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ABSTRACT. Presentations “&a la Coxeter” are given for all (irreducible) finite com-
plex reflection groups. They provide presentations for the corresponding generalized
braid groups (for all but six cases), which allow us to generalize some of the known
properties of finite Coxeter groups and their associated braid groups, such as the
computation of the center of the braid group and the construction of deformations of
the finite group algebra (Hecke algebras). We introduce monodromy representations
of the braid groups which factorize through the Hecke algebras, extending results of
Cherednik, Opdam, Kohno and others.
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INTRODUCTION

In [DeMo] (17.20), Deligne and Mostow raised the following question :

“Let W C GL(V') be an irreducible finite group generated by complex reflec-
tions, and let V' be the complement in V' of the fixed hyperplanes of the complex
reflections in W. For H the fixed hyperplane of a complex reflection in W, let sy
be the generator of the monodromy around the image of H in V/W. It is well de-
fined up to conjugacy in w := w1 (V'/W). The fundamental group = is an extension
of W by the fundamental group of V', and sy projects in W to the inverse of the
generator of the fixer of H, with non trivial eigenvalue of the form exp(2wi/ny).

Question 3. For each conjugacy class of each hyperplane H fixed by a complex
reflection, let qp(t) be a path in C*, starting at exp(—2ni/ng). Is it uniquely
possible to deform with t a representation p; of m, starting at t = 0 with the given
representation of the quotient W of 7, so that py(sp) is a complex reflection with
non trivial eigenvalue qr(t) 77

As noticed by Deligne and Mostow, in the case where W is a Coxeter group, the
existence of the Hecke algebra as an image of the group algebra of the braid group =
provides a positive answer to their question.

It is one of our purposes here to give a positive answer to the preceding question, at
least for all infinite series of irreducible finite complex reflection groups, and for some
exceptional ones (a more partial answer, without proofs, had been announced in [BMR]).
We shall get this answer by exhibiting a generalized Hecke algebra for these groups again
as an image of the group algebra of the associated “braid group” .

Through recent work on representations of reductive finite groups and related topics
(like representations of finite Coxeter groups and associated Hecke algebras)!' it has
become clearer and clearer that finite “complex reflection groups” (i.e., linear groups
generated by pseudo-reflections) behave very much like Coxeter groups, or even like
Weyl groups.

e Many of them behave as if they were the Weyl group of a reductive algebraic
group : in particular, they determine families of polynomials which share many
properties of the set of generic degrees of the unipotent characters of a reductive
algebraic group.

o Through suitable presentations by generators and relations, it has become pos-
sible to deform the complex group algebra of most complex reflection groups
in a way which generalizes the construction of classical Hecke algebras of finite
Coxeter groups.

Here we prove in particular that these presentations are naturally associated to pre-
sentations of the corresponding braid groups, thus providing a more intrinsic definition.

It should be noticed that some other nice properties of “Coxeter braid groups” extend
to this more general setting.

For example, generalizing a result of Deligne and Brieskorn—Saito valid for Coxeter
groups, we check here, in most cases, that the centers of braid groups associated to
irreducible complex reflection groups are cyclic.

lsee for example [AlLu], [Ari], [ArKo], [BreMa], [BrMa], [BrMi], [BMM], [Lu], [Mal], [MaZ2].
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Also (at least in the case of the infinite series) the pure braid group of an r—dimensional
irreducible complex reflection group has a natural structure as an r—fold iterated semidi-
rect product of free groups (of finite rank).

Nevertheless, it should be emphasized that this must only be the beginning of a long
story which is still to be discovered. Our results are — almost — general, but few of our
proofs are. Moreover, new questions emerge now : how to characterize the distinguished
generators and the diagrams representing the relations 7 How to explain the natural
“diagram invariants” like degrees, codegrees, zeta function (see §5 below) ?

1. COMPLEX REFLECTION GROUPS AND THEIR PRESENTATIONS

A. Background from complex reflection groups.

For all the results quoted here, we refer the reader to the classical literature on complex
reflections groups, such as [Bou], [Ch], [Co], [ShTo], [Sp], and also to the more recent
fundamental work on the subject by Orlik, Solomon and Terao (see [OrSol], [OrSo2],
[OrTe]).

Let V be a complex vector space of dimension r. A pseudo-reflection of GL(V') is a
non trivial element s of GL(V') which acts trivially on a hyperplane, called the reflecting
hyperplane of s. Let W be a finite subgroup of GL(V') generated by pseudo-reflections.
The pair (V, W) is called a complex reflection group.

A parabolic subgroup of W is by definition the subgroup of elements of W which act
trivially on a subspace of V. The following result is due to Steinberg ([St], Theorem 1.5)
— cf. also exercises 7 and 8 in [Bou|, Ch. v, §6.

1.1. Theorem. Let V' be a subspace of V.. Then the parabolic subgroup Wy, consisting
of all elements of W which fix V' pointwise, is still generated by pseudo-reflections : Wy
is generated by those pseudo-reflections in W whose reflecting hyperplane contains V'.

We denote by A the set of reflecting hyperplanes of (V. W), and we set N := |A|.
We denote by N* the number of pseudo-reflections in W (note that for real reflection
groups we have N = N*).

For H € A, we denote by Wy the pointwise stabilizer of H, and we set ey := |Wpg].
The group Wy is a minimal non trivial parabolic subgroup of W. All its non trivial
elements are pseudo-reflections. The group Wy is cyclic : if sy denotes the element of
Wiy with determinant exp(2inw /e ), we have Wy = (sp), the group generated by sy.

The centralizer Cyw (Wp) of Wy in W is also its normalizer, as well as the normalizer
(setwise stabilizer) of H.

For C € A/W an orbit of hyperplanes, we denote by N¢ its cardinality. We have
Ne =W : Cw(Wpg)| for H € C. We also set e¢ := ey for H € C.

We denote by S the symmetric algebra of V, by R = SW the algebra of invariants
of W, by R4 the ideal of R consisting of elements of positive degree, and we set Sy :=
S/R4S.

The following facts are known (they are introduced here in an order which is conve-
nient for the exposition, but not necessarily for their proof).
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o Degrees.

There is a family of r integers dy,ds,...,d, called the degrees of (V, W), defined as
follows : the Poincaré polynomial of the graded module (V @ Sy )" is

IS R

We have o
(q+dy—1)(q+dy —2)---(q+dp— 1) = Z gimV
weW

(where V{®) denotes the space of fixed points of w). It follows that

S-= Y en-1= ¥ Nelee—1) = N",

HeA CEA/W

o Codegrees.

There is a family of r integers di,d5, ..., d" called the codegrees of (V, W), defined
by the following condition: the Poincaré polynomial of the graded module (V* @ Sy )"
18

gUFl B+ g
We have

* * * imV{w)
(q—dl—1)(q—d2—1)---(q—dr—1):Zdetv(w)qd A
weW

It follows that

fd*ﬂ 21: Z Ne =N
7=1

HeA CeA/W

and so

Jj=r
N—|—N*:Zd +d) = Z Neee .
j=1 CeA/W

Remark. The “codegrees” have not been introduced as such in the quoted literature.
Nevertheless, the sets of degrees and the codegrees are related to the sets of exponents
{mi,m2,...,m;} and coexponents {mj,m3,...,m¥} (which are defined in [OrSo2]) by
the formulae

mj=d;—1 and m;=d;+1 (j=12,...,7).

o Algebra of invariants — More on degrees.

The algebra of invariants R is generated by r algebraically independent homogeneous
elements of S respectively of degrees dy,ds, ... ,d,.

The order of W is |W| = dds - - - d,.

If W is irreducible, its center Z(W) has order |Z(W)| =dy Ady A --- A d, (where we
denote dy Aday A -+ ANdy :=ged{dy,ds,...,d,}).
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o Cohomology of the hyperplane complements — More on codegrees.

We set M :=V —Jycq H. For H € A, let us denote by ay a linear form on V' with
kernel H, and let us define the holomorphic differential form wpy on M by the formula
1 dag

WH = — ,
2w oag

1
which we also write wgy = 2deog(ozH) . We denote by [wg] the corresponding de Rham
T

cohomology class.
Brieskorn (cf. [Br2], Lemma 5) has proved the following result.

1.2, Let Cl(wp)mea] (resp. Z[(wm)meal) be the C-subalgebra (resp. the Z-subalgebra)
of the C-algebra of holomorphic differential forms on M which is generated by {wp}tea.
Then the map wy — [wi] induces an isomorphism between Cl(wp )mea] and the coho-

mology algebra H* (M, C) (resp. an isomorphism between Z[(wp)mea] and the singular
cohomology algebra H*(M,Z)).

From now on, we write wy instead of [w].
Orlik and Solomon (cf. [OrSol]) have given a description of the algebra H*(M, C).

Before stating their result, we need to introduce more notation.

o Let CA := @4 en be the vector space with basis indexed by A, and let AA be
its exterior algebra, endowed with the usual Koszul differential map 6: A4 — AA
of degree —1.

o For B={H,Hy,... ,H;} C A, we denote by Dg the line generated by ey, A
em, A+ Aep,.
We say that B is dependent if codim(( 5 H) < |B|.
We denote by IAA the (graded) ideal of AA generated by the §(Dp) where B

runs overs the set of all dependent subsets of A.

1.3. Theorem. (Orlik and Solomon) The map ey — wp induces an isomorphism of
graded algebras between AAJIAA and H* (M, C).

Let Int(A) be the set of intersections of elements of A. For X € Int(A), we set
H(X)(M,(C) := > Dp where the summation is taken over all B C A, |B| = codim(X),
Nyep H = X, and where Dp is the complex line generated by wy, Awpg, A--- Awg, if
B=(H,H,...,H).

Then it follows from Theorem 1.3 that

1.4. for any integer n, we have

H'M,C)= @  HIWM,C).
(X €Int(A))
(codim(X)=n)

Moreover, we see that

1.5.

(1) the family (wpg)Hea is a basis of H' (M, C),
(2) for X an element of Int(A) with codimension 2, if Hx denotes a fized element
of A which contains X,
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e whenever H and H' are two elements of A which contain X, we have wg A
WH —WHx NWwH —WHx NWH,
o the family (Wuy ANWH)(H>X)(H£Hy) 5 @ basis of H(X)(M,(C).

The codegrees are determined by the arrangement A, by the following consequence

of Theorem 1.3.

1.6. The Poincaré polynomial Py(q) := ), ¢"dim(H" (M, C)) of the cohomology alge-
bra H* (M, C) is given by the following formulae :

Pulg) =1+ (1 +d))g)(1+(1+d3)q) - (1+(1+d;)q)

codim (V{w)
= Z dety (w)(—gq)c? Vi
weW

B. Presentations.

The tables in Appendix 2 provide a complete list of the irreducible finite pseudo—
reflection groups, as classified by Shephard and Todd, together with presentations of
these groups symbolized by diagrams “a la Coxeter”, as well as some of the data attached
to these groups. Many of these presentations were previously known. This is the case of
the rank r groups which are generated by r reflections, studied by Coxeter [Cx]. Some
others (the ones corresponding to the infinite series) occurred in [BrMa] or were inspired
by [Ari].

The reader may refer to Appendix 2 to understand what follows.

Isomorphisms between diagrams.

We may notice that the only isomorphisms between the diagrams of our tables are
between the diagrams of G(2,1,2) and G(4,4,2), between the diagrams of &4 and
G(2,2,3), between the diagrams of &3 and G(3,3,2), and between the diagrams of
Sz and G(2,1,1).

Cozeter diagrams.
Note (see tables) the following correspondence of notation :

e G,y (r >0) is the Coxeter group of type A,
G(2,1,r) (r > 2) is the Coxeter group of type B,,
G(2,2,r) (r > 3) is the Coxeter group of type D,.

Indeed (see table 2 for notation) since e = 2, ¢, and ¢, commute, and it is enough to
show that the “ double-link” braid relation tst,tststhts = thtatsthtats is a consequence of
the other relations.

Applying successively the fact that ¢, and t, commute, the braid relation between 5
and t,, and the braid relation between ¢3 and t5, we get (3thtqtsthts = tstathtstht, =
t3t2t3t/2t3t2 - tztgtztlztgtz - tztgtlztztgtz - tztgtlztgtztg; - tztlztgtlztztg; - tlztztgtlztztg; .

G(e,e,2) (e > 3) is the dihedral group of order 2e,
(2g 1s the Coxeter group of type Fy,
(35 1s the Coxeter group of type Eg,
(36 1s the Coxeter group of type E7,
(37 1s the Coxeter group of type Es,
(23 1s the Coxeter group of type Hs,
(30 1s the Coxeter group of type Hy.
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Admissible subdiagrams and parabolic subgroups.

Let D be one of the diagrams. Let us define an equivalence relation between nodes
by s ~ s and, for s # ¢,

s~t <= s andtare not in a homogeneous relation with support {s,¢}.

Then we see that the equivalence classes have 1 or 3 elements, and that there is at most
one class with 3 elements.

If there is no class with 3 elements, the rank r of the group is the number of nodes
of the diagram, while it is this number minus 1 in case there is a class with 3 elements.

t
Thus 3@@ has rank 2, as well as  (0=—=(3)
5 E} 1

u

Remark. One must point out that, in the first of the preceding two diagrams, s, ¢ and
u must be considered as linked by a line (so ¢ and u do not commute).

An admissible subdiagram is a full subdiagram of the same type, namely a dia-
gram with 1 or 3 elements per class.

t
Thus, the diagram 3@@ has five admissible subdiagrams, namely the empty
5

u

diagram, the three diagrams consisting of one node, and the whole diagram.

1.7. Fact. Let D be the diagram of W as given in tables 1 to 4 in Appendiz 2 below.

(1) If D' is an admissible subdiagram of D, it gives a presentation of the correspond-
ing subgroup W (D') of W. This subgroup is a parabolic subgroup.

(2) Assume W is neither Gar, Gag, Gsz nor Gsy. If P C P, C--- P, is a chain of
parabolic subgroups of W, there exist g € W and a chain Dy C Dy C --- Dy of
admaissible subdiagrams of D such that

(P, Py,....Py) = 9(W(Dy),W(Dy),...,W(Dy)).

