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ABSTRACT

As probabilistic computation plays an increasing role in
diverse fields, researchers have also designed probabilistic
languages, which incorporate probabilistic computation as
an inherent component. In particular, there have been efforts in the design of probabilistic languages to employ monads, which have become popular as a means of formulating
the semantics of computation [22, 23]. Ramsey and Pfeffer [29] present a stochastic lambda calculus whose denotational semantics is based upon the monad of probability
measures [10]. Jones [17] presents a probabilistic metalanguage based upon the monad of evaluations [18]. Both monads do not distinguish discrete and continuous probability
distributions, and provide a unified representation scheme
for all kinds of probability distributions.
The above languages, however, do not fully implement
their monads. The difficulty is that a probability measure
or an evaluation conceptually maps not observations but
events (sets of observations) to probabilities. For instance,
a probability measure on a measurable space Ω is a mapping from not Ω but its σ-algebra BΩ to [0.0, 1.0]. Since it
is computationally infeasible to keep track of probabilities
assigned to all events from an infinite discrete domain or a
continuous domain, they provide only a binary choice construct (e1 orp e2 in [18] and choose p e1 e2 in [29]). As a
result, both languages essentially implement the probability
monad in [6], which is capable of specifying only probability
distributions over finite domains.
In this paper, we propose a monadic probabilistic language capable of specifying probability distributions over infinite discrete domains and continuous domains. The mathematical basis for our language is sampling functions, which
map the unit interval (0.0, 1.0] to probability domains. We
build a monad based upon sampling functions, and employ
it as the probability monad for our language. For the syntax for our language, we employ the new formulation of the
computational λ-calculus in [26], which draws a syntactic
distinction between values and computations. Our language
provides a unified representation scheme for probability distributions, enjoys rich expressiveness, and offers high versatility in encoding probability distributions.
We also investigate how to implement the expectation
query on probability distributions in our language. Although
our language does not permit a precise implementation of
the expectation query, we use the Monte Carlo method [8]
as a practical solution. Under an ordinary operational semantics, we can implement the expectation query through
multiple independent evaluations, all of which repeat the
same computation. In order to achieve an efficient imple-

Motivated by many practical applications that have to compute in the presence of uncertainty, we propose a monadic
probabilistic language based upon the mathematical notion
of sampling function. Our language provides a unified representation scheme for probability distributions, enjoys rich
expressiveness, and offers high versatility in encoding probability distributions. We also develop a novel style of operational semantics called a horizontal operational semantics,
under which an evaluation returns not a single outcome but
multiple outcomes. We have preliminary evidence that the
horizontal operational semantics improves the ordinary operational semantics with respect to both execution time and
accuracy in representing probability distributions.
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1.

INTRODUCTION

In recent years, a number of scientific disciplines have embarked on probabilistic techniques for information processing. Probabilistic computation forms the core of today’s
best speech recognizers [28, 36, 16], natural language processing systems [3], biological sequence analyzers [14, 21],
time series predictors [12], computer vision systems [15, 4],
and robotic systems [33, 35]. All these fields share the characteristic that sensors are noisy. To accommodate uncertainty in sensor data, information is represented by probability distributions.

.
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Moggi [22, 23] proposes a monadic metalanguage as a
foundation for the semantics of programming languages that
distinguish between values and computations. Benton, Biermann, and de Paiva [1] show that it also arises as the term
calculus corresponding to lax logic [5] via the Curry-Howard
isomorphism.
From a logical perspective, the monadic meta-language is
complete with respect to normalization because it includes
not only β reductions but also a commuting conversion. In
the case of lax logic presented in [1], we need the commuting conversion because of the elimination rule for the lax
modality :

mentation, we develop a novel style of operational semantics called a horizontal operational semantics, under which a
single evaluation returns multiple outcomes. Experimental
results show that the horizontal operational semantics consistently outperforms the ordinary operational semantics in
seven test cases with respect to both accuracy and execution
time.
The rest of this paper is organized as follows. In Section 2, we give an overview of the language. In Section 3,
we present our monadic probabilistic language λ◦ with its
type system and operational semantics. In Section 4, we
demonstrate the expressive power of λ◦ by implementing
various probability distributions. In Section 5, we present
a horizontal operational semantics. In Section 6, we discuss
how to implement the horizontal operational semantics. In
Section 7, we present experimental results. In Section 8, we
discuss related work. In Section 9, we conclude with future
work.

2.

A

[A]
···
C
C

(

E)

The elimination rule is not pure in the sense that in order
to eliminate A we must analyze simultaneously another
instance of , namely C.
Pfenning and Davies [26] present a new formulation of the
computational λ-calculus that does not require the commuting conversion. The new formulation draws a syntactic distinction between values and computations through the use
of two syntactic categories: terms for values and expressions
for computations. By the Curry-Howard isomorphism, the
syntactic distinction corresponds to the use of two forms of
judgments in the new formulation of lax logic: judgments for
truth, whose evidence is terms, and judgments for possible
necessity, whose evidence is expressions.
Harper and Pfenning [13] present an operational semantics for the new formulation of the computational λ-calculus.
It is based upon the possible world interpretation: the evaluation of an expression takes a world as input, performs a
computation, and returns a value together with a resultant
world. The operational semantics is suitable for our language because states in the sampling monad ◦ are simply
a particular class of worlds. We therefore base the syntax
and the operational semantics of our language upon the new
formulation of the computational λ-calculus, using terms for
values and expressions for probabilistic computations. Our
examples can be translated into more traditional monadic
style as in Haskell in a relatively straightforward manner.

OVERVIEW

2.1 Sampling monad
The expressive power of a probabilistic language is determined to a large extent by its mathematical foundation. For
instance, in a probabilistic language based upon probability
mass functions, it is hard to specify continuous probability
distributions in terms of the primitive construct provided by
the language. Motivated by the kinds of probabilistic computations mentioned in the introduction, we choose sampling
functions as our mathematical basis. A sampling function
is a mapping from the unit interval (0.0, 1.0] to a probability domain. Given a random number generated from a
uniform distribution U (0.0, 1.0] over the unit interval, it returns an observation, or a sample, from the probability domain, and thus specifies a unique probability distribution.
As demonstrated by the first author [24], the use of sampling
functions leads to a unified representation scheme for probability distributions, rich expressiveness, and high versatility
in a probabilistic language.
Since a typical characterization of a probability distribution states that it consumes zero or more random numbers,
we redefine the notion of sampling function as follows: a
sampling function takes as input an infinite sequence of random numbers generated from U (0.0, 1.0], consumes as many
random numbers as it needs (possibly none), and returns
a sample together with the remaining sequence of random
numbers. Then, from the new definition of sampling functions, we obtain a state monad ◦ such that ◦A = (A × S)S
where A is a type and S is the set of states, namely the
set of infinite sequences of random numbers generated from
U (0.0, 1.0]. We refer to the state monad ◦ as a sampling
monad and employ it as the probability monad for our language.
In order to create probability distributions other than
point mass distributions in the sampling monad ◦, we need
an operation for consuming random numbers in addition to
the standard unit and bind operations. For our purpose, an
operation that consumes only the first random number in
a given state is sufficient because, in conjunction with the
bind operation, it enables us to consume as many random
numbers as we need.

