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Abstract. This paper describes a library for model reduction of largescale, dense linear time-invariant systems on parallel distributed-memory
computers. Our library is enhanced with a mail service which serves as
a demonstrator of the capabilities of the library. Remote requests submitted via e-mail are executed on a cluster composed of Intel Pentium-II
nodes connected via a Myrinet switch. Experimental results show the
numerical and parallel performances of our model reduction routines.
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Introduction

Model reduction is of fundamental importance in many modeling and control
applications involving linear time-invariant (LTI) systems. In state-space form,
such systems are described by the following models:
Continuous LTI system:
ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

t > 0,
t ≥ 0.

x(0) = x0 ,

(1)

Discrete LTI system:
xk+1 = Axk + Buk ,
yk = Cxk + Duk ,

x0 = x0 ,
k = 0, 1, 2, . . . .

(2)

In both models, A ∈ IRn×n is the state matrix, B ∈ IRn×m , C ∈ IRp×n ,
D ∈ IRp×m , n is said to be the order of the system, and x0 ∈ IRn is the initial
state of the system. The associated transfer function matrix (TFM) is G(s) =
⋆
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C(sI − A)−1 B + D. Here, we assume that the state matrix A is stable. In the
continuous-time case, this implies that the spectrum of A is contained in the
open left half plane while in the discrete-time case, the spectrum of A must lie
inside the unit circle. This condition ensures that the system is stable, but we
do not assume minimality of the system.
In the model reduction problem, we are interested in finding a reduced-order
LTI system,
Continuous LTI system:
˙
x̂(t)
= Âx̂(t) + B̂ û(t),
ŷ(t) = Ĉ x̂(t) + D̂û(t),

t>0
t ≥ 0.

x̂(0) = x̂0 ,

(3)

Discrete LTI system:
x̂k+1 = Âx̂k + B̂ ûk ,
ŷk = Ĉ x̂k + D̂ûk ,

x̂0 = x̂0 ,
k = 0, 1, 2, . . . ,

(4)

of order r, r ≪ n, and associated TFM Ĝ(s) = Ĉ(sI − Â)−1 B̂ + D̂ which
approximates G(s).
There is no general technique for model reduction that can be considered as
optimal in an overall sense since the reliability, performance, and adequacy of
the reduced system strongly depends on the system characteristics. The model
reduction methods we study here rely on truncated state-space transformations

T
where, given Y = TlT , LTl
∈ IRn×n and Y −1 = [Tr , Lr ], with Tl ∈ IRr×n and
n×r
Tr ∈ IR
,
Â = Tl ATr ,

B̂ = Tl B,

Ĉ = CTr ,

and D̂ = D.

(5)

Model reduction methods based on truncated state-space transformations
usually differ in the measure they attempt to minimize. Balanced truncation
(BT) methods [16, 20, 22, 24], singular perturbation approximation (SPA) methods [15], and Hankel-norm approximation (HNA) methods [12] all belong to the
family of absolute error methods, which try to minimize k∆a k∞ = kG − Ĝk∞ .
Here, kGk∞ denotes the L∞ - or H∞ -norm of a stable, rational matrix function
defined as
kGk∞ = ess sup σmax (G(ω)),
(6)
ω∈IR
√
where  := −1 and σmax (M ) is the largest singular value of the matrix M .
The family of relative error model reduction methods attempt to minimize,
ˆ ∞ , defined implicitly by G − Ĝ = ∆G.
ˆ
on the other hand, the relative error k∆k
Among these, the balanced stochastic truncation (BST) methods [9, 13, 25] are
specially interesting. Currently, BST methods are not included in the model
reduction library and the associated mail service described here. Therefore, we
do not include BST methods in our presentation.
Model reduction of large-scale systems arises, among others, in control of
large flexible mechanical structures or large power systems as well as in circuit
2

