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Abstra t
Cox's Theorem provides a theoreti al basis for using probability theory as a general
logi of plausible inferen e. The theorem states that any system for plausible reasoning that satis es ertain qualitative requirements intended to ensure onsisten y
with lassi al dedu tive logi and orresponden e with ommonsense reasoning is
isomorphi to probability theory. However, the requirements used to obtain this
result have been the subje t of mu h debate. We review Cox's Theorem, dis ussing
its requirements, the intuition and reasoning behind these, and the most important
obje tions, and nish with an abbreviated proof of the theorem.
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1 Introdu tion

In 1946, R. T. Cox wrote a paper [1℄ dis ussing systems for plausible reasoning,
that is, reasoning about degrees of plausibility, belief, on den e, or redibility. He proposed a handful of intuitively-appealing, qualitative requirements
on systems of plausible reasoning, and showed that only those systems isomorphi to probability theory satisfy the requirements. Over the years Cox's
arguments have been re ned by others [2{5℄, making expli it some requirements that were only impli it in Cox's original presentation, and repla ing
some of the requirements with slightly less demanding (and hen e less disputable) assumptions than those used in Cox's original proof. We apply the
name \Cox's Theorem" to all of these variants.
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Orthodox statisti s views probabilities only as long-run frequen ies of repeatable events [6℄, in ontrast to Bayesian theory, in whi h probabilities may
des ribe degrees of belief [7℄ or states of partial knowledge [8℄ (and hen e may
be applied even to non-repeatable events). From the orthodox, frequentist
standpoint, Bayesians may seem to be misapplying probability theory|after
all, why should one expe t rules for manipulating relative frequen ies to be at
all appropriate for manipulating degrees of plausibility? Cox's Theorem answers this obje tion: the rules of probability theory need not be derived from
a de nition of probabilities as relative frequen ies, but also follow from ertain
properties one might desire of any system of plausible reasoning.
This paper may be thought of as a tutorial guide to Cox's Theorem. In order to
understand the signi an e, appli ability, and limitations of Cox's Theorem,
one must know exa tly what requirements are used to obtain the result; thus,
we follow Paris's lead [4℄ in arefully and expli itly laying out the requirements
we use. We go further and devote a major portion of this paper to dis ussing
why one might nd the requirements to be reasonable or desirable, and disussing the most signi ant obje tions to these requirements. We then give
an abbreviated proof of Cox's Theorem from our requirements. We omit the
proofs of solutions to fun tional equations, instead merely referen ing where
these may be found in the literature; the emphasis is on how our requirements
lead to these equations.
In ontrast to previous treatments of Cox's Theorem, but following ommon
working pra ti e among Bayesians, we ondition the plausibility of a proposition on a state of information, rather than on another proposition. This is
important in motivating the universality requirement of Se tion 7.
2 Degrees of plausibility vs. degrees of truth

Our goal is to develop a system of plausible reasoning that extends lassial dedu tive logi |in parti ular, the propositional al ulus|to deal with
propositions that we annot on lusively prove true nor false. Instead of simply giving up in su h ases and providing no information at all about the truth
of the proposition, our logi should allow us to ompute a degree of plausibility for the proposition. Su h plausible reasoning onstitutes the vast majority
of the reasoning that we as humans do, sin e outside of mathemati s there is
little that we an de lare true or false with omplete ertainty.
We stress that we are on erned with degrees of plausibility, as opposed to
degrees of truth. Fuzzy logi [9℄ (with the ex eption of possibility theory [10℄)
and various other multivalued logi s deal with the latter, and hen e have aims
distin t from ours. Failure to distinguish these distin t on epts has in the
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past led to unne essary ontroversy [11℄. On this issue, Dubois and Prade [12℄
write:
\. . . [name omitted℄ fails to understand the important distin tion between
two totally di erent problems. . . These are the handling of gradual (thus
non-Boolean) properties whose satisfa tion is a matter of degree (even when
information is omplete) on the one hand, and the handling of un ertainty
being indu ed by in omplete states of knowledge. . .
\Very often, dis ussions about fuzzy expert systems or un ertain knowledge base systems get onfused be ause of a la k of distin tion between
degrees of truth and degrees of un ertainty. . . This distin tion was made by
one of the founders of subje tive probability theory|De Finetti|but with
few ex eptions (in luding ourselves) it has been quite forgotten by the AI
ommunity in general."
As an example, one's on den e in the statement P (\Jim is over six feet tall"),
after seeing Jim sitting at a table, is a degree of plausibility. In ontrast, the
statement Q (\Jim is tall") may be somewhat true (if Jim measures ve feet
eleven in hes) or entirely true (if Jim measure seven feet even).
Our logi shall be restri ted to statements su h as P , whi h are either true
or false, although we may not know whi h. This does not leave us utterly
in apable of dealing with statements su h as Q. In some ases, we may take
statements involving fuzzy on epts (e.g., \Jim has a beard") and, as an engineering approximation, treat them as either entirely true or entirely false.
A more general approa h is to re ognize that su h fuzzy statements usually
arise as human utteran es, and to turn them into propositions by stating that
someone uttered them. For example, we may apply plausible reasoning to the
proposition Q0 (\Mary said that Jim is tall") or Q00 (\I was told that Jim
is tall"), rather than to Q itself, with the goal of deriving the plausibility of
another proposition su h as P .

3 Preliminary de nitions

Before pro eeding, let us review some notions from the propositional al ulus
and provide basi de nitions we use throughout this paper. A proposition is an
unambiguous statement that is either true or false. A ompound proposition is
onstru ted from other propositions using the unary operator : (negation) or
any of the binary operators ^ (and), _ (or), ) (implies), or , (equivalen e).
All other propositions are atomi propositions: they annot be de omposed
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into other propositions. 1
De nition 1 A state of information X summarizes the information we have
about some set of atomi propositions A, alled the basis of X , and their
relationships to ea h other. The domain of X is the logi al losure of A, that
is, the union of A and all ompound propositions that involve only atomi
propositions from A.

A state of information is not restri ted to ontaining only dedu tive information; it an also ontain soft information that says nothing with ertainty,
but still a e ts one's assignment of plausibilities. We do not at this point pin
down exa tly what states of information are in a formal sense, but we shall
hara terize them axiomati ally.
De nition 2 If X is a state of information and A is a proposition in the
domain of X , we write (A j X ) for the plausibility we assign to A given the
information in X . We write A; X for the state of information obtained from
X by adding the additional information that A is true.