Remark.

For groups Gy7 and Gag, all isomorphism classes of parabolic subgroups are rep-
resented by admissible subdiagrams of our diagrams, but not all conjugacy classes of
parabolics subgroups are represented by admissible subdiagrams, as noticed by Orlik.

For groups G353 and (34, not all isomorphism classes of parabolic subgroups are repre-
sented by admissible subdiagrams of our diagrams. In these cases, it seems that a second
diagram should be introduced, as suggested by [Hu]. Then all parabolic subgroups can
be found somewhere inside one of the two diagrams given.

More precisely, for (33, the second diagram is only needed for parabolic subgroups of
type Dy, while for (a4 it is needed for parabolic subgroups of type D4, D5 and the second
copy of As.
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2. BRAID GROUPS AND THEIR DIAGRAMS

For X a topological space, we denote by P(X) its fundamental groupoid, where the
composition of (classes of) paths is defined so that, if v1 is a path going from x¢ to x;
and 7, is a path going from z; to x,, then the composite map going from zg to x5 is
denoted by vz - 1.

Given a point zo € X, we denote by 71 (X, zg) (or m1(X) if the choice of xq is clear)
the fundamental group with base point 9. So we have 7y (X, 29) = Endp(x)(zo). If
f: X — Y is a continuous map, we denote by P(f) the corresponding functor from
P(X) to P(Y). We also denote by 71 (f,x0) (or m1(f)) the group homomorphism from
m1(X, 20) to m (Y, f(x0)) induced by P(f).

We choose, once for all, a square root of (—1) in C, which is denoted by i. Moreover,
for every z € C*, we identify 7 (C*, z) with Z by sending onto 1 the loop A.: [0, 1] — C*
defined by A, (t) := z exp(2int).

A. Generalities about hyperplane complements.

What follows is probably well known to specialists of hyperplane complements and
topologists. We include it for the convenience of the reader, and because of the lack of
convenient references.

Let A be a finite set of affine hyperplanes (i.e., affine subspaces of codimension one)
in a finite dimensional complex vector space V. We set M :=V — |Jy 4 H .
Let x9 € M. We shall give now some properties of the fundamental group m (M, zo).

Generators of the monodromy around the hyperplanes.

In Appendix 1, we explain what we mean by the generator pp, of the monodromy
around H, associated to a path v “from xg to an affine hyperplane” H € A.

For H € A, let ay be an affine map V — C such that H = {« € V | ag(z) =0}. Its
restriction to M — C* induces a functor P(apy): P(M) — P(C*), and in particular a
group homomorphism 7 (a g, 29): m (M, 20) = Z

2.1. Lemma. For H, H' € A and ~ a path from xq to H (see Appendiz 1), we have

m(am)(pry)) = Om,m -

Proof of 2.1.
Let us set My := H — |Jmea H'. Let z, := ~(1) and let B be an open ball
H'£H
with center x, contained in M U Mp. Let u € [0,1] such that v(t) € B for t > u.
We set 1 := ~(u). Then, the restriction of ay to B N M induces an isomorphism

mi(ag): m(BNM,x1) = Z. Let X be a loop in BN M, with origin 1, whose image
under m (agr) is 1. Let v, be the “restriction” of v to [0, u], defined by ~,(t) := ~(ut)
for all ¢ € [0,1]. Define p x := ¥4 ~' - A+, . Then the loop p~ x induces the generator
of the monodromy pp,; (see Appendix 1), and

mi(am ) (pya) = mi(ap )(N) = dm mr .
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2.2. Proposition.
(1) The fundamental group w1 (M, x0) is generated by all the generators of the mon-
odromy around the affine hyperplanes H € A.

(2) Let w1 (M, 20)*> denote the largest abelian quotient of m1(M, x¢). For H € A, we
denote by p*> the image of pp ~ n ™ (M, 20)*. Then

m(M,20)™ = ] (%)
HeA
where each (p*P) is infinite cyclic. Dually, we have

Hom(my (M, 20), Z) = [] (milan)).

HeA

Proof of 2.2.
(1) is a special case of Proposition Al (see Appendix 1 below).
(2) is immediate and left to the reader. O

Remark. Let us recall that we have natural isomorphisms
(M, 20)** =5H (M, Z) and Hom(m (M, x0), Z)H' (M, Z).

Moreover, the duality between 71 (M, z0)*" and Hl(./\/l, Z) may be seen as follows. For
~ a loop in M with origin z¢ and for w a holomorphic differential 1-form on M, we set
<Y w> = fyw. It is then clear that, under the isomorphism

Hom(m (M, 20), Z)—H' (M, Z),

1 d
the element 71 (apr) is sent onto the class of the 1-form wy = - fen (see 1.2 for more

lm ay
details).
About the center of the fundamental group.
In this part, we assume the hyperplanes in A to be linear.

2.3. Notation. We denote by m the loop [0,1] — M defined by
7t 1o exp(2int).

2.4. Lemma.

(1) 7 belongs to the center Z(m (M, xq)) of the fundamental group m (M, xg).
(2) For all H € A, we have m(ap)(w) =1.

Proof of 2.4.
(1) results from a more general lemma, for which we need to introduce more notation.
Let z = |z|e!® be a complex number with argument 6, chosen so that —7 < § < 7.

For t € [0,1], we set z' := |z|'e’®. For + € M, we denote by 7. , the path in M, with
initial point x and terminal point zz, defined by

RERR [071]—>M R t|—>Zt$.
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2.5. Lemma. Let v be a path in M, with initial point x and terminal point y. Then
the paths . , -y and zy-~. ; are homotopy equivalent (where z~v denotes the path defined

by t — zv(t)).
The proof of Lemma 2.5 is easy and left to the reader. Note that Lemma 2.5 holds
whenever M is a subset of V' which is stable under multiplication by C*.

1 adan(a(t) _ p
I o (2 (D)) Jo dt. O

(2) is immediate since 71 (o g )(w) = 57

2.6. Proposition. Let M be the image of M in (V —{0})/C*, and let Ty denote the
image of xo in M.

(1) The map m (M, x0) — 71 (M, To) is surjective, and its kernel is ().

(2) The center of (M, x0) is (m) if and only if the center of m1(M,To) is trivial.

Proof of 2.6.

(1) Since the m(t) are scalar multiples of g, it is clear that & belongs to the kernel
of the map 7 (M, zg) — 71 (M, To).

The homotopy exact sequence - -+ — 71 (C*) — 71 (M, zo) — 71 (M,To) — 1 shows
that the morphism 7 (M, o) — 7 (M, Tp) is surjective, and that its kernel is cyclic.
Since 7 belongs to this kernel, it suffices to prove that 7z is a primitive element of
m1(M, x0), i.e., that 7 has no proper root in w1 (M, xg). But this results from Lemma
2.4, (2).

(2) Let us notice that, by Lemma 2.4, (2), the group (m) maps injectively into the
largest abelian quotient of m (M, x¢). So it suffices to prove the following elementary
lemma.

2.7. Lemma. Let G be a group, and let H a normal subgroup of G which maps in-
jectively into the largest abelian quotient G/[|G,G) of G. Then the natural morphism
G — G/H sends the center of G onto the center of G/H.

Proof of 2.7. Indeed, let z be an element of G which becomes central in G/H. Then
[2,G] C H. But by hypothesis we have H N [G, G| = 1. Thus we have [z,G] =1. O

4

Generating with one loop per hyperplane.

With a little more work, Proposition 2.2 can be made more precise ; one (well-
chosen) generator of the monodromy around each affine hyperplane suffices to generate
the fundamental group :

2.8. Proposition. There is a set R = {pp}tuea of generators of m1(M, o), where py
18 a generator of the monodromy around H.

Proof of 2.8.

We may assume that A is not empty. We prove the proposition by induction on the
dimension of V.

o The linear case.

Let us first consider the case where the intersection of the affine hyperplanes of A is
non trivial. Up to translation, we can assume that 0 is contained in this intersection,
i.e., the hyperplanes of A are linear.
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Let Hs be a hyperplane of A and Hy be the affine hyperplane of V' parallel to Hy
and containing xg.
We consider the conic projection on H; with center 0 :

f:(V—-—Hy)— Hy, 2 +— Cz N Hy.

Both f and its restriction M — M; = Hy N M are locally trivial fibrations (see for
example [Spa|, chap. 2) with fiber F' ~ C*z.
The associated exact sequence of fundamental groups is

771(F,$0) — 771(./\/1,1’0)%)771(./\/{1,1}0) — 1.

Let A" = A — {H,}. By induction, we can assume the proposition holds for the
affine hyperplane arrangement Ay = {H N Hy }geca in Hy : there is a set {pr}reca, of
generators of 7 (M, f(xo)) where pr, is a generator of the monodromy around L.

Let ¢ be the inclusion My — M. Then, pg = m1(i)(punm,) is a generator of the
monodromy around H € A’. Note that fi is the identity on M, hence w1 (f)r1 () = 1.
In particular, the exact sequence shows that =1 (M, x¢) is generated by the set {pm} e,
together with 7, the image of the positive generator of 71 (F, o), which is central in
1 (M, x0).

Let pp, be a generator of the monodromy around H,. Then, there exists o in the
subgroup generated by {pm}mea such that 7 (f)(pm,a) = 1, that is, pg,o = 7" for
some integer r. Since mi (o, )(pm,) = 1, mi(am,)(pr) = 0for H € A" and my (am,)(7) =
1 by Lemmas 2.1 and 2.4, we obtain r = 1. Hence, 7 is in the subgroup generated by
{pr}mea and this proves that {py}mea generates w1 (M, o).

o The affine case.

Let A’ be a finite set of affine hyperplanes of V' disjoint from A and let M’ =
V —Upgeavn H. Assume zo € M'. Since one gets M’ by removing a sub-variety of
(real) codimension 2 from M, the injection M’ — M induces a surjection w1 (M’ x9) —
m1(M, xg) (see for example [Gol, chap. x, th. 2.3.). Under this morphism, a generator of
the monodromy around a hyperplane H' € A’ becomes trivial. Hence, if the proposition
holds for M’, then it holds for M. Note also that we can change the base point ¢ in
order to prove the result.

We choose an affine hyperplane H; of V outside A, a new origin 0 € V — H; for V
and a new base point xg € H; N M such that

o there is an open ball Q with center 0, containing ¢ and which doesn’t intersect
any of the non-linear hyperplanes of M,

e the line Cxgp never intersects two distinct affine hyperplanes of A at the same
point, and

e 1o translate of the line Cxg lies in an affine hyperplane of A.

Then, adding to A

e the linear hyperplane Hs parallel to Hy,

e the linear hyperplanes parallel to the affine hyperplanes of A,

e given two distinct non-linear hyperplanes H, H' of A, the linear hyperplane con-
taining H N H',
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we may and will assume that A satisfies the following assumption :
Let A’ be the set of linear hyperplanes of A distinct from Hs, A" the set of non-linear

hyperplanes of A, Ay = {H1 N H}pea and My = Hy — (Jpc 4, L. Then, the map

f:M—>M1
z— Cx N Hy

is a locally trivial fibration.

Note that the restriction of f to @ N M — Mj is also a locally trivial fibration.
The associated exact sequences of fundamental groups give rise to the commutative

diagram :

71 (2N (Caxg —{0}),20) —=m (RN M, x0) —— m1 (M, f(20)) —=1

l l \

771(F,$0) 771(./\/{,:1;0)—>7T1(M1,f(:1?0))—>1

where F = f~1(f(z0)) = Caxg — ({0} U{Caxo N H}pecar) .
The study of the linear case above shows that there is a set {pp } mearum, of generators
of the monodromy around the linear hyperplanes in QNM which generates 7 (QNM, xg).
There are generators of the monodromy py around the points Czo N H (H € A”) in
F, such that, together with the image of 71 (2N (Cxo —{0}), 20), they generate w1 (F, x0).
Now, the set {py}mea generates m (M, o). O
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B. Generalities about the braid groups.

More notation.

We go back to notation introduced in §1. In particular, A is now the set of reflecting
hyperplanes of a finite subgroup W of GL(V) generated by pseudo-reflections. We
denote by p: M — M /W the canonical surjection.

Let g € M. We introduce the following notation for the fundamental groups:

P:=m(M,z9) and B :=m(M/W, p(xo)),

and we call B and P respectively the braid group (at x¢) and the pure braid group (at
xg) associated to W. We shall often write w1 (M /W, xq) for w1 (M /W, p(xq)).

The covering M — M /W is Galois by Steinberg’s theorem (see Theorem 1.1 above),
hence the projection p induces a surjective map B —-» W | o0 — 7, as follows :

Let 6:[0,1] — M be a path in M, such that §(0) = x¢, which lifts 0. Then 7 is
defined by the equality o(xo) = o(1).

The map o +— & is an anti-morphism. Indeed, if ¢’ is another loop in M /W with origin

To, and if o’ is lifted onto a path &' with origin 2, in M, we may lift the loop (¢'c) onto

the path 5(5') - &, whose image in W is clearly 35" (here we set 5(&')(t) := 7(5'(t))).

Denoting by W°P the group opposite to W, we have the following short exact se-
quence :

(2.9) l1-P—>B—-W?P—1,

where the map B — W°P is defined by o — &.

The spaces M and M /W are conjectured to be I (m,1)-spaces.

The following result is due to Fox and Neuwirth [FoNe| for the type A,, to Brieskorn
[Br2] for Coxeter groups of type different from Hj, Hy, Fs, E7, Eg, to Deligne [Del] for
general Coxeter groups. The case of the infinite series of complex reflection groups
G(de,e,r) has been solved by Nakamura [Na]. For the non-real Shephard groups (non-
real groups with Coxeter braid diagrams), this has been proven by Orlik and Solomon
[OrSo3]. Note that the rank 2 case is trivial.

2.10. Theorem. Assume W has no irreducible component of type Gayg, Gz, Gag, Ga1,
Gss or Gsy. Then, M and M /W are K(x,1)-spaces.