simulation and VLSI design; see, e.g., [7, 8, 11, 17]. LTI systems with state-space
dimension n of order 102 to 104 are common in these applications.
All absolute error model reduction methods for LTI systems with dense state
matrices have a computational cost of O(n3 ) floating-point operations (flops).
Large-scale applications thus clearly benefit from using parallel computing techniques to obtain the reduced system. The usual approach a few decades ago was
to solve these problems on very expensive parallel supercomputers, but the situation is changing in the last years. Clusters constructed from commodity systems
(personal computers and local and system area switches) and “open” software
have started to be widely used for parallel scientific computing. The enormous
improvements in the performance of the commodity hardware has provided an
affordable tool for dealing with large-scale scientific problems. However, many
end-users (control engineers, VLSI circuit designers, etc.) are not familiar with
the basics of parallel algorithms and/or parallel architectures. Thus, if a parallel
library of control algorithms is to be useful to a broader spectrum of the scientific
community, it should be part of our work to provide, along with the library, the
necessary tools to facilitate its use.
The tool we propose to use, e-mail, has been employed from the first days of
the Internet not only for personal communication but also for submission of jobs
to remote systems, access to databases, document retrieval, etc. In this work we
explore the use of e-mail to provide a parallel model reduction service to the
scientific community. The advantage of providing this service via e-mail is that
the end-user remains completely isolated from the complexities of the software
and the hardware system, and the maintenance of both. A secondary goal of this
service is to serve as a demonstrator of the capabilities of the parallel library,
which can be then downloaded and installed on any (parallel) architecture with
MPI and ScaLAPACK.
Our library provides parallel routines for model reduction using the three
mentioned absolute error methods. These approaches are briefly reviewed in
Section 2. The contents and structure of the library are described in Section 3.
The library is completed with a mail service, presented in Section 4, which
allows remote access to our parallel cluster and enables the user to apply any
of the model reduction algorithms on a specific system. Finally, the numerical
and parallel performances of the routines in the parallel library is reported in
Section 5, and some concluding remarks are given in Section 6.

2

Model Reduction via Absolute Error Methods

In this section we briefly review the methods for absolute error model reduction. Serial implementations of these algorithms can be found in the Subroutine
Library in Control Theory – SLICOT1 . Note that we use implementations that
are different from the serial versions in SLICOT but result in the same reducedorder model. Our implementation is particularly efficient on parallel computing
platforms.
1

Available from http://www.win.tue.nl/niconet/NIC2/slicot.html.
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All these methods are strongly related to the controllability Gramian Wc and
the observability Gramian Wo of the LTI system. In the continuous-time case,
the Gramians are given by the solutions of two coupled Lyapunov equations
AWc + Wc AT + BB T = 0,
AT Wo + Wo A + C T C = 0,

(7)

while, in the discrete-time case, the Gramians are the solutions of two coupled
Stein equations
AWc AT − Wc + BB T = 0,
(8)
AT Wo A − Wo + C T C = 0.
As A is assumed to be stable, the Gramians Wc and Wo are positive semidefinite,
and therefore there exist factorizations Wc = S T S and Wo = RT R. Matrices S
and R are called the Cholesky factors of the Gramians.
The Lyapunov equations are solved in our model reduction algorithms using
the Newton iteration for the matrix sign function introduced by Roberts [19].
The Stein equations are solved using the Smith iteration proposed in [21]. Both
iterations are specially adapted taking into account that, for large-scale nonminimal systems, the Cholesky factors are often of low (numerical) rank. By not
allowing these factors to become rank-deficient, a large amount of workspace and
computational cost can be saved. For a detailed description of this technique,
see, e.g., [1].
Consider now the singular value decomposition (SVD)
 T 

V1
Σ1 0
T
,
(9)
SR = [U1 U2 ]
V2T
0 Σ2
where the matrices are partitioned at a given dimension r such that Σ1 =
diag (σ1 , . . . , σr ), Σ2 = diag (σr+1 , . . . , σn ), σj ≥ 0 for all j, and σr > σr+1 .
Here, σ1 , . . . , σn are known as the Hankel singular values of the system. If
σr > σr+1 = 0, then r is the McMillan degree of the system. That is, r is
the state-space dimension of a minimal realization of the system.
The so-called square-root (SR) BT algorithms determine the reduced-order
model in (5) using the projection matrices
−1/2

T l = Σ1

−1/2

V1T R and Tr = S T U1 Σ1

.