Although our notation is reminis ent of the notation of probability theory,
please keep in mind that we are not introdu ing probability theory at this
point. Note also one di eren e between the plausibility (A j X ) and a onditional probability P (A j B ) from lassi al, frequentist probability theory: B is
a proposition, while X is a state of information. The omma notation allows
us to write things like (A j B; X ), that is, \the plausibility of A given both X
and that B is true."
In the sequel we assume that X is a state of information and that A, B , C
and D are propositions in the domain of X .
4 Representation of plausibility
R1 (A j X ), the plausibility A given X , is a single real number. There exists
a real number T su h that (A j X )  T for every X and A.

Sin e we use real numbers to measure everything from time and distan e
to temperature|indeed, to measure any sort of magnitude|it seems quite
reasonable to measure degrees of plausibility this way. At this point the only
meaning we an assign to these numbers is that higher numbers indi ate higher
degrees of plausibility, with T being the plausibility of a known true proposition. One might want to represent truth by +1, or falsity by 1, but
Atomi propositions may still have some internal stru ture. For example, we might
wish to onsider the atomi proposition x = e for any numeri expression e.
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any su h representation of plausibilities an be mapped into a nite interval of the real number line via a ontinuous, stri tly in reasing, invertible
transformation|for example, f (x) = ar tan(x).
We must mention, however, that R1 is not without ontroversy. In fa t, it is
arguably the most fundamental distin tion between the Bayesian and other
approa hes to plausible reasoning.
By representing plausibilities with a single real number we impli itly assume
that the plausibilities of any two propositions are omparable. That is, given
any two propositions A and B and a state of information X , either A and B are
equally plausible, or one is more plausible than the other. Some onsider this
assumption of universal omparability unwarranted, and have explored weaker
assumptions. Fine [13℄ gives one summary of approa hes that do away with
universal omparability, whereas Jaynes [8, Appendix A℄ argues for universal
omparability on pragmati grounds.
The most ommon obje tion to universal omparability is a more fundamental obje tion to representing one's degree of ertainty or belief in a proposition with a single value. In parti ular, two popular approa hes to plausible
inferen e|belief fun tion theories [14,15℄ and possibility theory [10℄|are twodimensional theories in whi h one's ertainty in a proposition is represented
by a pair of numbers. Su h theories unavoidably la k universal omparability.
With regard to belief-fun tion theory, Shafer [14, p. 42℄ writes:
\One's beliefs about a proposition A are not fully des ribed by one's degree
of belief Bel(A), for Bel(A) does not reveal to what extent one doubts A|
i.e., to what extent one believes its negation A. A fuller des ription onsists
of the degree of belief Bel(A) together with the degree of doubt Dou(A) =
Bel(A)."
Des ribing possibility theory, Dubois and Prade [10, p. 11℄ likewise write:
\The possibility (or ne essity) of an event, and that of the ontrary event,
are but weakly linked; in parti ular, in order to hara terize the un ertainty
of an event A one needs both of the numbers (A) and N (A)."
One motivation for using a two-dimensional theory is the on ern that a
one-dimensional theory annot adequately represent ignoran e. Belief-fun tion
theories allow one to represent ignoran e by allowing one to express a degree
of belief that some one out of a set of possibilities is true, without requiring
one to subdivide this into assignments of belief to the individual possibilities.
Regarding the representation of ignoran e with probabilities, Shafer [14, p. 23,
24℄ writes:
\Are there or are there not living beings in orbit around the star Sirius?
5

Some s ientists may have eviden e on this question, but most of us will
profess omplete ignoran e about it. So if 1 denotes the possibility that
there is su h life and 2 denotes the possibility that there is not, we will
adopt the va uous belief fun tion over the set of possibilities  = f1 ; 2 g.
\We an also onsider the question in the ontext of a more re ned set
of possibilities. We might, for example, raise the question of whether there
even exist planets around Sirius. We would then have a set of possibilities
= f1; 2; 3g, say, where 1 orresponds to the possibility that there is
life around Sirius, 2 orresponds to the possibility that there are planets
but no life, and 3 orresponds to the possibility that there are not even
planets. . . "
Shafer then points out that if one tries to represent ignoran e about the question by assigning equal probabilities to all the possibilities, one runs into an
in onsisten y: the probability of the proposition A that there are living beings
in orbit around Sirius di ers depending on whether one examines the set of
possibilities  or the more re ned set of possibilities .
One response to su h on erns is that, in pra ti e, one is never ompletely
ignorant. One generally has at least some weak information about the propositions of interest. Still, the notion of omplete ignoran e is useful as a limiting
ase, and as an approximation when the available information is so weak as
to not be worth the e ort of in luding it in one's analysis.
A better response is that \ omplete ignoran e" is a slippery on ept, and
we need to be areful to state exa tly wherein our ignoran e lies. Returning
to Shafer's example, the set of possibilities , and the assignment of equal
probabilities to these, orresponds to a state of information wherein we are
ompletely ignorant of any fa tors relevant to A. But the very a t of in luding
1 instead of 10 (life and one or more planets) and 100 (life but no planets)
in the set of possibilities reveals that we are not ompletely ignorant|we
are, in fa t, aware that A annot be true unless there are one or more planets
in orbit about Sirius. Assignment of equal probabilities to the elements of
orresponds to a state of information wherein we know that planets are
ne essary for life, but that is all we know. There is no in onsisten y in arriving
at di erent probabilities for A when using the two di erent sets of possibilities,
as they represent di erent states of information. 2
Can a one-dimensional theory adequately represent ignoran e? A reasonable
dis ussion of this question would take us well beyond the s ope of this paper, but we an make a few omments. Bayesians have not ignored this issue.
Jaynes suggests treating ea h aspe t of one's ignoran e as de ning a transformation of the problem that leaves one's state of information invariant, and
We believe this response to Shafer originated with E. T. Jaynes, but we have been
unable to tra k down a spe i referen e.
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using this to derive a probability distribution representing ignoran e [16,17℄.
Though quite elegant, this approa h does not always yield a unique solution:
too few transformations an yield multiple andidate distributions, and too
many an leave no solution at all. Kass and Wasserman have written a useful
review of te hniques for onstru ting probability distributions representing ignoran e [18℄. Their paper illustrates a diÆ ulty Bayesians fa e in representing
ignoran e: there are too many hoi es available, as the issue is not suÆ iently
resolved to allow widespread agreement on the proper solution. On the other
hand, the rapidly growing use of Bayesian methods by working s ientists [19℄
suggests that the issue need not be a serious stumbling blo k in pra ti e.
Another motivation for two-dimensional theories has been the per eption that
proper appli ation of Bayesian methods requires knowledge of the \true" probabilities, whi h are viewed as physi al properties. This an lead to theories in
whi h one represents un ertainty as a onvex set of probability distributions
[20℄. Jaynes dismisses su h on erns about \true," physi al probabilities as
examples of the \Mind Proje tion Falla y" [21℄, yet even the Jaynesian viewpoint admits ertain states of information that are mathemati ally equivalent
to being un ertain about some \physi al" probability. 3 Bayesians deal with
un ertain \physi al" probabilities by reasoning about the probabilities of various physi al probability values. This brings us ba k to the previous on ern,
representation of ignoran e, and hen e this se ond motivation for onsidering
a two-dimensional theory redu es to the rst.
We lose our dis ussion of R1 with one nal, pragmati argument in its favor: it
is the simplest alternative available. Two-dimensional theories are unavoidably
more omplex, and in appli ations to de ision-making under un ertainty they
la k the simple (and widely used) prin iple of maximizing expe ted utility.
Thus, R1 seems a desirable property for a system of plausible inferen e to
have, as long as it does not lead to an unsatisfa tory theory.
5 Compatibility with the propositional al ulus
De nition 3 We say that A is equivalent to B if (A , B ) is a tautology. 4
Consider repeated draws, with repla ement, from an urn full of bla k balls and
white balls, with the urn thoroughly shaken between draws. Detailed information
on the initial positions of the balls and on the shaking and drawing pro ess would
allow us to predi t ea h draw with ertainty, but in the absen e of su h information
the fra tion of white balls determines the probability of drawing a white ball on
ea h turn.
4 A proposition that is true regardless of the truth or falsity of its atomi propositions, e.g., (C
C ).
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De nition 4 We say that X is onsistent if there is no proposition A for
whi h both (A j X ) = T and (:A j X ) = T.