2.3 Horizontal operational semantics
Among common queries on probability distributions, the
expectation query is the most important. The expectation of
a function f withR respect to a probability distribution µ is a
definite integral f dµ, i.e. the mean of f over µ [30]. Other
queries may be derived as special cases of the expectation
query. For instance, the mean of a probability distribution
over real numbers is the expectation of an identity function.
Our language, however, does not permit a precise implementation of the expectation query. Intuitively we cannot convert an arbitrary sampling function to an equivalent
probability measure. A practical solution is to use the
R Monte
Carlo method, which states that we can estimate f dµ by
generating a large number of samples Xi from µ and computing the mean of f (Xi ):
lim

r→∞

2.2 Syntax and operational semantics

R
f (X1 ) + · · · + f (Xr )
= f dµ
r

Given an expression, we can generate a set of samples
2

type
base type
term

A
P
M, N

::=
::=
::=

expression
value
random number
sampling sequence
typing context

E, F
V, W
u
s
Γ

::=
::=
∈
::=
::=

P | A ⊃ A | ◦A
real
x | λx : A. M | M M |
prob E | fix x : A. M | u
sample x ⊳ M in E | M | U
λx : A. M | prob E | u
(0.0, 1.0]
ǫ | us
· | Γ, x : A

x:A∈Γ
tt var
Γ⊢x:A

Γ, x : A ⊢ M : B
tt lam
Γ ⊢ λx : A. M : A ⊃ B

Γ ⊢ M1 : B ⊃ A Γ ⊢ M2 : B
tt app
Γ ⊢ M1 M2 : A
Γ ⊢ E÷A
tt prob
Γ ⊢ prob E : ◦A
Γ, x : A ⊢ M : A
tt mfix
Γ ⊢ fix x : A. M : A

Figure 1: Abstract syntax for λ◦

Γ ⊢ u : real

Γ ⊢ M : ◦A Γ, x : A ⊢ E ÷ B
et sample
Γ ⊢ sample x ⊳ M in E ÷ B

by evaluating it repeatedly, i.e., through multiple vertical
evaluations. This refers to the primary specification of our
language, as given in Section 3.3. Alternatively, we can obtain a set of samples through a single horizontal evaluation,
which, conceptually, performs multiple vertical evaluations
simultaneously:
expression

Γ⊢M :A
et term
Γ ⊢ M ÷A

Γ ⊢ U ÷ real

vertical evaluation
sample2

···

et U

Figure 2: Typing rules for λ◦

λx : A. M ֒→ λx : A. M

sample1

tt random

te lam

M1 ֒→ λx : A. M [M2 /x]M ֒→ V
te app
M1 M2 ֒→ V

horizontal
evaluation
samplen

prob E ֒→ prob E

te prob

We refer to horizontal evaluation rules for expressions as a
horizontal operational semantics. A horizontal semantics is
by no means uniquely determined from a vertical one—many
choices and implementation decision still remain. However,
as our results show and experience from realistic applications
suggest (see, for example, [8, 7]), it is often more efficient
and robust in practice.
After investigating the vertical semantics, we also develop
a framework for horizontal implementations and prove that
it respects the vertical semantics in a manner made precise
in Section 5.

denotes a value of type A under the typing context Γ, and
Γ ⊢ E ÷ A means that E describes a probabilistic computation of type A under the typing context Γ.

3.

3.3 Operational semantics

[fix x : A. M /x]M ֒→ V
te mfix
fix x : A. M ֒→ V

u ֒→ u te random

Figure 3: Term evaluation rules for λ◦

LANGUAGE λ◦

We write [N/x]M and [N/x]E for the capture-avoiding
substitution of N for the variable x in M and E, respectively.
Note that we bind a variable x in both a lambda abstraction
λx : A. M and a sampling expression sample x ⊳ M in E.
The operational semantics employs a term evaluation judgment of the form M ֒→ V (Figure 3) and an expression evals
s
uation judgment of the form E ⇁ V (Figure 4). E ⇁ V
means that the expression E evaluates to a value V by consuming a sampling sequence s. By the rule ee U, the runtime
system generates a random number u from U (0.0, 1.0], and
substitutes it for the uniform expression U.
In terms of the sampling monad ◦, in which a state is an infinite sequence of random numbers generated from U (0.0, 1.0],
s
E ⇁ V means that the expression E takes a state w as input,
consumes a prefix s of w, and returns a sample V with the
resultant state w′ . Under the possible world interpretation
in [13], the sampling sequence s is the difference between the
two worlds w and w′ , and serves as evidence of a pre-order
relation from w to w′ . Hence the rule ee sample implements
the bind operation, and the rule ee term the unit operation.
The rule ee U simply consumes the first random number in

3.1 Abstract syntax
We obtain our monadic probabilistic language λ◦ by extending the new formulation of the computational λ-calculus
in [26] (Figure 1). A probability term prob E encapsulates
an expression E by converting it into a value. fix x : A. M
is a fixed point construct for terms. There are three kinds
of expressions: a sampling expression sample x ⊳ M in E, a
term expression M , and a uniform expression U. A random
number u comes from the evaluation of a uniform expression
and is not part of the source language.
A sampling sequence s consists of random numbers generated from U (0.0, 1.0] by the runtime system. ǫ denotes an
empty sampling sequence. We write s1 · s2 for the concatenation of two sampling sequences s1 and s2 .