(10)

In case Σ1 > 0 and Σ2 = 0, the reduced-order model computed by using Tl , Tr
from (10) in (5) is a minimal realization of the TFM G(s).
The balancing-free square-root (BFSR) BT algorithms often provide more
accurate reduced-order models in the presence of rounding errors [24]. These algorithms share the first two stages (solving the coupled equations and computing
the SVD of SRT ) with the SR methods, but differ in the procedure to obtain Tl
and Tr . Specifically, the following two QR factorizations are computed,
 
 
R̄
R̂
T
T
S U1 = [P1 P2 ]
,
R V1 = [Q1 Q2 ]
,
(11)
0
0
4

where P1 , Q1 ∈ IRn×r have orthonormal columns, and R̂, R̄ ∈ IRr×r are upper
triangular. The reduced system is then given by the projection matrices
Tl = (QT1 P1 )−1 QT1 ,

Tr = P1 ,

(12)

and (5).
SR SPA or BFSR SPA reduced-order models can be obtained by first using
the SR BT or BFSR BT algorithms, respectively, to obtain a minimal realization
of the original system. Let the tuple (Ã, B̃, C̃, D̃) be a realization of this minimal
system and partition

 

B1
A11 A12
, C̃ = [ C1 C2 ],
, B̃ =
Ã =
B2
A21 A22
according to the desired size r of the reduced-order model, i.e., A11 ∈ IRr×r ,
B1 ∈ IRr×m , C1 ∈ IRp×r , etc. Then the SPA reduced-order model is obtained by
applying the following formulae
Â
B̂
Ĉ
D̂

:= A11 − A12 (γI − A22 )−1 A21 ,
:= B1 − A12 (γI − A22 )−1 B2 ,
:= C1 − C2 (γI − A22 )−1 A21 ,
:= D̃ − C2 (γI − A22 )−1 B2 ,

(13)

where γ = 0 for continuous LTI systems and γ = 1 for discrete LTI systems [15,
23, 24].
BT and SPA model reduction methods aim at minimizing the H∞ -norm
norm of the error system G − Ĝ. However, they usually do not succeed in finding
an optimal approximation. Using the Hankel norm of a stable rational transfer
function, defined by
kGkH = σ1 (G),
(14)
where σ1 (G) is the maximum Hankel singular value of G, it is possible to compute
an approximation minimizing kG − ĜkH for a given order r of the reducedorder system [12]. The derivation of a realization of Ĝ is quite involved. Due to
space limitations, we refer the reader to [12, 27] and only describe the essential
computational tools required in an implementation of the HNA method. In the
first step, a balanced minimal realization of G is computed. This can be done
using the SR version of the BT method described above. Then a transfer function
G̃(s) = C̃(sI − Ã)−1 B̃ + D̃ is computed as follows: first, the order r of the
reduced-order model is chosen such that the Hankel singular values of G satisfy
σ1 ≥ σ2 ≥ . . . σr > σr+1 = . . . = σr+k > σr+k+1 ≥ . . . ≥ σn ,

k ≥ 1.

Then, by applying appropriate permutations, the balanced transformation of G
is re-ordered such that the Gramians become


Σ̌
.
σr+1 Ik
5

The resulting balanced realization given by Ǎ, B̌, Č, Ď is partitioned according
to the partitioning of the Gramians, i.e.,

 

A11 A12
B1
Ǎ =
, B̌ =
, Č = [ C1 C2 ],
A21 A22
B2
where A11 ∈ IRn−k×n−k , B1 ∈ IRn−k×m , C1 ∈ IRp×n−k , etc. Then the following
formulae define a realization of G̃:
2
Ã = Γ −1 (σr+1
AT11 + Σ̌A11 Σ̌ + σr+1 C1T U B1T ,

B̃ = Γ −1 (Σ̌B1 − σr+1 C1T U ),
C̃ = C1 Σ̌ − σr+1 U B1T ,

D̃ = D + σr+1 U.