A state of information is onsistent if it doesn't assert the truth of two ontradi tory propositions. :A; A; X is an example of an in onsistent state of
information.
R2 Plausibility assignments are ompatible with the propositional al ulus:
(1)
(2)
(3)
(4)

If A is equivalent to A0 then (A j X ) = (A0 j X ).
If A is a tautology then (A j X ) = T.
(A j B; C; X ) = (A j (B ^ C ); X ).
If X is onsistent and (:A j X ) < T, then A; X is also onsistent.

Let's onsider why one might desire ea h of the above requirements in turn:
(1) If A and B are equivalent, we should be able to use them inter hangeably. 5
(2) In a ordan e with the propositional al ulus, any tautology is known
true, hen e our plausibility assignment should re e t this.
(3) If we know that B is true, and we also know that C is true, then we know
that B ^ C is true. Likewise, if we know that B ^ C is true, we know that
B and C individually are true.
(4) If we an't say with ertainty that :A is true, then there remains a
possibility that A is true, thus A must not ontradi t the information we
have.
Paris's treatment of Cox's Theorem has no equivalent to the last two requirements above. This is be ause he does not make states of information expli it.
What we write as (A j B; X ), Paris writes as Bel(A j B ), with X impli it.
What we write as (A j X ), Paris would write as Bel(A j B ) for some tautology B . We have hosen to make states of information expli it and axiomatize
them, as this helps to make lear the rationale for the universality requirement
we give below. Furthermore, making states of information expli it is of great
pra ti al use in avoiding errors arising from unwitting use of di erent states
of information in di erent parts of an analysis.
6 Negation
R3 There exists a nonin reasing fun tion S0 su h that (:A j X ) = S0 (A j X )
for all A and onsistent X .
Re all that equivalen e here means only that (A
de idable question.
5
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, B) is a tautology, whi h is a

A and :A are just

ip sides of the same question. For the propositional alulus, there is a simple fun tional relation between the truth values of A and
:A: if we know that one is true, then we know that the other is false. Thus it
may seem natural to extend this to a fun tional relation between (A j X ) and
(:A j X ).
If, to the ontrary, we allow (A j X ) and (:A j X ) to vary independently of
ea h other, then we e e tively have a two-dimensional theory, as we need two
numbers to ompletely hara terize our un ertainty about A [14, p. 42℄[10,
p. 11℄. Thus we see that R3 goes hand in hand with R1 [22℄, and all of the
arguments we have presented for or against the latter also apply to the former.
R3 also states that S0 is nonin reasing, i.e., if (A j X ) < (A j Y ) then
S0 (A j X )  S0 (A j Y ). This just states that if we be ome more ertain
that A is true (our state of information hanges from X to Y ), we should not
also be ome more ertain that A is false. We note that Cox's original proof
has no expli it requirement that S0 be nonin reasing, instead requiring that
it be twi e di erentiable 6 ; however, a lose examination of the appendix of
Cox's paper reveals that his proof impli itly requires S0 to be either stri tly
in reasing or stri tly de reasing (S00 (x) 6= 0).
The following are immediate onsequen es of these rst requirements:
Proposition 1 De ne F = S0 (T). Then F  (A j X )  T for all A and
onsistent X .

Proof. (A j X ) = S0 (:A j X )  S0 (T). 2
Proposition 2 If X is onsistent and x = (A j X ) then x = S0 (S0 (x)).
Proof. x = (::A j X ) = S0 (S0 (A j X )). 2

7 Universality
R4 There exists a nonempty set of real numbers P0 with the following two
properties:

 P0 is a dense subset of (F; T). That is, for every pair of real numbers a; b

: j

A tually, instead of our S0 Cox postulates a fun tion s su h that w( A X ) =
s(w(A X )) (we de ne w in Se tion 10). Given our requirements w is ontinuous
and stri tly in reasing, so the two approa hes are equivalent, but the distin tion
be omes important if we relax the stri tness requirement on F of Se tion 10 [23℄.
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su h that F  a < b  T, there exists some 2 P0 su h that a < < b.
For every y1 ; y2 ; y3 2 P0 there exists some onsistent X with a basis of at
least three atomi propositions| all them A1 , A2 and A3 |su h that (A1 j
X ) = y1 , (A2 j A1 ; X ) = y2 and (A3 j A2 ; A1 ; X ) = y3 .