3.2 Type system
The type system employs a term typing judgment of the
form Γ ⊢ M : A and an expression typing judgment of the
form Γ ⊢ E ÷ A, where a typing context Γ is a set of bindings of the form x : A (Figure 2). Γ ⊢ M : A means that M
3

M ֒→ prob F

3.6 A fixed point construct for expressions

s′

s

F ⇁W

[W/x]E ⇁ V
s·s′

In λ◦ , expressions describe non-recursive probabilistic computations. Since some probability distributions are defined
in a recursive way (e.g., a geometric distribution), it is desirable to be able to describe recursive probabilistic computations as well. To this end, we introduce an expression variable x and an expression fixed point construct efix x÷A. E:

ee sample

sample x ⊳ M in E ⇁ V
M ֒→ V
ee term
ǫ
M ⇁V

u ∼ U (0.0, 1.0]
uǫ

U⇁u

ee U

expression

Figure 4: Expression evaluation rules for λ◦

typing context Γ

· · · | x | efix x÷A. E
::=

· · · | Γ, x ÷ A

Then the new expression typing rules are:
x÷A∈Γ
et var
Γ ⊢ x÷A

Theorem 3.1 (Uniqueness). If · ⊢ M : A, then there
exists at most one value V such that M ֒→ V . If · ⊢ E ÷ A,
then for any sampling sequence s, there exists at most one
s
sample W such that E ⇁ W .
Proof. By induction over the structure of M ֒→ V and
s

::=

We also introduce a new form of binding x ÷ A:

a given state.
The uniqueness and type preservation properties are stated
as follows:

s

E

Γ, x ÷ A ⊢ E ÷ A
te efix
Γ ⊢ efix x÷A. E ÷ A

We write [F/x]M and [F/x]E for the capture-avoiding substitution of F for the expression variable x in M and E,
respectively. We evaluate efix x÷A. E by the following rule:

s·s′

E ⇁ W . We use the fact that if E ⇁ W and E ⇁ W ′ ,
then s′ = ǫ and W = W ′ .

s

[efix x÷A. E/x]E ⇁ V
s

efix x÷A. E ⇁ V

Theorem 3.2 (Type preservation). If M ֒→ V and
s
· ⊢ M : A, then · ⊢ V : A. If E ⇁ W and · ⊢ E ÷ A, then
· ⊢ W : A.
Proof. By simultaneous induction over the structure of
s
M ֒→ V and E ⇁ W , using a straightforward substitution
lemma.

ee efix

Simulating the expression fixed point construct
Since a probability term enables us to encapsulate a probabilistic computation, we can simulate efix x÷A. E with a
fixed point construct for terms. The basic idea is that we
define a translation function (·)∗ such that (efix x÷A. E)∗
is given by:

With a small-step semantics we could also prove an appropriate progress theorem. However, since the implementation
is not directly based on this (vertical) semantic specification,
we forego the routine details.

sample xr ⊳ fix xp : ◦A. prob [sample xv ⊳ xp in xv /x]E ∗ in xr
In other words, we introduce a recursive term xp to encapsulate a recursive expression efix x÷A. E and expand x to
a sampling expression sample xv ⊳ xp in xv . The translation
of all the other forms of terms and expressions is structural.
With the translation function (·)∗ , we can show that the
typing rules et var and te efix are sound in the original definition of λ◦ . The following theorem shows that the evaluation
rule ee efix is also sound. Note that for any expression E,
the evaluation of E ∗ does not require the rule ee efix.

3.4 Joint distributions
In order to support joint distributions, we introduce product terms:
type A ::= · · · | A × A
term M ::= · · · | (M, M ) | fst M | snd M
value V
::= · · · | (M, M )
The typing rules and evaluation rules are standard. Then
we can simulate the joint distribution MA ⋆ MB : ◦(A × B)
between two probability distributions MA : ◦A and MB : ◦B
with:

Theorem 3.3. M ֒→ V if and only if M ∗ ֒→ V ∗ , and
s
s
E ⇁ W with the rule ee efix if and only if E ∗ ⇁ W ∗ .

prob sample xA ⊳ MA in sample xB ⊳ MB in (xA , xB )

Now we can use efix x÷A. E as a derived form of expression in the original definition of λ◦ . In the next section,
we demonstrate the expressive power of λ◦ by implementing
various probability distributions.

Proof. See Appendix.

3.5 Conditional probabilities
A conditional probability takes a value and returns a probability distribution. We write ◦B|A for the type of a conditional probability that takes a value of type A and returns a
probability distribution of type ◦B. We create a conditional
probability
of type ◦B|A with a conditional probability conH
struct x : A. E, which is syntactic sugar for λx : A. prob E.
Hence ◦B|A is defined as A ⊃ ◦B. We can simulate the
integration M1 • M2 between a conditional probability M1
and a probability distribution M2 with:

4. EXAMPLES

prob sample x ⊳ M2 in sample y ⊳ M1 x in y
H
Then we derive the typing rules for x : A. E and M1 • M2 :

Γ ⊢ M1 : ◦B|A Γ ⊢ M2 : ◦A
Γ, x : A ⊢ E ÷ B
H
tt cnd
tt itg
Γ ⊢ x : A. E : ◦B|A
Γ ⊢ M1 • M2 : ◦B
4

The first author has previously presented a probabilistic
calculus whose mathematical basis is sampling functions [24],
but without monadic encapsulation. This calculus has three
desirable properties. First it provides a unified representation scheme for probability distributions: we no longer
distinguish between discrete probability distributions, continuous probability distributions, and even probability distributions that do not belong to either group. Second it
enjoys rich expressiveness: we can specify probability distributions over infinite discrete domains, continuous domains,
and even unusual domains such as infinite data structures