Here, U := (C2T )† B2 , where M † denotes the pseudoinverse of M , and Γ :=
2
Σ̌ 2 − σr+1
In−k . This step only requires matrix scaling, matrix multiplication,
and a QR decomposition. Now we can compute an additive decomposition of G̃
such that G̃(s) = Ĝ(s) + F (s) where Ĝ is stable and F is anti-stable. Then Ĝ is
an optimal r-th order Hankel norm approximation of G. We have implemented
the additive decomposition of G̃ via a block diagonalization of Ã, where we first
compute a block Schur form using the sign function of Ã and then annihilate the
off-diagonal block by solving a Sylvester equation using again a sign functionbased iterative solution procedure. For further details of the implementation of
the HNA method and computational aspects see [3].

3

Parallelization, structure and contents of the Library

The absolute error methods basically perform matrix operations such as the
solution of linear systems and linear matrix equations, and the computation of
matrix products and matrix decompositions (LU, QR, SVD, etc.). All these operations are basic matrix algebra kernels parallelized in ScaLAPACK and PBLAS.
Thus, our parallel model reduction library plicmr2 heavily relies on the use of
the available parallel infrastructure in ScaLAPACK, the serial computational
libraries LAPACK and BLAS, and the communication library BLACS (see Figure 1).
Details of the contents and parallelization aspects of plicmr are given, e.g.,
in [1, 2].
The functionality and naming convention of the parallel routines closely follow analogous routines from SLICOT. The contents of plicmr are structured in
four main groups:
– Model reduction computational routines.
• pab09ax: BT method.
• pab09bx: SPA method.

2

http://spine.act.uji.es/~plicmr
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PLICMR

ScaLAPACK

PBLAS
Global
Local

LAPACK
BLACS

BLAS
MPI, PVM,...

Fig. 1. plicmr and the underlying libraries.

• pab09cx: HNA method.
– Matrix functions.
• pmb05rd: Computation of the sign function of a matrix.
– Linear matrix equation solvers.
• psb03odc: Solution of coupled Lyapunov equations (7) using the Newton
iteration for the matrix sign function.
• psb03odd: Solution of coupled Stein equations (8) using the Smith iteration.
• psb04md: Solution of a Sylvester equation using the Newton iteration for
the matrix sign function.
– Linear algebra.
• pmb03td: Computation of the SVD of a product of two rectangular matrices.
• pmb03ox: Estimation of the numerical rank of a triangular matrix.
A standardized version of the library is integrated into the subroutine library PSLICOT [5], with parallel implementations of a subset of SLICOT. It
can be downloaded from ftp://ftp.esat.kuleuven.ac.be/pub/WGS/SLICOT.
The version maintained at http://spine.act.uji.es/~plicmr might at some
stages contain more recent updates than the version integrated into PSLICOT.
The library can be installed on any parallel architecture where the above-mentioned computational and communication libraries are available. The efficiency of
the parallel routines will depend on the performance of the underlying libraries
for matrix computation (BLAS) and communication (usually, MPI or PVM).
7

Mail Agent
Service
Request

Service
Response

Mail Agent/PBS

PBS queue system

Interface

CLUSTER
Fig. 2. Components of the mail service system.

4

Mail Service

In this section we describe the access procedure and the structure of the service
for parallel model reduction via e-mail. This service is provided on a parallel
cluster3 , composed of 32 Intel Pentium-II personal computers, running a Linux
operating system, and connected with a 1 Gbps Myrinet network.
The user can submit a job using any standard application for sending an
e-mail message to plicmr@spine.act.uji.es. A service request specifies the
parameters of the job (like the model reduction algorithm to employ, the dimensions of the system, the desired order for the reduced system, etc.) in the body of
the message. Validation of access is performed via a login and password included
in the e-mail. Different compression tools are supported to reduce the size of the
files specifying the system matrices, provided as attachments. The results of the
execution are returned to the user via e-mail, with the matrices of the reduced
system as attached (compressed) files.
The service and the specific formats of the e-mail body and attachments are
further described in http://spine.act.uji.es/~plicmr.
The model reduction mail server is structured as a Mail Agent (MA) and a set
of scripts which define the interface between this agent and PBS (portable batch
system), a batch queuing and workload management system (see Figure 2).
The MA is the operating system mail daemon that processes e-mails. On
reception of an e-mail addressed to plicmr@spine.act.uji.es, the MA creates a process, plicmr-ma, which then employs the preprocessing scripts in the
MA/PBS Interface to extract the contents of the e-mail, save the system matrices in the local file system, generate the submission scripts for PBS, and submit
3

