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Abstract

Computer vision is currently one of the most exciting areas of arti�cial intelligence re-

search, largely because it has recently become possible to record, store and process large

amounts of visual data. While impressive achievements have been made in pattern clas-

si�cation problems such as handwritten character recognition and face detection, it is even

more exciting that researchers may be on the verge of introducing computer vision systems

that perform scene analysis, decomposing image input into its constituent objects, lighting

conditions, motion patterns, and so on. Two of the main challenges in computer vision are

�nding ef�cient models of the physics of visual scenes and �nding ef�cient algorithms for

inference and learning in these models. In this paper, we advocate the use of graph-based

probability models and their associated inference and learning algorithms for computer vision

and scene analysis. We review exact techniques and various approximate, computationally

ef�cient techniques, including iterative conditional modes, the expectation maximization (EM)

algorithm, the mean �eld method, variational techniques, structured variational techniques,

Gibbs sampling, the sum-product algorithm and “loopy” belief propagation. We describe how

each technique can be applied in a model of multiple, occluding objects, and contrast the

behaviors and performances of the techniques using a unifying cost function, free energy.

Keywords: Graphical models, Bayesian networks, probability models, probabilistic inference,

reasoning, learning, Bayesian methods, variational techniques, sum-product algorithm, loopy

belief propagation, EM algorithm, mean �eld, Gibbs sampling, free energy, Gibbs free energy,

Bethe free energy.



1 Intr oduction
Using the eyeball of an ox, Reńe Descartesdemonstratedin the 17th centurythat the backsideof the

eyeballcontainsa 2-dimensionalprojectionof the3-dimensionalscene.Isolatedduringtheplague,Isaac

Newtonslippedacurvedmetalstickbetweenhiseyeballandsocket,pokedthebacksideof hiseyeball,and

saw smallwhite andcoloredrings. Thesediscoverieshelpedto formalizedtheproblemof vision: What

computationalmechanismcaninterpreta 3-dimensionalsceneusing2-dimensionalimagesasinput? By

themid-19thcentury, thereweretwo maintheoriesof naturalvision: the“nativist theory”,wherevision is

a consequenceof the lower nervoussystemandtheopticsof theeye, andthe“empiricist theory”, where

vision is a consequenceof learnedmodelscreatedfrom physicalandvisual experiences.Hermannvon

Helmholtzadvocatedtheempiricisttheory, andin particularthatvision involvespsychologicalinferences

in thehighernervoussystem,basedon learnedmodelsgainedfrom experience.He conjecturedthat the

brainlearnsa generative modelof how scenecomponentsareput togetherto explain thevisual input and

thatvision is inferencein thesemodels.Computationalapproachesto sortingout plausibleexplanations

of datausingBayesrulewerepioneeredby ThomasBayesandPierre-SimonLaplacein the18thcentury,

but it was not until the 20th centurythat theseapproachescould be appliedto vision problemsusing

computers. In particular, the useof Bayesrule and probabilistic inferencein multivariateprobability

modelsbecamecomputationallyfeasible. The availability of computerpower motivatedresearchersto

tacklelargerproblemsanddevelopmoreef�cient algorithms.In thepast20 years,we have seena �urry

of intense,exciting, andproductive researchin complex, large-scaleprobability modelsandalgorithms

for probabilisticinferenceandlearning.

This paperhastwo purposes:First, to advocatethe useof graph-basedprobability modelsfor ana-

lyzing sensoryinput; andsecond,to describeandcomparethe latestinferenceandlearningalgorithms.

Throughoutthereview paper, weuseanillustrativeexampleof amodelthatlearnsto describepicturesof

scenesasacompositionof imagesof foregroundandbackgroundobjects,selectedfrom a learnedlibrary.

We describethe latestadvancesin inferenceand learningalgorithms,usingthe above modelasa case

study, andcomparethe behaviors andperformancesof the variousmethods.This materialis basedon

tutorialswe haverunat severalconferences,includingCVPR00, ICASSP01, CVPR03andISIT04.

2 GenerativeModels
Therearetwo typesof probability model: generative modelsanddiscriminative models.A discrimina-

tive modelpredictsthe distribution of the outputgiven the input:
���������
	������ 
���	������

. Examplesinclude

linear regression,wherethe output is a linear function of the input, plus Gaussiannoise; and SVMs,
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wherethebinaryclassvariableis Bernoulli distributedwith a probabilitygivenby thedistancefrom the

input to the supportvectors. A generative modelaccountsfor all of the data,both outputsand inputs:
������� �
	 � �

�


�� 	 � ���

. Often,generativemodelsincludeadditionalhiddenrandomvariablesthathelpexplain

thedata:
� � � ���
	����

�

� 
������ �

�


�� 	 � ���

. A simpleexampleof agenerativemodelis factoranalysis[37], where

thecombinedinput/outputvectoris a linearfunctionof asmallnumberof hiddenvariables,plusindepen-

dentGaussiannoise. Generative modelscanbe usedfor discriminationby computing
������� �
	 � ��� 
���	������

from
� � � ���
	����

�

� 
������ �

�


���	������

usingmarginalizationandBayesrule. In the caseof factoranalysis,it

turnsout that theoutputis a linear functionof a low-dimensionalrepresentationof the input, plusGaus-

siannoise.

Discriminative modelsrequirethat thedatabe preprocessedso it satis�esthestatisticalassumptions

usedto train themodel. The“preprocessing”taskinvolvesananalysisof thewide rangeof unprocessed

inputs that will be encounteredin situ. This task is usuallymoredif�cult than the discriminative task

andis performedby a userwho mayuseautomaticdataanalysistools. In fact, theanalysisof the input

involvesbuilding a modelof the input,
� � 
���	������

, that is eitherconceptualor functional. To minimize

theuser's efforts, a functionalmodelcanbeusedto performpreprocessingautomatically. For example,

principal componentsanalysis(PCA) canbe usedto reducethe dimensionalityof the input datain the

hopethatthelow-dimensionalrepresentationwill containlessnoiseandbebetter-suitedto predictingthe

output. Whena functionalmodelis used,thecombinationof thepreprocessingmodel
��� 
�� 	������

andthe

discriminative model
���������
	������ 
�� 	������

correspondto a particulardecompositionof a generative model:
������� �
	 � �

�


�� 	 � ���	� � � � ���
	������ 
�� 	 � ��� � � 
���	������

.

In ourview, generativemodelsprovideamoregeneralway to combinetheautomatic“preprocessing”

taskandthediscriminativetask.By jointly modelingtheinputandoutput,agenerativemodelcandiscover

useful,compactrepresentationsof theinputandusetheseto bettermodeltheoutput.For example,factor

analysiscan be viewed as jointly �nding a low-dimensionalrepresentationthat modelsthe input and

is goodat predictingthe output. In contrast,PCA followedby linear regressionusesa subspacethat is

determinedsolelyby theinput. Generativemodelsarepotentiallymuchmoreeffectivethandiscriminative

models. By accountingfor all input data,a generative model can help solve one problem(e.g., face

detection)by solvinganother, relatedproblem(e.g., identifying a foregroundobstructionthatcanexplain

why only partof a faceis visible).

Formally, a generative model is a probability model, for which the observed datais an event in the

samplespace.So, samplingfrom a generative modelgeneratesa sampleof possibleobserved data. A

generative modelis a good�t to thetrainingdata,if thetrainingdatahashigh probability. However, our
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goalis notonly to �nd amodelthatis thebest�t, but to �nd amodelthat�ts thedatawell andis consistent

with ourprior knowledge.For example,in a modelof a videosequence,wemight constructasetof state

variablesfor eachtimestepandrequirethatthestateat time
�

��� beindependentof thestateat time
���

� ,

giventhestateat time
�

. Graphicalmodelsprovideaway to specifysuchstructuralprior knowledge.

3 Graphical Modelsand ReasoningUnder Uncertainty
Graphicalmodelsdescribethe topology(in thesenseof dependencies)of thecomponentsof a complex

probability model, clarify assumptionsaboutthe representation,and lead to algorithmsthat make use

of the topologyto achieve exponentialspeed-ups.Whenconstructinga complex probability model,we

arefacedwith the following challenges:Ensuringthat themodelre�ects our prior knowledge;Deriving

ef�cient algorithmsfor inferenceandlearning;Translatingthemodelto adifferentform; Communicating

themodelto otherresearchersandusers.Graphicalmodelsovercomethesechallengesin a wide variety

of situations.After commentingon eachof theseissues,we brie�y review 3 kinds of graphicalmodel:

Bayesiannetworks(BNs),Markov random�elds (MRFs),andfactorgraphs(FGs).For a moreextensive

treatment,see[4,9,28,29,36].

Prior knowledgeusuallyincludesstrongbeliefsabouttheexistenceof hiddenrandomvariables(RVs)

andtherelationshipsbetweenRVs in thesystem.Thisnotionof “modularity” is acentralaspectof graph-

ical models.In a graphicalmodel,theexistenceof a relationshipis depictedby a paththatconnectsthe

two RVs. Probabilisticinferencein a probabilitymodelcan,in principle,becarriedout usingBayesrule.

However, for the complex probability modelsthat accuratelydescribea visual scene,direct application

of Bayesrule leadsto anintractablenumberof computations.A graphicalmodelsidenti�es themodules

in the systemandcanbe usedto derive algorithmsthat make useof this modularstructureto achieve

exponentialspeedups,comparedto direct applicationof Bayesrule. In a complex probability model,

computationalinferenceandinterpretationusuallybene�t from judiciously groupingsof RVs andthese

clustersshouldtakeinto accountdependenciesbetweenRVs. Othertypesof usefultransformationinclude

splitting RVs, eliminating(integratingover) RVs, andconditioningon RVs. By examiningthegraph,we

canofteneasilyidentify transformationsstepsthatwill leadto simplermodelsor modelsthatarebetter

suitedto our goalsandin particularour choiceof inferencealgorithm. For example,we maybeableto

transforma graphicalmodelthatcontainscyclesto a tree,andthususeanexact,but ef�cient, inference

algorithm.By examininga pictureof thegraph,a researcheror usercanquickly identify thedependency

relationshipsbetweenRVs in the systemandunderstandhow the in�uence of an RV �o ws throughthe

systemto changethedistributionsover otherRVs. Whereasblock diagramsenableusto ef�ciently com-
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Figure1: Some of the 300 images used to train the model in Sec. 3.1. Each image was created by randomly
selecting 1 of 7 backgrounds and 1 of 5 foreground objects from the Yale face database, combining them into a
2-layer image, and adding normal noise with std. dev. of 2% of the dynamic range. Each foreground object always
appears in the same location in the image, but different foreground objects appear in different places so that each
pixel in the background is seen in several training images.

municatehow computationsandsignals�o w througha system,graphicalmodelsenableusto ef�ciently

communicatethedependenciesbetweencomponentsin amodularsystem.

3.1 Example: A Model of Foregrounds,Backgroundsand Transparency

Theuseof probabilitymodelsin vision applicationsis, of course,extensive. Here,we introducea model

that is simpleenoughto studyin detailhere,but alsocorrectlyaccountsfor animportanteffect in vision:

occlusion.Fig. 1 illustratesthetrainingdata.Thegoalof themodelis to separatethe5 foregroundobjects

and the 7 backgroundscenesin theseimages. This is an importantproblemin vision that hasbroad

applicability. For example,by identifyingwhichpixelsbelongto thebackground,it is possibleto improve

the performanceof a foregroundobjectclassi�er, sinceerrorsmadeby noisein the backgroundwill be

avoided.

Theocclusionmodelexplainsaninput image,with pixel intensities���

������� �

��� , asa compositionof a

foregroundimageanda backgroundimage(c.f. [1]), andeachof theseimagesis selectedfrom a library
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of
�

possibleimages(a mixturemodel). Althoughseparatelibrariescanbeusedfor the foregroundand

background,for notationalsimplicity, we assumethey sharea commonimagelibrary. The generative

processis illustratedin Fig. 2a. To begin with, a foregroundimageis randomlyselectedfrom thelibrary

by choosingtheclassindex � from thedistribution,
���

�

�

. Then,dependingontheclassof theforeground,

a binarymask �

� �

�

�

������� �

�

�

�

, �������
	

�

��� is randomlychosen.�
�

�

� indicatesthatpixel �

� is a

foregroundpixel,whereas�
�

�

	 indicatesthatpixel �

� is abackgroundpixel. Thedistributionovermask

RVs dependson the foregroundclass,sincethe maskmust “cut out” the foregroundobject. However,

giventheforegroundclass,themaskRVs arechosenindependently:
���

�

�

�

� ���

�

���

�

���

���

�

�

�

. Next, the

classof thebackground,�����
�

� ����� �

�

�

, is randomlychosenfrom
� �

�

�

. Finally, theintensityof thepixels

in theimageareselectedindependently, giventhemask,theclassof theforeground,andtheclassof the

background:
� �

�

�

�

�

�

�

�

� ���

�

���

�

���

�

�

�

���

�

�

�

�

�

. Thejoint distribution is givenby thefollowing product

of distributions:
���

�

�

�

�

�

�

�

� � ���

�

� � �

�

���

�

�

���

�

� �

���

�

�

�����

�

�

���

�

� �

�

�

�

���

�

�

�

�

���

� (1)

In thisequation
���

�

�

�

���

�

�

�

�

�

canbefurtherfactorizedby noticingthatif ���

�

	 theclassis givenby the

RV � , andif �
�

�

�

theclassis givenby theRV � . So,wecanwrite
� �

�

�

�

���

�

�

�

�

� � ���

�

�

�

�

��� � ���

�

�

�

�

�

��!

�"�

,

where
� �

�

�

�

�

�

and
� �

�

�

�

�

�

arethedistributionsover the



th pixel intensitygivenby the foregroundand

backgroundrespectively. Thesedistributions accountfor the dependenceof the pixel intensity on the

mixtureindex, aswell asindependentobservationnoise.Thejoint distributioncanthusbewritten:

���

�

�

�

�

�

�

�

� � ���

�

�����

�

���

�

�

���

�

� �

���

�

�

�����

�

�

���

�

���

�

�

�

�

�

�"�

�#�

�

�

���

�

� �

�

�

�

�

�

��!

�"�

�

� (2)

In comparisonwith (1), this factorizationreducesthenumberof argumentsin someof thefactors.

For representationalandcomputationalef�ciency, it is oftenusefulto specifyamodelusingparametric

distributions. Given a foregroundor backgroundclassindex $ , we assume�

� is equalto %'&(� plus zero-

meanGaussiannoisewith variance)*&�� . Thisnoiseaccountsfor distortionsthatarenotexplicitly modeled,

suchassensornoiseand�uctuations in illumination. If a Gaussianmodelof thesenoisesourcesis too

inaccurate,extra hiddenRVs canbeaddedto bettermodelthenoise,asdescribedin Sec.4. Notethat in

theabove parameterization,the foregroundandbackgroundimagesareselectedfrom the samelibrary1.