(e.g., trees) and cyclic domains (e.g., angular values). Third
it enjoys high versatility: there can be more than one way
to specify a probability distribution, and the more we know
about it, the better we can encode it.
Since the monadic language of this paper is also founded
upon sampling functions, it also enjoys the three properties
above. Probability terms further enhance its expressiveness
because we can encapsulate probabilistic computations and
treat probability distributions as values. For instance, we
can now specify a probability distribution over probability
distributions of the same type. The examples below demonstrate the expressive power of our language. See [2] for the
simulation methods used in the examples.
We first introduce new base types and primitive constructs
such as if M then M else M . let x = M in N is syntactic sugar for (λx : A. N ) M , and let rec x = M in N for
let x = fix x : A. M in N , where A is an appropriate type for
M . unprob M is syntactic sugar for sample x ⊳ M in x. It
retrieves a probabilistic computation from the probability
distribution M . eif M then E1 else E2 is syntactic sugar
for unprob (if M then prob E1 else prob E2 ). It branches to
either E1 or E2 depending on the result of evaluating M .
As a simple example, we can encode a uniform distribution
over a real interval (a, b] by exploiting the definition of the
uniform operation:

alently we can use a recursive expression:
let geometric ef ix = λp : real.
let bernoullip = bernoulli p in
prob efix geometric÷int.
sample b ⊳ bernoullip in
eif b then 0
else
sample x ⊳ prob geometric in
1+x
Another way to encode a geometric distribution is by employing the inverse of its cumulative distribution function as
a sampling function, which is known as the inverse transform
method:
let geometric inverse = λp : real.
prob sample x ⊳ U in 1 + ⌊log x/log (1.0 − p)⌋
The rejection method, which enables us to generate a sample from a probability distribution by repeatedly generating
samples from other probability distributions until they satisfy a certain condition, can be implemented with recursive
terms or expressions. For instance, we can encode a Gaussian distribution with mean m and variance σ 2 by the rejection method with respect to exponential distributions:

let unif orm = λa : real. λb : real.
prob sample x ⊳ prob U in a + x ∗ (b − a)

let bernoulli0.5 = bernoulli 0.5
let exponential1.0 = prob sample x ⊳ U in −log x
let gaussian rejection = λm : real. λσ : real.
prob efix gaussian÷real.
sample y1 ⊳ exponential1.0 in
sample y2 ⊳ exponential1.0 in
eif y2 ≥ (y1 − 1.0)2 /2.0 then
sample b ⊳ bernoulli0.5 in
if b then m + σ ∗ y1 else m − σ ∗ y1
else
gaussian

In a similar way, we can encode a Bernoulli distribution over
type bool with parameter p:
let bernoulli = λp : real. prob sample x ⊳ prob U in x ≤ p
We can encode a binomial distribution with parameters p
and n0 by exploiting probability terms:
let binomial = λp : real. λn0 : int.
let bernoullip = bernoulli p in
let rec binomialp = λn : int.
if n = 0 then prob 0
else prob sample x ⊳ binomialp (n − 1) in
sample b ⊳ bernoullip in
if b then 1 + x else x
in
binomialp n0

Here exponential1.0 encodes an exponential distribution with
parameter 1.0 by the inverse transform method.
The evaluation of gaussian consumes at least three random numbers. We can encode a Gaussian distribution with
only two random numbers:

Here binomialp takes an integer n as input and returns a
binomial distribution with parameters p and n.
If a probability distribution is defined in terms of a recursive process of generating samples, we can encode it directly
with a recursive term or expression. For instance, we can
encode a geometric distribution with parameter p as follows:

let gaussian BoxM uller = λm : real. λσ : real.
prob sample u ⊳ prob U in
sample v√
⊳ prob U in
m + σ ∗ −2.0 ∗ log u ∗ cos (2.0 ∗ π ∗ v)
We can also approximate a Gaussian distribution by exploiting the central limit theorem (although usually one would
choose a larger number of samples):

let geometric rec = λp : real.
let bernoullip = bernoulli p in
let rec geometric =
prob sample b ⊳ bernoullip in
eif b then 0
else
sample x ⊳ geometric in
1+x
in
geometric

let gaussian central = λm : real. λσ : real.
prob sample s1 ⊳ prob U in
sample s2 ⊳ prob U in
sample s3 ⊳ prob U in
m + σ ∗ (2.0 ∗ (s1 + s2 + s3 ) − 3.0)
Assuming that type constructors, pattern matching on
product terms, and list constructors ([] and :) are available,

Here we use a recursive term geometric of type ◦int. Equiv5

we can implement a coin-flip hidden Markov model [28]:

s :: Z

data output = Head | Tail
type state = ◦(output × state)
let rec (coin1 , coin2 ) : state × state =
((bernoullioutput 0.75) ⋆ (bernoullistate 0.5 coin1 coin2 ),
(bernoullioutput 0.25) ⋆ (bernoulli
state 0.5 coin1 coin2 ))
H
let rec experiment = λn : int. (output, next) : output × state.
eif n = 0 then []
else
sample rest ⊳ experiment (n − 1) • next in
output : rest
let initial state = bernoullistate 0.5 coin1 coin2
let result = experiment n0 • initial state

M ֒→ prob F F ; {(si , Vi ) | i} [Vi /x]E ; Zi
S
hee sample
sample x ⊳ M in E ; i si :: Zi
M ֒→ V
hee term
M ; {(ǫ, V ), · · · , (ǫ, V )}

Palarm|burglary denotes the probability distribution that the
alarm goes off when a burglary happens (similarly for other
variables of the form P·|· ). The conditional probabilities
alarm and john calls do not answer any query on the belief network; they only describe its structure. In order to
answer a specific query on it, we usually implement a corresponding probability distribution. For instance, we can use
Qburglary|J ohn calls below to answer “what is the probability
pburglary|J ohn calls that a burglary has happened when John
calls?”:

When given a function f and a term M denoting a probability distribution µ, P expectation f M estimates the expectation of f with respect to µ by generating a large number
of samples. The output is probabilistic, because it depends
on these samples.
While semantically clean, such a function has the drawback that any further computation that depends on the expectation will have to be encapsulated in the monad. To
avoid this there are several choices. For example, we could
provide an analogue to performIO in Haskell which is unsafe
in some sense, but might work in practice. That is, we could
provide the programmer with the function performMean :
◦real ⊃ real that approximates the mean and can be composed with the above function. Unfortunately, this violates
the separation of effectful and effect-free computations maintained by the monad.
Instead we consider in this section how to provide a framework in which a construct
expectationA : (A ⊃ real) ⊃ ◦A ⊃ real
would be sound because the implementation guarantees a
unique answer, even if it may only be approximate. We
plan to explore the other possibilities in future research.
Therefore we develop a framework for a family of implementations that allow expectationA to be efficient and semantically transparent. An implementation consistent with
this framework must in addition ensure that a horizontal
evaluation returns a unique set of samples so that the evaluation of expectationA f M is deterministic. But even if
we are not particularly interested in a sound implementation of expectationA , the horizontal framework has other
advantages regarding efficiency in practical applications.

let Qburglary|J ohn calls =
prob efix z÷bool.
sample b ⊳ Pburglary in
sample j ⊳
john calls • (alarm • (prob b ⋆ Pearthquake )) in
eif j then b else z
Pburglary denotes the probability distribution that a burglary happens, and Pearthquake that an earthquake happens.
The probability pburglary|J ohn calls is equal to the expectation of a function f with respect to Qburglary|J ohn calls where
f (True) = 1.0 and f (False) = 0.0. Thus we can compute it
with the expectation query on probability distributions. In
the next section, we investigate how to implement the expectation query in our language.