To understand the motivation for R4, re all the purpose of this enterprise:
to onstru t a universal system or logi of plausible reasoning, intended as
an extension of the propositional al ulus. Sin e the propositional al ulus is
appli able to any problem domain for whi h we an formulate useful propositions, the same should be true for our logi of plausible reasoning; in parti ular,
the least we an ask is that our logi of plausible reasoning be apable of handling a ase where we have three ompletely unrelated atomi propositions
with arbitrary plausibilities.
R4 requires a bit less than that. First of all, we do not require our logi to
handle ompletely arbitrary plausibilities. We allow for the possibility that
ertain real numbers in the range [F; T℄ simply aren't allowed as plausibilities.
For example, we ould restri t ourselves to rational values. However, we do
require that the set P0 of allowed plausibility values be dense. We want our
theory to have no holes, no entire intervals of forbidden plausibility values, as
this would unduly restri t its appli ability.
Se ondly, if the propositions A are ompletely unrelated, then knowing that
one of the propositions is true should not hange the plausibility of the others;
that is, we would expe t that (A2 j A1 ; X ) = (A2 j X ), (A3 j A2; A1 ; X ) =
(A3 j A1; X ) = (A3 j X ), et . We have not required this, but R4 is onsistent
with su h an interpretation, for it is satis ed by rst hoosing arbitrary values
for the various (A j X ), then using the above equalities.
i

i

R4 is not without ontroversy. Paris [4℄ highlights its ru ial importan e in
his proof of Cox's Theorem, and Halpern [24℄ shows that omitting R4 allows
one to onstru t an expli it ounterexample to Cox's Theorem. Halpern goes
further to argue that R4 is unreasonable for nite domains (those with only
a nite set of atomi propositions). Following Cox, Halpern onditions on
propositions rather than states of information, and he writes W for the set of
pairs of propositions (A; B ) ( orresponding to plausibility expression (A j B ))
onstru ted from the set of atomi propositions, with equivalent propositions
onsidered equal. He writes [25℄:
\The problemati assumption here is [R4℄. . . [T℄o satisfy [R4℄, W must
be in nite; [R4℄ annot be satis ed in nite domains. While `natural' and
`reasonable' are, of ourse, in the eye of the beholder, it does not strike me
as a natural or reasonable assumption in any obvious sense of the words.
This is parti ularly true sin e many domains of interest in AI (and other
appli ation areas) are nite; any version of Cox's Theorem that uses [R4℄ is
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simply not appli able in these domains."
Halpern does mention that one might require R4 be ause one desires a set
of rules that apply to arbitrary domains, but then dismisses this motivation
be ause it \does not allow a notion of belief that has only nitely many gradations" [24,25℄. (Why one might desire to have only nitely many gradations
he does not say.) One may argue to the ontrary that any logi of plausible
reasoning appli able to only a single domain is of little value. We (humanity)
would have found it diÆ ult to make any signi ant progress in mathemati s if
we had been required to ome up with new rules of logi for every new domain
we wished to investigate. It is the very fa t that we have identi ed widelyappli able rules of logi , to be used in nearly every domain 7 , that allows us
to reason with on den e when entering new on eptual territory.
Still, let us onsider doing as Halpern proposes, and restri t ourselves to one
nite set of atomi propositions A used in one problem domain. Halpern notes
that W is then nite, and hen e the set of plausibility values (A j B ) is also
nite; but the traditional notation (A j B ), with A and B both propositions,
hides a dependen e on one's prior state of information X . Using the notation
of this paper, the set of possible plausibility values are all values (A j B; X ),
where X may range over any allowed state of information whose basis is A.
Thus, the set of possible plausibility values is nite only if, in addition to restri ting ourselves to a single, nite problem domain, we also restri t ourselves
to a nite set of possible states of information for that problem domain.
Snow [28℄ argues against su h a restri tion and for in nite gradations of plausibility within even a single, nite domain:
\It often happens that senten es of interest in lude some that des ribe
events for whi h there is an `obje tive' probability. . .
\The sour e of an obje tive rational measure of belief is external to the
ognitive apparatus of the believer. Its value is determined by the vagaries of
the real world or by some idealized model of that world. There is no way to
tell in advan e just whi h values might arise, and ea h value may be graduated with arbitrary pre ision. Any su h value an simply be adopted by the
believer without re ourse to unboundedly pre ise dis rimination between
a e tive states related to redibility. . . "
For example, onsider the proposition A that a parti ular atom of a radioa tive
isotope will de ay within a parti ular time period. The plausibility that we
assign A will depend on what we determine the half-life of the isotope to be,
and has a ontinuum of potential values before the measurement is made.
The predi ate al ulus (plus the axioms of set theory) seems to be adequate
for almost all of mathemati s and s ien e. Many feel it is inadequate for ertain
domains, however, and have proposed various alternatives [26,27℄.
7
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Let's examine a variant of an example that Snow gives, illustrating a ontinuum of plausibility values arising from di erent states of information for the
same problem domain, but not relying on any notion of \physi al" probabilities. Suppose we have a problem in a nite domain involving a proposition
B whose meaning is \point p lies on the verti al leg of right triangle T ." Let
X (x; y ) denote a state of information in whi h the only thing we know about
the lo ation of p is that it lies on the perimeter of T , whi h has width x and
height y. It seems reasonable to assign (B j X (x; y)) a value near F if y  x,
a value near T if y  x, and that (A j X (x; y)) should in rease smoothly as
y=x in reases from 0 to in nity.
Arnborg and Sjodin have investigated an alternative form of Cox's Theorem
that does not rely on universality, but instead uses notions of non-informative
re nability and information independen e for nite domains [29,30℄. Other
di eren es in lude repla ing R3 with a requirement that (A _ B j X ), where A
and B are ex lusive, be a stri tly in reasing fun tion of (A j X ) and (B j X ).
One trivial onsequen e of adding R4 is that our logi does not ollapse to a
single possible plausibility value:
Proposition 3 F < T.
Proof. Follows from the fa

t that P0 is nonempty. 2

8 Properties of S0

Our requirements to this point imply some additional properties for the fun tion S0.
Lemma 4 There exists a ontinuous, stri tly de reasing fun tion S1 : [F; T℄ !
[F; T℄ su h that S1 (A j X ) = S0(A j X ) = (:A j X ) for all A and onsistent
X.