Denotetheprobabilityof class$ by +,& , andlet theprobabilitythat �-�

�

� giventhattheforegroundclass

1If it is desirablethat the foregroundandbackgroundimagescomefrom separatelibraries,the classRVs . and / canbe
constrained,e.g., sothat .10325476�89898�6;:=< , /"032�:?>
4@69898�8A6B:?>DCE< , in whichcasethe�rst : imagesin thelibrary areforeground
imagesandthenext C imagesarebackgroundimages.
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is � , be ���

� . Sincetheprobabilitythat �
�

�

	 is
�

�

���

� , we have
� �

�
�

�

�

� �

�

�"�

�

�

�

�

�

���

�

�

��!

� �

. Using

theseparametricforms,thejoint distribution is

���

�

�

�

�

�

�

�

� �

+��;+

�

�

�

�

���

�

�

�"�

�

�

�

�

�

���

�

�

��!

�"���

�

�

�	� %

�

�

�

)

�

�

�

� �
�

�

�

���(%�� �

�

)�� �

�

��!

� �

�

� (3)

where
�

�

�

� %

�

)

�

is thenormaldensityfunctionon � with mean% andvariance) . An equivalentform is
���

�

�

�

�

�

�

�

� �

+�� +

�

�;�

�

���

�

�

�"�

�

�

�

�

�

���

�

�

��!

�"�

�

�

�

��� ��� %

�

�

�

�

�

�

���

�

%�� �

�

��� )

�

�

�

�

�

�

���

�

)
� �

���

, where

herethemaskRVs “screen”themeanandvarianceof theGaussians.

In the remainderof this review paper, theabove occlusionmodelis usedasanexample. Oneof the

appealsof generativemodelsis in their modularityandtheeasewith which they canbeextendedto cope

with morecomplex data.In Sec.4,wedescribeextensionsof theocclusionmodelthatenableit to account

for motion,objectdeformationsandobject-speci�cchangesin illumination.

3.2 BayesianNetwork (BN) for the OcclusionModel

A Bayesiannetwork(BN) [4,29,36] for RVs �

�

��� ��� �

��� is adirectedacyclic graph(nodirectedcycles)on

thesetof RVs, alongwith oneconditionalprobability function for eachRV givenits parents,
� �

�'�

�

���

�

�

,

where �#� is the setof indicesof � � 's parents. The joint distribution is given by the productof all the

conditionalprobabilityfunctions:
���

�

� � �

�

���

�

���

� �

�

���

�

�

.

Fig. 2b shows theBN for theocclusionmodelin (1), with �

���

pixels. By groupingthemaskRVs

togetherandthepixelstogether, weobtaintheBN shown in Fig.2c. Here,� is arealvector, �

� �

� �

�

���

�

���

�

and � is a binaryvector, �

� �

�

�

�

�

�

�

�

�

�

. Althoughthis graphis simplerthanthegraphin Fig. 2b, it

is alsolessexplicit aboutconditionalindependenciesamongpixelsandmaskRVs.

The graphindicatesconditionalindependencies,asdescribedin [9, 36]. In a BN, observinga child

inducesa dependencebetweenits parents.Here,theBN indicatesthat � and � aredependentgiven � and

� , eventhoughthey arenot (observing� decouples� and � ). ThisdemonstratesthatBNsarenotgoodat

indicatingconditionalindependence.However, theBN indicatesthat � and � aremarginally independent,

demonstratingthatBNsaregoodat indicatingmarginal independence.

3.3 Mark ov RandomField (MRF) for the OcclusionModel

A Markov RandomField (MRF) [4,29,36] for RVs �

�

� ����� �

��� is anundirectedgraphon thesetof RVs,

alongwith onepotentialfunctionfor eachmaximalclique, � &

�

�����

�

, where � & is thesetof indicesof the

RVs in the $ th maximalclique.Thejoint distribution is givenby theproductof all thepotentialfunctions,
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Figure2: (a) A generative process that explains an image as a composition of the image of a foreground object
with the image of the background, using a transparency map, or mask. The foreground and background are each
selected stochastically from a library, and the generation of the mask depends on the foreground that was selected.
We refer to this model as the occlusion model. (b) A BN for an occlusion model with 3 pixels, where . is the index of
the foreground image, / is the index of the background image, ��� is a binary mask RV that speci�es whether pixel

��� is from the foreground image ( �����

4 ) or the background image ( �����
	 ). (c) A simpler, but less explicit, BN is
obtained by grouping the mask RVs together and the pixels together. (d) An MRF for the occlusion model. (e) An
MRF corresponding to the BN in (c). (f) An FG for the occlusion model. (g) A directed FG expressing all properties
of the BN in (c) and the MRF in (e).

divided by a normalizingconstant,� , called the partition function:
���

�

� �

�

�

�

�

& �

�

��&

�

���
�

�

, where

�

��
������������ � ��� �
�

�

& �

�

��&

�

���
�

� �

. A cliqueis a fully connectedsubgraph,anda maximalclique is a clique

that cannotbe madelarger while still beinga clique. For brevity, we usethe term“clique” to refer to a

maximalclique,e.g., thepotentialsonmaximalcliquesareusuallycalledcliquepotentials.

Theabove factorizationof thejoint distribution is similar to thefactorizationfor theBN, whereeach

conditionalprobability function can be viewed as a clique potential. However, there is an important

difference:In a BN, theconditionalprobability functionsareindividually normalizedwith respectto the
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child, sotheproductof conditionalprobabilitiesis automaticallynormalized,and �

�

�

.

An MRF for theocclusionmodelis shown in Fig. 2dandtheversionwherethemaskRVs aregrouped

andthe pixels aregroupedis shown in Fig. 2e. Note that the MRF includesan edgefrom � to � , in-

dicating they are dependent,even thoughthey are not. This demonstratesthat MRFs are not good at

indicatingmarginal independence.However, theMRF indicates� and � areindependentgiven � and � ,

demonstratingthatMRFsaregoodat indicatingconditionalindependence.

3.4 Factor Graph (FG) for the OcclusionModel

Factorgraphs(FGs)[9,28] subsumeBNs andMRFs. Any BN or MRF canbeeasilyconvertedto anFG,

without lossof information.Further, thereexistsmodelsthathave independencerelationshipsthatcannot

beexpressedin a BN or anMRF, but thatcanbeexpressedin anFG [9]. Also, belief propagationtakes

on a simpleform in FGs,so that inferencein bothBNs andMRFscanbesimpli�ed to a single,uni�ed

inferencealgorithm.

A factorgraph(FG)for RVs �

�

������� �

��� andlocal functions�

�

�

���

�

�

����� � �

�

�

�

���

�

�

, is abipartitegraph

on the set of RVs and a set of nodescorrespondingto the functions,whereeachfunction node � & is

connectedto theRVs in its argument� ��� . Thejoint distributionis givenby theproductof all thefunctions:
���

�

� �

�

�

�

�

& �

�

��&

�

�����

�

. In fact, �

�

�

if the FG is a directedgraph,asdescribedbelow. Otherwise

� ensuresthe distribution is normalized.Note that the local functionsmay be positive potentials,asin

MRFs,or conditionalprobabilityfunctions,asin BNs.

Fig. 2f showsanFGfor theocclusionmodel.It is moreexplicit aboutthefactorizationof thedistribu-

tion, thanBNsandMRFs.As with BNs andMRFs,wecangroupvariablesto obtaina simplerFG.Also,

we canindicateconditionaldistributionsin an FG usingdirectededges,in which case�

�

� . Fig. 2g

showssuchadirectedFGfor themodelwith variablesgroupedtogether. ThisFGexpressesall properties

of theBN andMRF. As describedin [9], all independenciesthatcanbeexpressedin BNs andMRFscan

beexpressedin FGs. Here,thedirectedFG indicatesthat � and � areindependent(expressedby theBN

but not theMRF), andit indicatesthat � and � areindependentgiven � and � (expressedby theMRF but

not theBN). Anotheradvantageof FGsis thatbecausethey explicitly identify functions,they provide a

usefulgraphfor message-passingalgorithms,suchasbelief propagation.

3.5 Converting BetweenFGs,BNs and MRFs

BNs andMRFsrepresentdifferentindependenceproperties,but FGscanrepresentall thepropertiesthat

BNsandMRFscanrepresent.
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A BN canbeconvertedto anFGby “pinning” theedgesarriving ateachvariabletogetherandcreating

afunctionnodeassociatedwith theconditionaldistribution. Directededgesareusedto indicatetheparent-

child relationship,asshown in Fig. 2h. A directedFG canbeconvertedto to a BN by “unpinning” each

functionnode.An MRF canbeconvertedto anFGby creatingonefunctionnodefor eachmaximalclique,

connectingthefunctionnodeto thevariablesin themaximalclique,andsettingthefunctionto theclique

potential.An FG canbeconvertedto anMRF by creatinga maximalcliquefor eachfunctionnode,and

settingthecliquepotentialto thefunction.

In fact, if a BN is convertedto a directedFG andbackagain,thesameBN is obtained.Similarly, if

an MRF is convertedto an FG andbackagain,the sameMRF is obtained.Consequently, the rulesfor

determiningconditionalindependencein BNs andMRFsmaplosslesslyto FGs,i.e., FGscanexpressall

conditionalindependenciesthatBNsandMRFscanexpress.Theconverseis not true:ThereareFGsthat

expressindependenciesthatcannotbeexpressedin aBN or anMRF, e.g., theFG in Fig. 2g. It is alsothe

casethatmultipleFGsmaybeconvertedto thesameBN or MRF – aconsequenceof thefactthatFGsare

moreexplicit aboutfactorization.

Anotherwayto interconvertbetweenrepresentationsis to expandthegraphto includeextraedgesand

extravariables(c.f. [40]).

4 Building ComplexModelsUsingModularity
We advocatetheuseof graphicalmodels,becausethey provide a way to link simplermodelstogetherin

a principledfashionthat respectstherulesof probability theory. Later in this paper, we review the latest

techniquesfor inferenceandlearningandderive algorithmsfor the occlusionmodel. Fig. 3 shows how

the occlusionmodelcanbe usedasa modulein an extendedmodel that accountsfor changingobject

positions,deformations,objectocclusion,andchangesin illumination. The�gure showsaBN, wherethe

appearanceandmaskvectorRVs areshown asimages,andthebrightness,deformationandpositionRVs

areshown pictorially. After inferenceandlearning,thevideoframeis automaticallydecomposedinto the

partsshown in theBN. In previouspapers,we describeef�cient techniquesfor inferenceandlearningin

modelsthat accountfor changesin object locations[10,13]; changesin appearancesof moving objects

usinga subspacemodel [11]; commonmotion patterns[12,25]; spatialdeformationsin objectappear-

ance[26]; layeredmodelsof moving, occludingobjectsin 3-D scenes[22]; subspacemodelsof moving,

occludingobjectsin 3-D scenes[14]; andthe“epitome”of texturalcomponentsin objectappearances[24].

Sinceeachof the above effectsis modeledin a principledfashion,an inferenceandlearningalgorithm

in a combinedmodel, like the oneshown above, canbe obtainedby linking togetherthe modulesand

associatedalgorithms,asdescribedin [23].
9



Position Position Position Position

Learned means of appearance and mask images

Deform

Bright Bright Bright Bright

Deform Deform Deform

Hidden appearances, masks,
brightness variables, deformation
variables, and position variables
combine to explain the input

Front layer Background layer

Figure3: Simple probability models can be combined in a principled way to build a more complex model that can
be learned from training data. Here, after the model parameters (some shown in the top row of pictures) are learned
from the input video, the model explains a particular video frame as a composition of 4 “card-board cutouts”, each of
which is decomposed into appearance, transparency (mask), position, brightness and deformation (which accounts
for the gait of the walking person).

5 ParameterizedModelsand the Exponential Family
Sofar, wehavestudiedgraphicalmodelsasrepresentationsof structuredprobabilitymodelsfor computer

vision. We now turn to thegeneralproblemof how to learnthesemodelsfrom trainingdata.For thepur-

poseof learning,it is oftenconvenientto expresstheconditionaldistributionsor potentialsin a graphical

modelasparameterizedfunctions.Choosingtheformsof theparameterizedfunctionsusuallyrestrictsthe

modelclass,but canmakecomputationseasier. For example,Sec.3.1showshow wecanparameterizethe

conditionalprobabilityfunctionsin theocclusionmodel.

5.1 ParametersasRVs

Usually, the model parametersare not known exactly, but we have prior knowledgeand experimental

resultsthatprovide evidencefor plausiblevaluesof themodelparameters.Interpretingtheparametersas

10



RVs, we canincludethemin theconditionaldistributionsor potentialsthatspecifythegraphicalmodel,

andencodeourprior knowledgein theform of adistributionover theparameters.

IncludingtheparametersasRVs in theocclusionmodel,weobtainthefollowing conditionaldistribu-

tions:
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. We obtaina simplermodel(but

one that is lessspeci�c about independencies)by clusteringthe maskRVs, the pixels, the maskpa-

rameters,andthe pixel meansandvariances.The resultingconditionaldistributionsare
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SinceweareinterpretingtheparametersasRVs,wemustspecifyadistributionfor them.Generally, the

distributionoverparameterscanbequitecomplex, but simplifying assumptionscanbemadefor thesake

of computationalexpediency, asdescribein later sections.For now, we assumethat
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. TheBN for thisparameterizedmodelis shown in Fig. 4a,andthejoint distribution

overRVsandparametersis
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5.2 Intr oducingTraining Data

Trainingdatacanbeusedto infer plausiblecon�gurationsof themodelparameters.Weimaginethatthere

is asettingof theparametersthatproducedthetrainingdata.However, sinceweonly seethetrainingdata,

therewill bemany settingsof theparametersthataregoodmatchesto thetrainingdata,sothebestwecan

do is computeadistributionover theparameters.

DenotethehiddenRVs by
�

andthevisibleRVs by � . ThehiddenRVs canbedividedinto theparam-

eters,denotedby
�

, andonesetof hiddenRVs
�������

, for eachof thetrainingcases,
� �

�

������� �
	 . So,
�

�

�

�

�
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����� � �
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�

. Similarly, thereis onesetof visible RVs for eachtrainingcase: �

� �

�

�

�

�

� ����� �

�

�
���
�

.

Assumingthetrainingcasesareindependentandidenticallydrawn (i.i.d.), thedistributionoverall visible

RVs andhiddenRVs (includingparameters)is
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is the parameterprior and
�
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is the likelihood. In the occlusionmodeldescribed

above,wehave
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, and �
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. TheBN for 	 i.i.d. trainingcases

is shown in Fig. 4b.
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Figure4: (a) The parameter sets � , � , � and � can be included in the BN as RVs. (b) For a training set with � i.i.d.
cases, these parameters are shared across all training cases. (c) If the training cases are time-series data (e.g. a
video sequence), we may create one parameter set for each time instance, but require the parameters to change
slowly over time. (d) Generally, undirected graphical models must include a normalization function 4����	��

� , which
makes inference of the parameters more dif�cult. Viewing the occlusion model as a member of the exponential
family, we can draw an undirected FG, which includes the function, 4����	��

� . (e) When the parameters specify
conditional distributions, �	��

� factorizes into local terms, leading to a representation that is equivalent to the one in
(a).