5.2 Horizontal operational semantics
The horizontal operational semantics employs a horizontal evaluation judgment of the form E ; Z where Z is a
horizontal value:
horizontal value Z

::=

{(s1 , V1 ), · · · , (sn , Vn )}

The intuition behind E ; Z is that for each pair (s, V ) ∈ Z,
s
we have E ⇁ V , i.e. the expression E evaluates to a value
V by consuming a sampling sequence s under the vertical
operational semantics. Note that the samples si will not
actually be carried at runtime—they are used here only to
prove the connection with the vertical semantics.
Figure 5 shows the horizontal evaluation rules. s :: Z
prepends s to each sampling sequence in Z. In the rule
hee sample, we evaluate the expression E with each value
Vi from the expression F and then combine resultant horizontal values. In the rule hee term, we make zero or more

HORIZONTAL OPERATIONAL SEMANTICS

5.1 Expectation query
In our language1 it is easy to implement a polymorphic
function that computes a probabilistic expectation
1

ui ∼ U (0.0, 1.0]
hee U
U ; {(ui ǫ, ui ) | i)}

Figure 5: Horizontal evaluation rules

Here we assume that bernoullioutput and bernoullistate implement Bernoulli distributions over types output and state,
respectively. result denotes the probability distribution of
the first n0 outcomes from the above hidden Markov model.
As a final example, we can implement a belief network [31]
by exploiting conditional probability constructs:
H
let alarm = (burglary, earthquake) : bool × bool.
eif burglary then unprob Palarm|burglary
else eif earthquake then unprob Palarm|¬burglary∧earthquake
else unprob Palarm|¬burglary∧¬earthquake
H
let john calls = alarm : bool.
eif alarm then unprob PJ ohn calls|alarm
else unprob PJ ohn calls|¬alarm

5.

= {(s · si , Vi ) | (si , Vi ) ∈ Z}

P expectationA : (A ⊃ real) ⊃ ◦A ⊃ ◦real.

extended with polymorphism in a standard way
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efix x÷A. E ; {}

hee efix0

ZD ; Z

Now we want to show that the new horizontal evaluation
rules also respect the vertical operational semantics as in
Theorem 5.1. A simple approach is to prove that the new
horizontal evaluation rules are derivable via the translation
function (·)∗ in Section 3.6. Another approach is to prove
that the new horizontal evaluation rules respect the vertical operational semantics augmented with the rule ee efix
in Section 3.6. We choose the second because the proof is
simpler than in the first.
We define a translation function (·)♮ such that:

hee val

Dn :: efix x÷A. E ; Zn [ZnDn /x]E ; Zn+1
hee efix
efix x÷A. E ; Zn+1
Figure 6: Horizontal evaluation rules for recursive
expressions
copies of the value V . In the rule hee U, we generate zero or
more random numbers from U (0.0, 1.0]. Note that the rules
hee term and hee U can return an empty horizontal value so
that the evaluation of a recursive expression can terminate.
We can formalize the intuition behind E ; Z as follows:

(Z efix

s

s

Theorem 5.2. If E ; Z and (s, W ) ∈ Z, then E ♮ ⇁
W ♮.

Proof. By induction over the structure of E ; Z.

Proof. See Appendix.

Theorem 5.1 states that the horizontal operational semantics respects the vertical operational semantics: a horizontal
evaluation returns only those samples that can be generated
under the vertical operational semantics. In conjunction
with Theorem 3.2, it also implies that the horizontal operational semantics satisfies the type preservation property: if
E ; Z and · ⊢ E ÷ A, then · ⊢ Vi : A for any (si , Vi ) ∈ Z.
Note, however, that the horizontal operational semantics
is non-deterministic, and not just probabilistic. It therefore
does not directly solve the problem of computing expectations in a semantically sound way. Instead it defines a space
of possible implementations, two of which we consider in
Section 6.

In conjunction with Theorem 3.3, Theorem 5.2 means that
the horizontal operational semantics with the new horizontal
evaluation rules also respects the vertical operational semantics modulo (·)♮ .
The rule hee efix can be applied to a recursive expression
indefinitely, in which case the horizontal evaluation does not
terminate. Therefore a recursion depth must be specified for
every recursive expression either by programmers or by the
runtime system. If we expanded a recursive expression with
the translation function (·)∗ , it would be difficult to specify
a recursion depth for it because the rule te mfix does not
record a recursion depth.

5.3 Horizontal operational semantics with the
expression fixed point construct

5.4 Implementation issues
The horizontal operational semantics is a minimal specification that cannot be transformed into an implementation
directly: it does not specify how an expression evaluates to
a unique horizontal value. For instance, it does not specify how to determine the size of horizontal values. Hence
we can consider various implementation strategies ensuring
that the result of a horizontal evaluation is unique.
Such an implementation, however, is not sufficient in practice unless it also ensures that an expression E evaluates to a
horizontal value that reflects, whether accurately or approximately, the probability distribution denoted by E. As an
example, consider a naive implementation in which the rule
hee term returns a singleton horizontal value and the rule
hee U generates N random numbers. The following expression denotes a Bernoulli distribution over True and False,
each with a probability 0.5:

Since an expression fixed point construct is a derived form
of expression, it does not require a strict extension to the
horizontal operational semantics. Nevertheless we develop
horizontal evaluation rules for recursive expressions in order to achieve an efficient implementation of the horizontal
operational semantics.
We include a horizontal value as a new kind of expression
so that we can substitute horizontal values for expression
variables:
E

::=

· · · | x | efix x÷A. E | Z D

As an expression, a horizontal value Z is annotated with
a horizontal evaluation derivation D :: efix x÷A. E ; Z.
Thus, from an annotated horizontal value Z D , we can recover a recursive expression from which we obtain Z through
a horizontal evaluation.2
A substitution does not affect annotated horizontal values:
D

[N/x]Z
[F/x]Z D

) = efix x÷A. E ♮

It enables us to recover a recursive expression from an annotated horizontal value. The translation of all the other
forms of terms and expressions is structural.