Generators of the monodromy around the hyperplanes.

For H € A, we set (g := exp(2in/ep), and we denote by sy the pseudo-reflection in
W with reflecting hyperplane H and determinant (. We set

Ly :=im(syg — Idy).

For z € V, we set x = pry(z) + pri;(z) with pry(z) € H and pry(z) € Lg.

Thus, we have sg(z) = (gpriz(z) + pry(z).

If t € R, we set (& := exp(2int/ep), and we denote by sl the element of GL(V) (a
pseudo-reflection if ¢ # 0) defined by :

(2.11) sp(x) = Cyory () + pry(e).
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For x € V, we denote by oy , the path in V from x to sy (x), defined by :
o [0,1] =V, te shy(2).

For any path v in M, with initial point xg and terminal point z 7, the path defined by
sp(y™1):t = sg(y~H¢)) is a path in M going from sy (2 ) to sg(zo).

Whenever ~ is a path in M, with initial point zg and terminal point xp, we define
the path o - from zg to sp(zg) as follows :

(2.12) Oty =50V ) Oty Y

It is not difficult to see that, provided x  is chosen “close to H”, the path op - is in M,
and its homotopy class does not depend on the choice of x 7, and the element it induces
in the braid group B is actually a generator of the monodromy around the image of H

in M/W (see Appendix 1 below).

The following properties are immediate.

2.13. Lemma.
(1) The image of sy in W is spy.
2) Whenever ~' is a path in M, with mitial point o and terminal point x g, of T
Y p ) p p )
denotes the loop in M defined by T := 7’_17, one has

OHq =T Oy T

and wn particular sp o and sg ~ are conjugate in P.
(3) The path HjiSH_l Tt sl (7)1 @ loop in M, induces the element s%‘}f7 in the braid
group B, and belongs to the pure braid group P. It 1s homotopy equivalent, as a
loop in M, to the generator ppy of the monodromy around H in P (see Appendiz

1).

2.14. Definition.

o A distinguished pseudo-reflection in W 1s a pseudo—reflection s with the following
property : if H denotes its reflecting hyperplane, and if epr 1s the order of the minimal
parabolic subgroup Wy, then s is the element of Wy with determinant e*™/¢H

o Let s be a distinguished pseudo-reflection in W, with reflecting hyperplane H. An
s—generator of the monodromy is a generator of the monodromy s around the image of

H in M/W such that § = s.

The discriminants.

Let C be an orbit of W on A. Recall that we denote by e¢ the (common) order of the
pointwise stabilizer Wy for H € C. We call discriminant at C and we denote by d¢ the
element of the symmetric algebra of V* defined (up to a non zero scalar multiplication)
by

de = ( H o).

Hel

Since (see for example [Co|, 1.8) ¢ is W-invariant, it induces a continuous function
d¢: M/W — C* | hence induces a functor P(d¢): P(M /W) — P(C*), and in particu-
lar it induces a group homomorphism 71 (é¢): B — Z.
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2.15. Proposition. For any H € A, we have

1 fHeC,
(e )(srm) = {0 ifH ¢C.

Proof of 2.15.
Let us set C* :=C — {H} (so C* =Cif H ¢ C), and dc# = ([] yrccr om ) .
Recall that Wy denotes the (parabolic) subgroup of W generated by sp. Then the
maps
Sen, af: M — C*

are both Wy-invariant, and so define maps
Sew , aff s M/Wy — C*.

The following diagram summarizes where the maps are defined :

M/W
MWy oc
/ aH)eH75c#
M o Cx

The computation of 7 (d¢(sH,)) may be performed at the level M/Wpg, and so it
suffices to check

(1) mi(de#)(sh,) =0,

(2) milay )(smy) =1
Let us check (1) and (2).

(1) It suffices to check that m(d¢#)(sy',) = 0, and this follows from Lemmas 2.1 and
2.13, (3).

(2) We have

y 1 / Ao (4 (20))

mi(ay )(sH,y) = %n ap(st (xg))en
Since
am(shy(vm))™ = an(pry(en) + Cypry(vm))™

= G an(pri(en))™

= exp(?iwt)ozH(prIJ}(:liH))eH )

we see that w1 (o )(sH,y) = fol dt=1. O

Generators and abelianization of B.
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2.16. Theorem.

(1) The group B 1is generated by the generators {sy -} (for all hyperplanes H € A
and all paths ~v from xo to H in M) of the monodromy (in B) around the elements of
A.

(2) We denote by B the largest abelian quotient of B. For C € A/W, we denote by
saP the image of sg.~ in B*® for H € C. Then

po= ] ),

ceA/wW

where each (s2P) is infinite cyclic. Dually, we have

Hom(B.Z)= [] (mi(dc)).

ceA/wW

Remark. We have natural isomorphisms
B*® ZH (MW, Z) and Hom(B,Z)H'(M/W,Z),
and, under the second isomorphism, we have

1 d 1

de) —
m(dc) cc lm ay 2w

Hel

Proof of 2.16. The second assertion is immediate by the first one and by Proposition
2.15. Let us sketch a proof of (1).

Since W is generated by the set {sg }(me4) and since we have the exact sequence (2.9),
it is enough to prove that the pure braid group P is generated by all the conjugates in
P of the elements Sifv' This is a consequence of Proposition 2.2, (1). O

Let us denote by Gen(B) the set of all generators of the monodromy in B (see
Definition 2.14 above). For s € Gen(B), we denote by eg the order of s.
In other words, if s is a generator of the monodromy around the reflecting hyperplane
H € A, we set now (using the notation of Definition 2.14) : e, := ey.

The following property is a consequence of general results recalled in Appendix 1
below.

2.17. Proposition.

(1) The pure braid group P is generated by {s® }sccen(B)-
(2) We have

W~ B/<Ses>s€Gen(B) :

Proof of 2.17. The two assertions are obviously equivalent. The first one results from
Propositions A2 and A3, (2) (see Appendix 1 below). O
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Length.
Let

§ = H Sc

ceA/wW

be the discriminant, and let 71(d): B — Z be the corresponding group morphism.
Let b € B. By Theorem 2.16 above, there exists an integer k and for 1 < 5 < k,
H; € A, a path v; from z¢ to H; and an integer n; such that

_ N1 no LM
b= SHy v S Hs e SHi, v

The following proposition results from Proposition 2.15 above.

2.18. Proposition. We have

m1(6)(b) = z_:nj )

We call the length of b and we denote by ¢(b) the integer m1(5)(b).
If {s} is a set of generators of the monodromy around hyperplanes which generates B,
let us denote by BT the sub-monoid of B generated by {s}. Then for b € BT, its length

0(b) coincide with its length on the distinguished set of generators {s} of the monoid
BT,

About the center of B.
2.19. Notation. We denote by 3 the path [0,1] = M defined by

B:t— xgexp(2int/|Z(W)]).

The following result i1s a consequence of Corollary 2.25. Notice that it generalizes
a result of Deligne [Del], (4.21) (see also [BrSal), from which it follows that if W is a
Coxeter group, then ((7) = 2N. It was noticed “experimentally” in [BrMi], (4.8).

2.20. Corollary. We have {(3) = (N + N*)/|Z(W)| and {((w) = N + N*.

From now on, we assume that W acts irreducibly on V. Note that, since W is
irreducible on V| it results from Schur’s lemma that

Z(W) = {exp(2imk/|Z(W)]) | (k€ Z)},

and so in particular B defines an element of B, which we will still denote by 3.

2.21. Lemma.

(1) The image B of B in W is the scalar multiplication by exp(2irx/|Z(W)]). It is a
generator of the center Z(W) of W.
(2) We have B € Z(B), w € Z(P), and = = gl#W)l,

Proof of 2.21. We only have to check that 8 € Z(B). This results from Lemma 2.5. O
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2.22. Proposition. Let M be the image of M in (V — {0})/C*. Then, we have a

commutative diagram, where all short sequences are exact :

1 1 1
1 ——(m) (B) Z(W) ——1
1 ——m(M,x9) —— m (M/W, x0) w 1

Proof of 2.22.
It is clear that 8 belongs to the kernel of the map w1 (M /W, zq) — 1 (M /W, Zo).
By Lemma 2.21, we know that the map (3) — Z(W) is onto. The three horizontal
sequences are exact, as well as the last vertical one. So it suffices to check that the
first vertical sequence is exact, i.e., to show that (m) is equal to the kernel of the map

(M, z0) = 71 (M,Tp). This is Proposition 2.6, (1). O

The following statement is known for Coxeter groups (see [Del] or [BrSa]). The result
holds as well for Ga5, Gag, G32, since the corresponding braid groups are the same as
braid groups of Coxeter groups. We shall prove it for all the infinite series in §3 below
(see Propositions 3.4, 3.10, 3.33), and we give below a proof for the particular case of
groups in dimension 2.

We conjecture it is still true in the case of Gsy, as well as for Gay, Ga7, Gag, Gss,

Gsa.

2.23. Theorem. Assume W different from Gay, Gaz, Gag, Gsz1, Gz, G3g.

The center Z(B) of B is infinite cyclic and generated by 3, the center Z(P) of P is
infinite cyclic and generated by w, and the short exact sequence (2.9) induces a short
exact sequence

11— Z(P)—Z(B) = Z(W)—1.

Note that, by Propositions 2.22 and 2.6, (2), Theorem 2.23 is equivalent to the fol-
lowing statement :

2.24. The center of the “projective braid group” m (M, To) is trivial.

Proof of 2.25 in dimension 2. Assume that V has dimension 2. The space M is homeo-
morphic to PY(C) minus N points, so 71 (M, Tg) is isomorphic to a free group Fny—_1 on
N — 1 generators. Since W is irreducible, we have N > 2 and so 2.23 is proved. [
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2.25. Corollary. Let 32" be the image in B*® of the central element 3 of B. Then we

have
6ab — H (S%b)ech/|Z(W)| )
CEA/W

Proof of 2.25. Tt suffices to prove that, for all C € A/W, we have 7(d¢)(B82P) =
ecNe/|Z(W)|. This is immediate :

by dap(wo exp(2int/|Z(W)]))
Fl((SC)(ﬁ )_ C2Zﬂ-/ OéH T eXp 2@7Tt/|Z( )|))

He

2@77
S Z |/ dt = ceNe | Z(W)].

4

C. The braid diagrams.
Let us first introduce some notation.

Let (V,W) be a finite irreducible complex reflection group. As previously, we set
M=V —UpyeaH, B := mi(M/W,z0), and we denote by o — & the antimorphism
B —» W defined by the Galois covering M — M /.

Let D be one of the diagrams given in tables 1, 2, 3 (Appendix 2 below) symbolizing
a set of relations as described in Appendix 2.

o We denote by Dy, and we call braid diagram associated to D the set of nodes of
D subject to all relations of D but the orders of the nodes, and we represent the braid
diagram Dy, by the same picture as D where numbers insides the nodes are omitted.

t t
Thus, if D is the diagram 3@ , then Dy, is the diagram SO@)
or Ou

and represents the relations

stustu --- = tustus--- = ustust--- .

e factors e factors e factors

Note that this braid diagram for e = 3 is the braid diagram associated to G(2d,2,2)
(d > 2), as well as Gz, G11, G1g9. Also, for e = 4, this is the braid diagram associated
to G2 and for e = 5, the braid diagram associated to G35. Similarly, the braid diagram

t
30@ is associated to the diagrams of both G5 and G(4d, 4, 2).
5

u

o We denote by D°P and we call opposite diagram associated to D the set of nodes
of D subject to all opposite relations (words in reverse order) of D. Thus, if D is the

t
diagram 3@ , then D°P represents the relations
u

s* =#" = u® =1 and utsuts--- = sutsut--- = tsutsu--- .

e factors e factors e factors
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(b)t
Note that D°P is the diagram u@ . Finally, we denote by D}? the braid dia-

t
gram associated with D°P. Thus, in the above case, D}? is the diagram uOC:g

Note that if Dy, is a Coxeter type diagram, then it is equal to D}b.

Ll

The following statement is well known for Coxeter groups (see for example [Brl] or
[Del]). It has been noticed by Orlik and Solomon (see [OrSo3], 3.7) for the case of non
real Shephard groups (i.e., non real complex reflection groups whose braid diagram —
see above — is a Coxeter diagram). We shall prove it below for all the infinite series. We
also checked it case by case for all the exceptional groups but Gy, Gar, Gag, Gs1, Gss,
G54 — for the case of groups of rank 2, we made use of [Ba].

We conjecture it still holds for GG31. The question whether it is possible to find right
diagrams for Gag, G217, G29, Gz, Gy is still open (see remark below).

2.26. Theorem. Let W be a finite wrreducible complex reflection group, different from
Gay, Gaor, Gag, Gsz, Gz4 — and also different from Gsy for which the following assertions
are still conjectural.

Let N(D) be the set of nodes of the diagram D for W given in tables 1-3 below,
identified with a set of pseudo-reflections in W. For each s € N(D), there exists an
s—generator of the monodromy s in B (cf. Definition 2.14) such that the set {s}scar(p),
together with the braid relations of DyY, is a presentation of B.

2.27. Questions. Let W be a finite irreducible complex reflection group, different from
Gas, Gor, Gag, Gss, Gss. We denote by BT the monoid defined by generators and
relations as follows : a set of generators is {s},cn(p), subject to the braid relations
represented by DY,

(1) Is the natural morphism BT — B injective ¢
(2) Do we have
B={n"b| (ne€Z)be B)}?

Remark. This is true for Coxeter groups (see [Del]). But the answers to the above
questions are negative for diagrams given above for Ga4, Ga7, Gag, Gs3, G3y.

3. PROOFS OF THE MAIN THEOREMS FOR THE BRAID GROUPS B(de,e,r)

In this paragraph, we shall prove Theorems 2.26 and 2.23 for the infinite series of
irreducible complex reflection groups G(de, e, r).

A. Notation and prerequisites.

Notation.