Whenthe training casesconsistof time-seriesdata(suchasa videosequence),the parametersoften

can be thoughtof asRVs that changeslowly over time. Fig. 4c shows the above model,wherethere

is a differentsetof parametersfor eachtraining case,but wherewe assumethe parametersarecoupled

acrosstime. Using
�����

to denotethetrainingcaseat time
� �

�

� ����� � 	 , thefollowing distributionscouple

theparametersacrosstime:
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,
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,
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)

�����

�

)

���

! �

�

�

. Theuncertainty

in thesedistributionsspeci�eshow quickly the parameterscanchangeover time. Sucha modelcanbe

viewed asthe basisfor on-line learningalgorithms. For simplicity, in this paper, we assumethe model

parametersare�x edfor theentiretrainingset.
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5.3 The Exponential Family

It canbehelpful to formulatea modelasa memberof theexponentialfamily of distributions[2], which

have thefollowing parameterization:
���

�

�

�

� � �

�

�

�

�

�

� ��������� 


�

�

�	� �

�

�

��


, where
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is the

parametervector, and � �
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is the



th suf�cient statisticof thevariables,� . Thesuf�cient statisticsof �

containall theinformationthatis neededto determinetheprobabilityor probabilitydensityof � . �
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is

thepartitionfunction,whichservesto normalize
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By expressingmodelsin exponentialfamily form, we obtaina simplerelationshipbetweenthe dis-

tribution for onetraining caseandthe distribution for an entiretraining set. Let �

�����

be the hiddenand

visible variablesfor the
�

th trainingcase.Then
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andthe likelihood

for theentiretrainingsetis
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. Noticethatthe

suf�cient statisticsfor the entiretraining setaregivenby summingthe suf�cient statisticsover training

cases.

To put theocclusionmodelin exponentialfamily form, notethat thesuf�cient statisticsfor a normal

densityon �

� are �

� and �
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. Thereadercancon�rm thatthejoint distributioncanbewritten
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, wherecurly bracesidentify thesuf�cient statistics,andsquarebracesindicateIver-

son'snotation: �

�

�

	#"$� �

� if
�
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	%"

is true,and �

�

�

	%"&� �

	 if
�

�

	%"

is false.

Modular structurein membersof the exponentialfamily ariseswheneachsuf�cient statistic �#�

�

�

�

dependson a subsetof RVs � �

� with indices � � . Then,we have
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Since
���

�

�

factorizesinto a productof local functions,we canexpress
���

�

�

usinga graphicalmodel,

e.g. a FG.WhenconstructingtheFG,we cancreateonefunctionnodefor eachsuf�cient statistic �#� and

createonevariablenodefor eachparameter
�

� , but a moresuccinctgraphis obtainedby groupingrelated

suf�cient statisticstogetherandgroupingtheir correspondingparameterstogether. For example,Fig. 4d

showsaFGfor theexponentialfamily representationof theocclusionmodel,wherewehavemadegroups

of + 's, � 's, % 'sand ) 's. NotethattheFGmustincludethenormalizingfunction �

�

�

�

�

�

.

Generally, computing�

�

�

�

requiressummingor integratingover � , which maybeintractable.How-

ever, if the exponentialfamily parameterizationcorrespondsto a BN, the suf�cient statisticscan be

groupedsothateachgroupde�nesa conditionaldistribution in theBN. In this case,�

�

�

�

simpli�es to a

productof localpartitionfunctions,whereeachlocalpartitionfunctionensuresthatthecorrespondingcon-
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ditional distribution is normalized.In theaboveexample,thenormalizationconstantsassociatedwith the

conditionaldistributionsfor � , � , � and � areuncoupled,sowe canwrite �

�

�

� �

�

�

+

�

�
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�

�
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%

�

�

�

)
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,

where,e.g., �

�

)

� � �

�

&

�

�

+')

�

& . Fig. 4eshows theFG in this case,which hasthesamestructureasthe

BN in Fig. 4a.

5.4 Uniform and ConjugateParameter Priors

Parameterpriorsencodethe costof speci�c con�gurationsof the parametersfound during learning. To

simplify inferenceandlearningalgorithms,theuniformprior is oftenused,where
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, andthedependenceof theparameterson thedatais determinedsolelyby

the likelihood,which oftenhasa tractableform. In fact,a uniform prior is not uniform undera different

parameterization.Also, the uniform density for real numbersdoesnot exist, so the uniform prior is

improper. However, thesefactsareoften ignoredfor computationalexpediency. It is worthwhile to note

that the useof a uniform parameterprior is justi�ed whenthe amountof training datais large relative

to themaximummodelcomplexity, sincein this casetheprior will have little effect on themodel. One

exceptionis zerosin the prior, which cannever be overcomeby data,but suchhardconstraintscanbe

incorporatedin thelearningalgorithm,e.g., usingLagrangemultipliers.

Assuminga uniform prior for all parametersin the occlusionmodel,the joint distribution over RVs

andparametersis
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Note that whenusinguniform priors, parameterconstraints,suchas



�

���

�

+ �

�

�

, mustbe taken into

accountduringinferenceandlearning.

Theconjugateprior offers thesamecomputationaladvantageastheuniform prior, but allows speci-

�cation of strongerprior knowledgeandis alsoa properprior. Theideais to choosea prior thathasthe

sameform asthe likelihood,so theprior canbethoughtof asthe likelihoodof fake, user-speci�ed data.

Thejoint distributionoverparametersandRVs is givenby thelikelihoodof boththerealdataandthefake

data. For membersof theexponentialfamily, thefake trainingdatatakestheform of extra,user-speci�ed

termsaddedto eachsuf�cient statistic,e.g., extracountsaddedfor BernoulliRVs.

In theocclusionmodel,we might imaginethatbeforeseeingany trainingdata,we observe a total of
�

� examplesfrom imageclass
� �

�

� ����� �

�

. It follows that the likelihoodof the fake datafor parameter
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otherwise.This is the Dirichlet distribution, so
� �

+

�

������� �

+

�

�

is calleda Dirichlet prior. The conjugate

prior for themeanof aGaussiandistributionis aGaussiandistribution,becausetheRV andits meanappear

symmetricallyin the densityfunction for a Gaussian.Theconjugateprior for the inversevariance
�

of

a Gaussiandistribution is a Gammadistribution. To seethis, imaginefake dataconsistingof
�

examples

wherethe squareddifferencebetweenthe RV and its meanis �

�

. The likelihood for this fake datais

proportionalto
�
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. Thisis aGammadistributionin
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with mean�
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andvariance
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. Settingtheprior for
�

to beproportionalto this likelihood,weseethat

theconjugateprior for theinversevarianceis theGammadistribution.

6 Algorithms for Infer enceand Learning
Oncea generative modeldescribingthe imagerenderingprocesshasbeenspeci�ed, vision consistsof

inferencein thegenerativemodel.In themodelshown in Fig. 4b,for trainingimages�

�

�

�

����� � �

�

�
���

, vision

consistsof inferring the setof meanimagesandvariancemaps,% , ) , the mixing proportions+ , the set

of binary maskprobabilitiesfor every foregroundclass,� , and,for every training case,the classof the

foregroundimage, � , the classof the backgroundimage, � , andthe binary maskusedto combinethese

images,� .

Exactinferenceis oftenintractable,sowe turn to approximatealgorithmsthattry to �nd distributions

thatarecloseto thecorrectposteriordistribution. Thisis accomplishedbyminimizingpseudo-distanceson

distributions,called“free energies”. (For analternativeview, see[38].) It is interestingthatin the1800's,

Helmholtzwasoneof the �rst researchersto proposethatvision is inferencein a generative model,and

thatnatureseekscorrectprobabilitydistributionsin physicalsystemsby minimizingfreeenergy. Although

thereis norecordthatHelmholtzsaw thatthebrainmightperformvisionby minimizinga freeenergy, we

can't helpbut wonderif heponderedthis.

As presentedin this tutorialpaper, parametersandRVs arebothconsideredto beRVs. Inferencealgo-

rithmsfor RVs andparametersalike make useof theconditionalindependencerelationshipsspeci�edby

thegraphicalmodel.For example,it is possibleto describegraph-basedpropagationalgorithmsfor updat-

ing distributionsoverparameters[18]. OnedifferencebetweenparametersandRVs is thattheparameters

areconstantacrossall trainingcasesfor i.i.d. data,or changeslowly acrosstime in time-seriesdata,such

asvideos. This differenceleadsto the terminologywherebywe refer to inferenceof modelparameters

asmachinelearning, or just learning. It is oftenimportantto treatparametersandRVs differentlyduring

inference.WhereaseachRV playsa role in a singletrainingcase,theparametersaresharedacrossmany
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training cases.So, the parametersareimpactedby moreevidencethanRVs andareoften pinneddown

moretightly by thedata.This observationbecomesrelevantwhenwe studyapproximateinferencetech-

niquesthatobtainpoint estimatesof theparameters,suchastheexpectationmaximizationalgorithm[6].

Generally, however, theparametersof a modelcanbe inferredusingany suitableprobabilisticinference

algorithm,andin particulartheonesdescribedin this review paper.

We now turn to the generalproblemof inferring the valuesof unobserved (hidden)RVs, given the

valuesof theobserved(visible)RVs. As above,denotethehiddenRVs by
�

andthevisibleRVs by � . The

hiddenRVs canusuallybedividedinto theparameters,denotedby
�

, andonesetof hiddenRVs
� �����
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. Assumingthe training casesarei.i.d., the distribution
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In theocclusionmodel,wehave
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Exactinferenceconsistsof computingestimatesormakingdecisionsbasedontheposteriordistribution

overall hiddenRVs (includingtheparameters),
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wherewe usethenotation
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to includesummingover discretehiddenRVs. The denominatorservesto

normalizethe distribution over
�

. For varioustypesof inferenceandvariousinferencealgorithms,we

needonly a functionthatis proportionalto theposteriordistribution. In thesecases
���

�

�

�

�

suf�ces, since

w.r.t.
�

,
���

�
�

�

� � ���
�

�

�

�

�

Note that in the caseof a graphicalmodel,
���

�

�

�

�

is equalto the either the productof the conditional

distributions,or theproductof thepotentialfunctions,dividedby thepartitionfunction.

6.1 Partition FunctionsComplicateLearning

For undirectedgraphicalmodelsandgeneralmembersof theexponentialfamily, thejoint distributionover

variablesandparametersis given by
���

�

�

�

� � ���

�

�

�

�

��� �

�

���

�

�

���

�

�

. The log-probability is
��� ���

�

� �

���

�

�

�

�

�




�

���

�

�

�

���

�

�

. Whenadjustinga particularparameter, thesumof log-potentialsnicely isolates
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thein�uence to thosepotentialsthatdependon theparameter, but thepartitionfunctionmakesall param-

etersinterdependent.Generally, asshown in Fig. 4d, �

�

�

�

inducesdependenciesbetweenall parameters.

Since �

�

�

� � 
 � � �

�

�

�

�

���

�

���

, exactly determiningthein�uence of a parameterchangeon thepartition

function is generallycomputationallyintractable.In fact,determiningthis in�uence canalsobe viewed

asa problemof approximateinference,sincethe partition function is the completemarginalizationof
�

� �

�

�

���

�

�

. So,many of the techniquesdiscussedin this papercanbeusedto approximatelydetermine

theeffect of thepartitionfunction(e.g., Gibbssampling[21]). Therearealsolearningtechniquesthatare

speci�cally aimedatundirectedgraphicalmodels,suchasiterativeproportional�tting [4].

For directedmodels,thepartitionfunctionfactorizesinto localpartitionfunctions(c.f. Fig. 4e),sothe

parameterscanbedirectly inferredusingthetechniquesdescribedin thispaper.

6.2 Model Selection

In many situations,someaspectsof themodelstructureareknown,but othersarenot. For example,for the

occlusionmodel,we maybecon�dent that theBN in Fig. 4b correctlyrepresentsdependenciesbetween

variables,but wemaynotbecertainaboutthenumberof classes,
�

. In thesesituations,unknown structure

canbe representedasa hiddenRV, so that inferenceof this hiddenRV correspondsto Bayesianmodel

selection[19,30]. For example,theBN in Fig. 4b canbemodi�ed to includeanRV,
�

, whosechildren

areall of the � and � variablesandwhere
�

limits therangeof theclassindices.Givena trainingset,the

posteriorover
�

revealshow probablethe differentmodelsare. Whenmodelstructureis representedin

this way, properpriorsshouldbespeci�ed for all modelparameters,sothattheprobabilitydensityof the

extra parametersneededin morecomplex modelsis properlyaccountedfor. For anexampleof Bayesian

learningof in�nite mixturemodels,see[33].

6.3 Numerical Issues

Many of the algorithmsdiscussedin this paperinvolve computingexpressionsof the form
	 �

�

�

���

�

�

(sometimes,with �

�

�

� ), wherethenumberof termsin theproductcanbequitelarge.To avoid numerical

under�ow, it is commonto work in thelog-domain.Denotingthelog-domainvalueof a variableby “ � ”,

compute �

	��



�

�

�

�

�

� . If
	

is needed,set
	�� ����� �

�

	 �

. However, it shouldbekept in mind that if �

	

is a

largenegativenumber,
	

mayunder�ow andbesetto 	 . This problemcanbeavoidedwhencomputinga

normalizedsetof
	

� 's,e.g., probabilities.Suppose�

	

� is thelog-domainvalueof theunnormalizedversion

of
	

� . Sincethe
	

� 's areto benormalized,we arefreeto adda constantto the �

	

� 's to raisethemto a level

wherenumericalunder�ow will not occurwhentakingexponentials.Computing ��

� �	�$�

�
�

	

� andthen
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setting �

	

�

�

�

	

�

�

�� , will ensurethat
�	�$�

� �

	

�

�

	 , i.e., thatat leaston of the �

	

� 's will notunder�ow when

taking its exponential.Next, computethe log-normalizingconstant,�

� � ��� � 


�

�
��� �

�

	

�

� �

. Theprevious

stepensuresthatthesumin thisexpressionwill produceastrictly positivenumber, avoiding
���

	 . Finally,

the �

	

� 's arenormalized, �

	

�

�

�

	

�

�

�

�

, and,if needed,the
	

� 's arecomputed,
	

�

� ����� �

�

	

�

�

. In somecases,

notablywhencomputingjoint probabilitiesof RVs andobservationsusingthesum-productalgorithm,we

needto computetheunnormalizedsum
� � 


�

	

� , whereeach
	

� is sosmall that it is storedin its log-

domainform, �

	

� . Theabovemethodcanbeused,but �� mustbeaddedbackin to retaintheunnormalized

form. First,compute ��

� � �$�

�
�

	

� andthenset �

� �

��

�

��� � 


�

�
��� �

�

	

�

�

��

� �

.