Theorem 5.1. If E ; Z and (s, V ) ∈ Z, then E ⇁ V .

expression

x÷A. E;Z ♮

sample x ⊳ prob U in
eif x ≤ 0.5 then True
else sample dummy ⊳ prob U in False

D

= Z
= ZD

Note that its evaluation
returns a horizontal value contain2
ing N2 True’s and N2 False’s in an average case. Even if
N approaches infinity, the horizontal value does not reflect
the target probability distribution. Consequently the implementation is not useful in practice because it does not allow
us to implement the expectation query.
Therefore a practical implementation of the horizontal operational semantics must be designed in such a way that an

Figure 6 shows the horizontal evaluation rules for recursive
expressions. A horizontal evaluation of efix x÷A. E begins
with an empty horizontal value Z0 = {}. By substituting
Zn for x in E and evaluating the resultant expression, we
obtain another horizontal value Zn+1 for efix x÷A. E.
2
We annotate horizontal values only to prove Theorem 5.2.
In an actual implementation this is unnecessary.
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c⊗Z

=

w⊙Z =
normalize {} =
normalize {(Vi , wi ) | i} =

{(Vi , c ∗ ci ) | (Vi , ci ) ∈ Z}

M ֒→ prob F F ; {(Vi , ci ) | i} [Vi /x]E ; Zi
|Zi | = 0 or |Zi | all equal
S
sample x ⊳ M in E ; i ci ⊗ Zi
M ֒→ V
hee termc
M ; {(V, c)}

ui =

i+0.5
|U |

hee samplec

i = 0, · · · , |U| − 1

U ; {(ui , c) | i)}

hee Uc

Figure 7: Horizontal evaluation rules with sample
counts

6.1 Implementation based on sample counts
In the first implementation, we omit sampling sequences
from horizontal values because they serve no purpose for the
runtime system, and associate each sample V in a horizontal
value with a positive integer c called a sample count:
Z

::=

M ֒→ V
hee termw
M ; {(V, 1.0)}

ui =

i+0.5
|U |

i = 0, · · · , |U| − 1

U ; {(ui ,

1.0
)
|U |

| i)}

hee Uw

where m and n are positive integers. We can show that
with a recursion depth d ≥ 1, the evaluation returns
a horP
izontal value Zd such that |Zd | = md−1 nkd ,
c=
P (i,c)∈Zd
md−i−2 n2 (m − n)i kd where i < d − 1, and (d−1,c)∈Zd c =
n(m−n)d−1 kd . Therefore, as both k and d approach infinity,
d−i−2 2
n (m−n)i kd
=
the proportion of a sample i in Zd becomes m md−1
nkd
p(1.0 − p)i , which is exactly the probability for the sample
i in a geometric distribution with parameter p.
Although the above implementation is an improvement
over the naive implementation of the horizontal operational
semantics, it has two practical problems. First we cannot
easily encode probability distributions beyond the precision
determined by the constant |U|. For instance, with |U| = 10,
bernoulli 0.1 and bernoulli 0.11 are indistinguishable by the
runtime system while they denote different probability distributions. Second the evaluation of a recursive expression
may suffer from exponential growth in the size of horizontal values, preventing us from choosing a large recursion
depth. Even if we compress a horizontal value by combining those entries containing the same sample, sample counts
may still grow exponentially, producing overflows in integer arithmetic. In the next subsection, we present another
implementation that alleviates these problems.

IMPLEMENTATION

horizontal value

M ֒→ prob F F ; {(Vi , wi ) | i} [Vi /x]E ; Zi
hee samplew
S
sample x ⊳ M in E ; normalize i wi ⊙ Zi

Figure 8: Horizontal evaluation rules with sample
weights

expression evaluate to a unique horizontal value that reflects, in a certain way, the target probability distribution.
In the next section, we present two such implementations.

6.

{(Vi , w ∗ wi ) | (Vi , wi ) ∈ Z}
{}
P
{(Vi , wSi ) | i} where S = i wi

{(V1 , c1 ), · · · , (Vn , cn )}

A sample count indicates the number of times the corresponding sample is produced. Therefore we can implement
the function expectationA as follows:
P
M ֒→ prob E E ; {(Vi , ci ) | i} S = i ci
P ci
te expectationc
expectationA f M ֒→ i S f (Vi )

The revised horizontal evaluation rules are in Figure 7.
Those rules related to recursive expressions are the same as
in Figure 6. c ⊗ Z multiplies each sample count in Z by
c. The length of a horizontal value is defined
P as the sum
of all sample counts in it: |{(Vi , ci ) | i}| = i ci . The rule
hee samplec says that every sample Vi from the expression
F contributes equally to the final horizontal value unless
|Zi | = 0. If |Zi | = 0, then Vi is ignored. The constant c in
the rule hee termc or hee Uc is determined dynamically by
constraints imposed by instances of the rule hee samplec .
The rule hee Uc generates |U| random numbers that are
equally spaced in (0.0, 1.0], and therefore the constant |U|
determines the precision at which we discretize U (0.0, 1.0].
Note that we do not need a random number generator in
implementing the rule hee Uc . It implies that an expression
evaluates to a unique horizontal value and that the evaluation of expectationA f M is deterministic.
All the rules above conform to the intuition that an expression evaluates to a horizontal value that best approximates the target probability distribution with a limited
number of samples. We can formalize this intuition by showing that as |U| approaches infinity, the horizontal value also
approaches an accurate representation of the target probability distribution. For a recursive expression, we need
an additional assumption that the recursion depth also approaches infinity.
As an example, consider the evaluation of geometric ef ix p.
n
For the sake of simplicity, we assume p = m
and |U| = mk

6.2 Implementation based on sample weights
In the second implementation, we employ the idea from
the sample-based representation of probability distributions [7]
and associate each sample V in a horizontal value with a
positive real number w called a sample weight:
horizontal value

Z

::=

{(V1 , w1 ), · · · , P
(Vn , wn )}
where n = 0 or
i wi = 1.0

In terms of the previous implementation, we can think of a
sample weight as a sample count divided by the sum of all
sample counts in a given horizontal value. Since the sum of
all sample weights in a non-empty horizontal value is 1.0,
we can implement the function expectationA as follows:
M ֒→ prob E E ; {(Vi , wi ) | i}
te expectationw
P
expectationA f M ֒→ i wi f (Vi )

The revised horizontal evaluation rules are in Figure 8.
Those rules related to recursive expressions are the same as
in Figure 6. w ⊙ Z multiplies each sample weight in Z by w.
The function normalize takes a set of weighted samples as
input and returns a horizontal value by normalizing it. We
need to apply normalize in the rule hee samplew because
8