Let d, e and r be positive integers. We denote by (z1, z2,...,2,) a general element of

C". Let G(de,e,r) be the subgroup of GL,(C) whose elements are :
la, 0] 2 zj = @)z

for o0 € &, and @ = (a4,... ,a,) where a; € C, a?e =1and (a; ---a,)? = 1.
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The group G(de, e, r) is a subgroup of index e of G(de, 1,r) and G(de, 1,r) ~ (Z/deZ)
S,.
For de # 1 and (d,e,r) # (1,2,2), the group G(de, e,r) acts irreducibly on C", while
G(1,1,r) is isomorphic to &, in its permutation action on C.

Note that the center Z(G(de, e,r)) of G(de, e,r) is cyclic, of order d(e Ar). We denote
by A(de, e, r) the abelian normal subgroup of G(de, e, r) given by

A(de,e,r) :={[a,1]}.

The group A(de, e,r) is of order d(de)" 1.

For the following notation, we assume that de # 1 and (d,e,r) # (1,2,2) (i.e., that
G(de, e, r) acts irreducibly on C").

For m € N — {0}, let (p, := exp(2in/m). We set

Sm = [(Cm, 1,...,1),1]
(3.1) ty(m) == [(Cn's Cms 1,1 1), (1,2)]
t;:=[L(j—1,5)] for2<j;<r.

Let S(de,e,r) denote the set of pseudo-reflections of G(de, e, r) given by

{sa,th(de),ta,... ,t,} whene#1,d#1
S(de,e,r) :={ {sa.t2,... ,t,} whene=1,
{ty(e),ta,... ,t,} when d =1.

The following result is proved, for example, in [Ari].

3.2. Proposition. The set S(de,e,r), together with the relations described in Appendiz
2 and its tables 1 and 2, give a presentation by generators and relations of G(de,e,r).

Note that S(de,e,r) consists of distinguished pseudo-reflections (see Definition 2.14
above) for G(de, e,r).

Reflecting hyperplanes.

The following lemma is well known and easy to check.

3.3. Lemma. Let m be a positive integer.

(1) For e | m and e < m, the complement in C" of the union of the reflecting
hyperplanes of G(m,e,r) is

ME (1) = {1,200y 20) | (B, k1 # b < 1)(Va € Z)(z; # 0)(z5 # oz}

(2) For all e € N, the complement in C" of the union of the reflecting hyperplanes
of G(e,e,r) is

M(m,r) ={(z1,22,...,2r) | V1, k1 <5<k <r)NVae€Z)z #(pzr)}-
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Choosing an appropriate base point, we denote by B(de, e,r) and P(de,e,r) respec-
tively the corresponding braid group and pure braid group associated with G(de,e,r).

Remark. By Lemma 3.3 above, P(de, e,r) depends only on (de,r) :
P(de,e,r) = P(de,1,r) (foralld#1).

On the other hand, we shall prove (see Proposition 3.8 below) that B(de,e,r) depends
only on (e,r) for d # 1 (so that B(de,e,r) = B(2e,e,1)).

Preliminary : the case of the symmetric group.

Here we quote some well known results about the usual braid groups, mainly due to
Artin [Ar]| — see also [Bi], th. 1.8.

Let us introduce some specific notation.

We set M(r) := M(1,r) and M#(r) := M#(1,r) (see Proposition 3.3 above).

For all ;7 < r, we denote by H;r+1) the hyperplane of C"t! defined by the equation
§r+1
H;r+1). The set {8§r+1)}(1§j§r) generates a subgroup of GL,41(C) which we identify
with the symmetric group &,41, and the set M(r + 1) is the complement of the union
of the reflecting hyperplanes of &,41.

2j = zj4+1, and we denote by s ) (or simply s;) the reflection in C"*! with respect to

We choose a base point z € R""! with coordinates zy,zs,... ,2,4; such that z; <
2y < -+ < x,41. Note that z is in one of the alcoves of M(r 4+ 1) NR"+! delimited by
(the real part of) the hyperplanes H;r+1).

We set
Pir+1):=m(M(r+1),2) and B(r+1):=m(M(r+1)/6rt1,2).

For each 5 < r, we denote by f;r—i_l) (

around H;r+1) in M(r +1)/6,4; associated to a path contained in R™/S,4q.
The following well known proposition establishes Theorem 2.26 for the case where
G = S,41. The second assertion has been proved by Chow [Cho].

or simply ;) the generator of the monodromy

3.4. Proposition.
(1) The group B(r + 1) has a presentation described by the following diagram

O+ —0.
&1 &2 Er

(2) Let w(r 4 1) be the element of B(r + 1) defined by

w(r+ 1) = (G- 6)7H

For r > 2, we have

Z(B(r+1)=Z(P(r+1))=(mw(r+1)).

We will often consider B(r) = m1(M(r)/S,, (x2,... ,xr41)) as a subgroup of B(r+1)

through the injection f;r) > f;fil) This induces an injection of the pure braid group

P(r)=m(M(r),(z2,... ,2p41)) into P(r + 1), as well as an injection of &, in S,41 as
the subgroup fixing the first coordinate.
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3.5. Proposition. The map
pr: M(r+1) = M(r), (21,22, 2r41) = (22,0, Zr41)
18 a locally trivial fibration, and it induces a short exact sequence
11— F(r)—P(r+1)— P(r)—1,
where F(r) is a free subgroup, on the set of generators

{€.6867 .. & 66861671
We have P(r + 1) = F(r) x P(r).
B. Computation of B(de,e,r) and of its center for d # 1.

B1. Proof of Theorem 2.26.

Let us use the notation introduced above about B(r 4+ 1) and P(r + 1), as well as
notation introduced in (3.1).

3.6. Theorem. Assume d # 1.

(1) For s equal to respectively sq,ta,ts,...  t,, there exist s-generators of the mon-
odromy denoted respectively by 0,19, 73,... , 7 in B(d,1,r) and an injective group mor-
phism

Ul—>§f

»: B(d,1,r) — B 1) R )
Qb(d,l, ) ( r) (r+1) ¢(d717 ) {7’]‘ s & for j > 2

which induces an isomorphism of B(d,1,r) onto the subgroup of B(r 4+ 1) generated by
{5%7527537' .. 757’}‘

(2) This 1somorphism, as well as the isomorphism between B(r) and the subgroup of
B(r + 1) generated by {£2,&3,... ,& ), induce the following commutative diagram :

1

P(r)

S

Pld1 ) > P(r+1)
B(r)
Bd1,nC—— = B(r+1)
67’

Gd1lyr) —— > &, 41

Proof of Theorem 3.6.
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The map

(21,22, s 20) = (20,28, 20

identifies the quotient of M#(d,r) by the action of the diagonal group A(d, 1,r) with
the space M¥(r).
The map

f:eM@r+1) —>./\/l#(r) s (21,2250 s 2rg1) = (21 — 22,21 — 23,000 421 — Zp41)

is a trivial fibration with fiber C, which is &,-equivariant with respect to the action of
S, on M(r + 1) defined by the embedding of &, into &,4; as the pointwise stabilizer
of the first coordinate.

Since

G(d,1,r) =A(d,1,r) x &,,

we have the following commutative diagram :

MH#(d,r)

C—fibration

M*(d,r)/A(d,1,r) — M#(r) <——— M(r + 1)

|

M#(d,r)/G(d,1,r) ——= M#*(r)/&, <—— M(r+1)/6,

M(T + 1)/6r+1

The horizontal arrows induce isomorphisms between fundamental groups.
Let y € M#(d,r) with image f(z) in M#(r). Let 3 be the isomorphism

Fl(M#(d,T)/G(d, Lr),y) - m(M(ir+1)/6,, )

and ¢(d,r) be the injection

i (M*(d, 1)) G(d,1,7),y) = 7 (M(r+1)/6,,2) = 7 (M(r+1)/Spp1,2).

Note that £ is a generator of the monodromy around H{T—H) in M(r+1)/6, (Propo-
sition A3, Appendix 1). Since P(r 4 1) is contained in the subgroup of B(r + 1) gener-
ated by £2,&, ..., &, and since the image of this subgroup in &, is &,, it follows that
T (M(r+1)/6,,z) is the subgroup of 71(M(r+1)/&,41,x) generated by &7, &2, ... , &,

Let o = ¥~ '(£}) : this is a generator of the monodromy around the hyperplane
z1 = 0. Let 7; = ¢p71(&;) for j > 2 : this is a generator of the monodromy around
the hyperplane H;r). Then, w1 (M#(d,r)/G(d,1,r),y) is generated by o,79,... , 7, and
Theorem 3.6 follows. O

Let us now explain why Theorem 3.6 above implies Theorem 2.26 (for the case which
is presently considered, namely the case of B(de,e,r) with d > 1).
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1. The case e = 1.

By Theorem 3.6, the group B(d, 1,r) is isomorphic to the subgroup of B(r+ 1) gener-
ated by {7, &2,&3,...,&}, and from now on we identify B(d,1,r) with this subgroup.

In particular, it follows from Theorem 3.6 above that P(r+1) C B(d,1,r). Since the
image of B(d,1,r) in &,4; (recall that &, = B(r+ 1)/P(r+1)) is isomorphic to &,,
the index of B(d,1,r) in B(r+1)is (r+1). Hence the set {1,£1,&1€2,... ,&& -+ & }isa
set of right coset representatives of B(d, 1,r) in B(r+1). By construction, it is actually a
Schreier set of right coset representatives, and it results from the Reidemeister—Schreier

method (see [MKS], Theorem 2.8) that the braid relations defined by the diagram

O=0—0—++—0

£ & & &r

are indeed defining relations for B(d, 1,r).

Remark. The group G(2,1,r) is actually a Coxeter group, since it is isomorphic to the
Weyl group of type B,. So we have reproved in this case a result which is known for all
Coxeter groups by [Del] or [Brl].

Note also that

3.7. the injection B(d,1,r) — B(r 4+ 1) induces an injection

P(d,1,r) — P(r+1).

2. The general case e > 1.

Let us set &, := £2¢,67% . Note that (with notation introduced in Part A above) that
¢} is a t)(de)—generator of the monodromy in the braid group B(de,e,r).
Note also that, since we have the following coverings

M#(de,r) — M#(de,r)/G(de, er) — M#(de,r)/G(de, Lr),

it results from Proposition A3 (Appendix 1 below) that £3¢ is an s;—generator of the
monodromy in the braid group B(de,e,r).

By Lemma 3.3 above we may identify P(de,1,r) and P(de,e,r) for d # 1. Fur-
ther, G(de, e,r) acts as a subgroup of G(de,1,7) on M#(de,r), so we have the natural
embeddings

P(de,1,r) — B(de,e,r) — B(de,1,r),

and the index of the latter embedding equals e. Let « : B(de,1,r) — G(de, 1,r) denote
the canonical epimorphism. Set ¢ := 2. Now {1,x(£),... ,x(£71)} is a set of right
coset representatives of G(de, e, r) in G(de,1,r), so, since

[k(B(de,1,r)) : k(B(de,e,r))] = e =[B(de,1,r) : B(de,e,r)] ,

the set {1,¢,...,£°7 1} is a right (Schreier) transversal of B(de, e,r) in B(de, 1,r).
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An application of the Reidemeister—Schreier method then proves, starting from the
presentation for B(de,1,r) on the set £ &;,... &, (proved above) that the braid rela-
tions defined by the diagram

&2
& =0
e+ 1 Ls &4 &r

13

are indeed defining relations for B(de,e,r). This proves Theorem 2.26 for B(de,e,r)
and d > 1 assuming the corresponding statement for B(de,1,r). O

Note that the above diagram is indeed the opposite diagram to the braid diagram
describing the relations between the set S(de, e, r) of the corresponding family of distin-
guished generators of the finite group G(de, e, r), namely

e+1 3

It will be useful to note that we have proved for G(de,e,r) a statement similar to
(and more general than) Theorem 3.6, (1), namely :

3.8. Proposition. For s equal to respectively sq,th(de), ta,ts,... ,t,, there exist s-
generators of the monodromy denoted respectively by o€, 75,72, 73,... , 7 in B(de,e,r)
and an injective group morphism
T
Gde,e,ry: Blde,e,r) = B(r+ 1)  Sgeen: | mor+ & (where & = 667
Tj = & for g > 2

which induces an isomorphism of B(de,e,r) onto the subgroup of B(r 4+ 1) generated by
{5%67 gév 527 537 s 757’} .

On the pure braid group.

Let us note a result about the structure of P(d, 1, r) which is analogous to Proposition

3.5.
Let F(r) be the free subgroup of P(r + 1) introduced in Proposition 3.5. Let us set

@1 := €2 and
pi= (6 G8)E(E G ) forj =2

Then F(r) is the free group on {¢1,92,... , ¢}
The map 7 (M(r + 1), 2) ~ 7 (M#(r), f(z)) — A(d, 1,r) provides by restriction a
morphism F(r) — A(d,1,r). We denote by F(d,r) the kernel of this morphism. Thus

we have a short exact sequence

1 — F(d,r) = F(r) = A(d,1,r) = 1.
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3.9. Lemma.
(1) We have F(d,r) = F(r)NP(d,1,r), and F(d,r) is a free group on ((r—1)d" +1)
generators.

(2) We have P(d,1,r) = F(d,r) x P(r).

Proof of 3.9.

The equality F(d,r) = F(r) N P(d,1,r) expresses the definition of F(d,r). Since
F(d,r) is a subgroup of index d" of the free group F(r), it is a free group on ((r—1)d"+1)
generators.

Since P(r 4+ 1) = F(r) x P(r), the second assertion follows from the fact that P(r) C
P(d,1,r)C P(r+1). O

B2. The center of B(de,e,r) for d # 1.

Let us denote by B(de, e,r) the central element of B(de,e,r) defined as in 2.19.

The following proposition proves Theorem 2.23 for the braid groups B(de, e, r) with
d > 1. We use the notation introduced in Proposition 3.8. In particular, B(de,e,r) is
defined by generators and relations represented by the diagram

T2

e+ 1 T3 ta Tr
T2

3.10. Proposition. We have :
(1) B(de,e,r) = O.er/(e/\r’)(T2/7—27—3 . Tr)e(r—l)/(e/\r) :
(2) Z(B(de,e,r)) = (B(de,e,r)),
(3) Z(P(de,e,r)) = Z(B(de,e,r)) N P(de,e,r) = (B(de, €7r)d(e/\r)>‘

Proof of 8.10. Note that for e = 1 the result is already known by [Del], since by Theorem
3.6 we have B(d,1,r) = B(2,1,r), the braid group associated to a Weyl group.