Proof. Let P1 be the set of all possible plausibility values (A j X ), where X
is onsistent, and restri t the domain of S0 to P1 . If x1 ; x2 2 P1 and S0(x1 ) =
S0 (x2 ) = y , then x1 = S0 (y ) = x2 ; hen e S0 is one-to-one, and therefore
stri tly de reasing. Proposition 2 tells us that P1 is the range of S0; ombined
with the fa ts that P1 is a dense subset of [F; T℄ and S0 is nonin reasing, this
implies that S0 is ontinuous (any dis ontinuity would produ e a gap in the
range of S0.) The lemma is then proved by de ning S1 (x) = lim ! S0(y). 2
y

x

Paris [4℄ shows that, if we strengthen R4 to require that P0 = [F; T℄, then we
an dispense with the requirement that S0 be nonin reasing, as we an derive
12

this property from the other requirements.
9 Conjun tion
R5 There exists a ontinuous fun tion F : [F; T℄2 ! [F; T℄, stri tly in reasing
in both arguments on (F; T℄2 , su h that (A ^ B j X ) = F ((A j B; X ); (B j X ))
for any A, B and onsistent X .

Let's rst examine why it might be reasonable to require (A ^ B j X ) to
be a fun tion of (B j X ) and (A j B; X ) only. The obvious andidates on
whi h (A ^ B j X ) might depend are (A j X ), (B j X ), (A j B; X ), and
(B j A; X ). There are fteen di erent subsets of these four values from whi h
we might ompute (A ^ B j X ); however, A ^ B is equivalent to B ^ A, and
this symmetry redu es the number of distin t andidates to nine. In a similar
fashion as Tribus [5℄, we try to rule out as many of these nine andidates as
we an:
(1) (A ^ B j X ) = F (A j X ). Suppose that A is a tautology and B any
atomi proposition. Then A ^ B is equivalent to B , and (A j X ) = T, so
F (T) = (B j X ). But we an hoose X so as to make (B j X ) be any
desired value in the in nite set P0, so we have a ontradi tion.
(2) (A ^ B j X ) = F (A j B; X ). Suppose that A and B are the same atomi
proposition. Then (A ^ B j X ) = (A j X ) and ommon sense di tates
that (A j B; X ) = T, hen e F (T) = (A j X ), yielding a ontradi tion.
(3) (A ^ B j X ) = F ((A j X ); (A j B; X )). Suppose that A is a tautology
and B any atomi proposition. Then F (T; T) = (B j X ), yielding a
ontradi tion.
(4) (A ^ B j X ) = F ((A j B; X ); (B j A; X )). Suppose that A and B are the
same atomi proposition. Common sense di tates that (A j B; X ) = (B j
A; X ) = T, so F (T; T) = (A j X ), yielding a ontradi tion.
(5) (A ^ B j X ) = F ((A j X ); (B j X )). Let A be any atomi proposition and
let B be :A. Then F = F ((A j X ); S1 (A j X )), hen e F (x; S1(x)) = F
for all x 2 P0. If instead A and B are the same atomi proposition, we
obtain F (x; x) = x for all x 2 P0 . These equalities lead to the following
three undesirable onsequen es:
(a) F must be dis ontinuous. To see this, assume that F is ontinuous.
Then F (x; S1(x)) = F for all x 2 [F; T℄ and F (x; x) = x for all
x 2 [F; T℄. Sin e S1 is a ontinuous and stri tly de reasing fun tion
whose domain and range are both [F; T℄, it has a xed point in the
interior of this range; that is, there exists some F < x0 < T su h
that x0 = S1 (x0). Then x0 = F (x0 ; x0) = F (x0; S1(x0 )) = F, whi h
ontradi ts x0 > F.
(b) It is not allowed for a proposition and its negation to be equally plau13

()

sible. For if x = (A j X ) = (:A j X ), we have x = F (x; x) =
F (x; S1 (x)) = F and so x = S1 (x) = F; but S1 (F) = F is not possible, sin e S1 is stri tly de reasing and its range is [F; T℄.
There are plausibility values x; y > F su h that F (x; y ) = F. This is
undesirable be ause it means that if (A j X ) = x and (B j X ) = y,
then (A ^ B j X ) must be known false with absolute ertainty, even
when A and B are entirely unrelated propositions, ea h individually

possible. This onsequen e arises as follows. Choose any arbitrary
x 2 P0 and de ne y = S1 (x). Sin e S1 (T) = F and S1 is stri tly
de reasing, we have y > F. Then F (x; y) = F (x; S1(x)) = F.
We are left with the following possibilities:
(1) (A ^ B j X ) = F ((A j B; X ); (B j X )).
(2) (A ^ B j X ) = F ((A j B; X ); (B j X ); (A j X )).
(3) (A ^ B j X ) = F ((A j B; X ); (B j X ); (B j A; X )).
(4) (A ^ B j X ) = F ((A j B; X ); (B j X ); (B j A; X ); (A j X )).
Tribus laims to rule out (3) and (4) by showing that for these andidates one
annot avoid dealing with plausibility expressions that involve some in onsistent state of information Y , and hen e there is unavoidable ambiguity. We
nd this argument un onvin ing, as there is no problem with simply pi king
an arbitrary value for (A j Y ) when Y is in onsistent. From dedu tive logi
we know that one an prove anything from in onsistent premises, and so there
is even a good argument for de ning (A j Y ) = T for all propositions A and
in onsistent Y . Tribus also laims that one an rule out (2), but leaves this as
an exer ise for the student.
At this point we have to admit that there is no ompletely ompelling reason
for hoosing any parti ular one of the four remaining andidates. However,
(1) seems intuitively appealing to many people (it has not engendered any
ontroversy of whi h we are aware); furthermore, the other andidates merely
add additional arguments to those used in (1)|whatever we de ide, we are
going to need at least (B j X ) and (A j B; X )|and the simpler andidate is
to be preferred, all else being equal.
Jaynes [8, Chapter 2℄ gives the following intuitive rationale for (1):
\In order for A ^ B to be a true proposition, it is ne essary that B is true.
Thus the plausibility (B j X ) should be involved. In addition, if B is true, it
is further ne essary that A should be true; so the plausibility of (A j B; X )
is also needed. But if B is false, then of ourse A ^ B is false independently
of whatever one knows about A, as expressed by (A j :B; X ); if the robot
reasons rst about B , then the plausibility of A will be relevant only if B is
true. Thus, if the robot has (B j X ) and (A j B; X ) it will not need (A j X ).
That would tell it nothing about A ^ B that it did not have already."
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(We have repla ed Jaynes's notation with our own in the above quote.)
Let us now onsider the remaining requirements on F .
 F must be stri tly in reasing. Suppose that our state of information hanges
so as to make either B more plausible or make A (assuming B ) more plausible, while leaving the other no less plausible. Surely A ^ B must not be ome
less plausible in this ase. It a ords with many people's intuition that A ^ B
must, in fa t, be onsidered more plausible in this ase, but there are others
who disagree with this stronger requirement.
 F must be ontinuous. If one's state of information hanges so that either
B be omes in nitesimally more plausible, or A (assuming B ) be omes innitesimally more plausible, many would nd it quite unnatural and ounterintuitive for the plausibility of A ^ B to suddenly jump.
Cox's 1946 paper does not expli itly require that F be stri tly in reasing,
instead requiring that it be twi e di erentiable; however, a areful examination
of the appendix to his paper reveals that the proof impli itly assumes F to
be either stri tly in reasing in both arguments or stri tly de reasing in both
arguments on (F; T℄2.
It is possible to slightly weaken our requirements on F without losing our
main result (that our system must be isomorphi to probability theory) [31℄.
Unfortunately, we annot get by with requirements nearly as weak as those on
S0 . In parti ular, the requirement that F be stri tly in reasing is essential; if
we relax this to a requirement that F be merely nonde reasing, then F (x; y) =
min(x; y) is onsistent with our requirements [22,23℄, giving us a system not
isomorphi to probability theory.
10 The Produ t Rule