Zi may be empty. As in the previous implementation, an
expression evaluates to a unique horizontal value, and the
evaluation of expectationA f M is deterministic.
The use of sample weights in horizontal values enables us
to introduce as a primitive construct a binary choice expression choosep M1 M2 whose horizontal evaluation rule is:

Since a uniform expression evaluates to a unique horizontal
value, the results are always the same.
The results from gaussian rejection and Qburglary|J ohn calls
suggest that when we evaluate a recursive expression, the
number of samples and the execution time may grow exponentially with |U| or the recursion depth. For recursive
expressions denoting discrete probability distributions, the
number of samples does not grow indefinitely: once the horizontal value approaches an accurate representation of the
target probability distribution, the number of samples remains stable. For instance, even if we increase the recursion
depth from 200 to 2000, Qburglary|J ohn calls returns a horizontal value containing only 46708 samples, i.e. 2317 more
samples (in 280.17 seconds).
We observe that the horizontal operational semantics with
sample weights consistently outperforms the vertical operational semantics with respect to accuracy in mean and variance. The only exception is the variance in gaussian rejection,
but still a precise mean compensates for the increase in variance. The reduction in execution time is also significant, especially in binomial, geometric ef ix, and Qburglary|J ohn calls .
It is mainly due to the use of binary choice expressions
in implementing Bernoulli distributions. The result from
Qburglary|J ohn calls is remarkable because such an accurate
mean is hard to obtain with the vertical operational semantics.

M1 ֒→ V1 M2 ֒→ V2
hee choosec
choosep M1 M2 ; {(V1 , p), (V2 , 1.0 − p)}
Note that a binary choice expression is not a primitive construct under the vertical operational semantics because we
can simulate it in the same way as we encode Bernoulli distributions. By composing multiple binary choice expressions, we can now represent accurately any probability distribution over a finite domain.3 As a simple example, we can
encode a Bernoulli distribution over type bool as follows:
let bernoulli = λp : real. prob choosep True False
The binary choice expression eliminates the first problem with the previous implementation at least for discrete
probability distributions. The problem still remains for continuous probability distributions, but this is acceptable considering the nature of continuous probability distributions:
we cannot represent an arbitrary continuous probability distribution accurately with a finite number of samples. We
resolve the second problem as follows: whenever we obtain
a horizontal value, we discard those samples whose sample weights are below a threshold E , and then normalize
the resultant set. We also try to compress horizontal values
when we evaluate recursive expressions. By choosing a small
value for E , we can achieve high precision in approximating
probability distributions, which is demonstrated in the next
section.

7.

8. RELATED WORK
In this section, we discuss previous work on probabilistic
languages based upon monads or sampling functions. For
other probabilistic languages, see [32, 19, 11, 34, 25, 27].
Ramsey and Pfeffer [29] present a stochastic lambda calculus whose denotational semantics is based upon the monad
of probability measures. A lambda abstraction translates
into a function from values to probability distributions, and
corresponds to a sampling expression in our language. A
binary choice construct choose p e1 e2 corresponds to a uniform expression in our language in the sense that it enables
us to create probability distributions other than point mass
distributions. The paper presents a sampling monad, but it
plays a different role from what the sampling monad ◦ does
in our language: their sampling monad is a means of implementing the sampling query whereas the sampling monad ◦
in our language serves as its semantic foundation.
Jones [18, 17] presents a probabilistic metalanguage whose
denotational semantics is based upon the monad of evaluations. The language syntactically distinguishes expressions denoting probability distributions from function expressions, which denote functions from values to probability
distributions. Thus a function expression corresponds to
a sampling expression in our language. The language also
provides a binary choice construct e1 orp e2 .
Kozen [20] investigates the semantics of probabilistic while
programs. A random assignment x := random assigns a random number to a variable x and is the source of probability
distributions. It can be thought of as a primitive construct
for sampling functions because the variable x can be used
later as an argument to a sampling function. The language
draws no distinction between discrete and continuous probability distributions, which is a property of a probabilistic
language whose mathematical basis is sampling functions.
The first author [24] presents a probabilistic calculus λγ
whose mathematical basis is sampling functions. In order to

EXPERIMENTAL RESULTS

We implement the vertical operational semantics and the
horizontal operational semantics with sample weights, and
test them on seven probability distributions from Section 4
with the expectation query. Both implementations are written in Objective Caml 3.06, and all experiments are performed on Pentium III 500Mhz with 384 MBytes memory.
Figure 9 shows the experimental results for the vertical
operational semantics together with true means and variances.4 For each test case, we generate 1000000 samples to
compute its mean and variance with the expectation query.
Since a uniform expression evaluates to a random number
generated from U (0.0, 1.0], the results are different for each
run on the test cases; the results in Figure 9 are obtained
from a particular run on the test cases.
Figure 10 shows the experimental results for the horizontal operational semantics with sample weights where we use
a threshold E = 1.0−10 . We reimplement Bernoulli distributions with binary choice expressions as explained in Section 6.2. For each test case, we set |U| if it contains uniform
expressions, set the recursion depth if it is a recursive expression, and compute its mean and variance with the expectation query. The number of samples in the final horizontal
value is not readily predictable if it is a recursive expression.
3
In fact, choose0.5 M1 M2 suffices as long as the probability
for each element in the domain is computable [9].
4
For the parameters used in Qburglary|J ohn calls , see [31]. Its
mean refers to pburglary|J ohn calls in Section 4.
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probability distributions
unif orm 0.0 1.0
binomial 0.5 50
binomial 0.5 100
geometric ef ix 0.5
gaussian rejection 0.0 1.0
gaussian BoxM uller 0.0 1.0
gaussian central 0.0 1.0
Qburglary|J ohn calls

true mean
0.5
25.0
50.0
1.0
0.0
0.0
0.0
0.016444

true variance
0.083333
12.5
25.0
2.0
1.0
1.0
1.0
-

time (seconds)
0.93
72.42
139.15
7.58
5.76
3.11
3.15
270.42

mean
0.500077
25.000047
50.005734
1.000163
0.001421
0.000543
-0.000708
0.016599

variance
0.083398
12.501351
25.013649
2.002239
1.000043
0.998157
0.997768
-

Figure 9: Experimental results for the vertical operational semantics
probability distributions
unif orm 0.0 1.0
binomial 0.5 50
binomial 0.5 100
geometric ef ix 0.5
gaussian rejection 0.0 1.0
gaussian BoxM uller 0.0 1.0
gaussian central 0.0 1.0
Qburglary|J ohn calls

|U|
1000000
8
16
1000
100
-

recursion depth
10
100
5
5
20
200

# of samples
1000000
100
200
10
33
24880
928672
1000000
1000000
1560
44391

time (seconds)
0.33
0.02
0.14
0.00
0.01
0.03
2.87
2.02
1.47
0.02
15.09

mean
0.500000
25.000000
50.000000
0.998047
1.000000
0.000000
0.000000
0.000000
0.000000
0.010861
0.016443

variance
0.083333
12.500000
25.000000
1.962887
2.000000
1.064119
1.004040
0.999653
0.999900
-