In what follows, we identify B(de,e,r) with its image in B(r + 1) (see Proposition
3.8 above).
Step 1. We prove that

(3.11) Z(P(de,e,r)) C(m(r+1)).

Let z € Z(P(de,e,r)).

Since P(r) C P(de,e,r) C P(r+1), the element z belongs to P(r+ 1) and centralizes
P(r). Since (cf. Proposition 3.5) P(r+1) = F(r)xP(r), where F(r) is the normal closure
in P(r + 1) of the subgroup generated by ¢, in order to prove that z € Z(P(r + 1)) it
suffices to prove that » centralizes £2. But z centralizes £29¢. Thus the elements z¢72 71
and ¢ both belong to the free group F(r), and their (de)-th powers are equal. This
implies that they are equal (see for example [MKS], 1.4, ex. 2). This proves (3.11).

Thus we have

(3.12) (Z(B(de,e,r)) N P(de,e,r)) C Z(P(de,e,r)) C (mw(r+ 1)) N B(de,e,r).



Michel broue, (Gunter Malle, haphael houquiler
Step 2. Let us now prove that
(3.13) (m(r+1)) N B(de,e,r) = (m(r + 1)/
We have (see [Bi], 1.8.4) :
(3.14) w(r 4+ 1) = (&80 (GGEEE) - (G- GGG &)

Since & = 726562, we have £,¢2 = €2&,, and (3.14) becomes

(3.15) m(r+1) = GG 6LE)(G(EES)E) - (& &G EE)EG &)

Since €2 commutes with (£,&}), as well as with ¢, for j > 3, we deduce from (3.15) that
(3.16) w(r 4 1) = &7 (E8)(E(88)8) - (& E3(68)E - &)

and then for all n € N,

(3.17) m(r+1)" =G ((L8)(6(E8)6) - (& &(&8)E6 &))"

Since, for ¢ € N, we have (B(de,e,r), %e/> = B(de,(e AN €'),r), it follows from (3.17)
that w(r+1)" € B(de, e,r) if and only if e divides rn, i.e., if and only if e/(e Ar) divides
n, which proves (3.13).

Step 3. Let us now check that

(3.18) (£265)(E3(6265)83) - (& -+ &3(E8)& - &) = (L&& ---&)
Let us introduce the group B(2,1,r — 1) together with its distinguished set of gener-
ators {a, ag, ... ,a,—1}, which satisfy the relations described by the diagram :
O=0—0—-—0

Then the map
ar6&, ajr &y for j =2

defines a morphism B(2,1,r —1) — B(de, e,r). Thus, in order to prove (3.18), it suffices
to prove that

alazaaz)(azazaasas) - (ap_q -+ - azagaazas - - ap_1) = (@azas - ozr_l)r_l
This last equality expresses a known property of reduced expressions of the longest
element in the Weyl group G(2,1,r — 1), w.e., the Weyl group of type B,_1 (see for
example [Bou], chap. v, §6, ex. 2). The proof of (3.18) is complete.

Last step. Let us (temporarily) set 3" := (r + 1)¢/(¢"") | By (3.12) and (3.13), we see
that

(3.19) Z(B(de,e,r)) N P(de,e,r) C (B,
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and by (3.18) and (3.16), we see that

B = M) (gl gy gyelrm )/ (enn)

or, with the identification made in Proposition 3.8,
(3.20) B = o N (2 ryry ) rm D (eA)

On the other hand, it is not difficult to check that
3.21. the canonical epimorphism r: B(de,e,r) — G(de,e,r) sends 3’ onto the scalar
multiplication in V' by exp(2in/|Z(G(de,e,r))|) .

Since the map w: Z(B(de,e,r)) — Z(G(de,e,r)) is onto, and since (by (3.19)) its
kernel is contained in (3'), it follows from 3.21 that

(3.22) Z(B(de,e,r)) = (8').

Using (3.11), it is then easy to prove that Z(P(de,e,r)) = <5,d(em)> .
It remains to check now that 3’ = B(de, e, r). This follows from the fact that,
e on one hand, we have (by (3.22) and Lemma 2.21, (2)) B(de,e,r) € (3'),

e on the other hand, 3(de, e,r) and B’ have both the same image under the discrim-
inant map m1(0): B(de,e,r) — Z (cf. §2, B above). O

C. Computation of B(e,e,r) and of its center, e # 1.
In this section we study the braid group of type B(e,e,r) and in particular prove
Theorems 2.26 and 2.23 for type G(e, e, r).
Note that the construction in the proof of Theorem 3.6 above gives an identification
of 71 (M#(e,r)/G(e,e,r)) with the subgroup of the braid group B(r + 1) generated by
fe &l 69,65, ... & with presentation

&2
(3.23) g2e .- —O
e+ 1 5,53 &q &r

2

Since M#(e,r) is obtained from M(e,r) by removing the hyperplanes {z; = 0} for
1 <3 <r we have a natural map

W m (MF(e,r)[Gle,e,r)) — m(M(e,r)/Gle,e,r)),
which is surjective since the complement M(e,r)/G(e,e,r) — M#(e,r)/G(e, e,r) has

complex codimension 1.
The following proposition follows from Proposition Al in Appendix 1.
Proposition 3.24. The kernel of 1 1s the normal closure of the subgroup generated by
2¢ in the group m (M#(e,r)/G(e,e,r)).

Note that Theorem 2.26 follows immediately from this. Indeed, by the above Propo-
sition the presentation of B(e,e,r) is obtained from (3.23) by suppressing the node
corresponding to £2°.

Complements on B(e,e,r).
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Theorem 3.25. Let e, > 2, and let B(e,e,r) be the braid group of type G(e,e,r), on
standard generators 74,75, 73,... , T, ordered such that (t27473)? = (T37274)? :

290

Let B(e, L,r — 1) be the preimage of the subgroup G(e,1,r — 1) of G(e,e,r) fizing the
first coordinate. Then B(e,1,r — 1) has index r in B(e,e,r) and has a presentation on
generators

{0j,8j1,12< 7 <r, 0<1<e~1}

subject to
B if i #2,5,5+1
Bi+1.1 fi=7+1
(3.26) o 'Biaa; = 5;114_15j—1,l+1ﬁj,l ifi=7#2
52,1+15;,15£,1 fi=2<j
Bi142 fi1=7=2

(where the subscript | of (3, is taken modulo €),

(327) ﬁj,e—lﬁj,e—Z T ﬁj,O =1 fOT 2< .] <r,

and oz, ... o satisfy the relations of the standard generators of B(e,1,r —1).
In terms of the generators of B(e,e,r) we may take

: - -1
Qay = TaTy, a; =1 for 3 <1 <r, B20 = 7'2’7'2 1, B2 = Ty T
In particular, B(e, L,r — 1) has a semidirect product decomposition
B(e, 1,7“ — 1) = F(e—l)(r—l) A B(e, 1,7“ — 1),

where Fo_1)(r—1) denotes the free group on the (e —1)(r—1) generators B2o,... ,Bre_1.

Proof. The assertion can be proved by the Reidemeister—Schreier method (see for ex-
ample [MKS], Theorem 2.8). Assume first that »r = 2. Then B(e,¢,2) is generated by
{2, 75} subject to the single relation 797579 « - - = 747975 - - - with e factors on each side. A
right transversal for B(e, 1,1)in B(e,e,2) is given by T := {1, 72 }. Let p: B(e,e,2) = T
be the transversal map which to every element of B(e, e, 2) associates its coset represen-
tative in T. Then by the Reidemeister-Schreier theorem B(e, 1,1) is generated by the
elements (tg)~'p(tg) where t € T and g runs over the generators of B(e,e,2). In our
case this yields the generators

(3.28) Qg 1= ToTy, Boo = TaTy L, 2 i= Ta.

Furthermore, by the Reidemeister-Schreier algorithm the relations for B(e,e,2) yield

(3.29) Oé;eﬂ)/z = 52,0(’7252,0)(6_1)/2@2 = (’7252,0)(6_1)/272 if e is odd,
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(3.30) a;/z = (72[3270)6/2 = ([327072)6/2 if e is even,

as defining relations for B(e, 1,1). By introducing 321 := T2/_1T2 = ozz_lfyg we may
eliminate 2 and arrive at the statement of the theorem in this case.
Now assume that r = 3. Here a transversal is given by T := {1, 72, 7273}. We obtain

generators

o o 2 =1 5. 1—1 r_—1
a3 1= T3, 73 = T2T3T2 5 = T2T2 T3T2T2 5

and ag,72, F2,0 from (3.28) above, subject to the relations

(az03)® = (a302)®, a3 a3 =73, asy3y2 = Y37203,
(3-31) 52,05 = 04352,0, 0420é352,0 = 5’73, 5’73042 = 730203,

Y2 B2,003073 = a3dy3v232.0 = Y3Y252,0039,
and the relations (3.29) respectively (3.30). We may eliminate v3 = a3 'y2a3 and
6= [32_73 asB20. With 35 = ozz_lfyg as above we find the stated presentation.

Finally, for r > 4 it follows easily from the presentation for B(e,e,r) given in Theo-
rem 2.26 (proved by Proposition 3.24) that

T:={1,70,72Ts3,... ,ToT3 Ty}

is a right transversal for B(e, 1,7 — 1) in B(e,e,r). This yields the generators

-1 —1_—1 :
a; =71 and ;= ToTy - - Ti—lTile‘_l ey Ty (30 <),

._ ’ .2 -1 ._ =1 r_—1
Qg 1= ToTy, Yo i=Tg, [oo i=TyTy , 0 1= ToT, T3TyT,

Furthermore, by the Reidemeister-Schreier algorithm the relations for B(e, e

,1) yield as
relations for B(e,1,r — 1) the relations of the standard generators for B(e, 1,r

— 1) on
Qg,...,q., the commutator rules

[vi,aj] =1 for j # 1,1+ 1, ozi__l_llfyiozHl = 41 for 2 <,
and

QG 1Vig1Yi = Vig1ViCiq1 for 2 <.,

as well as
[B20,a]=1for j >4, [§,a;]=1forj >4, [4~;]=1forj >4,

5&45 = Oé4($0é4, (Oé3(SOé4)2 = (Oé40é35)2 .

and the relations (3.31), (3.29) respectively (3.30). Note that the generators vs,... , 7,
may be eliminated from this presentation using the relation ;41 = ozi__i_llfyiozHl. This
reduces the assertion to the case r = 3. O

This result has some nice consequences, like the following analogue of Proposition 3.5
and Lemma 3.9.
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Corollary 3.32. The pure braid group P(e,e,r) is a semidirect product
Ple,e,r) 2 Fle_1y(r—1) ¥ Ple, 1,7 = 1)

of the free group of rank (e — 1)(r — 1) with the pure braid group of type G(e,1,r —1).

This follows immediately by descent to the pure braid groups (see [Na], p. 6, for a
related result). We also obtain Theorem 2.23 for type G(e,e,r):

Corollary 3.33. Fore,r > 2, (e,r) # (2,2), the center of the braid group B(e,e,r) is
generated by (1o - - Tr)e(r—l)/(em’).

Proof. Let k : Bl(e,e,r) — G(e,e,r) be the canonical projection. If z is central in
B(e,e,r) then so is x(z) in G(e,e,r). Hence k(z) = (72---7)" with n a multiple of
e(r—1)/(e A1), and z = (12 - - - 7)"w for some w in ker(x). But then we already have
z € B(e, L,r — 1) (defined as above).

Let A: B(e, l,r — 1) — B(e,1,r — 1) be the canonical projection with kernel F' :=
Fle—1)(r—1) the free group on (e — 1)(r — 1) generators emanating from Theorem 3.25.
Since the center of A(B(e,1,7 — 1)) = B(e,1,r — 1) is generated by (ay---a,)" =
(r2---7)" we deduce that z = (72 --- 7,)"w for some w € F. But (r2---7,)" is central
in B(e,1,7—1), while the center of the free group F is trivial (note that (e—1)(r—1) > 2).
Thus the center of B(e, 1,7 — 1) is generated by (7 - - - 7,,)¢(r=1/(eAn)

Remark 8.34. For the braid group B(2,2,r) of Coxeter type D, Theorem 3.25 specializes
to the following: B(2,1,r — 1) has a presentation on

{aivﬁj7| 2 S Zv.] S T}

subject to
B; ife#£27,7+1
B+ ifi=j5+1
ai'Biai ={ B8 iHi=j#2
By 8yt ifi=2<
B; ifi=5=2
and as, ... ,«a, satisfy the relations of the standard generators of B(2,1,r — 1).

Remark 8.85. The subgroup B(e, 1,1) of index 2 of the braid group B(e, e, 2) of Coxeter
type Iz(e) has a presentation on {as,;,| 0 <1 < e — 1} subject to

az_lﬁlazzﬁHg for0<{<e-1
(where the subscript of ; has to be taken mod €), and

ﬁe—lﬁe—Z U ﬁO =1.