We have now presented all of the requirements we impose on our system of
plausible reasoning. We now pro eed to show that those requirements for e our
system of plausible reasoning to be isomorphi to probability theory, giving us
the Bayesian approa h to plausible reasoning. Our proof borrows from Jaynes
[3℄ and Paris [4℄.
We begin by deriving some properties of F . The simple fa t that \^" is assoiative turns out to have great rami ations. It ensures that F is asso iative,
whi h in turn limits the possibilities for F to fun tions that are isomorphi to
multipli ation.
Lemma 5 F (x; F (y; z )) = F (F (x; y ); z ) for all x; y; z 2 [F; T℄.
15

onsider (A ^ B ^ C j X ), where X is onsistent. Applying R5
and R2, we obtain

Proof. Let us

(A ^ (B ^ C ) j X )
= F [(A j (B ^ C ); X ); (B ^ C j X )℄
= F [(A j B; C; X ); F [(B j C; X ); (C j X )℄℄
Using an alternate grouping, we obtain
((A ^ B ) ^ C j X )
= F [(A ^ B j C; X ); (C j X )℄
= F [F [(A j B; C; X ); (B j C; X )℄; (C j X )℄:
But A ^ (B ^ C ) is equivalent to (A ^ B ) ^ C , so equating the two plausibilities
above and applying R4 yields
F (x; F (y; z )) = F (F (x; y ); z )
for all x; y; z 2 P0 . Sin e F is ontinuous and P0 is dense, the equation holds
for all x; y; z 2 [F; T℄. 2
The fun tional equation we have obtained for F is one with a long history
extending ba k to the early 19th entury. Here is its solution.
Lemma 6 (A zel) Let a and b, with a < b, be real numbers. Suppose that f :
(a; b℄2 ! (a; b℄ is a ontinuous fun tion, stri tly in reasing in both arguments,

and satis es the asso iativity equation

f (x; f (y; z )) = f (f (x; y ); z )
for all x; y; z 2 (a; b℄. Then there exists some ontinuous, stri tly in reasing
fun tion g su h that
g (f (x; y )) = g (x) + g (y )
for all x; y 2 (a; b℄.

This theorem is found on p. 256 of A zel's book [2℄, in a slightly
di erent and more general form. 2

Proof.

We now obtain the familiar produ t rule from probability theory.
Lemma 7 There exists a ontinuous, stri tly in reasing, nonnegative fun tion
w su h that
w(A ^ B j X ) = w(A j B; X )w(B j X )
for every A, B and onsistent X .
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Proof. R5 and Lemma 5 allow us to apply Lemma 6, with f = F , a =
F, and b = T. De ne w(x) = exp(g (x)); then w(F (x; y )) = w(x)w(y ) for
x; y 2 (F; T℄. Sin e w is in reasing, ontinuous, and nonnegative on (F; T℄,
lim !F w(x) exists and is nonnegative. De ning w(F) to be this limit makes
w in reasing, ontinuous, and nonnegative on [F; T℄. By ontinuity of w and
F , we then have w(F (x; y )) = w(x)w(y ) for x; y 2 [F; T℄, and ombined with
x

R5 this gives us the lemma. 2

The fun tion w res ales plausibilities to what one might all \proto-probabilities."
Lemma 7 states that proto-probabilities obey the produ t rule of probability
theory. The next lemma states that proto-probabilities have the same range
of values, and represent truth and falsity in the same way, as probabilities.
Lemma 8 w(F) = 0, w(T) = 1, and 0 < w(x) < 1 for F < x < T.
Proof. For x > F we have w(x) > w(F)  0. Choose any A, tautology D, and
onsistent X with (A j X ) > F; then
w(A j X ) = w(D ^ A j X ) = w(D j A; X )w(A j X ) = w(T)w(A j X ):
Dividing both sides of the above equation by w(A j X ) gives w(T) = 1, and
hen e w(x) < 1 for x < T.
Suppose that w(F) = z > 0. Then 0 < z < 1, hen e z < pz < 1.pChoose
A1 , A2 , onsistent X , and x 2 P0 su h that w 1 (z ) < x < w 1 ( z ) and
(A1 j X ) = (A2 j A1 ; X ) = x. Then
w(A1 ^ A2 j X ) = w(x)2 < z = w(F)
and hen e (A1 ^ A2 j X ) < F, a ontradi tion. So w(F) = 0. 2
11 The Sum Rule

Having established that F must amount to multipli ation under the mapping
from plausibilities to proto-probabilities, we now investigate what form S1
must take. We begin by using w to onstru t what will turn out to be a
mapping from plausibilities to probabilities, and examine the behavior of S1
under this mapping.
De nition 5 We de ne S (x) to be p(S1 (p 1 (x))), where
 p(x) = w(x) ,
 r = (log 2)=(log w( )), and
r
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is the unique xed point of S1 , i.e., S1 (

Lemma 9 p

1

)=

and F < < T.

is well de ned and has the following properties:

(1) p is ontinous and stri tly in reasing.
(2) p(F) = 0, p(T) = 1, and 0 < p(x) < 1 for F < x < T.
(3) p(A ^ B j X ) = p(A j B; X )p(B j X ) for all A, B , and onsistent X .