Figure 10: Experimental results for the horizontal operational semantics with sample weights
encode sampling functions directly, the language provides a
sampling construct γ e where γ is a formal parameter and
e is the body of a sampling function. The evaluation of γ e
proceeds by generating a random number from U (0.0, 1.0]
and substituting it for γ in e, and hence the operational
semantics is vertical. The idea of using sampling functions
as the mathematical basis in our language is adopted from
this paper.

entirely in the monadic language and carry out further experimental analyses.
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Appendix
Proof of Theorem 3.3
Proposition 10.1. For any term N , we have ([N/x]M )∗ =
[N ∗ /x]M ∗ and ([N/x]E)∗ = [N ∗ /x]E ∗ . For any expression F , we have ([F/x]M )∗ = [F ∗ /x]M ∗ and ([F/x]E)∗ =
[F ∗ /x]E ∗ .
Proof. By simultaneous induction on the structure of M
and E.
s

Proposition 10.2. (efix x÷A. E)∗ ⇁ V if and only if
s
[(efix x÷A. E)∗ /x]E ∗ ⇁ V .
s

Proof. We observe that (efix x÷A. E)∗ ⇁ V expands to
ǫ
s
· · · [(efix x÷A. E)∗ /x]E ∗ ⇁ V [V /xr ]xr ⇁ V
s

(efix x÷A. E)∗ ⇁ V

s

Lemma 10.3. If M ֒→ V , then M ∗ ֒→ V ∗ . If E ⇁ W
s
with the rule ee efix, then E ∗ ⇁ W ∗ .
Proof. By simultaneous induction over the structure of
s
M ֒→ V and E ⇁ W . For the case of E = efix x÷A. F , we
use Proposition 10.2.
Lemma 10.4. If M ∗ ֒→ V ′ , then M ֒→ V and V ′ = V ∗ .
s
s
If E ∗ ⇁ W ′ , then E ⇁ W with the rule ee efix and W ′ =
∗
W .
Proof. By simultaneous induction over the structure of
s
M ∗ ֒→ V ′ and E ∗ ⇁ W ′ . For the case of E = efix x÷A. F ,
we use the observation in the proof of Proposition 10.2.
Theorem 3.3 follows from Lemmas 10.3 and 10.4.

Proof of Theorem 5.2
Proposition 10.5. For any term N , we have ([N/x]M )♮ =
[N ♮ /x]M ♮ and ([N/x]E)♮ = [N ♮ /x]E ♮ .
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Proof. By simultaneous induction on the structure of M
and E. For the case of E = Z efix y÷A. F ;Z , we use the fact
that efix y÷A. F ♮ is closed.
Proposition 10.6. For any expression F , we have
([F/x]M )♮ = [F ♮ /x]M ♮ and ([F/x]E)♮ = [F ♮ /x]E ♮ .
Proof. By simultaneous induction on the structure of M
and E. For the case of E = Z efix y÷A. F ;Z , we use the fact
that efix y÷A. F ♮ is closed.
Suppose that we have derivations M ֒→ V and E ; Z

M

E
where (s, W ) ∈ Z. We define M ֒→ V
and E ; Z s,W
inductively as in Figure 11.

M
Lemma 10.7. If M ֒→ V , then M ֒→ V
is a deriva
E
tion of M ♮ ֒→ V ♮ . If E ; Z and (s, W ) ∈ Z, then E ; Z s,W
s

is a derivation of E ♮ ⇁ W ♮ .

Proof. By simultaneous induction over the structure of
M ֒→ V and E ; Z.
Theorem 5.2 follows from Lemma 10.7.
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h

λx : A. M ֒→ λx : A. M

iM

M

M1 ֒→ λx : A. M [M2 /x]M ֒→ V
M1 M2 ֒→ V
iM
h
prob E ֒→ prob E

M
u ֒→ u

M
[fix x : A. M /x]M ֒→ V
fix x : A. M ֒→ V

E
M ֒→ prob F F ; {(si , Wi ) | i} [Wi /x]E ; Zi
S
sample x ⊳ M in E ; i si :: Zi
si ·s′ ,W
E

M ֒→ W
M ; {(ǫ, W ), · · · , (ǫ, W )} ǫ,W

E
ui ∼ U (0.0, 1.0]
U ; {(ui ǫ, u) | i)} u ǫ,u
i
i
E

Dn :: efix x÷A. E ; Zn [ZnDn /x]E ; Zn+1
efix x÷A. E ; Zn+1
s,W
iE
h
Z D ; Z s,W

=

λx : A. M ♮ ֒→ λx : A. M ♮
M

M

[ M1 ֒→ λx : A. M ]

=

[ [M2 /x]M ֒→ V ]

M1 ♮ M2 ♮ ֒→ V ♮

=

prob E ♮ ֒→ prob E ♮

=

u ֒→ u
M

[ [fix x : A. M /x]M ֒→ V ]

=

fix x : A. M ♮ ֒→ V ♮
M

[ M ֒→ prob F ]

=

E

s ·s

i
sample x ⊳ M ♮ in E ♮ ⇁
W♮
M

[ M ֒→ W ]

=

ǫ

M♮ ⇁ W ♮
ui ∼ U (0.0, 1.0]

=

u ǫ



=

i
U ⇁
ui

[ZnDn /x]E ; Zn+1
s

E

s,W

efix x÷A. E ♮ ⇁ W ♮
E

=

[ D ]s,W

Figure 11: Translation of M ֒→ V and E ; Z
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E

[ F ; {(si , Wi ) | i} ]si ,Wi [ [Wi /x]E ; Zi ]s′ ,W