6.4 Exact Infer encein the OcclusionModel

Weconsidertwo cases:Exactinferencewhenthemodelparametersareknown, andexactinferencewhen

the model parametersare unknown. When the modelparametersare known, the distribution over the

foregroundclass,backgroundclass,andmaskRVs is proportionalto thejoint distributiongivenin (3). �

and � eachtake on
�

valuesandthereare � binarymaskRVs, so the total numberof con�gurationsof

� , � and � is
�

�

�

�

. For moderatemodelsizes,evenif we cancomputetheposterior, we cannotstorethe

posteriorprobabilityof everycon�guration.

However, from theBN in Fig. 2b, we seethat �-� is independentof �

�

�

�

�

� 


, given � , � and �

� (the

Markov blanketof �
� ). Thus,we representtheposteriordistributionasfollows:

� �

�

�

�

�

�

�

�

� � ���

�

�

�

�

�

�����

�

�

�

�

�

�

�

� � � �

�

�

�

�

�

�

�

�

���

�

� �

���

�

�

�

�

�

�

�

�

In this form, theposteriorcanbe storedusing �

�A�

�

�

numbers2 for
���

�

�

�

�

�

�

andfor eachcon�guration

of � and � , �

�

�

�

numbersfor the probabilities
���

�-�

�

�

�

�

�

�

�

,

 �

�

����� � �

� , giving a total storagere-

quirementof �

�

�

�

�

�

numbers.Using the fact that
� �

�-�

�

�

�

�

�

�

� � ���

���

�

�

�

�

�

�

�

� � ���

�

�

�

���

�

�

�

�

� �

���

���

�

�

�

�

� � �

�

�

�

���

�

�

�

�

� � ���

���

�

�

� � �

�

�

�

���

�

�

�

�

�

andsubstitutingthede�nitions of theconditionaldis-

tributions,wehave

���

���

�

�

�

�

�

�

�

�

� �

���

�

�

�

�

�	� %

�

�

�

)

�

�

�

���

�

�

�

�

�	� %

�

�

�

)

�

�

�

�

�

�

�

���

�

�

�

�

�

�	�(%�� �

�

)�� �

�

�

Note thatwe needonly store
���

�
�

�

�

�

�

�

�

�

�

�

, since
���

���

�

	

�

�

�

�

�

�

� �

�

� � �

���

�

�

�

�

�

�

�

�

�

). For

2Here,we use � ��� � to indicatethe numberof scalarmemoryelementsor binary scalaroperations,up to a constantand
leaving out termsthatareusuallyminor.
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each

 �

�

����� � �

� andeachcon�gurationof � and � , this canbecomputedandnormalizedusinga small

numberof multiply-adds.Thetotal numberof multiply-addsneededto compute
���

� �

�

�

�

�

�

�

�

�

�

for all



is �

�

�

�

�

�

.
� �

�

�

�

�

�

�

canbecomputedasfollows:

���

�

�

�

�

�

� �

�

�

���

�

�

�

�

�

�

�

� �

�

�

���

�

�

�

�

�

�

�

�

�

+�� +

�

�

�

���

�

�

�

�"�

�

�

� �

�

�

�

�

�

���

�

�

��!

�"� �

�

�

��� %

�

�

�

)

�

�

�

�"� �

�

�

�	� %�� �

�

)
� �

�

��!

�"�

�'�

�

+�� +

�

�

�

���

�

�

���

�

�

�

�

� � %

�

�

�

)

�

�

�

�

�

�

�

���

�

�

�

�

�

� � %�� �

�

)
� �

� �

�

For eachvalueof � and � , this canbecomputedusing �

�

�

�

multiply-adds.Onceit is computedfor all
�

�

combinationsof � and � , theresultis normalizedto give
���

�

�

�

�

�

�

. Thetotal numberof multiply-adds

neededto compute
���

�

�

�

�

�

�

is �

�

�

�

�

�

. Combiningthis with the above technique,the exact posterior

over � , � and � canbecomputedin �

�

�

�

�

�

multiply-addsandstoredin �

�

�

�

�

�

numbers.

Whenthe parametersarenot known, we must infer the distribution over them,aswell as the RVs.

Assuminga uniform parameterprior, the posteriordistribution over parametersandhiddenRVs in the

occlusionmodelof Fig. 4b is proportionalto the joint distribution given in (4). This posteriorcanbe

thoughtof asa very largemixturemodel.Thereare
�

�

�

�

�

�

discretecon�gurationsof theclassRVs and

themaskRVs andfor eachcon�guration, thereis a distribution over thereal-valuedparameters.In each

mixturecomponent,theclassprobabilitiesareDirichlet-distributedandthemaskprobabilitiesareBeta-

distributed.(TheBetapdf is theDirichlet pdf whenthereis only onefreeparameter.) Thepixel meansand

variancesarecoupledin theposterior, butgiventhevariances,themeansarenormallydistributedandgiven

the means,the inversevariancesareGamma-distributed. If the training datais processedsequentially,

whereonetrainingcaseis absorbedata time, themixtureposteriorcanbeupdatedasshown in [5].

Evenfor thisquitesimpleexample,theexactposterioris intractable,becausethenumberof posterior

mixturecomponentsis exponentialin thenumberof trainingcases,andtheposteriordistributionover the

pixel meansandvariancesarecoupled.In theremainderof this paper, we describea varietyof approxi-

mateinferencetechniquesanddiscussadvantagesanddisadvantagesof eachapproach.Beforediscussing

approximations,wediscusspracticalwaysof interpretingtheresultsof inference.
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6.5 Approximate Infer enceasMinimizing FreeEnergies

Usually, the above techniquescannotbe applieddirectly to
� � � �

�

�

, becausethis distribution cannotbe

computedin a tractablemanner. So,wemustturn to variousapproximations.

Many approximateinferencetechniquescan be viewed as minimizing a cost function called “free

energy” [35], which measuresthe accuracy of an approximateprobability distribution. Theseinclude

iterative conditionalmodes[3], the expectationmaximization(EM) algorithm[6, 35], variationaltech-

niques[27,35] structuredvariationaltechniques[27], Gibbssampling[34] andthesum-productalgorithm

(a.k.a.loopy belief propagation)[28,36].

Theideais to approximatethetrueposteriordistribution
��� � �

�

�

by asimplerdistribution
�

� � �

, which

is thenusedfor makingdecisions,computingestimates,summarizingthe data,etc. Here,approximate

inferenceconsistsof searchingfor the distribution
�

� � �

that is closestto
��� � �

�

�

. A naturalchoicefor

a measureof similarity betweenthe two distributions is the relative entropy (a.k.a. Kullback-Leibler

divergence):
� �

�

�

� � ���

�

�

�
�

�����

�

�
�

�

� �
�

�

�

�

�

This is adivergence,notadistance,becauseit is notsymmetric:
� �

�

�

� �

�

��� ���

�

�

�

. However,
� �

�

�

� �

is similar to adistancein that
� �

�

�

� ���

	 , and
� �

�

�

� � �

	 if andonly if theapproximatingdistribution

exactly matchesthetrueposterior,
�

�
�

� � � �
�

�

�

�

. Thereasonwe use
� �

�

�

� �

andnot
� � �

�

�

�

is that

the former computesthe expectationw.r.t. the simpledistribution,
�

, whereasthe latter computesthe

expectationw.r.t.
�

, which is generallyverycomplex3.

Approximateinferencetechniquescanbederivedby examiningwaysof searchingfor
�

�
�

�

, to mini-

mize
� �

�

�

� �

. In fact,directly computing
� �

�

�

� �

is usuallyintractable,becauseit dependson
���

�
�

�

�

.

If we alreadyhave a tractableform for
���

�
�

�

�

to insert into the expressionfor
� �

�

�

� �

, we probably

don't haveaneedfor approximateinference.Fortunately,
� �

�

�

� �

canbemodi�ed in awaythatdoesnot

alter thestructureof thesearchspaceof
�

�
�

�

, but makescomputationstractable.If we subtract
��� � �

�

�

from
� �

�

�

� �

, weobtain

���

�

�

� � ��� �

�

�

� � � ��� ���

�

� �
�

�

�

�
�

�����

�

�
�

�

���
�

�

�

�

�
�

�

�

�
�

����� ���

�

�

���

�

�

�
�

�����

�

�
�

�

���
�

�

�

� � �

�

�

���

�

�

�
�

�����

�

�
�

�

� �
�

�

�

�

� (6)

3For example,if 	 ��
 �

�
�

�

	 ��


�

� then � ��� 6�	 �

�����

� ��
�� � ������� ��
�� � ���! 

�

�"�$#

� ��


�

� � �%�&�'	 ��


�

� . Undertheconstraint
���

#

	 ��


�

�

�

4 , theminimumof � �(� 6)	 � is givenby 	 ��


�

�

�

� ��


�

� � � . However, computing� ��


�

� � � is anNP-hardproblem,
sominimizing � ��� 6�	 � is alsoanNP-hardproblem.
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Notice that
��� � �

�

�

doesnot dependon
�

� � �

, so subtracting
��� � �

�

�

will not in�uence the searchfor
�

� � �

. For BNs anddirectedFGs,we do have a tractableexpressionfor
��� �

�

�

�

, namelytheproductof

conditionaldistributions.

If we interpret
� ��� ��� �

�

�

�

as the energy function of a physicalsystemand
�

� � �

asa distribution

over thestateof thesystem,then
���

�

�

� �

is equalto theaverageenergy minustheentropy. In statistical

physics,this quantityis calledthe freeenergy of thesystem(a.k.a.,Gibbsfreeenergy or Helmholtzfree

energy). Naturetendsto minimizefreeenergies,whichcorrespondsto �nding theequilibriumBoltzmann

distributionof thephysicalsystem.

Anotherwaytoderivethefreeenergy is byusingJensen'sinequalitytoboundthelog-probabilityof the

visibleRVs. Jensen'sinequalitystatesthataconcavefunctionof aconvex combinationof pointsin avector

spaceis greaterthanor equalto theconvex combinationof theconcave functionappliedto thepoints.To

boundthe log-probabilityof thevisible RVs,
��� � �

�

� � ��� �

� �

���
�

�

�

� �

, we usean arbitrarydistribution
�

�
�

�

(a setof convex weights)to obtainaconvex combinationinsidetheconcave
��� ���

function:

��� ���

�

� � ���
� �

�

� �
�

�

�

�
�

� ���
� �

�

�

�
�

�

� �
�

�

�

�

�

�
�

�

�
�

�

�

�

�
�

�����
�

���
�

�

�

�

�

�
�

�

�
� � � �

�

�

� �

�

Weseethatthefreeenergy is anupperboundonthenegativelog-probabilityof thevisibleRVs:
���

�

�

� ���

� ��� � �

�

�

. Thiscanalsobeseenby notingthat
� �

�

�

� � �

	 in (6).

Free energy for i.i.d. training cases

From(5), for atrainingsetof 	 i.i.d. trainingcaseswith hiddenRVs
�

� �

�

�

���

�

�

������� �

�������
�

andvisible

RVs �

� �

�

�

�

�

��� ��� �

�

�
���
�

, wehave
���

�

�

�

� � ���

�

� �

�

�

�

�

���
�������

�

�

�����
�

�

�

. Thefreeenergy is

���

�

�

� � �

�

�

�

�
�

�����

�

�
�

� �

�

�

�

�

�

����� � �

�

� �

�

�

�

�

�

�

�

�
	��

�

�

�

�
�

�����

�

�

����� � �
�

�����

�

�

�����

�

�

�

� (7)

Thedecompositionof
�

into asumof onetermfor eachtrainingcasesimpli�es learning.

Exact inf erence revisited

The ideaof approximateinferenceis to searchfor
�

�
�

�

in a spaceof modelsthat aresimpler than

the true posterior
���

�
�

�

�

. It is instructive to not assume
�

�
�

�

is simpli�ed andderive the minimizerof
���

�

�

� �

. The only constraintwe put on
�

�
�

�

is that it is normalized:



�

�

�
�

� �

� . To accountfor

this constraint,we form a Lagrangianfrom
���

�

�

� �

with Lagrangemultiplier
�

andoptimize
���

�

�

� �

w.r.t.
�

�
�

�

:
�

� ���

�

�

� �

�

�

� �

�

�
�

���

�

�
�

�
�

� � ���

�

�
�

�

� �

� ��� ���
�

�

�

�

�

�

. Settingthis derivative

to 	 andsolving for
�

, we �nd
�

�
�

� � � �
�

�

�

�

�

� �

� �
�

�

�

� � ���
�

�

�

�

. So,minimizing the free energy
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without any simplifying assumptionson
�

� � �

producesexact inference. The minimum free energy is
� � ��� ���

�

�

� � �

� �

��� � �

�

����� � � � � �

�

�

�

��� �

�

�

��� � � ��� ���

�

�

. Theminimumfreeenergy is equalto the

negative log-probabilityof thedata.Thisminimumis achievedwhen
�

� � � � � � � �

�

�

.

Revisiting exact inf erence in the occ lusion model

In the occlusionmodel, if we allow the approximatingdistribution
�

�

�

�

�

�

�

�

to be unconstrained,

we �nd that the minimum free energy is obtainedwhen
�

�

�

�

�

�

�

� � ���

�

�

�

�

�

�,�

�

���

�

� �

���

�

�

�

�

�

�

�

. Of

course,nothingis gainedcomputationallyby usingthis
�

-distribution. In thefollowing sections,we see

how theuseof variousapproximateformsfor
�

�

�

�

�

�

�

�

leadto tremendousspeed-ups.

6.6 MAP Estimation asMinimizing FreeEnergy

Maximum a posteriori (MAP) estimationsearchesfor the mostprobablecon�guration
�

�

of the hidden

RVs given the observed RVs, � . For discretehiddenRVs, MAP estimationminimizes
���

�

�

� �

usinga
�

-distribution of theform
�

�
�

� �

�

�
�

�

�
�

, wheresquarebracesindicateIverson's notation: �

�

�

	%"&� �

�

if
�

�

	%"

is true,and �

�

�

	%"&�	�

	 if
�

�

	#"

is false.Thefreeenergy in (6) simpli�es to
� �

�

�

� � �



�

�

�
�

�

�
� ���

�

�
�

�

�
�

�

���
�

�

�

� � � ��� ���

�

�

�

�

�

, i.e., minimizing
���

�

�

� �

is equivalentto maximizing
� �

�

�

�

�

�

. At

theglobalminimum,
� �

�

�

� �

is equalto theglobalminimumof
� ��� ���

�

�

�

�

�

.