The cluster is owned by the Parallel Scientific Research Group, at the University
Jaume I; http://spine.act.uji.es/psc.html.
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the job. PBS is in charge of launching the execution of the job in the cluster and
return the result to the plicmr-ma using the postprocessing (epilogue) scripts
in the MA/PBS Interface. The plicmr-ma then generates an appropriate e-mail
with the matrices of the reduced-order system and uses the MA to send it back
to the user. Figure 3 illustrates the overall process, beginning with the reception
of an e-mail with a service request from a remote user, and ending when an
e-mail, containing the results of the execution of the request, is returned to the
user.

1. Receive e−mail

MA

7. Return response

2. Create process

PLICMR−MA

3. Extract contents
Save matrices
Generate subm.
scripts

6. Activates postprocessing scripts
Return result
PBS

Interface Scripts
4. Submit job

5. Launch job

Fig. 3. Actors and actions involved in processing a service request for parallel model
reduction.

5

Experimental Results

All the experiments presented in this section were performed on Intel Pentium-II
processors using ieee double-precision floating-point arithmetic (ε ≈ 2.2204 ×
10−16 ). The parallel algorithms were evaluated on a parallel distributed cluster of 32 nodes. Each node consists of an Intel Pentium-II processor at 300
MHz, and 128 MBytes of RAM. We employ a BLAS library, specially tuned for
the Pentium-II processor as part of the ATLAS and ITXGEMM projects [26,
14], that achieves around 180 Mflops (millions of flops per second) for the matrix product (routine DGEMM). The nodes are connected via a Myrinet crossbar
network; the communication library BLACS is based on an implementation of
the communication library MPI specially developed and tuned for this network.
The performance of the interconnection network was measured by a simple loopback message transfer resulting in a latency of 33 µsec and a bandwidth of 200
9

Mbit/sec. We made use of the LAPACK, PBLAS, and ScaLAPACK libraries
wherever possible.
We only report results using the BT BFSR algorithms for a continuous LTI
system. Similar results were obtained for the SPA and HNA algorithms and for
discrete LTI systems.
5.1

Numerical performance

In this subsection we compare the reliability and adequacy of the reduced systems computed using the SLICOT routines with those of the PLiCMR routines.
For this purpose, we evaluate the response of the reduced systems, |G( ω)|, at
frequencies ω, by means of two large-scale examples from the collection in [6].
The first example models the atmosphere in the midlatitude of the Pacific.
The area is discretized using an horizontal division of 1000 × 1000 km2 and a
vertical division 10 km long. The time is discretized in periods of 9 hours. The
model is composed of 598 states, a single input, and a single output.
The second example is full-order model (FOM) of a large dynamical system,
and has six badly damped poles, i.e., three pairs of complex conjugate poles
with large imaginary part which are responsible for the three significant peeks
in the frequency response. Except for these peeks, the dynamics of this system are
smooth as all the remaining poles are real and well separated from the imaginary
axis. There is no difficulty to be expected in reducing the order of this system
significantly.
Figure 4 reports the frequency responses of the original system and the reduced models of orders r=9 and 10 for the atmosphere and the FOM examples,
respectively. In both cases, no noticiable difference is encountered between the
behaviour of the reduced systems computed by means of the SLICOT (ab09ad)
and the PLiCMR (pab09ax) routines. As a matter of fact, in both examples the
frequency response of the reduced systems perfectly match that of the original
system for all frequencies.
5.2

Parallel performance

We employ two different large-scale examples to evaluate the parallel performance of the routines in PLiCMR.
The first example comes from a finite element discretization of a steel cooling
process described by a boundary control problem for a linearized 2-dimensional
heat equation; see [18] and references therein. The system has 6 inputs and
outputs, and n = 821 or 3113 states, depending on the meshsize. As there is no
significant gap in the Hankel singular values of the system, in this experiment
we computed a reduced system of fixed order r = 40.
The system with n = 821 was reduced using the SLICOT routines in about 4
minutes. The parallel routines computed the reduced system in half of this time,
using 4 processors. However, the system with n = 3113 could not be solved using
the serial routines as the system matrices were too large to be stored in a single
10
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Fig. 4. Frequency response of the atmosphere (left) and the FOM (right) examples.