Remark 8.86. The action of B(e,1,r—1) on F._1)(r—1) in Theorem 3.25 can be extended
to an action of the Artin braid group B(r). More precisely, let dq,as,... ,a, be the
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standard generators of B(r). Then B(e, 1,r—1) is isomorphic to the subgroup generated
by @2, as, ... ,a, by Theorem 3.6. We extend the action (3.26) of as, ... ,a, to an action

of B(r) on Fle—1y(r—1) = (B | TIiZe Bj1 = 1) by
~—1 ~ { 62,16;11 lf.] 7£ 27
Qg Pji02 = R
Bji+1 if j = 2.
It is easy to verify that this does in fact extend the action of B(e, 1,r — 1).
On the other hand the action (3.26) can be viewed as an action on the free group

F.(r—1y on free generators (3;; | 2 < j < r,0 <[ < e — 1) by just omitting rela-
tions (3.27). The homomorphism defined by

qb : Fe(,,_l) — <t> = Z, ﬁ]‘J —t  for all j,l,

is B(e,1,r — 1)-equivariant (with trivial action on the right side), so it gives rise to a
Magnus representation (see [Bi], Th. 3.9)

®: Ble,1,r —1) = GL(—1)(Z(t))

with
0k 01m ife#£2,7,7+1
541 80m 0= 41
(i), (kom) =8 (Gj=1,k0141,m — Sjkbip1,m)t " + Ol 1= F#2
82k0141,m + (0jk01m — 02101m )t ifi=2<y
Ojk014+2,m ifi=75=2

(where 2 < 4,5,k <r,0<I,m<e—1)of Be,1,r —1).
A general statement for pure braid groups.
Let us first introduce some notation.
e We make the convention that G(1,1,r) := &,41, and we denote by P(1,1,r) the
corresponding pure braid group.
o Let mi(de, e, r) be the co-exponent (see §1.A above) of G(de, e,r) such that the
set of co-exponents of G(de, e,r) consists of the set of coexponents of G(de, 1, r —
1), together with m¥(de,e,r). We have m¥(de,e,r) = (r—1)de+1 for d # 1 and
mr(e,e,r) = (r—1)(e—1).
e For any natural integer m, let F,,, be the free group on m generators.

3.37. Proposition. For all positive integers d, e, r, we have a split short exact sequence
0 = Frus(deye,r) — P(de,e,r) — P(de,1,r —1) = 0.

In particular, P(de,e,r) is the semidirect product of a free group on m(de,e,r) genera-
tors by the pure braid group associated with a complex reflection subgroup of G(de,e,r)
of rank (r — 1).

Proof of 3.87. We assume d # 1, since for d = 1, the result was proven in Corollary
3.32.
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Consider the map f : M#(de,r) — M#*(de,r — 1), (z1,... ,20) = (21500 5 2r—1).
This is a locally trivial fibration, with fiber isomorphic to C minus (r — 1)de + 1 points.
By Theorem 2.10, M#(de,r — 1) is a K(w,1)-space. Hence, we have a short exact
sequence of fundamental groups associated to the fibration :

0 — Fir—1ydget1 — Plde,e,r) = P(de,1,r —1) = 0.

The locally trivial fibration M#(de,r) — M#(r), (z1,... ,2z,) = (2, ..., 2%¢) induces
a commutative diagram with exact rows and columns :

1 —— Fy—1)de4+1) — P(de,e,r) — P(de,e,r — 1) ——1

1 F, P(r) P(r—1)——1

Lr) —= A(de,1L,r — 1) ——=1

The splitting of the map P(r) — P(r — 1) together with the splitting of A(de,1,r) —
A(de,1,r — 1) given by identifying A(de,1,r — 1) with the subgroup of A(de, 1,r) of
elements acting trivially on the last coordinate give then a splitting of P(de,e,r) —
P(de,e,r — 1) and the proposition follows. O

4. HECKE ALGEBRAS

We extend to the case of complex reflection groups the construction of generalized
Knizhnik—Zamolodchikov connections for Weyl groups due to Cherednik ([Chl], [Ch2],
[Ch3]; see also the constructions of Dunkl [Du], Opdam [Op] and Kohno [Ko1]).? This
allows us to construct explicit isomorphisms between the group algebra of a complex
reflection group and its Hecke algebra.

A. Background from differential equations and monodromy.

What follows is well known, and is introduced here at an elementary level for the
convenience of the unexperienced reader, since we only need this elementary approach.
For a more general approach, see for example [De2].

We go back to the setting of §1. Let A be a finite dimensional complex vector space.
We denote by 1 a chosen non zero point of A — in the applications, A we will be an

2This construction has also been noticed independently by Opdam, who is able to deduce
from it some important consequences concerning the “generalized fake degrees” of a complex
reflection group. We thank him for useful and friendly conversations.
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algebra. We set £ := End(A). Let w be a holomorphic differential form on M with
values in E, i.e., a holomorphic map M — Hom(V, E), where Hom(V, E) denotes the
space of linear maps from V into E, such that (see 1.2 and 1.5, (1)) we have

w= ZwaHv

HeA
. 1 dOzH
with wg = ———, and fg € E. For @ € M and v € V, we have w(x)(v) =
T g
1 am(v)
2w EHEA amp(x) fu

We consider the following linear differential equation
(Eq(w)) dF = w(F),

where F' is a holomorphic function defined on an open subset of M with values in A.
In other words, for « in this open subset, we have dF(z) € Hom(V, A), and we want
F to satisty, for all v € V, dF(z)(v) = w(z)(v)(F(x)), or in other words dF(z)(v) =

1 am(v)
o Soea 2 (P,

For y € M, let us denote by V(y) the largest open ball with center y contained in M.
The existence and unicity theorem for linear differential equations shows that for each
y € M, there exists a unique function

Fy:V(y) = A, v — Fy(z),
solution of Eq(w) and such that Fy(y) = 1. From now on, we set

F(z,y) = Fy(z).

Assume now that the finite group W acts linearly on A through a morphism ¢: W —
GL(A). Then it induces an action of W on the space of differential forms on M with
values in F, and an easy computation shows that w is W-stable if and only if, for all

we W,

(4.1) wlw(x)) = g(w)(w(z) we(w™),

which can also be written, for all x € M and v € V :

Y wn(wa)(©)fr = Y wnle)(w™ (v))e(w) frp(w™).

HeA HeA

An easy computation shows that this is equivalent to

dozw . daw
(4.2) S foin 2 = 37 p(w) frp(w ) 2

(a4
HeA HeA H

In particular we see that
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4.3. If fuimy = ¢(w)fae(w™) for all H € A and w € W, then the form w is W-stable.
From (4.1) (and from the existence and unicity theorem), it follows that

4.4. Ifw is W-stable, then for ally € M, x € V(y) and w € W, the solution x — F(x,y)
satisfies

p(w)(F(z,y)) = Flw(z),w(y)).

The case of an interior W-algebra.

The following hypothesis and notation will be in force for the rest of this chapter.

From now on, we assume that A is endowed with a structure of C-algebra with unity,
and that w takes its values in the subalgebra of E consisting of the multiplications by
the elements of A — which, by abuse of notation, we still denote by A. With this abuse
of notation, we may assume that

w= g agwr ,

HeA

where ay € A, and the equation Eq(w) is written

dF = wF or dF(x)(v) = i zgg;; agF(x).
HecA

Let v be a path in M. From the existence and unicity of local solutions of Eq(w), it
results that the solution « — F(x,~(0)) has an analytic continuation ¢ — (y*F)(¢,~v(0))
along ~, which satisfies the following properties.

Let us say that a sequence of real numbers to = 0 < t; < ... < t,—y < t, = 11s
adapted to (v, Eq(w)) if for all 1 < 7 < n, we have v([t;—1,t;]) C V(~(¢;)).

Then :

(1) there exists ¢ > 0 such that (v*F)(t,v(0)) = F(~(t),~(0)) for 0 <t < ¢,
(2) whenever tg =0 <t; < ...<t,—1 <t, =1 is adapted to (v,Eq(w)), we have

(v E)(t5,7(0)) = F((t;), v(tj—1)(v* F)(tj-1,7(0)) forall j > 0.
We see that

j=1

(4.5) (v E)1,90) = [T F(v(ti).7(t5-1)) -

j=n

Note that there is always an adapted sequence for (v, Eq(w)).

The case of an integrable form.

We recall that the form w is said to be integrable if dw + w Aw = 0.

The following fact was noticed, for example, by Kohno (see [Ko2], 1.2).
4.6. Lemma. The form w =) ;.4 agwy is integrable if and only of, for all subspaces
X of V with codimension 2, and for all H € A such that X C H, ag commutes with

2. (H'eA) OH"-
(H'DX)

Indeed, this is an immediate consequence of 1.5, (2).
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If w is integrable, the value (v*F)(1,+(0)) depends only on the homotopy class of .
By (4.5), we see that we get a covariant functor

_ {P(M) —s AX
v = (v F)(1,7(0))

Action of W.

Assume now that A is an interior W-algebra, s.e., that there is a group morphism
W — A* (through which the image of w € W is still denoted by w), which defines a
linear operation ¢ of W on A by composition with the injection A* — GL(A). So, with
our convention, for w € W and a € A we have ¢(w)(a) = wa.

The form w is then W-stable if and only if, for all w € W and = € M,

wlw(z)) = wlw(z) wHw™",
which can also be written, for all x € M and v € V :
Z whp(wz)(v)ag = Z wi(z)(w™ (v))wagw™t.
HeA HeA

By 4.3, we have the following criterion.

4.7. If, for all H ¢ A and w € W, we have aypg)y = wagw™t, then the form w is
W -stable.

By 4.4, the solution F of Eq(w) then satisfies
(4.8) wF(z,y)w™" = Flw(z),w(y)).
4.9. Definition—Proposition. Assuming that w s W-stable, we define a group mor-

phism
T Fl(M/W,l'o) — (AX)OP

(or, in other words, a group anti-morphism T: m (M/W, x9) — A* ), called the mon-
odromy morphism associated with w, as follows.

For o € B, with image & in W through the natural anti-morphism B — W (see 2.B
above), we denote by & a path in M from xqg to o(xo) which lifts o. Then we set

T(o):= S(&_l)ﬁ.

Let us check that T is a group anti—morphism.
Notice first that, by (4.8) and by (4.5), for w € W and ~ a path in M, we have

Thus we have

(
= S(d271)S (72 (01 1))TeT
= S(6y ' Ta(01 T 1))FeT
= 5((02(01)02)” Jo102

which proves that T(02)T(01) = T(0102), since 73(01 )02 is indeed a path in M with
origin xg which lifts (o103). O
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Dependence of parameters.

Suppose the form w depends holomorphically on m parameters ¢1,... ,t,. De-
noting by O the ring of holomorphic functions of the variables ty,...,t,,, we have
w =72 yeafuwny where fy € O @c E. Then, for y € M, the function F), is a holomor-
phic function of ¢1,... ,t,,, t.e., F, has values in O @¢ A.

Then, given a path v in M, the analytic continuation ¢t — (v*F)(¢,~(0)) depends
holomorphically of t{,... ,t,,.

If w is integrable and W-stable, then the monodromy morphism depends holomor-
phically on the parameters ty,... ,t,,. It follows that we have a monodromy morphism

T Fl(M/W,J}o)Op — (O X A)X

B. A family of monodromy representations of the braid group.

From now on, we assume that A = CW.

Notation and hypothesis.
We denote by O the ring of holomorphic functions of a set of ECeA/W ec variables

z = (Zc,j)(ceA/W)(0<j<ec—1) -
Let

t = (tej)ceasw)(0<j<ec—1)

be a set of ECeA/W ec complex numbers. For H € C, we set tg ; :=tc ;.
We put
qc,j = GXP(_tC,j/GC) for C ¢ A/W, 0 S] <e—1.

For H € C, we set qu ; 1= qc ;.
Let C € A/W and let H € C. For 0 < j < e¢c — 1, we denote by ¢;(H) the primitive

idempotent of the group algebra CWp associated with the character det{, of the group
W, Thus we have

k=ec—1

1 —imgk

gi(H)=— Z exp( )k
€c =0 €c

We set
j=eg—1
ap = Z tpe;(H) and w:= Z AHWH .
j=0 HecA
In other words, we have
j=ec—1

W = Z Z ZtC,jgj(H)wH-

ceA/W j=0 HeC

The following lemma is clear.

4.10. The map A — A, H — apg has the following properties :

(1) it is W-stable, i.e., for allw e W and H € A, we have a,g) = wagw™!,
(2) for all H € A, ag belongs to the image of CWpg in A.

The following property follows from 4.10.
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4.11. Lemma. The form w 1s W-stable and integrable.

Proof of 4.11. The form w is W-stable by 4.7. It is integrable by 4.6. Indeed, let X be a
codimension 2 subspace of V' and let H be an element of A containing X. By 4.10 above,
it 1s enough to check that, if w € Wy, then w commutes with E(H'eA)(H'DX) apr. This
is the case since w centralizes X, hence normalizes {H' € A | (H' > X)}. O

The mawn theorem.

4.12. Theorem. We denote by T: B°? — (CW)* the monodromy morphism associ-
ated with the differential form w on M. For all H € C, we have

j=ec—1

I (T(sm) — amjdetv(su)’) = 0.

=0

Furthermore, T depends holomorphically on the parameters te ;, 1.e., arises by special-
ization from a morphism T: B°P — (OW)*.

Proof of 4.12.

First step : case of rank 1

Here we assume dim(V') = 1. So we may assume that W is the cyclic group of order
e generated by the multiplication s by exp(2in/e). We have M = C*.

For 0 < j <e—1, let ¢; be the primitive idempotent of CW corresponding to the
character of W which sends s onto exp(2inj/e).

There are e complex numbers tg,ty,... ,t.—; such that

j=e—1

t; dz
= —&;— .
» Z Ur 2

J=0
A function F: C* — CW may be written

j=e—1

F= Z Fj@j

J=0

where Fj: C* — C.
The equation Eq(w) becomes
dF; 1 Fi(2)

= — f <q5<e—1.
dz lr oz or0sjse

Hence the solution F(x,1) is given by the formula

j=e—1

F(z,1) = Z pli/Fime

=0
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The analytic continuation of F' along the path o : ¢t — exp(2int/e) gives

So)= Y eslty o),
hence -
T(s) = S(0) 's = ‘ exp(—t;/e)exp(2imj/e)e; .

Thus we see that, with ¢; := exp(—t;/e), we have

j=e—1

(4.13) T1 (T(s) - g exp(@imjfe)) =0,
j=0
as claimed.
Second step : towards the reduction to the case of rank 1
We are back to the general case. Here we use notation introduced in §2.B.

1. First we prove that, to compute the relation satisfied by the monodromy of sz -,
we may assume that zqg is “close to H”, namely that 9 = z .
Let us denote by
Tpy: mi(M/W,xg)? — A

the monodromy morphism associated with w, and let us denote by sy the element of

T (M/W,xy) defined by the path op ..