For continuoushiddenRVs, the
�

-distribution for a point estimateis a Dirac deltafunctioncentered

at the estimate:
�

�
�

� �

�

�
�

�

�

�
�

. The free energy in (6) reducesto
���

�

�

� � �

���

�

�
�

�

�

�
�����

�

�
�

�

�

�
�

�

���
�

�

�

� � � ��� ���

�

�

�

�

� ���

� , where
�

� is theentropy of theDiracdelta.Thisentropy doesnotdepend

on
�

�

, sominimizing
���

�

�

� �

correspondsto searchingfor valuesof
�

�

thatmaximize
���

�

�

�

�

� 4. Two pop-

ular techniquesthatusepoint inferencesareiterativeconditionalmodesandtheexpectationmaximization

algorithm.

6.7 Iterati veConditional Modes(ICM)

Themainadvantageof this techniqueis thatit is usuallyveryeasyto implement.Its maindisadvantageis

that it doesnot take into accountuncertaintiesin thevaluesof hiddenRVs, wheninferring thevaluesof

otherhiddenRVs. ThiscausesICM to �nd poorlocalminima.

The algorithm works by searchingfor a con�guration of
�

that maximizes
���

�
�

�

�

. The simplest

versionof ICM examineseachhiddenRV
�

� in turn, andsetsthe RV to its MAP value,givenall other

RVs. Sinceall hiddenRVs but
�

� arekeptconstantin thisupdate,only theRVs in theMarkov blanketof
�

�

4In fact, ���
	 �
� . To seethis,de�ne � ��
 �

�

4���� if 	��




�

� and 	 otherwise.Then, ���

�

�&��� , which goesto �
� as
��	

	 . This in�nite penaltyin � ��	�6 � � is a re�ection of thefactthatanin�nite-precisionpoint-estimateof 
 doesaverypoor
job of representingtheuncertaintyin 
 under� ��
 � � � .
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arerelevant.DenotetheseRVs by �

�

� anddenotetheproductof all conditionaldistributionsor potentials

thatdependon
�

� by �

� �

�

�

�

�

�

�

. ICM proceedsasfollows:

Initialization. Pickvaluesfor all hiddenRVs
�

(randomly, or cleverly).

ICM Step. Consideroneof thehiddenRVs,
�

� . Holding all otherRVs constant,set
�

� to its MAP value:

�

�

� ����� �	�&�

�

�

��� �

�

� ��� �

�

�

�

� � ����� � �$�

�

�

�

� �

�

�

�

�

�

�

�

where
�	� �

� is thesetof all hiddenRVs otherthan
�

� .

Repeatfor a �xed number of iterations or until convergence.

If
�

� is discrete,this procedureis straightforward. If
�

� is continuousandexactoptimizationof
�

� is not

possible,its currentvaluecanbeusedastheinitial point for asearchalgorithm,suchasaNewtonmethod

or agradient-basedmethod.

Thefreeenergy for ICM is thefreeenergy describedabove,for generalpoint inferences.

ICM in a mixture model: $ -means clustering

Probably, the most famousexampleof ICM is $ -meansclustering. The hiddenRVs arethe cluster

centersandtheclasslabelfor every trainingcase.Thealgorithmiteratesbetweenassigningeachtraining

caseto theclosestclustercenter, andsettingeachclustercenterequalto theaverageof thetrainingcases

assignedto it.

ICM in the occ lusion model

Evenwhenthemodelparametersin theocclusionmodelareknown, thecomputationalcostof exact

inferencecanberatherhigh. Whenthenumberof clusters
�

is large,examiningall
�

�

con�gurationsof

theforegroundclassandthebackgroundclassis computationallyburdensome.For ICM in theocclusion

model,the
�

-distributionfor theentiretrainingsetis
�

� ���

&

�

�

+ &

� �

+ &

� � �;�

&

�

�

�

�

% &(�

� �

% &(�

��� �;�

&

�

�

�

�

)"&(�

�

�

) &��

� � �

�

&

�

�

�

�

�

&��

� �

�

&(�

� � �

�

�

� �

�����
�

�

�

�����
� � �

�

�

� �

�����
�

�

�

�����
� � �

�

�

�

�

� �

�����

�

� �

�

�����

�

� �

. Substitutingthis
�

-

distribution and the
�

-distribution in (4) into the expressionfor the free energy in (7), we obtain the
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following:
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� �
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� �
	��

�

� �
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��� �
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�

)
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	��
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���

�

� �

�

Thelastterm,
�

, is theentropy of the � -functionsandis constantw.r.t. theoptimization.Intuitively, this

costmeasuresthemismatchbetweentheinput imageandtheimageobtainedby combiningtheforeground

andbackgroundimages,usingthemask.

To minimizethefreeenergy with respectto all RVs andparameters,we caniteratively solve for each

RV or parametersby settingthederivativeof
�

to 	 , keepingtheotherRVs andparameters�x ed. These

updatescanbeappliedin any order, but sincethemodelparametersdependon valuesof all hiddenRVs,

we�rst optimizefor all hiddenRVs,andthenoptimizefor modelparameters.Furthermore,sincefor every

observation, the classRVs dependon all pixels,whenupdatingthe hiddenRVs, we �rst visit the mask

valuesfor all pixelsandthentheclassRVs.

After all parametersandRVs aresetto randomvalues,theupdatesareappliedrecursively, asdescribed

in Fig. 5. To keepnotationsimple,the“
�

” symbolis droppedandin theupdatesfor thevariables� � , �

and � , thetrainingcaseindex
�����

is dropped.

6.8 Block ICM and ConjugateGradients

Oneproblemwith thesimpleversionof ICM describedabove is thatat eachstep,afterchoosinga value

for
�

� , informationaboutothervaluesof
�

� is discarded.Imaginea casewhere �

�
�

�

�

�

�

�

�

hasalmostthe

samevaluefor two differentvaluesof
�

� . ICM will pick onevaluefor
�

� , discardingthe fact that the

othervalueof
�

� is equallygood. This problemcanbe partly avoidedby optimizingentiresubsetsof
�

insteadof singleelementsof
�

. At eachstepof sucha block ICM method,a tractablesubgraphof the

graphicalmodelis selected,andall RVs in thesubgraphareupdatedto maximize
� �

�

�

�

�

. Often,this can

bedoneef�ciently usinga generalizationof theViterbi algorithm(e.g., themax-productalgorithm[28]).

In principle,themax-productalgorithmcanbeusedto optimizeblocksof continuousRVs, but in practice

it is usuallyapplicableonly for blocksof discreteRVs. An exampleof this methodis training HMMs

usingtheViterbi algorithmto selectthemostprobablestatesequence.For continuoushiddenRVs, a joint

optimizer, suchasaconjugategradientsminimizercanbeused.
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6.9 The Expectation-Maximization Algorithm

As discussedabove, oneproblemwith ICM is that it doesnot accountfor uncertaintyin the valuesof

hiddenRVs. TheEM algorithmaccountsfor uncertaintyin someRVs,while performingICM-lik eupdates

for the otherRVs. In particular, for parameters
�

andremainingRVs
� �

�

�

������� �

�������

, EM obtainspoint

estimatesfor
�

andcomputestheexactposteriorovertheotherRVs,given
�

. The
�

-distributionis
�

� � � �

�

�

�

�

�

�

�

�

� ���

�

�

������� �

������� �

. Recallthat for i.i.d. data,
��� �

�

�

� � � �

�

� ���

�

�

�

�

��� �������

�

�

����� �

�

���

. Given
�

, the

RVs associatedwith differenttrainingcasesareindependent.So,wecanusethefollowing factorizedform

for
�

:
�

� � � �

�

�

�

�

�

�

�

�

�

�

�

�

�

� �

�����

�

�

In exactEM, no restrictionsareplacedon thedistributions,
�

� � ����� �

.

Substitutingtheexpressionsfor
���

�

�

�

�

and
�

�
�

�

into (6), weobtainthefollowing freeenergy:
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�����

�����
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�������
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�����

�

�

�����

�

�

�

�

�

�

EM is aniterativealgorithmthatalternatesbetweenminimizing
� �

�

�

� �

with respectto thesetof distri-

butions
�

�
���

�

�
�

����� � �

�

�
���
���

�

in theE step,andminimizing
���

�

�

� �

with respectto
�

�

in theM step.

Whenupdatingthedistributionover thehiddenRVs for trainingcase
�

, theonly constrainton
�

�
�

�����

�

is that
� �

�
	��

�

�
�������

� �

�

. As describedearlier, we accountfor this constraintby including a Lagrange

multiplier. Settingthe derivative of
���

�

�

� �

to zero and solving for
�

�
�

�����

�

, we obtain the solution,
�

�
�

�����

� � ���
�

�����

�

�

�����

�

�

�

�

. Takingthederivativeof
���

�

�

� �

w.r.t.
�

�

, weobtain

�

���

�

�

� �

�

�

�

� �

�

�

�

�

��� ���

�

�

� �

�

�

�
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� �

�

�
	��

�

�
�

�����

�

�

�

�

�

��� � �
�
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�

�

�����

�

�

�

�
�

�

For
�

parameters,this is asetof
�

equations.Thesetwo solutionsgive theEM algorithm:
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Initialization. Choosevaluesfor theparameters,
�

�

(randomly, or cleverly).

E Step.Minimize
� �

�

�

� �

w.r.t.
�

usingexactinference,by setting

�

� �

�����

� � ��� �

�����

�

�

�����

�

�

�

�

�

for eachtrainingcase,giventheparameters
�

�

andthedata�

�����

.

M Step.Minimize
���

�

�

� �

w.r.t. themodelparameters
�

�

by solving

�

�

�

�

�

��� ���

�

�

� �

�

�

�

�

�

� �

�

�
	��

�

� �

�����

�

�

�

�

�

��� ��� �

�����

�

�

�����

�

�

�

� � �

	

� (8)

This is the derivative of the expectedlog-probabilityof the completedata. For
�

parameters,this is a systemof
�

equations.Often, the prior on the parametersis

assumedto be uniform,
� �

�

�

� � � � � � �

, in which casethe �rst term in the above

expressionvanishes.

Repeatfor a �xed number of iterations or until convergence.

In Sec.6.5, we showed that when
�

�
�

� � ���
�

�

�

�

,
���

�

�

� � � � ��� ���

�

�

. So, the EM algorithm

alternatesbetweenobtaininga tight lower boundon
��� � �

�

�

andthenmaximizingthis boundw.r.t. the

model parameters.This meansthat with eachiteration, the log-probability of the data,
��� ���

�

�

, must

increaseor staythesame.

EM in the occ lusion model

As with ICM weapproximatethedistributionovertheparametersusing
�

�

�

� �

�

�

�

�

�

�

�

. As described

above, in the E stepwe set
�

�

�

�

�

�

�

� � ���

�

�

�

�

�

�

�

�

for eachtraining case,where,as describedin

Sec.6.4,
���

�

�

�

�

�

�

�

�

is representedin the form
���

�

�

�

�

�

� �

�

���

���

�

�

�

�

�

�

�

. This distribution is usedin

theM stepto minimizethefreeenergy w.r.t. themodelparameters,
�

�

�

�

&

�

% &

�

) &

�

+ &

�

�

& �

� . Theresulting

updatesaregivenin Fig. 5, wherewe have droppedthetrainingcaseindex in theE stepfor brevity, and

theconstant
�

is computedto normalizetheappropriatedistribution. Startingwith randomparameters,the

E andM stepsareiterateduntil convergenceor for a �x ednumberof iterations.

6.10 GeneralizedEM

Theabovederivationof theEM algorithmmakesobviousseveralgeneralizations,all of which attemptto

decrease
���

�

�

� �

[35]. If
���

�

�

� �

is a complex functionof theparameters
�

, it maynot bepossibleto
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Figure5: Inference and learning algorithms for the occlusion model. Iverson's notation is used, where a b 
dcUePf

�

4 if
b 
dcge is true, and a b 
%cUePf

� 	 if b 
dcge is false. The constant h is used to normalize distributions.
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exactlysolve for the
�

thatminimizes
� �

�

�

� �

in theM step.Instead,
�

canbemodi�ed soasto decrease
���

�

�

� �

, e.g., by takingastepdownhill in thegradientof
���

�

�

� �

. Or, if
�

containsmany parameters,it

maybe that
� �

�

�

� �

canbeoptimizedwith respectto oneparameterwhile holding theothersconstant.

Althoughdoingthisdoesnotsolve thesystemof equations,it doesdecrease
� �

�

�

� �

.

Anothergeneralizationof EM ariseswhentheposteriordistribution over thehiddenRVs is too com-

plex to performtheexactupdate
�

� � ����� � � ��� ������� �

�

�����

�

�

�

�

thatminimizes
���

�

�

� �

in theE step.Instead,

thedistribution
�

� � ����� �

from thepreviousE stepcanbemodi�ed to decrease
���

�

�

� �

. In fact, ICM is a

specialcaseof EM wherein theE step,
���

�

�

� �

is decreasedby �nding thevalueof
�

�������

thatminimizes
���

�

�

� �

subjectto
�

� � ����� � �

�

� ������� �

�

� ����� �

.

6.11 Gibbs Samplingand Monte Carlo Methods

Whenthe exact distribution over all or someof the hiddenRVs cannotbe computed,we must turn to

approximateinferencefor theseRVs. ICM is easyto implement,but its greedleaves it stuck in local

minimaandits solutionsdo not representtheuncertaintyin thehiddenRVs. In anattemptto circumvent

thesede�ciencies,a Gibbssamplerstochasticallyselectsthevalueof
�

� at eachstep,insteadof picking

theMAP valueof
�

� :

Initialization. Pickvaluesfor all hiddenRVs
�

(randomly, or cleverly).

Gibbs Sampling Step. Consideroneof thehiddenRVs,
�

� . Holding all otherRVs

constant,sample
�

� :

�

�

�

���
�

�

�
��� �

�

�

�

� �

�

�
�

�

�

�

�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

�9�

�

where �

�

� aretheRVs in theMarkov blanket of
�

� and �

�
�

�

�

�

�

�

�

is theproductof

all conditionaldistributionsor potentialsthatdependon
�

� .

Repeatfor a �xed number of iterations or until convergence.

Although this is a minor modi�cation of ICM, in many applicationsit is able to escapepoor local

minima (c.f. [17,21]). Also, the stochasticallychosenvaluesof
�

� can be monitoredto estimatethe

uncertaintyin
�

� undertheposterior.

