N ! 1.

t

E

1  (w;ht )
Ns


The rst N samples are used to get the Markov hain
to onverge lose enough to P , while the last Ns samples are used to form the gradient average. Note that

w0

t

w0

so it an be estimated by importan e sampling (proposal distribution = Q to reuse the same samples):

Z^(ht ) =

0
e E (w ;h )
M X
N w0 Q(jh ) MQ(w0 jht )
t

t

0

e E (w ;h )
N w0 Q(jh ) Q(w0 jht )
1

Z^(ht ) =

X

t

t

Using this estimator, we an apply (biased) importan e sampling to the average gradient of the negative
examples:
0
e E (w ;h )  E (w0 ; ht )
N w0 Q(jh ) Q(w0 jht )Z^(ht ) 

1

X

t

Algorithm 4 Adaptive Sample Size Algorithm
f N0 is the starting number of random samples g
N N0
Compute exa t perplexity Clast on a tiny data set
e 1
while e  n do f n is the number of epo hs g
last  f Save parameters g
forea h training pair (wt ; ht ) do

Compute the gradient estimator
using Algorithm 3 with N samples
and update parameters  a ordingly
Compute exa t perplexity C on the tiny data set

t

so the overall gradient estimator for example (wt ; ht ),
using the set J of N samples from Q(jht ) is:
P
0
 E (w 0 ;h )
e E (w ;h ) =Q(w0 jht )
 E (w; ht )
w 0 2J

P
+
E (w0 ;h ) =Q(w0 jht )

w 0 2J e
t

if C > Clast then
N 2N f In rease the number of samples g
 last f Revert to last epo h's version g
else
Clast C
e e+1

t

t

Note that sin e E [A=B ℄ 6= E [A℄=E [B ℄, this is a biased
estimator (the more so for small N ). 1 The pro edure
is summarized in Algorithm 3.

Algorithm 3 Importan e Sampling Gradient Approx-

imation
Add positive ontribution:  E (w;h )
t

ve tor a 0
b 0
repeat N times
Sample w0  Q(jht )
E( 0 )
r eQ(w0 jh )
0
a a + r  E (w;h )
b b+r

t

r

j =1 j

w ;ht

where rj is the importan e sampling ratio for the j -th
sample, rj = P (wj0 )=Q(wj0 ), whi h is estimated here

t

t

Add negative ontribution:

3

a
b

Adapting the Sample Size

Our preliminary experiments with Algorithm 3 showed
that whereas a small sample size was appropriate in
the initial training epo hs, a larger sample size was
ne essary later on to avoid divergen e (in reases in
perplexity). This is probably be ause more pre ision
is required in the gradient as training progresses, although we have yet to determine if this is due to a
too large bias or a too large varian e of the gradient
estimator (in reasing the sample size de reases both).
This has led to an improved algorithm (Algorithm 4),
whi h is the one that gave us the result reported in the
next se tion, and in whi h the number of samples is
gradually in reased a ording to a diagnosti . It uses
Algorithm 3 in the inner loop.
However, the fa t that we use the same sample for
estimating both the numerator and the denominator ertainly does help redu e the bias, be ause the value of ea h
0
e E (w ;ht ) =Q(w0 jht ) will a e t both of them in a similar
way (i.e. small values will redu e both the numerator and
the denominator while large values will in rease both).
1

We are urrently experimenting with a variant of Algorithm 4 in whi h the diagnosti does not require the
exa t omputation of the perplexity on a tiny data set.
Instead one measures the \e e tive sample size" S of
the importan e sampling estimator:
P
rj )2
( N
S = PjN=1 2
E (wj0 ;ht ) =Q(w0 jht )

with rj  P 0 e E ( 0 ) =Q(w0 jh ) , where J is the set
2J
of N words sampled from Q(jht ) and wj0 is the j -th
sampled word in J . The idea is to hoose N so as
to make sure that the e e tive sample size is always
greater than a minimum value N0 .
e

w

4

j

w ;ht

t

Experimental Results

4.1 Metropolis-Hastings
Experiments with the Metropolis-Hastings algorithm
(Algorithm 2) have yielded very poor results. At rst,
the training perplexity de reases; but as soon as the
network's distribution starts to diverge too mu h from
the proposal, perplexity in reases. Sampling more to
wait for onvergen e (i.e. in reasing N ) does not seem
to help, at least for reasonable values of N (e.g. 100,
500, 1000), nor does in reasing Ns . Sampling from another proposal distribution (e.g. interpolated trigram
instead of unigram) yielded even worse results.
We believe that the explanation lies in the MCMC being too far from onvergen e, but we have yet to verify
this experimentally. The results of these experiments
also suggested a very strong sensitivity to the proposal
distribution.