4.14. Lemma. For any path ~ from xq to sp(xg), we have

T(shy) = S(4) " Ton(su)S(y).

Proof of 4.14. By (2.12), we have g~ := sg(y™')-0p 2+, 7, from which it follows that

(0 )51

(v 1)S(05,)S (s (7)) s 1
(v ")S(o5,, )suS ()
(v7)

4

2. Now we prove that we may reduce to rank one.

Choose and fix H € A. We still use notation introduced in §2.

The elements of the affine line (v + Ly) are the elements vy (z) := pry(em) +
zpri;(zp) with z € C. We may adjust the choice of zp so that, if

Dy :={zu(z) | 0< |2| < 2},
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we have D}; C M. Note that D} is stable by the operation of the group Wy.
We have ay(ry(2)) = zap(pri(zy)). For H' # H, we set ag/(pry(zy)) = unr,
and o (pry(rm)) = vy . Recall that 2 has been chosen so that

zupgr v #0 on Dy if H # H.
Then the function
RyF: D —CW |, ay(z)— Flay(2),2H),

satisfies the following differential equation :

d(RyF 1 1 ,
dz Nw oz ' mugz + o

H/

In other words, Ry F' satisfies the differential equation associated with the differential
form Ryw defined on Dj; by

1 )
(4.15) Rpyw = 5im an + Z LGH/ dz .
1T z HizH ugz+ v
Note that Rgw 1s Wx-stable.
3. Now we reduce to the case of the action of the cyclic group Wy on Dj;.

Let RygS: P(Df[) — CW be the monodromy functor associated with the form Rpw.
By the existence and unicity theorem for linear differential equations, since the loop oy
takes its values in Dj;, we see that

(4.16) S(om) = RuS(on).
Let us still denote by sy the image of the path op in 71 (D} /Wg). Let
RHTxH : Fl(DE/WH)Op — A
be the monodromy morphism associated with the differential form Rpyw. Then it results
from (4.16) and from Lemma 4.14 that
4.17. T(sp, ) is conjugate (in (CW)* ) to RyTy, (sH).

Third step : reduction to the case of rank 1

Let Tr: m (D /Wh,2m)°® — CWpy be the monodromy morphism associated with
the Wy-stable differential form defined on D}; by agwpy. By (4.13), we know that the
characteristic polynomial of Ty (sy) (viewed as acting on CWy by left multiplication)
18

j=ec—1
Py(t):= [[ (t-qeiexp(2imj/ec)),
j=0
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where C denotes the W-orbit of H. We want to prove that Py (RyTy, (sg)) = 0.
By the first two steps, it is clear that our problem may be reformulated as follows.

Weset D:={z€C | (]z] <2)} and D*:=D — {0}, and we view D and D* as
endowed with the action of Wy defined by (w, z) — dety(w)z for w € Wy and z € D.

In order to simplify the notation, we also set e := e¢c(= ep), and for 0 < 5 <
e—1,¢; = ¢j(H),t; :=tc;,q; == qc,j, and a := ag = E;;é tjc;. We define a
1 w
holomorphic function b on D by the formula b(z) := — vy —ap (note
P Y ( ) 2w EH#H UH'Z 4+ Vg H (

that wprz + v # 0 on D).

We have two differential equations for holomorphic functions (locally) defined on D*
with values in CW :

(Eq(a) T () = “Fu(e)
(Eq(a, b)) Cfl—]:(z) = (g +b(2))F(z).

Both these equations correspond to Wiy-stable differential forms on D* : a commutes
with the action of Wy, and we have b(w.z) = dety (w) 'wb(z)w™! for w € Wy and
z € D.

We denote by Si and S the functors from P(D*) to (CW )™ associated respectively
to the equations Eq(a) and Eq(a,b), and by Ty, T: 71 (D* /Wg,1) — (CW)* the

corresponding morphisms.

4.18. Proposition. Assume that, for all 7.k, 0 < j,k < e—1, q]‘qk_l 18 not an e-th
root of the unity. Then there exists an invertible element u of CW such that, for all
o€ m(D*/Wg,1), we have T(c) = uTy(o)u™?'.

Proof of 4.18.

1. Equivalence of Eq(a) and Eq(a,b).

Here we follow [Hal, 1.4.
Let us consider the following differential equation

(Eq'(a,b) T = (a®(e) ~ B(z)a) + H(=)8(2),

z

for @ a function (locally) defined on D* with values in CW. The following assertion is
proved, for example, in [Ha|, 1.4. (see in particular 1.4.2, and proof of 1.4.1). Here we
to t1 te—l}
2ir’ 2w’ 2w

use the fact that the spectrum of the multiplication by « in CW is {

t .
(each —L with multiplicity W : Wxl).
o

4.19. Lemma. Assume that, for all j,k,0 < j, k <e—1, we have t; —ty ¢ 2inZ —{0}.
Then there is a unique solution ® of Eq'(a,b) satisfying the following two conditions :

(1) ® is holomorphic on D,
(2) ®(0) = 1.
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Now it is immediate to check that, if z — Fp(z, zo) is the solution of Eq(a), defined in
the neighbourhood of zg, and such that Fp(z0, z0) = 1, then the function z — F(z, zg) :=
D (2)Fr(z,20)®(20) 7" is the solution of Eq(a, b), defined in the neighbourhood of zq, and
such that F(zo,z0) = 1.

By the formula (4.5), we see that, for all homotopy classes of paths v in D*, we have
then

(4.20) S(v) = ®(v(1))Su(v)®(~(0))~".

2. Wy -equivariance and proof of Proposition 4.18

By the unicity property of ® (see Lemma 4.19), it follows from the Wy invariance of
a and b that ®(dety (w)z) = w®(2)w™! for all w € Wy and z € D. Then the formula
(4.20), together with the definition 4.9 of the monodromy functors, imply Proposition
4.18 with u := ®(1), i.e., for all o € 7 (D*/Wpg, 1), we have

T(0) = ®(1) Ty (o) (1) " .
]

Conclusion : end of proof of Theorem 4.12
From what precedes, we see that Theorem 4.12 is proved provided the family

q:= (qCJ)(CEA/W)(OngeC—l)

satisfies the condition that (for all C and all j, k) qCch_}c is not an ec-th root of the
unity, ¢.e., if the family t has the property that t¢ ; — t7C,k is not a non-zero integer,
for all C and all j,k. Since the set of such families is a dense open subset in the space
CXcea of all families t, we see that Theorem 4.12 follows by continuity, since the
solution @ — F(x,y) is a holomorphic function of t. O

C. Hecke algebras.
We define a set
u = (UCJ)(CEA/W)(OngeC—l)
of ECeA/W(GC) indeterminates. We denote by Z[u, u™!] the ring of Laurent polynomials

in the indeterminates u.
Let J be the ideal of the group algebra Z[u,u™!|B generated by the elements

(suy—uco)(su~y—uca) - (SH~ — UCec—1)

where C € A/W, H € C, sy ~ is a generator of the monodromy around H in B (cf.
(2.12)) and s is the image of sy ~ in W.

4.21. Definition. The Hecke algebra Hy (W) is the Z[u,u™]-algebra Zu,u~'1B/3J.

Now assume that W is a finite irreducible complex reflection group (see §2.C above
for notation and references). Let D be the diagram of W, and let s € (D) be a node
of D. We set us ; :=u¢, j for j =0,1,...,ec — 1, where C denotes the orbit under W of
the reflecting hyperplane of s.

The following proposition is an immediate consequence of Theorem 2.26 :
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4.22. Proposition. Assume W s different from Gay, Gor, Gao, Gs3, Gzq4 — and
also different from Gsy for which the following assertion s still conjectural. The Hecke
algebra Hy (W) is isomorphic to the Z[u,u™']-algebra generated by elements (Tg)sen(p)
such that

o the elements Ty satisfy the braid relations defined by DY,
o we have (Tg —ugo)(Ts —us1) -+ (Ts — tuse,—1) =0.

Notice that through the specialization ug ;j + dety(s)! (for s € (D) and 0 < j <
es — 1), the algebra H, (W) becomes the group algebra of W°P over a suitable cyclotomic
extension of Z.

Hecke algebras and monodromy representations.

By Theorem 4.12, we see that the monodromy representation T factors through
Hu(W). Indeed, let us set ‘
te; = dety(s) uc j

for all (C,j), and
t:= (te,j)(ceaw)o<j<ec—1) »

and let us denote by O the ring of holomorphic functions of the set of variables t. Then
we have the following commutative diagram :

OB T OWeP

\/

@ OZu,u-1] HU(W)

Let K be the field of fractions of O.

The following lemma is a key point to understand the structure of Hy(W). It is well-
known to hold for Coxeter groups. For the infinite series of complex reflection groups,
see [ArKo| for G(d, 1,r), [BrMal, (4.12) for G(2d,2,r) and [Ari], Proposition 1.4 for the
general case (it has been also checked for many of the remaining groups of small rank
— see for example [BrMa], Satz 4.7). We conjecture it is true for all complex reflection
groups.

4.23. Lemma. Assume W s Cozeter group or a complex reflection group in the infinite
series.

The Z[u,u™|-module Hy, (W) can be generated by |W| elements.
From this lemma, we can now deduce the following

4.24. Theorem. Assume W s Cozeter group or a complex reflection group in the
nfinite series.
The monodromy representation T induces an 1somorphism of K-algebras

K @zpuu-1] Ho(W)——KW°P.
Furthermore, Hy(W) is a free Z[u,u=']-module of rank |W]|.

Proof. By Lemma 4.23, there is a surjective morphism of Z[u, u™!]-modules

¢: Zlu,u YW = 1, (W),
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Let m be the ideal of O of the functions vanishing at the point (¢ ; = 1). The morphism
Om @7u,u-1] Hu — OmW induced by the monodromy is surjective by Nakayama’s
lemma, since it becomes an isomorphism after tensoring by (On)/m. Composing with
lo, @ ¢, we obtain an epimorphism OLI:W — OnW : this must be an isomorphism.
Hence, ker ¢ = 0, i.e., ¢ is an isomorphism and H, is free of rank |W| over Z[u, u™!].
Since the morphism K @z, y—1] Hu — KW is a surjective morphism between two
K-modules with same dimensions, it is an isomorphism and Theorem 4.24 follows. O

5. DIAGRAMS AND TABLES

Information provided by the tables: invariants of braid diagrams.

Let us recall that a diagram where the orders of the nodes are “forgotten” and where
only the braid relations are kept is called a braid diagram for the corresponding group.

The groups have been ordered by their diagrams, by collecting groups with the same
braid diagram. Thus, for example,
(15 has the same braid diagram as the groups G(4d,4,2) for all d > 2,
G4, Gs, G1s, G25, G52 all have the same braid diagrams as groups &3, &, and G5,
G5, G1o, G1s have the same braid diagram as the groups G(d,1,2) for all d > 2,
Gz, G11, G1g have the same braid diagram as the groups G(2d,2,2) for all d > 2,
(26 has the same braid diagram as G(d, 1, 3) for d > 2.

The element 3 (generator of Z(W)) is given in the last column of our tables. Notice
that the knowledge of degrees and codegrees allows then to find the order of Z(W),
which is not explicitely provided in the tables.

The tables provide diagrams and data for all irreducible reflection groups.

e Tables 1 and 2 collect groups corresponding to infinite families of braid diagrams,

e Table 3 collects groups corresponding to exceptional braid diagrams (notice that
the fact that the diagram for G3; provides a braid diagram is only conjectural),
but Gas, Ga7, Gag, Gs3, G4,

e The last table (table 4) provides diagrams for the remaining cases (Gas, Gar,
Gag, Gs3, G34). It is not known nor conjectural whether these diagrams provide
braid diagrams for the corresponding braid groups.

Degrees and codegrees of a braid diagram.

The following property may be noticed on the tables. It generalizes a property already
noticed by Orlik and Solomon for the case of Coxeter—Shephard groups (see [OrSo3],

(3.7)).

5.1. Theorem. Let D be a braid diagram of rank r. There exist two families
(dy,ds,...,d;) and (d7,d5,...,d))

of r integers, depending only on D, and called respectively the degrees and the codegrees
of D, with the following property: whenever W s a complezx reflection group with D as
a braid diagram, its degrees and codegrees are given by the formulae

di =|Z(W)|d; and d; =[Z(W)|d; (j=1,2,...,7).
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The zeta function of a braid diagram.

In [DeLo], Denef and Loeser compute the zeta function of local monodromy of the
discriminant of a complex reflection group W, which is the element of Q[¢] defined by
the formula 4

Z(q. W) = [[ det(1 — qu. HY (Fo, €)D"

J

where Fy denotes the Milnor fiber of the discriminant at 0 and p denotes the monodromy
automorphism (see [DeLo]).

Putting together the tables of [DeLo| and our braid diagrams, one may notice the
following fact.

5.2. Theorem. The zeta function of local monodromy of the discriminant of a complex
reflection group W depends only on the braid diagram of W.

Remark. Two different braid diagrams may be associated to isomorphic braid groups.

For example, this is the case for the following rank 2 diagrams (where the sign “~”

means that the corresponding groups are isomorphic) :

t t
For e even, s ~ SO@) ,
e+1 u Ou
t
for e odd, s ~ (OO0,
e+1 u 8 t

and st ~ C)E@

It should be noticed, however, that the above pairs of diagrams do not have the same
degrees and codegrees, nor do they have the same zeta function. Thus, degrees, codegrees
and zeta functions are indeed attached to the braid diagrams, not to the braid groups.
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APPENDIX 1 : GENERATORS OF THE
MONODROMY AROUND AN IRREDUCIBLE DIVISOR

We define here what we mean by a “generator of the monodromy around an irreducible
divisor” and recall some well known properties.
Let Y be a smooth connected complex algebraic variety, I a finite family of irreducible
codimension 1 closed subvarieties (irreducible divisors) and Z := UperD. Let X :=

Y — 7 and zg € X.
For D € I, let D, be the smooth part of D and D:=D, — <D3 NUprer D';ADD/> )

“A path from o to D in X7 is by definition a path v in Y such that v(0) = xq,
~(1) € D and ~(t) € X for t # 1.