If
�

countsthe numberof samplingsteps,then, as
��� �

, the
�

th con�guration of the hidden

RVs is guaranteedto beanunbiasedsamplefrom theexactposterior,
���

�
�

�

�

. In fact,althougha single

Gibbssampleris notguaranteedto minimizethefreeenergy, anin�nite ensembleof Gibbssamplersdoes
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minimizefreeenergy, regardlessof theinitial distributionof theensemble.Let
�

�

� � �

bethedistribution

over
�

givenby theensembleof samplesat step
�

. Supposewe obtaina new ensembleby sampling
�

� in

eachsampler. Then,
�

�

6

�

� � � �

�

�

� � � �

�

����� �

�

� � � �

�

�

�

�

. Substituting
�

�

and
�

�

6

�

into (6), we �nd

that
� �

6

���

� �

. So,eachstepof Gibbssamplingbringstheensemblecloserto thetrueposterior.

Generally, in a Monte Carlo method,the distribution over
�

is representedby a set of con�gura-

tions
�

�

��� ��� �

���

. Then,theexpectedvalueof any functionof thehiddenRVs, �

� � �

, is approximatedby
�

� �

� � �����

�

�




��

�

�

�

� �

�

�

. For example,if
�

containsbinary (0/1) RVs and
�

�

� ����� �

���

aredrawn from
��� � �

�

�

, thenby selecting�

� � � � �

� theaboveequationgivesanestimateof
��� �

�

�

�

�

�

�

.

Thereare many approachesto samplingfrom a probability model, but the two generalclassesof

samplersare exact samplersand Markov chain Monte Carlo (MCMC) samplers(c.f. [34]). Whereas

exactsamplersproduceacon�gurationwith probabilityequalto theprobabilityunderthemodel,MCMC

samplersproduceasequenceof con�gurationssuchthatin thelimit thecon�gurationis asamplefrom the

model.Gibbssamplingis anexampleof anMCMC technique.

Generally, exactsamplerscannotbedirectly appliedto complex probabilitymodels.Sometimes,they

canbeadaptedto work with complex probabilitymodels,but thisoftenresultsin asamplerthatis toocom-

putationallyinef�cient to beof practicaluse.Onenotableexceptionis if themodel
���

�

�

�

�

is described

by a BN, thena sampleof
�

and � canbeobtainedby successively samplingeachRV givenits parents,

startingwith parent-lessRVs and�nishing with child-lessRVs. However, sampling
� �

�
�

�

�

with � �x edis

generallydif�cult, evenin BNs. Also, theabove procedureis not possiblein MRFsandundirectedFGs,

becausetheparent-childrelationshipsthatrevealconditionaldistributionsarenotavailable.

MCMC techniquesand Gibbs samplingin particularare guaranteedto producesamplesfrom the

probability modelonly after the memoryof the initial con�guration hasvanishedand the samplerhas

reachedequilibrium.For this reason,thesampleris oftenallowedto “burn in” beforesamplesareusedto

computeMonteCarloestimates.Thiscorrespondsto discardingthesamplesobtainedearlyon.

Gibbs sampling for EM in the occ lusion model

Here, we describea learningalgorithm that usesICM-updatesfor the model parameters,but uses

stochasticupdatesfor theRVs. This techniquecanbeviewedasa generalizedEM algorithm,wherethe

E-Stepis approximatedby a Gibbs sampler. Replacingthe MAP RV updatesin ICM with sampling,

we obtainthe algorithmin Fig. 5. Thenotation 	

� � �#���

�

indicatestheexpressionon the right shouldbe

normalizedw.r.t. � andthen � shouldbesampled.
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6.12 Variational Techniquesand the Mean Field Method

A problemwith ICM is that it doesnot accountfor uncertaintyin any RVs. EachRV is updatedusing

thecurrentguessesfor its neighbors.Clearly, a neighborthatis untrustworthyshouldcountfor lesswhen

updatinganRV. If exactEM canbeapplied,thenatleasttheexactposteriordistributionis usedfor asubset

of theRVs. However, exactEM is oftennotpossiblebecausetheexactposterioris intractable.Also, exact

EM doesnotaccountfor uncertaintyin theparameters.

Variationaltechniquesassumethat
�

� � �

comesfrom a family of probabilitydistributionsparameter-

izedby
�

:
�

� �

�

�

�

. Substitutingthisexpressioninto (6), weobtainthevariational freeenergy:

���

�

�

� �	�

�

�

�

� �

�

�

�����

�

� �

�

�

�

� � �

�

�

�

� (9)

Notethat
�

dependson thevariationalparameters,
�

. Here,inferenceproceedsby minimizing
���

�

�

� �

with respectto the variationalparameters.The term variational refersto theprocessof minimizing the

functional
���

�

�

� �

with respectto thefunction
�

�
�

�

�

�

. For notationalsimplicity, we oftenuse
�

�
�

�

to

referto theparameterizeddistribution,
�

�
�

�

�

�

.

The proximity of
� �

�

�

� �

to its minimum possiblevalue,
� ��� ���

�

�

, will dependon the family of

distributionsparameterizedby
�

. In practice,thisfamily is usuallychosensothataclosedform expression

for
� �

�

�

� �

canbeobtainedandoptimized.The“startingpoint” whenderiving variationaltechniquesis

the productform (a.k.a. fully-f actorized,or mean-�eld)
�

-distribution. If
�

consistsof
�

hiddenRVs
�

� �
�

�

������� �

�

�

�

, theproductform
�

distribution is

�

�
�

� �

�

�

���

�

�

�
�

�

�

� (10)

wherethereis onevariationalparameteror onesetof variationalparametersthat speci�es the marginal
�

�
�

�

�

for eachhiddenRV
�

� .

Theadvantageof theproductform approximationis mostreadilyseenwhen
� �

�

�

�

�

is describedby

a BN. Supposethat the $ th conditionalprobability function is a function of RVs
�

�
� and �

�

� . Some

conditionaldistributionsmaydependon hiddenRVs only, in which case
�

& is empty. Otherconditional

distributionsmay dependon visible RVs only, in which case�#& is empty. Let ��&

�
�

�
�

�

�

�

�

�

be the $ th

conditionalprobabilityfunction.Then,

���
�

�

�

� �

�

&

� &

�
�

�
�

�

�

�

�

�

� (11)
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Substituting(11)and(10) into (9), weobtain

� �

�

�

� � �

�

�

� �

�

�

�

� �

�

�����

�

� �

�

� � �

�

&

� �

�

�

�

�

�

����� �

�

� �

�

� � ���

��&

� �

���

�

�

�

�

� �

�

Thehigh-dimensionalintegral over all hiddenRVs simpli�es into a sumover theconditionalprobability

functions,of low-dimensionalintegralsover small collectionsof hiddenRVs. The �rst term is the sum

of the negative entropiesof the
�

-distributionsfor individual hiddenRVs. For many scalarRVs (e.g.,

Bernoulli,Gaussian,etc.) theentropy canbewritten in closedform quiteeasily.

Thesecondtermis thesumof theexpectedlog-conditionaldistributions,wherefor eachconditional

distribution,theexpectationis takenwith respectto theproductof the
�

-distributionsfor thehiddenRVs.

For appropriateforms of theconditionaldistributions,this termcanalsobe written in closedform. For

example,suppose
� �

�

�

�
�

�

� � �

�

	 � � ��� �
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���

�

�

�

(i.e.,
�

� is Gaussianwith mean
�

�

� ), and
�

�
�

�

�

and
�

�
�

�

�

areGaussianwith means
�

� � and
�

� � andvariances
�

� � and
�

� � . Theentropy

termsfor
�

� and
�

� are
� ��� �

�

+

�

�

� �

�

���

and
� ��� �

�

+

�

�

� �

�

���

. The otherterm is the expectedvalueof a

quadraticformunderaGaussian,whichis straightforwardtocompute.Theresultis
� ��� �

�

+��

�

�

���

� �

�

� �

�

�

�

� �

�

�

���

�

�

�

�

� �

���

�

�

�

�

�

�

� �

���

�

�

. Theseexpressionsareeasily-computedfunctionsof thevariational

parameters.Their derivatives(neededfor minimizing
� �

�

�

� �

) canalsobecomputedquiteeasily.

In general,variationalinferenceconsistsof searchingfor thevalueof
�

thatminimizes
���

�

�

� �

. For

convex problems,thisoptimizationis easy. Usually,
���

�

�

� �

is notconvex in
�

anditerativeoptimization

is required:

Initialization. Pickvaluesfor thevariationalparameters,
�

(randomly, or cleverly).

Optimization Step. Decrease
���

�

�

� �

by adjustingthe parametervector
�

, or a

subsetof
�

.

Repeatfor a �xed number of iterations or until convergence.

This variational techniqueaccountsfor uncertaintyin both the hiddenRVs and the hiddenmodel

parameters.If theamountof trainingdatais small,a variationalapproximationto theparameterscanbe

usedto representuncertaintyin themodeldueto thesparsetrainingdata.

Often, variationaltechniquesareusedto approximatethe distribution over the hiddenRVs in the E

stepof the EM algorithm, but point estimatesare usedfor the modelparameters.In suchvariational

EM algorithms, the
�

-distribution is
�

�
�

� �

�

�

�

�

�

�

� �

�

�

�

�

�

�
�������

�

�

�����
�

. Note that thereis onesetof
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variationalparametersfor eachtrainingcase.In this case,wehave thefollowing generalizedEM steps:

Initialization. Pickvaluesfor thevariationalparameters
�

�

�

�

� ����� �

�

�
���

andthemodel

parameters
�

�

(randomly, or cleverly).

Generalized E Step. Startingfrom the variationalparametersfrom the previous

iteration,modify
�

�

�

�

��� ��� �

�

�����

soasto decrease
�

.

GeneralizedM Step. Startingfrom the modelparametersfrom theprevious itera-

tion, modify
�

�

soasto decrease
�

.

Repeatfor a �xed number of iterations or until convergence.

Variational inf erence for EM in the occ lusion model

Thefully-f actorized
�

-distributionoverthehiddenRVs for asingledatasamplein theocclusionmodel

is
�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�
�

�

���

�

�

�

���

�

. Substitutingthis
�

-distribution into thefreeenergy for a single

observeddatasamplein theocclusionmodel,weobtain
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The �rst two termskeep
�

�

�

�

and
�

�

�

�

closeto their priors + � and +

� . The third term keeps
�

�

�-�

�

closeto themaskpriors( �
�

� ) for foregroundclassesthathave high posteriorprobability(
�

�

�

�

). Thelast

two termsfavor maskvaluesandforeground/backgroundclassesthatminimize the variance-normalized

squareddifferencesbetweenthepredictedpixel valuesandtheobservedpixel values.

Settingthederivativesof
�

to zero,we obtaintheupdatesfor the
�

-distributionsin theE step.Once

the variationalparametersarecomputedfor all observed images,the total free energy
� �




�

�
�����

is

optimizedwith respectto hemodelparametersto obtainthevariationalM step.Theresultingupdatesare

given in Fig. 5. EachE stepupdatecanbe computedin �

�

�

� �

time, which is a � -fold speed-upover

exact inferenceusedfor exact EM. This speed-upis obtainedbecausethe variationalmethodassumes

that � and � areindependentin theposterior. Also, notethat if the
�

-distributionsplaceall masson one
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Figure6: Starting with the BN of the original occlusion model (a), variational techniques ranging from the fully
factorized approximation to exact inference can be derived. (b) The BN for the factorized (mean �eld) 	 -distribution.

� is observed, so it is not included in the graphical model for the 	 -distribution. (c) The BN for a 	 -distribution that
can represent the exact posterior. (d) The BN for a 	 -distribution that can represent the dependence of the mask
RVs on the foreground class. Accounting for more dependencies improves the bound on the data likelihood, but the
choice of which dependencies are retained has a large impact on the improvement in the bound.

con�guration,theE stepupdatesreduceto theICM updatesTheM stepupdatesaresimilar to theupdates

for exactEM, exceptthattheexactposteriordistributionsarereplacedby their factorizedsurrogates.

The above updatescanbe iteratedin a variety of ways. For example,eachiterationmay consistof

repeatedlyupdatingthevariationaldistributionsuntil convergenceandthenupdatingtheparameters.Or,

eachiterationmayconsistof updatingeachvariationaldistributiononce,andthenupdatingtheparameters.

Therearemany possibilitiesandthe updateorderthat is bestat avoiding local minima dependson the

problem.

6.13 Structured Variational Techniques

The product-form(mean-�eld) approximationdoesnot accountfor dependenciesbetweenhiddenRVs.

For example,if the posteriorhastwo distinct modes,the variationaltechniquefor the product-formap-

proximationwill �nd only one mode. With a different initialization, the techniquemay �nd another

mode,but theexact form of thedependenceis not revealed.In structuredvariationaltechniques,the
�

-

distributionis itself speci�edbyagraphicalmodel,suchthat
� �

�

�

� �

canstill beoptimized.Fig.6ashows

theoriginalBN for theocclusionmodelandFig. 6bshowstheBN for thefully-f actorized(mean�eld)
�

-

distributiondescribedabove. Recallthattheexactposteriorcanbewritten
���

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

� �

�

�

�

�

�

�
�

�

���

�

�

�

���

�

�

�

�

�

. Fig. 6c shows theBN for this
�

-distribution. Generally, increasingthenumber

of dependenciesin the
�

-distributionleadsto moreexactinferencealgorithms,but alsoincreasesthecom-

putationaldemandsof variationalinference.In theocclusionmodel,whereasmean�eld inferencetakes

�

�

time,exactinferencetakes �

�

�

time. However, additionaldependenciescansometimesbeaccounted

for atnoextracomputationalcost.As describedbelow, it turnsout thatthe
�

-distributionshown in Fig.6d

34



leadsto an inferencealgorithmwith the samecomplexity asthe mean�eld method( �

�

time), but can

accountfor dependenciesof themaskRVs on theforegroundclass.

Structured variational inf erence for EM in the occ lusion model

The
�

-distribution correspondingto the BN in Fig. 6c is
�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�,�

�

���

�

�

�

���

�

�

�

.

De�ning �

�

�

�

�

�

���

�

�

�

�

�

, we have
�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

� �

�

���

�

�

�"�

�

�

�

�

�

�

�

�

�

��!

�"�

. Substitutingthis
�

-distribution into thefreeenergy for theocclusionmodel,weobtain
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Settingthederivativesof
�

to zero,we obtaintheupdatesgivenin Fig. 5. With somecare,theseupdates

canbecomputedin �

�

�

� �

time, which is a � -fold speed-upover exact inference.Althoughthedepen-

denciesof � and �
� ,

 �

�

������� �

� on � arenot accountedfor, the dependenceof ��� on � is accounted

for by the �

�

� 's. Theparameterupdatesin theM stephavea similar form asfor exactEM, exceptthatthe

exactposterioris replacedby theabove,structured
�

-distribution.