S is also well de ned, and S (1=2) = 1=2.
Proof. S1 has a xed
[F; T℄ onto itself. The

point be ause it is ontinuous and maps the interval
xed point is unique be ause S1 is stri tly de reasing,
hen e is well-de ned and F < < T. Then 0 < w( ) < 1, and so 1 <
log w( ) < 0. This furthermore implies that 0 < r < 1. Combined with the
ontinuity and stri tness of w, this gives (1). Item (2) follows from the fa ts
that r > 0 and w has the same properties. Item (3) follows from (ab) = a b
for all a; b, and the orresponding property for w. Item (1) implies that p is
one-to-one, hen e the inverse p 1 is well de ned.
r

r r

Substituting in the de nition of r gives p( ) = w( ) = 1=2. Hen e,
r

S (1=2) = p(S1 (p

1

(1=2))) = p(S1( )) = p( ) = 1=2:

2

We now restate R3, R4, and Proposition 2 in terms of p and S .
Proposition 10 The following are true:

 p(:A j X ) = S (p(A j X )) for every A and onsistent X .
 S is ontinuous and stri tly de reasing.
 Let P = p(P0). Then P is a dense subset of (0; 1), and for every y1; y2; y3 2 P


there exists some onsistent X with a basis of three atomi propositions|
all them A1 , A2 and A3 |su h that p(A1 j X ) = y1 , p(A2 j A1 ; X ) = y2
and p(A3 j A2 ; A1 ; X ) = y3 .
S (S (x)) = x for all 0  x  1.

Proof. These follow straightforwardly from our previous results. 2

As with F , we now derive a fun tional equation for S from purely logi al
onsiderations.
Lemma 11 For all 0 < x  y < 1, yS (x=y ) = S (x)S (S (y )=S (x)).
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Proof. For any u; y 2 P we an nd propositions A and B and a onsistent
X su h that y = p(B j X ) and u = p(A j B; X ). Let x = uy = p(A ^ B j X ).
Note that 0 < x; y; u < 1. Then
yS (x=y ) = yS (u) = p(B j X )p(:A j B; X ) = p(:A ^ B j X ):

De ne C  (:A _ :B ) and D  (A _ :B ). Sin e :B is equivalent to D ^ C ,
we have
S (y ) = p(D ^ C j X )
S (x) = p(C j X ):

These last two equalities then give
S (y )
S (x)S
S (x)

!

!

= S (x)S p(Dp(C^ Cj Xj )X )
= S (x)S (p(D j C; X ))
= p(C j X )p(:D j C; X )
= p(:D ^ C j X )
= p(:A ^ B j X )
= yS (x=y):

The third step relies on the fa t that p(:C j X ) = x < 1 and hen e C; X
is onsistent (R2.4). Sin e P is dense and S is ontinuous, the equality then
holds for all 0 < y < 1 and 0 < u  1, hen e for all 0 < x  y < 1. 2
Lemma 12 Let s : [0; 1℄ ! [0; 1℄ be a stri tly de reasing and ontinuous
fun tion, with s(0) = 1, s(1) = 0, and s(1=2) = 1=2. If s satis es both of the
fun tional equations

 s(s(x)) = x,
 ys(x=y) = s(x)s(s(y)=s(x))
for all 0 < x  y < 1, then s(x) = 1 x for all 0  x  1.
Proof. Lemmas 3.10 through 3.15 of Paris [4℄ amount to a proof of this
assertion. 2
We now obtain the sum rule of probability theory:
Lemma 13 p(:A j X ) = 1 p(A j X ) for all A and onsistent X .
Proof. Follows dire tly from Lemma 12, Lemma 11, Proposition 10, and
Lemma 9. 2
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12 Probability Theory

We an now summarize all of these results into one theorem that states that
our plausibilities must obey the rules of probability theory after mapping by
the fun tion p.
Theorem 14 There exists a ontinuous, stri tly in reasing fun tion p su h
that, for every A, B and onsistent X ,
(1)
(2)
(3)
(4)
(5)

p(A j X ) = 0 i A is known to be false given the information in X .
p(A j X ) = 1 i A is known to be true given the information in X .
0  p(A j X )  1.
p(A ^ B j X ) = p(A j X )p(B j A; X ).
p(:A j X ) = 1 p(A j X ) if X is onsistent.

Items 1{5 of Theorem 14 are just the basi rules of probability theory. Sin e p
is invertible we lose no information by working with probabilities only instead
of the original plausibilities; thus, any system of plausible reasoning that is not
isomorphi to probability theory must ne essarily violate one of the requirements we have presented. But how do we know that our requirements are not
ontradi tory? How do we know that there is any system of plausible reasoning
(that is, hoi e for F, T, F , S0 , P0, ( j ), and de nition of a state of information) that satis es all of our requirements? The set-theoreti al approa h to
probability theory may be taken as an existen e proof that our requirements
are not ontradi tory, by taking states of information to be probability distributions, and de ning A; X to be the probability distribution obtained from X
by onditioning on the set of values for whi h A is true. In the terminology of
mathemati al logi , set-theoreti al probability theory then be omes the model
theory for our logi , a tool to enable us to onstru t onsistent sets of axioms
(plausibility assignments from whi h we derive other plausibilities).
Jaynes's approa h to Bayesian inferen e is built entirely on Theorem 14 and
(what amounts to) R2, reje ting any result not derivable from these. 8 Results
for ontinuous domains are a epted only when they are the well-de ned limit
of results for nite domains [8, Chaps. 2, 15, and App. B℄.
Finally, we note that it is onvenient, but not ne essary, to extend R2 to
in lude the following:
 If X is in onsistent then (A j X ) = T.
 If (B j X ) = F then (A j B; X ) = T.
Assignment of the prior probabilities from whi h inferen e pro eeds is a separate
issue, to whi h Jaynes applies transformation invarian e arguments [16℄ and the
prin iple of maximum entropy [32℄.