4.2 Importan e sampling
The importan e sampling algorithm has been mu h
more su essful. We provide results of an experiment
in whi h we ompare a model trained with the exa t
and omplete gradient (i.e. iterating through all the
M words in the vo abulary) and a model trained with
importan e sampling (Algorithm 4).
Both models were trained on the Brown orpus, with
the same data prepro essing as in (Bengio, Du harme
and Vin ent, 2002). The most important step is the
merging of rare words into a single token, to yield M =
16383 words in the vo abulary. We used the same
800,000 training examples and the test set of 181,041
examples (the validation set was not used to perform
early stopping, instead a xed number of iterations
were run).
The two models had 80 hidden units (dimension of ve tor a of hidden unit a tivations in equation 2), 30 features per word (number of rows of matrix C ), and the
output weights V are ontrolled by the target word wt .
On the other hand the U matrix (dire t onne tions
from features layer to output layer) was not used (i.e.
set to 0), sin e it did not improve performan e (see the
results on various ar hite tures des ribed in (Bengio,
Du harme and Vin ent, 2002)). The number of words
of ontext was n = 3. For Algorithm 4 the initial sampling size is N0 = 100. The unigram is used proposal
distribution. Preliminary experiments with the higher
order n-grams did not help, nor did adaptive mixtures
of unigram and interpolated trigram (so as to mat h
the neural network's perplexity).
The tiny data set used in Algorithm 4 to he k perplexity was a set of 1000 examples randomly taken from
the training set. This estimated training perplexity
was re al ulated after ea h bat h of 200,000 examples.
We ran both algorithms for 8 full epo hs (full passes
over all of the 800,000 examples of the training set).
The train and test perplexities were approximately the
same for both models: about 214 on the training set
and 278 on the test set.
However, we a hieved a 15-fold speed-up with importan e sampling, bringing the training time from
several days down to a few hours. Note that the
deleted interpolation trigram gives a perplexity of 336
on that same test data, and that further signi ant
improvements in perplexity an be obtained by simple averaging of the trigram and the neural network
(e.g. down to 265 in (Bengio, Du harme and Vin ent,
2002)).
Only one problem remains: the minimum sampling
size needed to avoid divergen e starts very small (100)
and rapidly in reases. At the end of training, we need

to sample over 3000 examples. Future work should determine if this algorithm s ales to mu h larger training
sets.
5

Future Work

Better results (i.e. requiring a smaller sampling size)
might be obtained with a more appropriate proposal
distribution. Surprisingly, the unigram worked mu h
better than the interpolated bigram or interpolated
trigram as a proposal distribution in our experiments.
At the beginning of training, it is natural to sample
from the unigram, the network's distribution being
very lose to it; however, ontrary to our expe tations,
we dis overed that swit hing to a bigram or trigram
later, even smoothly, a tually worsens the training, requiring a mu h larger sampling size than for the unigram to lower the perplexity.
One way to make our proposal distribution Q better
would be to make it a better approximation of P . A
possibly even better approa h is to strive toward the
minimum varian e estimator.
In the dis rete ase, it is well known that the minimum varian e proposal distribution for importan e
sampling, trying to estimate the s alar EP [g (Y )℄, is
P (y)jg(y)j
P
0
0
y 0 P (y )jg (y )j
However, we are averaging a ve tor and we want to use
a ommon proposal distribution for all the elements of
the ve tor. In that ase it is easy to show that the
minimum varian e proposal distribution is
P (y)kg(y)k
P
0
0 :
y 0 P (y )kg (y )k

where jjg (y )jj is the L2 norm of ve tor g (y ). This is obtained by writing the varian e of the importan e sampling
adding a Lagrangian for the onstraint
P estimator,
0 ) = 1, and solving for the zero derivative with
Q
(
y
0
y
respe t to Q(y ).

Let us therefore onsider how we ould approximate
a minimum varian e proposal distribution, e.g. using
a bigram estimator B (wt jwt 1 ) that depends only on
the previous word (the rest of the ontext is dropped).

Let W = fsampled negative examples at tg [ fwt g,
where
ontext ht = (wt 1 ; wt 2 ; : : :). Let b =
P
w0 jwt 1 ) be the total B mass of those words
w 0 2W B (P
0
and y = w0 2W e E (w ;h ) their neural network total unweighted probability. We propose the following adaptive reweighting of the bigram probabilities
B (w0 jwt 1 ) to tra k P (w0 jwt 1 ), as follows:
t

B (w0 jwt )

B (w0 jwt )+(1

0
 E (w0 ; ht ) e E (w ;h )b
)

y
t

doing this 8w0 2 W . The idea is to redistribute probability mass between the sampled words so that for
B their relative probability within W agrees with the
E( )
ideal proposal distribution, i.e. B (ibjw )  e y .
Here plays the role of a \learning rate" to average
over di erent ht sharing the same wt 1 , and to keep
adapting B as parameters hange.
t

i;ht

For saving on storage, the entries for very rare
(wt ; wt 1 ) pairs (e.g. not appearing in the data) might
not be stored in B . For these one ould just ba k-o
to the unigram as the proposal distribution.

6

Con lusion

This paper has argued for distributed representations
to model high-dimensional dependen ies in statisti al
language modeling, and presented a new learning te hnique for arbitrary energy-based models based on importan e sampling. This te hnique avoids the ostly
exa t gradient omputation that involves omputations proportional to the vo abulary size ea h time an
example is presented.
The basi idea here is that the total gradient is de omposed in two parts: a \positive" ontribution due to
the observed example, and a \negative" ontribution
due to all the other examples (be ause of the partition
fun tion), weighted by their probability. A MonteCarlo s heme approximates this weighted average with
only a few samples, thereby resulting in a noisier estimate of the gradient. However, in the ontext of
sto hasti gradient des ent, whi h already uses a noisy
but unbiased estimator of the gradient, it is possible
to take advantage of this method. In experiments on
the Brown orpus, the proposed adaptive importan e
sampling s heme gave a 15-fold speedup over ordinary gradient omputation, yielding a network with as
good training and test performan e as the full-gradient
model, and thus beating the interpolated trigram test
performan e.
More work is required to further our understanding
of the reasons why some sampling s hemes work and
others don't, how to adapt the number of samples,
and how to adapt the proposal distribution, but the
proposed algorithm is already very useful.
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