6.14 The Sum-Product Algorithm (Belief Propagation)

The sum-productalgorithm (a.k.a. belief propagation,probability propagation)performsinferenceby

passingmessagesalongtheedgesof thegraphicalmodel(see[28] for anextensivereview). Themessage

arriving at anRV is a probabilitydistribution (or a function that is proportionalto a probabilitydistribu-

tion), that representsthe inferencefor the RV, asgiven by the part of the graphthat the messagecame

from. Pearl[36] showedthatthealgorithmis exactif thegraphis a tree.Whenthegraphcontainscycles,

thesum-productalgorithm(a.k.a.“loopy beliefpropagation”)is notgenerallyexactandcanevendiverge.

However, it hasbeenusedto obtaingoodresultson somevision problems[7,8], andhasbeenshown to

give the bestknown algorithmsfor solving dif�cult instancesof NP-hardproblems,including decoding

error-correctingcodes[16], randomsatis�ability problems[31], andphase-unwrappingin 2-dimensional

images[15]. It canbeshown theoreticallythatwhenthe“max-product”variantof thesum-productalgo-

rithm convergesto a con�guration,all con�gurationsthatdiffer by perturbingtheRVs in subgraphsthat
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containatmostonecycle,will have lower posteriorprobabilities[39].

To seehow thesum-productalgorithmworks,considercomputing
� �

�

�

in themodel
� �

�

�

�

�

�

�

��� �

���

�

�

�

�����

�

� � � � � � � � � � � ���

. Oneapproachis to compute
� �

�

�

�

�

�

�

���

for all valuesof � , � ,
�

and
�

andthen

compute
� �

�

� � 


�




K




�

���

�

�

�

�

�

�

���

. For binaryRVs, this takes
� �

� �

� �

��� ��� ��� �

�

operations.Al-

ternatively, wecanmovethesumsinsidetheproducts:
���

�

� � 


�

� �

�

�

�

�

�




K

���

�

�
� �

�




�

��� � � ��� � � � � �

� .

If the termsarecomputedfrom the inner-mosttermout, this takes
� � � �

�

�

�

�

�

�

operations,giving an

exponentialspeed-upin thenumberof RVs. Thecomputationof eachtermin bracescorrespondsto the

computationof amessagein thesum-productalgorithm.

In a graphicalmodel,thejoint distributioncanbewritten
��� �

�

�

� � �

&

� &

� �

���

�

�

�

�

�

, where
�

��� and

�

�

� arethehiddenandvisibleRVs in the $ th local function(or conditionaldistribution).Thesum-product

algorithmapproximates
��� � �

�

�

by
�

� � �

, where
�

� � �

is speci�edbymarginals
�

� �

�

�

andcliquemarginals
�

�
�

�
�

�

. Thesearecomputedby combiningmessagesthatarecomputediteratively in theFG.Denotethe

messagesentfrom variable
�

� to function ��& by % ��&

�
�

�

�

anddenotethemessagesentfrom function � & to

variable
�

� by % &��

�
�

�

�

. Notethatthemessagepassedon anedgeis a functionof theneighboringvariable.

A user-speci�ed message-passingscheduleis usedto determinewhich messagesshouldbe updatedat

eachiteration.Thesum-productalgorithmproceedsasfollows:
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Initialization. Setall messagesto beuniform.

MessageUpdateStep.Updatethemessagesspeci�edin themessage-passingsched-

ule. Themessagesentfrom variable
�

� to function ��& is updatedasfollows:

%

�

&

� �

�

� �

�

� �

�

� ���

�

���

�=&

%

�

�

� �

�

�

� (12)

Themessagesentfrom function � & to variable
�

� is updatedasfollows:

% &

�

� �

�

� �

�

�

�

���

�

�

� &

� �

���

�

�

�

�

�

�

����� �

�

�

�

�

�

%,��&

� �

�

� �

� (13)

where � &

�
�

is thesetof indices��& with
�

removed.

Fusion. A single-variablemarginal or cliquemarginal canbecomputedat any time

asfollows:

�

�
�

�

� � �

�

�
�

�

�����

%

�

�

�
�

�

�

� (14)

�

�
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�
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� &

�
�

�
�

�

�

�

�

�

�

�������

% ��&

�
�

�

�

� (15)

where
�

is usedto normalizetheexpression.

Repeatfor a �xed number of iterations or until convergence.

For numericalstability, it is a goodideato normalizeeachmessagewhenupdatingit, e.g., sothesum

of its elementsequals1.

If thegraphis a tree,oncemessageshave �o wedfrom every nodeto every othernode,theestimates

of the posteriormarginalsareexact. So, if the graphhas � edges,exact inferenceis accomplishedby

propagating
�

� messagesaccordingto the following message-passingschedule.Selectonenodeasthe

root andarrangethenodesin layersbeneaththeroot. Propagatemessagesfrom theleavesto theroot ( �

messages)andthenpropagatemessagesfrom theroot to theleaves(another� messages).Thisprocedure

ensuresthatmessages�o w from everynodeto everyothernode.Notethatif thegraphis atree,if normal-

izationsarenot performedduringmessage-passing,thefusionequationscomputethejoint probabilityof

thehiddenvariable(s)andtheobservedvariables:
�

�
�

�

���
�

%

�

�

�
�

�

� � ���
�

�

�

�

�

.

If thegraphcontainscycles,messagescanbepassedin aniterative fashionfor a �x ednumberof iter-
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ations,until convergenceis detected,or until divergenceis detected.Also, variousschedulesfor updating

themessagescanbeusedandthequalityof theresultswill dependon theschedule.

If thegraphicalmodelis a BN, sothat �

�

� , thesum-productalgorithmcanbeusedfor inferencein

ageneralizedEM algorithmasfollows:

Initialization. Pick valuesfor themodelparameters
�

(randomly, or cleverly), and

setall messagesto beuniform.

GeneralizedE Step. For eachtrainingcase�

�����

, applyoneor moreiterationsof the

sum-productalgorithm.Then,fusemessagesasdescribedaboveto compute
�

� �

�����

���

�

for everychild andits parents.

GeneralizedM Step.Modify theparameters
�

soasto maximize

�

�

�

&

�

�

�
	��

�

�

�

�
�

�����

�
�

�����

� &

�
�

�����

�
�

�

�

�����

�

�

�

�

�

�

Repeatfor a �xed number of iterations or until convergence.

The sum-pr oduct algorithm for EM in the occ lusion model

For anocclusionmodelwith � pixels,exact inferencetakes �

�

�

�

�

�

time. In contrast,loopy belief

propagationtakes �

�

�

� �

time, assumingthe numberof iterationsneededfor convergenceis constant.

Generally, the computationalgain from usingloopy belief propagationis exponentialin the numberof

RVs thatcombineto explain thedata.

Thegraphicalmodelhascycles,sobeforeapplyingthesum-productalgorithm,wemodify it to reduce

thenumberof cycles,asshown in in Fig.7a,wheretheobservedpixels � �

����� � �

��� arenotshown for visual

clarity. For eachpixel



, thereis onelocal function � � thatcombinestheconditionaldistributionsfor each

maskRV andits correspondingpixel:
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���
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�

�

�

���
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�
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�	� %�� �
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� �

�

��!

� �

�

� �

�

�

�

�

�

���

�

�

��!

�"�

�

Fig. 7b shows how we have labeledthe messagesalongthe edgesof the FG. During messagepassing,

somemessageswill alwaysbe the same. In particular, a messageleaving a singly-connectedfunction

nodewill alwaysbeequalto thefunction.So,themessagesleaving thenodescorrespondingto
� �

�

�

and
���

�

�

areequalto
� �

�

�

and
� �

�

�

, asshown in Fig.7b. Also,amessageleaving asingly-connectedvariable
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Figure7: (a) The FG for the occlusion model with
�

pixels, after the observations ( ���

698�898�6

��� ) are absorbed into
function nodes, �

�

� .�6 / 6

���

�

�

� �

���

�

���

6 .�6 / � � �

���

� . � . (b) The sum-product algorithm (belief propagation) passes
messages along each edge of the graph. This graph fragment shows the different types of messages propagated
in the occlusion model.

nodewill alwaysbeequalto theconstant� . So,themessagesleaving themaskRVs, � � are � . Initially,

all othermessagesaresetto thevalue � .

Beforeupdatingmessagesin thegraph,wemustspecifyin whatorderthemessagesshouldbeupdated.

This choicewill in�uence how quickly thealgorithmconverges,andfor graphswith cyclescanin�uence

whetheror not it convergesat all. Messagescanbe passeduntil convergence,or for a �x ed amountof

time. Here,wede�ne oneiterationto consistof passingmessagesfrom the � 's to � , from � to the � 's,from

the � 's to � , from � to the � 's,andfrom the � 's to the � 's. EachiterationensuresthateachRV propagates

its in�uence to everyotherRV. Sincethegraphhascycles,thisprocedureshouldberepeated.

Themessageupdatesarederivedfrom thegeneralrulesdescribedabove. From(13), it is straightfor-

wardto show thatthemessagesentfrom � � to � shouldbeupdatedasfollows:
�

�

�

�

�
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. Notethatsincetheresultingmessageis afunctionof � alone,� and � � mustbesummedover.

Substituting� �

�
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�
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�
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from aboveandassumingthat �

�

�

�

�

�

is normalized,this updatecanbesimpli�ed:
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. Thelaststepin computingthismessage

is to normalizeit:
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Accordingto (12), themessagesentfrom � to � � is givenby theproductof theotherincomingmes-

sages,�
�

�

�

�

� �

+

�

�

�

�

� �

�

�

�

�

�

�

, andit is thennormalized:�

�

�

�

�

� �

�

�

�

�

�

�

�

�
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�

�

�

�

�

�

.

Themessagesentfrom � � to � is givenby
�

�

�

�

�

� �
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�"���
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�
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�

�

�

�

�

� �

�

�

�

�

�

���

�

, which simpli�es

to
�

�

�

�

�

� � �
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�

�

���

�

�

�

�

�	� %

�

�

�

)

�

�

�)


�

�
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�

�

�

�

�

� �

�

�

���

�

�)


�

�

�

�	� %�� �

�

)
� �

�

. Note that thetermsin

largeparenthesesdon't dependon � , sothey needto becomputedonly oncewhenupdatingthis message.

Again,beforeproceeding,themessageis normalized:
�

�

�

�

�

� �
�

�

�

�

�

�

�

� 


�

�

�

�

�

�

� �

.

The messagesentfrom � to ��� is given by �

�

�

�

�

� �

+��

�

�

�

� �

�

�

�

�

�

�

, and then normalized: �

�

�

�

�

� �

�

�

�

�

�

�

�

� 


�

�

�

�

�

�

�

.

Finally, the messagesentfrom ��� to ��� is updatedas follows:
�

�

�

�

���

� �



�
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�

�

�

�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

���

�

. For ���

�

� and ���

�

	 this updatesimpli�es to
�

�

�

�

�

� �
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�

���

�

�

�

�
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�

�

)

�
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and
� �

�

�

	

� � � 


�

�

�

�

�

�

� �

�

�

���

�

�)
 � 


�

�

�

�

�

�

�

�

�

�

�	� %�� �
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)
� �
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. Normalizationis performedby setting
� �

�

�

���

� � � �

�

�

���

�

�

� � �

�

�

	

�

�

� �

�

�

�

� �

.

At any pointduringmessage-passing,thefusionrulein (14)canbeusedtoestimateposteriormarginals

of variables.Theestimatesof
���

�

�

�

�

,
���

�

�

�

�

and
���

�-�

�

�

�

are
�

�

�

� � �

+

�

�

�

�

�

�

�

�

�)


�

� 


�

+

�

�

�

�

�

�

�

�

�)


,
�

�

�

� � �

+��

�

�

�

�

�

�

�

��


�
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�

+��

�

�

�

�

�

�

�

��


, and
�

�

���

� � � �

�

�

���

�

. It is commonto computetheseduring

eachiteration. In fact,computingtheposteriormarginalsis oftenusefulasanintermediatestepfor more

ef�ciently computingothermessages.For example,directimplementationof theaboveupdatesfor �

�

�

�

�

�

requiresorder
�

�

�

time. However, if
�

�

�

�

is computed�rst (whichtakesorder
�

� time),then �

�

�

�

�

�

can

beupdatedin order
�

� timeusing �

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

, followedby normalization.

Fig.5 showsthegeneralizedEM algorithmwheretheE stepusesthesum-productalgorithm.Whereas

algorithmspresentedearlierhaveoneupdatefor eachvariable(whetherin termsof its valueor its distribu-

tion), thesum-productalgorithmhasoneupdatefor eachedgein thegraph.Notethatwhenupdating
�

�

�

�

and
�

�

�

�

, whereasvariationalmethodsadjusttheeffect of eachlikelihoodtermby raisingit to a power,

thesum-productalgorithmaddsanoffsetthatdependsonhow well theotherhiddenvariablesaccountfor

thedata.In theM step,we haveuseda factorizedapproximationto
�

�

� �

�

�

�

and
�

�

�
�

�

�

�

. In fact,these

cliquemarginalscanbecomputedusing(15), to obtaina moreexactM step.

The sum-pr oduct algorithm as a variational method

The sum-productalgorithmcanbe thoughtof asa variationaltechnique.Recall that in contrastto

product-formvariationaltechniques,structuredvariationaltechniquesaccountfor moreof thedirectde-

pendencies(edges)in theoriginal graphicalmodel,by �nding
�

-distributionsoverdisjoint substructures

(sub-graphs).However, oneproblemwith structuredvariationaltechniquesis thatdependenciesinduced

by theedgesthatconnectthesub-graphsareaccountedfor quiteweaklythroughthevariationalparameters

in the
�

-distributionsfor thesub-graphs.In contrast,thesum-productalgorithmusesa setof sub-graphs

thatcover all edgesin theoriginal graphandaccountsfor every directdependenceapproximately, using

oneor more
�

-distributions.

To derive the sum-productalgorithm as a variationalmethodwe follow [40]. As describedear-

lier, the sum-productalgorithm approximates
���

�
�

�

�

by
�

�
�

�

, where
�

�
�

�

is speci�ed by marginals
�

�
�

�

�

andclique marginals
�

�
�

���

�

. Notice that thesesetsof marginalscover all edgesin the graphi-

cal model. Substitutingthe expressionfor
� �

�

�

�

�

into (6) the free energy is
� �




�

�

�
�

�����

�

�
�

� �




&




�

�

�

�

�
�

�
�

�����

� &

�
�

�
�

�

�

�

�

�

. Thesecondtermis a localexpectationthatcanusuallybecomputedor

approximatedef�ciently . However, sincewe don't have a factorizedexpressionfor
�

�
�

�

, the �rst term

is generallyintractable.We canapproximate
�

�
�

�

insidethe logarithmusingtheBetheapproximation:

40



�

� � � � � �

&

�

� �

���
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�;�

�
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�

�

! �

�

, where
�

� is thedegreeof
�

� , i.e., thenumberof terms
�

� �

���

�

that
�

� appearsin. The denominatoris meantto accountfor the overlapbetweenthe clique marginals. For

trees,theBetheapproximationis exact(c.f. [29]).