Let ~' be another path from xg to D in X. We say that v and ~' are D-homotopic
if there is a continuous map T : [0,1] x [0,1] — Y such that T(¢,0) = ~v(¢) and T'(¢,1) =
~'(t) for t € [0,1], T(0,u) = xp and T(1,u) € D for all u € [0,1] and T(t,u) € X for
t € [0,1] and u € [0, 1]. We denote by [v] the D-homotopy class of ~.

Given a path v from x¢ to D in X, let B be a connected open neighbourhood of v(1)
in X UD such that BN X has a fundamental group free abelian of rank 1. Let u € [0,1]
such that ~(¢) € B for t > u. Put 21 := v(u). The orientation of B N X coming from
the orientation of X gives an isomorphism f: 71 (B N X, z1)——Z. Let A be a loop in
BN X from x; such that f([\]) = 1.

Let v, be the “restriction” of v to [0,u], defined by ~,(t) := ~v(ut) for all ¢ € [0, 1].
Define p~ » := v, '+ A+~ . Then, the homotopy class of p, x in 71 (M, 2¢) depends only
on the D-homotopy class of 4 and is denoted by p(,;. We call it the generator of the
monodromy around D associated to [v].

@ \]\'xo

Given two paths v and +' from 29 to D, the generators of monodromy pr,) and pp
are conjugate.

Al. Proposition. Let ¢ be the injection of an irreducible divisor D in a smooth
connected compler variety Y and xo € Y — D. Then, the kernel of the morphism
m1(1): m(Y — D,xo) — m(Y,20) is generated by all the generators of the monodromy
around D.

Sketch of proof of Al. Note that the singular points of D form a closed subvariety Dgi,g
of D, distinct from D, hence of (complex) codimension at least 2 in Y. Therefore (see for
example [Go], chap. x, 2.3) the natural morphism 7 (Y — D — Dying, x0) — 71 (Y — D, 29)
is an isomorphism, and in order to prove Al we may assume D is smooth, which we do
now.

The lemma then follows from the fact that given a locally constant sheaf F over
Y — D, its extension ¢, F to Y is locally constant if and only if every generator of the
monodromy around D acts trivially on F. O

A2. Proposition. Suppose that Y is simply connected. Then the fundamental group
m1(X, x0) 1s generated by all the generators of the monodromy around the divisors D € 1.

Proof of A2.
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This follows immediately from Proposition Al by induction on [I|. O

Lifting generators of the monodromy.

Let p: Y — Y be a finite covering between two smooth connected complex varieties.
Let D be the branch locus of p and D = p(D). We assume D is an irreducible divisor.
Weset X ;=Y —D and X :=Y — D.

We shall see that a generator of the monodromy around D (associated to a path ¥
from To to D in Y) may be naturally lifted to an element of P(X) (which depends only
on the D-homotopy class of 7).

Indeed, let v be the path from ¢ to an irreducible component, say D., of D, which
lifts 7. Let B be an open neighbourhood of Ty in Y such that the fundamental group of
BN X is free abelian of rank 1 and B N (X U D~7) — B is unramified outside D.,. Let
u € [0, 1] such that 7(¢) € B for ¢t > u. Let A be a loop in BN X with origin 7(u) which
is a positive generator of 7 (B N X,7(u)).

Let A be the path from ~(u) which lifts X. Let +, be the restriction of 4 to [0,u]. Let
7Y be the path from A(1) which lifts (7,)~!, where 7, is the “restriction” of 7 to [0, u].

The proof of the following proposition is left to the reader.

A3. Proposition. We define py =) - X7y .
(1) The homotopy class of p in P(X) depends only on the D-homotopy class of 7.

(2) Let ep denote the ramification index of p on D. Then psP s the generator of
the monodromy around D., associated to ~.
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APPENDIX 2 : TABLES 1 TO 5

Here are some definitions, notation, conventions, which will allow the reader to un-
derstand the diagrams.

The groups have presentations given by diagrams D such that

o the nodes correspond to pseudo-reflections in W, the order of which is given
inside the circle representing the node,

e two distinct nodes which do not commute are related by “homogeneous” relations
with the same “support” (of cardinality 2 or 3), which are represented by links
beween two or three nodes, or circles between three nodes, weighted with a
number representing the degree of the relation (as in Coxeter diagrams, 3 is
omitted, 4 is represented by a double line, 6 is represented by a triple line).
These homogeneous relations are called the braid relations of D.

More details are provided below.

Meaning of the diagrams.

This paragraph provides a list of examples which illustrate the way in which diagrams
provide presentations for the attached groups.

o The diagram (d——@) corresponds to the presentation
E t

s¥ =+ =1 and ststs--- = tstst---
—— ——
e factors e factors

e The diagram (5==(3) corresponds to the presentation
E t

s> =13 =1 and stst = tsts.

t
e The diagram 3@ corresponds to the presentation
©u

s =" = u® =1 and stustu--- = tustus--- = ustust---

e factors e factors e factors
. s u .
e The diagram corresponds to the presentation
v t w
sf=tP=uw=v=uw?=1,

UV = VU, SW = WS, VW = WU,
sut = uts = tsu,

svs = vsv, tvt = viv, twl = wtw , wuw = uwu .
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o~
o~

@
e The diagram 3= corresponds to the presentation
©

t
e+1 t 3

M)

st=#?=22 =12 =1, sty = 135,
stoty = thias,
thisth = tathts, tatsta = tatats, tathtatsthts = thtatsthiaty,

tostotothtoth « -+ = sthtothtathts -« .

e+1 factors e+1 factors

(2)
o The diagram e %@ corresponds to the presentation
tg

to

2 2 2
ty =ty =t; =1,
thisth = tatots, totsty = tatots, tathtotsthte = thtotsthtats,
tothtothtoth -+ = thtothtothty -+ .

e factors e factors

t
e The diagram 3@@ corresponds to the presentation

s? =1 =u =1, stu = tus, ustut = stutu.
u
. JA\ .

e The diagram corresponds to the presentation

£ t
=t =’ = 1, stst = tsts, tutu = utut, utusut = sutusu, sus = usu .

u
RN

e The diagram \@) corresponds to the presentation
£ t

=t =u=1 , stst = tsts, tutut = ututu, utusut = sutusu, Sus = usy .

v
e The diagram @—@&) corresponds to the presentation
E t 7

2 2 2 2
sf=t"=u"=v"=1, sv =vs, su = us,

sts = tst, viv = tvt, uvu = vuv, tutu = vtut, vtuvtu = tuvtuv.
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o The diagram s corresponds to the presentation

u

s = =u? = =1, ustus = stust, tust = ustu.

S v

—2) corresponds to the presentation
u

-O—®

e The diagram

2:t2 2 2

S =u"=v"=1, su=us, tv=10t,

sts = tst, tut = utu, uvvu = Vuv, v$V = sVs, stuvstuvs = tuvstuvst.

ol

In the following tables, we denote by H x K a group which is a non-trivial split
extension of K by H. We denote by H - K a group which is a non-split extension of K

by H. We denote by p™ an elementary abelian group of order p™.
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name diagram degrees codegrees 16} field G/z(G)
G(de, e, r (ed,Zed,...7 (0,ed,..., L=y
e(>2,d,r>2 ° / : (T—l)edﬂ’d) (r—Ded) S(EAT)(t tatsety) (A7) QCae )
e+1
t
Gis s@ 12,24 0,24 ustut=s(tu)” UC24a) G4
5 7
2,3, 0,100y ,
Gr'i'l @_@ o @ .(..,r—l—l) (...,r—l) (troeetr) ™ v
1 2 r

G4 ®_® 476 072 (St)3 Q(Cg) Q[4
G O——@® 8,12 0,4 (st)? Q4) H

s t
Gie O—0) 20,30 0,10 (st)? Ucs) A
s t
Gas B—06—0B) 6,9,12 0,3,6 (stu)* Q(¢s) 32xSLa(3)
s t u

Gso B—G)r—0B)—(3) 12,18,24,30 0,6,12,18 (stuv)® Q(¢s) PSpa(3)
s t u v

G(d,1,r dz2d,..., 0.4d,..., ,
(d22) @=@) @ @ (...,rd) ..(.,(r—l)d) (statstr) Q(¢a)

s i t,
Gs @=@ 6,12 0,6 (st)? Q¢s)  As
G1o @=@ 12,24 0,12 (st)? Wci2) G4
G1s @=@ 30,60 0,30 (st)? O(cis) s
Gag @=@—@ 6,12,18 0,6,12 (stu)? Q(¢s) 32xSLa(3)

TABLE 1
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name diagram degrees codegrees 16} field G/z(6)
G(2d,2,r)</%@ @@ (2d,4d,...  (0,2d,... T (¢t bt )fg’% o)
d,r>2 . TN T\ 9 drd) 20—Dd) P 2t2tsr 2d
@ t2t3 ta i,
t
G~ s(2) 12,12 0,12 stu Q(¢12) Ay
t
Gy 3@ 24,24 0,24 stu Q(Caa) S,
t
G19 s@ 60, 60 0, 60 stu Q(¢e0) Ql5
G( ) 2 (-1)
e, er (e,2¢e,..., (0,e,...,(r2e, , e;;}
e>2,r>2 ¢ 1 _t N @ (—De,r)  (—De—r) (at2tsty) €A Q(¢e)
t2 3 4 r
G(i’;}i 2) O——@ t 2,  0,e—2 (st)/(enD) g+t
Gs =02 4,12 0,8 (st)? Q¢rn) U
s t
Gy (D=2 8,24 0,16 (st)? Q(¢s) S,
s t
Gy~ =2 20, 60 0,40 (st)? Qcs0)  As
s t
e ®——02 6,24 0,18 (st)t /"2 Oy
s t
Gao ®——0) 12,30 0,18 (st)® ocs VB Us
s t
G O—0 12,60 0,48 (st)° Wiz V) s
s t

TABLE 2
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name diagram degrees codegrees 16} field G/Z(G)
t
Gio 3@ 6,8 0,10 (stu)* QW= S,
u
G\t
Gis s QQ» 8,12 0,16 (stu)® Qcs) S,
2/ u
t
Gas s(2) 12,20 0,28 (stw)® QG5 As
u
5 _
Gas Q—2—2) 2,6,10 04,8 (stw)®>  QV3) As
s 1 u
G 2767 0747 6 4 o o
28 @—@:@)—@ 8.12 6.10 (stuwv) Q 2°X(G3xG3) T
s t u v ’ ’
5 2,12, 0,10, —
G0 O—0—0—0@ 20,30 hgs (e AVE)  @pRpe §
s t U v ! !
82
2,5,6,8, 0,3,4,6, _
G35 @_®_®_®_® 912 710 (51 '56)12 Q SO6 (2)/
S1 S3 54 S5 56 ' '
82
276787 07477
Gis  @O—00—0——0—06 1912 810, (ss0)®  Q 507(2)
$1 Sz  Sa S5 Se ST ’ ’
82
2,8,12, 0,6,10,
Gs:  O—0—o—2—2—2—02 142,13,(2)0, 122,%6781;8, (51--58)1° 0 soF(2)
$1 Sz  Sa S5 Ss ST  Ss ’ ’
S u
8,12, 0,12, ‘ -
Gs1 (f) % 20,24 16,28 (stwvw)® Q) 2'xG6 *
v t w ! !
TABLE 3

It is still conjectural whether the corresponding braid diagram for (3, provides a pre-

sentation for the associated braid group.

7 The action of &3 x &3 on 2% is irreducible.
T The automorphism of order 2 of 25 x 25 permutes the two factors.

* The group G531 /Z(G3;) is not isomorphic to the quotient of the Weyl group Ds by its

center.
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name diagram degrees codegrees 16} field G/Z(G)
u
@&) ToawT
Goy 4,6,14 0,8,10 (stu) Q/=7) GL3(2)
s 1
u
AN
Gar \@) 6,12,30 0,18,24 (stu)®  Q(¢s,V5) As
s 1
v
Gag (2)— 4,8,12,20 0,8,12,16 (stuv)® Q%) 24 4G5 1
s 1 u

w
A
Gizs @—@{E\@—@) LO10, 068w Q) SOs()
s t u v ! ’
*
—@
1 u v

é@—éw —0

A 6,12,18,24 0,12,18,24

Gi34 @_ —@ T3bas 3036 (stuvwz)”  Q¢a) PSSO (3) -2
s t u v x ’ ’

i
Y

u

TABLE 4

These diagrams provide presentations for the corresponding finite groups. It is not known
nor conjectural whether they provide presentations for the corresponding braid groups.

7 The group Gag/Z((ag) is not isomorphic to the Weyl group Ds.
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name diagram degrees codegrees 16}
&
B(de, e,r e,2e, ..., 0,¢,..., T clrl)
62277’227d>)10 O ( _1)€7r ( —]_)6 0-( )(T2T2/T3 ”'Tr)( )
e+1 T;'?) ty Tr
B(1,1,r) O—0O---0O 2,3,...,r+1 0,1,...r—1 (rp - 7)Ht
T1 T2 Ty
B(d,1 r
(d7>17r) 9:%)—99 L2,....,r 0,,....0r=1 (oT2T3 -+ Ty)
B(e,e,r) TZCF)\ & @ e,2¢e,..., 0,e,...,(r—2e, (rarir _ )(6(7’—1))
— ) 3 Ty eAnr
€>2,r>2 D /CT3 s 2 (r—De,r (r—De—r 2

TABLE 5 : BRAID DIAGRAMS

This table provides a complete list of the infinite families of braid diagrams and corre-
sponding data. Note that the braid diagram B(de, e,r) for e = 2,d > 1 can also be described
by a diagram as the one used for (G(2d, 2, r) in Table 2. Similarly, the diagram for B(e, e, r),
e = 2, can also be described by the Coxeter diagram of type D,. The list of exceptional
diagrams (but those associated with Gy, Ga7, Gag, Gas, G34) is identical with table 3.
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