8
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Adding these rules often allows us to drop requirements su h as \X is onsistent" or \p(B j X ) > 0" from the statements of theorems. These rules are
analogous to the result from the propositional al ulus that anything an be
proven from in onsistent premises. Conditional probabilities an be de ned in
set-theoreti al probability theory so as to make these rules true, and hen e
the extended axiom set remains onsistent.
13 Con lusion

We have dis ussed a set of qualitative requirements on systems of plausible
reasoning that many nd intuitively appealing, and have shown how these
requirements allow only systems isomorphi to probability theory. We annot make a ompelling ase for all of these requirements, however, and there
remains disagreement as to the desirability of several of them. The most important area of disageement is perhaps over R1/R3: whether a single number
suÆ es to ompletely spe ify one's un ertainty in a proposition.
Other requirements may be proposed, leading to di erent results. Smets proposes a set of requirements that ne essarily lead to belief fun tion theory
[33,34℄. Relaxing the stri tness requirement on F , ombined with a relaxation
of R3 in the spirit of Cox's original paper, allows linear possibility distributions
[23℄.
Referen es
[1℄ R. T. Cox, Probability, frequen y and reasonable expe tation, Ameri an Journal
of Physi s 17 (1946) 1{13.
[2℄ J. A zel, Le tures on Fun tional Equations and Their Appli ations, A ademi
Press, 1996.
[3℄ E. T. Jaynes, How does the brain do plausible reasoning, Te h. Rep. 421,
Stanford University Mi rowave Laboratory, reprinted in [35℄, pp. 1{23 (1957).
[4℄ J. B. Paris, The Un ertain Reasoner's Companion: A Mathemati al Perspe tive,
Cambridge University Press, 1994.
[5℄ M. Tribus, Rational Des riptions, De isions and Designs, Pergamon Press, 1969.
[6℄ W. Feller, An Introdu tion to Probability Theory and Its Appli ations, John
Wiley & Sons, 1950.
[7℄ J. M. Bernardo, A. F. M. Smith, Bayesian Theory, John Wiley & Sons, 1994.

21

[8℄ E. T. Jaynes, Probability theory: The logi of s ien e, http://bayes.wustl.
edu/etj/prob.html (1996).
[9℄ L. A. Zadeh, G. J. Klir, B. Yuan, Fuzzy Sets, Fuzzy Logi , and Fuzzy Systems:
Sele ted Papers by Lofti A. Zadeh, Advan es in Fuzzy Systems|Appli ations
and Theory, World S ienti Publishing Company, 1996.
[10℄ D. Dubois, H. Prade, Possibility Theory: An Approa h to Computerized
Pro essing of Un ertainty, Plenum Press, 1988.
[11℄ C. Elkan, The paradoxi al su ess of fuzzy logi , IEEE Expert 9 (4) (1994) 3{8.
[12℄ D. Dubois, H. Prade, Partial truth is not un ertainty: Fuzzy logi versus
possibilisti logi , IEEE Expert 9 (4) (1994) 15{19.
[13℄ T. L. Fine, Theories of Probability, A ademi Press, 1973.
[14℄ G. Shafer, A Mathemati al Theory of Eviden e, Prin eton University Press,
1976.
[15℄ P. Smets, The transferable belief model and other interpretations of dempstershafer's model, in: P. P. Bonissone, M. Henrion, L. N. Kanal, J. F. Lemmer
(Eds.), Un ertainty in Arti ial Intelligen e 6, Elsevier S ien e Publishers, 1991,
pp. 375{383.
[16℄ E. T. Jaynes, Prior probabilities, IEEE Transa tions on System S ien e and
Cyberneti s SSC-4 (1968) 227{241, reprinted in [36℄, pp. 114{130.
[17℄ E. T. Jaynes, The well-posed problem, Foundations of Physi s 3 (1973) 477{493,
reprinted in [36℄, pp. 131{148.
[18℄ R. E. Kass, L. Wasserman, Formal rules for sele ting prior distributions:
A review and annotated bibliography, Te h. Rep. 583, Dept. of Statisti s,
Carnegie-Mellon University, available at http://www.stat. mu.edu/www/
mu-stats/tr/ (1993).
[19℄ D. Malako , Bayes o ers a `new way' to make sense of numbers, S ien e 286
(1999) 1460{1464.
[20℄ H. E. Kyburg Jr., Bayesian and non-Bayesian evidential updating, Arti ial
Intelligen e 31 (1987) 271{293.
[21℄ E. T. Jaynes, Probability theory as logi , in: P. F. Fougere (Ed.), Pro eedings,
Maximumum Entropy and Bayesian Methods, Kluwer A ademi Publishers,
1990, also available in a substantially revised and extended form at http://
bayes.wustl.edu/etj/node1.html.
[22℄ D. Dubois, H. Prade, The logi al view of onditioning and its appli ation
to possibility and eviden e theories, International Journal of Approximate
Reasoning 4 (1) (1990) 23{46.
[23℄ P. Snow, The reasonableness of possibility from the perspe tive of Cox,
Computational Intelligen e 17.

22

[24℄ J. Y. Halpern, A ounterexample to theorems of Cx and Fine, Journal of
Arti ial Intelligen e Resear h 10 (1999) 67{85.
[25℄ J. Y. Halpern, Cox's theorem revisited, Journal of Arti ial Intelligen e
Resear h 11 (1999) 429{435, te hni al addendum.
[26℄ D. Gabbay, F. Guenthner (Eds.), Handbook of Philosophi al Logi , vol. II:
Extensions of Classi al Logi , D. Reidel Publishing Company, 1984.
[27℄ D. Gabbay, F. Guenthner (Eds.), Handbook of Philosophi al Logi , vol. III:
Alternatives to Classi al Logi , D. Reidel Publishing Company, 1986.
[28℄ P. Snow, On the orre tness and reasonableness of Cox's Theorem for nite
domains, Computational Intelligen e 14 (3) (1998) 452{459.
[29℄ S. Arnborg, G. Sjodin, Bayes rules in nite models, in: Pro eedings of the
European Conferen e on Arti ial Intelligen e, 2000, pp. 571{575.
[30℄ S. Arnborg, G. Sjodin, On the foundations of Bayesianism, in: A. MohammadDjara (Ed.), Bayesian Inferen e and Maximum Entropy Methods in S ien e
and Engineering, 20th Int'l Workshop, Ameri an Institute of Physi s, 2001, pp.
61{71.
[31℄ S. Arnborg, G. Sjodin, A note on foundations of Bayesianism, http://www.
si s.se/ar /papers/99-3-arnborg.ps.
[32℄ E. T. Jaynes, Information theory and statisti al me hani s I, Physi al Review
106 (1957) 620{630.
[33℄ P. Smets, Qauntifying beliefs by belief fun tions: An axiomati justi ation,
in: Pro eedings of the 13th Int'l Joint Conf. on Arti ial Intelligen e, Morgan
Kaufmann, 1993, pp. 598{603.
[34℄ P. Smets, The normative representation of quanti ed beliefs by belief fun tions,
Arti ial Intelligen e 92 (1997) 229{242.
[35℄ G. J. Eri kson, C. R. Smith (Eds.), Maximum Entropy and Bayesian Methods
in S ien e and Engineering, Kluwer A ademi Publishers, 1988.
[36℄ E. T. Jaynes, Papers on Probability, Statisti s and Statisti al Physi s, D. Reidel
Publishing Company, 1983.

23