node. Our parallel routines provided the solution in around 15 minutes (using
16 processors).
The second example is a random continuous LTI system constructed as
follows. First, we generate a random positive semidefinite diagonal Gramian
Wc = diag (Σq1 , Σq2 , 0q3 , 0q4 ), where Σq1 ∈ IRq1 ×q1 contains the desired Hankel
singular values for the system and Σq2 ∈ IRq2 ×q2 . Then, we construct a random positive semidefinite diagonal Gramian Wo = diag (Σq1 , 0q2 , Σq3 , 0q4 ), with
Σq3 ∈ IRq3 ×q3 . Next, we set A to a random stable diagonal matrix and compute
F = −(AWc + Wc AT ) and G = −(AT Wo + Wo A). Thus,
F = diag (f1 , f2 , . . . , fq1 +q2 , 0q3 +q4 ) ,
G = diag (g1 , g2 , . . . , gq1 , 0, . . . , 0, gq1 +q2 +1 , . . . , gq1 +q2 +q3 , 0q4 ) .
A matrix B ∈ IRn×(q1 +q2 ) such that F = BB T is then obtained as
p p

p
f1 , f2 , . . . , fq1 +q2 .
B = diag
The procedure for obtaining C is analogous. The LTI system is finally transformed into A := U T AU , B := U T B, and C := CU using a random orthogonal transformation U ∈ IRn×n . The system thus defined has a minimal realization of order r = q1 . The Cholesky factors satisfy rank (S) = q1 + q2 and
rank (R) = q1 + q3 .
We first evaluate the execution time of the parallel model reduction algorithms. In the example, we set n = 1000, m = p = 100, and q1 = q2 = q3 = 50.
As there is no noticeable gap in the Hankel singular value distribution of the
system, we obtain a reduced-order model of order r = 40.
The left-hand plot in Figure 5 reports the execution time of the BFSR BT
serial routine for model reduction in SLICOT and the corresponding parallel algorithm as the number of nodes, np , is increased. The results show a considerable
acceleration achieved by the parallel algorithm (with even super speed-ups). This
11
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Fig. 5. Performance of the parallel model reduction algorithms.

is partially due to the efficiency of the Lyapunov solvers used in our algorithms
which compute factors of the solutions in compact (full-rank) form instead of
square matrices, thus requiring less computations. Comparison of the results on
2 and 4 nodes roughly shows the efficiency of the parallel algorithm. The execution time is reduced by a factor of almost 2 (the number of resources, that is
nodes, is doubled). Using a larger number of nodes does not achieve a significant
√
reduction of the execution time due to the small ratio n/ np .
We next evaluate the scalability of our parallel algorithms. As the memory of
the system does not allow to test the serial algorithms on larger problems, in the
√
√
experiment we fix the problem size per node using n/ np = 800, m/ np = 400,
√
√
p/ np = 400, and q/ np = 200, with q1 = q2 = q3 = q. In the right-hand plot
in Figure 5 we report the Mflop ratio per node for the parallel model reduction
algorithms. This is often referred as the scaled speed-up. The figure shows a high
scalability of all three algorithms, as there is only a minor decrease in the Mflop
ratio per node as the number of nodes is increased up to 25 (a problem of size
n = 4000). The scalability confirms that a larger problem can be solved by
increasing proportionally the number of nodes employed.
A more detailed analysis of the numerical accuracy and parallelism of the
kernels in the parallel library for model reduction can be found in [4].

6

Concluding Remarks

In this paper we have described a parallel library for model reduction of largescale, dense LTI systems using absolute error methods. Our experiments report
a notable reduction in the execution time when the parallel algorithms are used.
An important part of this reduction is due to the use of compact factors of the
Gramian matrices.
12

Future extensions of the library will include parallel routines for relative
error model reduction. A further extension will provide a service which allows
an interaction between remote users and the parallel system through a web
environment.
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