Substitutingthe Betheapproximationfor the term
���

�

� � �

, we obtain the Bethefree energy
�

�

\����
\ ,

whichapproximatesthetruefreeenergy,
�

�

\����
\

���

:

�

�

\����P\

�

�

&

�

�

�

�

�

� �

� �

�����
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� �
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�

�

� �

� �

�����

��&

� �

� �

�

�

�

�

�

�

This approximationbecomesexact if the graphis a tree. If the graphis not a tree,we canstill try to

minimize
�

�

\����
\ w.r.t.
�

� �

���

�

and
�

� �

�

�

, but duringoptimizationthemarginalsareusuallynotconsistent

with any probabilitydistributionon
�

. Thestatisticalphysicscommunityhasdevelopedmorecomplex, but

moreaccurateapproximations,suchastheKikuchi approximation,which canbeusedto derive inference

algorithms[40].

Theminimizationof
�

�

\����
\ mustaccountfor themarginalizationconstraints,
�

$��
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�
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�

�
�

�
�

� �

� ,
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�

�

�

�
�

�

� �

� , and
�
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�
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�
�

� �

�

�
�

�

�

, where��&

�



is thesetof indices��& with



removed.Thelastconstraintensuresthatthesingle-variablemarginalsandthecliquemarginalsagree.De-

notetheLagrangemultipliersfor theseconstraintsby 
 & , � � and � ��&

�
�

�

�

, wherethelastmultiplier depends

onthevalue
�

� , sincethereis oneconstraintfor eachvalueof
�

� . Settingthederivativesof
�

�

\����P\ subjectto

theseconstraintsto 0, weobtain
�

�
�

�

�

� �

! �

� �

&

�
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� ���

��
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�

and
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� �

� &

�
�

���

�

�

�

�

� �

�������

��

�

�

�

�

�
�

.

The sum-productalgorithmcanbe viewed asan algorithmthat recursively computesthe Lagrange

multipliers, ����&

�
�

�

�

, soasto satisfytheabovetwo equationsandthemarginalizationconstrainteverywhere

in the network. In thestandardform of thesum-productalgorithm,we de�ne % ��&

�
�

�

� � ��


�

�

�

�

�
�

to be a

“message”sentfrom variable
�

� to function ��& . Usingthisnotation,theequationsandthemarginalization

constraintgive thefollowing systemof equations:

�

�
�

�

�

���

! �
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�

&
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��� ���

%

�

&

�
�

�

�

(16)

�

�
�

�
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� �

��&

�
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�
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� � �
�

%,��&

�
�

�

�

(17)

�

�

�

���

�

�

�
�

���

� �

�

�
�

�

�

� (18)

One approachto solving this systemis to �nd a set of updateequationswhose�x ed points satisfy
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the systemof equations. To do this, introduce“messages”that are sent from functions to variables:

% &

�

� �

�

�

is a messagesent from function � & to variable
�

� . It is straightforward to show that a �x ed

point of the sum-productupdatesin (12) to (15) satis�es the systemof equations.From (12), we have
�
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. Combiningthis with (14) we

obtain
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� � � �

%
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� �

�

�

� �

! �

which satis�es (16). In the systemof equations,(17) is satis�ed

trivially by sum-productupdate(15). To seehow (18) is satis�ed, �rst sumover
�

� �

�

� in (15) andthen

use(13) to obtain
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. Then,substitute%
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from (12) anduse(14) to

obtain
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, which satis�es(18).

6.15 Annealing

In all of theabove techniques,whensearchingfor
�

� � �

, local minimaof
�

canbea problem.Oneway

to try to avoid localminimais to introduceaninversetemperature,
�

:
� �

�

� �

���

�

�
�

�����

�

�
�

�

�

���
�

�

�

�

�

.

When
�

�

	 ,
���

�

�

�

�

�

is uniformandinferenceis easy. When
�

�

� ,
���

�

�

�

�

�

� � �
�

�

�

�

and
���

�

� � �

,

thefreeenergy wewantto minimize.By searchingover
�

while annealingthesystem– adjusting
�

from

	 to
�

– thesearchmayavoid local minima. In practice,theuseof annealingraisesthedif�cult question

of how to adjust
�

duringinference.

7 Comparisonof Algorithms
Eachof thetechniquespresentedabove iteratively updatesanapproximationto theexactposteriordistri-

butionoverhiddenvariablesandparameters.As describedabove,thedifferentmethodscanbeviewedas

minimizing differentforms of free energy. However, it is alsousefulto studyhow the behaviors of the

algorithmsdiffer. In Table1, we give theupdateequationsfor themaskvariablesin theocclusionmodel.

Theseupdateshavebeenwritten in aslightly differentform thanpresentedin Fig.5, to makecomparisons

betweendifferentmethodseasier.

While exactinferencecomputesthedistributionover ��� for everypossiblecon�gurationof theneigh-

boringvariables� and � in thenetwork, ICM andGibbssamplingselecta new valuefor � � basedon the

singlecurrentcon�gurationof � and � . So,whereasupdatingall maskvariablestakes
�

�

� time for exact

inference,it takes � time for ICM andGibbssampling.

Theupdatefor thedistribution
�

�

�-�

�

over ��� in thefully-f actorizedvariationalmethod(mean�eld)

canbecomparedto theupdatefor exactinference.While theupdateslook similar, animportantdifference

is thateachtermthatdependson � or � is replacedby its geometricaveragew.r.t. thecurrentdistribution
�

�

�

�

or
�

�

�

�

. Eachsuchgeometricaveragetakes
�

time andthereare � maskvariables,soupdatingall
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Method Updatefor maskvariables Complexity
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Table1: A comparison of the updates for the mask variables under the various inference algorithms discussed in
this tutorial paper.

maskvariablestakes
�

� time.

In the structuredvariationalmethod,the dependenceof � � on � is taken into account. The update

for thedistribution
�

�

�
�

�

�

�

lookssimilar to theupdatein thefully-f actorizedvariationalmethod,but the

geometricaveragesfor termsthat dependon � arenot taken (sinceone
�

-distribution is computedfor

eachvalueof � ). Thetermthatdependson � doesnot dependon � , so its geometricaveragew.r.t. � can

becomputedoncefor all � . Theresultingupdatesfor all maskvariablestakes
�

� time,which is thesame

asfor the fully-f actorizedvariationalmethod.This exampleshows thatsometimes,accountingfor more

dependenciesdoesnotsigni�cantly increasethetime-complexity of avariationalmethod.

Comparingtheupdatefor
�

�

�
�

�

in thesum-productalgorithmwith thecorrespondingupdatein the

fully-f actorizedvariationalmethod,we seethat the geometricaveragesarereplacedwith arithmeticav-

erages.This is an importantdifferencebetweenthe two methods.While the geometricaveragefavors

valuesof �
� thathave high weight in all terms,thearithmeticaveragefavorsvaluesof � � thathave high
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weightin at least1 term. In this sense,thesum-productalgorithmis more“inclusive” of possiblecon�g-

urationsof hiddenvariables,thanfully-f actorizedvariationalmethods.Anotherdifferencebetweenthese

two methodsis thatwhile thevariationalmethodtakesaveragesw.r.t. thesamedistribution for all pixels,
�

�

�

�

or
�

�

�

�

, thesum-productalgorithmusespixel-speci�c distributions, �

�

�

�

�

�

or �

�

�

�

�

�

.

8 Experimental Results
We exploredthe following algorithmsfor learningthe parametersof the occlusionmodeldescribedin

Sec.3.1: iterative conditionalmodes(ICM), exact EM, Gibbssampling;variationalEM with a fully-

factorizedposterior, structuredvariationalEM, andthesum-productalgorithm(loopy beliefpropagation).

We found that the structuredvariationalmethodperformedalmostidentically to the fully-f actorized

variationalmethod,so we do not report resultson the structuredvariationalmethod. In fact, for the

occlusionmodel,it sohappensthat therearen't any structuresbetweentheexactstructureandthemean

�eld structurethatproduceresultsthataredifferentfrom eitherof thesetwo structures.Generally, this is

nottrue.For largemodels,thereusuallyarestructuredvariationalapproximationsthatproduceboundsthat

aresigni�cantly betterthanmean�eld, but aremuchmorecomputationallyef�cient thanexactinference

(c.f. [14]).

Eachtechniquecanbetweakedin avarietyof waysto improveperformance,but ourgoalis to provide

the readerwith a “peekunderthehood” of eachinferenceengine,soasto convey a qualitative senseof

the similaritiesanddifferencesbetweenthe techniques.In all cases,eachinferenceRV or parameteris

initialized to a randomnumberdrawn uniformly from therangeof theRV or parameter.

Thetrainingdatais describedandillustratedin Fig.1. Techniquesthatwetestedareatbestguaranteed

to convergeto a local minimumof thefreeenergy, which is anupperboundonthenegativelog-likelihood

of thedata. Oneof the typical local minima is a setof clustersin which someof the trueclassesin the

dataarerepeatedwhile theothersaremergedinto blurry clusters.To avoid this typeof a local minimum,

weprovidedthemodelwith 14clusters– 2 morethanthetotalnumberof differentforegroundsandback-

grounds.Notethatif toomany clustersareused,themodeltendsto over�t andlearnspeci�c combinations

of foregroundandbackground.

Eachlearningalgorithmwasrun 5 timeswith different randominitializationsand the run with the

highestlog-likelihood(whichcanbecomputedfor theocclusionmodel)waskept.Notethatfor complex

models,computingthe log-likelihoodis intractableandthe free energy shouldbe usedinstead.During

initialization, thepixels in theclassmeansweredrawn independentlyfrom theuniform densityin � 	

�

�

�

.

Thepixelsvariancesweresetto 1 andthemaskprobabilityfor eachpixel wassetto 	

�

�

. All classeswere
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Figure8: Comparison of the learned parameters of the model in Sec. 3.1 using various learning methods. For
each method, we show the mask probabilities ��* , pixel means ��* , and pixel variances �+* for each class , as
images, where black indicates a variance of 0. For exact EM and variational EM, we also show the total posterior
probability that each class is used in modeling the foreground ( -/. ) and background ( -�0 ): -

.

*

�

�

1

 32

	 � .54

276

�

, � ,
-�0

*

�

�

1

 
2

	 � /84

276

�

, � . These indicate when a class accounts for too much or too little data. Note that there is no
reason for the same class index for two techniques to correspond to the same object.

allowedto beusedin bothforegroundandbackgroundlayers.5 In orderto avoid numericalproblems,the

modelvariancesaswell astheprior andposteriorprobabilitieson discreteRVs �

�

�

�

� � werenot allowed

to dropbelow
�

	

!�9

.

Fig. 8 shows the parametersafter convergenceof the learningalgorithms,andFig. 9 shows the free

energy asa functionof thenumberof computationsneededduringlearning.Althoughthecomputational

requirementsvariedby almost2 ordersof magnitude,most techniqueseventuallymanagedto �nd all

classesof appearance.The greediesttechnique,ICM, failed to �nd all classes6. The ability to disam-

biguateforegroundandbackgroundclassesis indicatedby the estimatedmaskprobabilities � (seealso

the examplein Fig. 11), aswell asthe total posteriorprobability of a classbeingusedasa background

( �

� ), andforeground( �

�

).

5Separatingtheforegroundandbackgroundclassesin themodelspeedsup thetraining,but introducesmorelocal minima.
6However, for adifferentparameterizationof themodel,theICM techniquecouldwork better. For example,if a real-valued

maskwereusedinsteadof a binarymask,theICM techniquewould beestimatinga real-valuedmaskmakingit closerto the
mean-�eldtechniquedescribedin thispaper.
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Figure9: Free energy versus number of �oating point operations used during training, for ICM, exact EM, and EM
using Gibbs sampling, variational inference, and the sum-product algorithm in the E step.

ExactEM for themostpartcorrectlyinferswhichof theclassesareusedasforegroundor background.

Theonly error it madeis evident in the�rst two learnedclasses,which aresometimesswappedto model

thecombinationof thebackgroundandforegroundlayers,shown in thelastexamplefrom thetrainingset

in Fig.1. Thisparticularcombination(12imagesin thedataset)is modeledwith class2 in thebackground

andclass1 in theforeground.Thisis aconsequenceof using14classes,ratherthantherequired12classes.

Without class2, which is a repeatedversionof class6, class6 would be correctlyusedasa foreground

classfor theseexamples.Theotherredundancy is class13,whichendsupwith aprobabilitycloseto zero,

indicatingit is notusedby themodel.

Thevariationaltechniquedoesnot properlydisambiguateforegroundfrom backgroundclasses,asis

evidentfrom thetotal posteriorprobabilitiesof usinga classin eachlayer �

�

and �

� . For theclassesthat

exact EM always inferredasbackgroundclasses,the variationaltechniquelearnedmasksprobabilities

thatallow cuttingholesin variousplacesin orderto placetheclassesin theforegroundandshow thefaces

behindthem. The maskprobabilitiesfor theseclassesshow outlinesof facesandhave valuesthat are

betweenzeroandoneindicatingthatthecorrespondingpixelsarenot consistentlyusedwhentheclassis

picked to be in the foreground. Suchmaskvaluesreducetheoverall likelihoodof thedataandincrease

the variationalfree energy, becausethe masklikelihood
���

���

�

�

� �

�

�"�

�

�

�

�

�

���

�

�

��!

�"�

hasthe highest

valuewhen ���

� is either 	 or
�

, and �
� hasthe samevalue. Consequently,thevariationalfree energy is

alwayssomewhatabovethenegativelikelihoodof thedatafor any givenparameters(seeFig.10a).Similar
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Figure10: How good are the free energy approximations to the negative log-likelihood? In (a) we compare the
mean-�eld variational free energy, the point estimate free energy and the negative log-likelihood during variational
EM. In (b) we compare the same three quantities during exact EM. To further illustrate the advantage of modeling
uncertainty in the posterior, in (c), we show the point-estimate free energy and the negative log-likelihood during
ICM learning. In (d), we compare the same two quantities during Gibbs sampling EM.

behavior is evident in the resultsof otherapproximatelearningtechniquesthat effectively decouplethe

posteriorover the foregroundandbackgroundclasses,suchasloopy belief propagation(last columnof

Fig. 8), andthestructuredvariationaltechnique.

Oneconcernthat is sometimesraisedaboutminimizing the free energy, is that the approximate
�

-

distribution usedfor thehiddenRVs maynot be well-suitedto the model,causingthe freeenergy to be

a poor boundon the negative log-likelihood. However, aspointedout in [20], sincethe free energy is

47



���

�

�

� � � � �

�

�

� � � ��� ���

�

�

(see(6)), if two models�t the dataequallywell (
��� ���

�

�

is the same),

minimizing the free energy will selectthe modelthat makesthe approximate
�

-distribution moreexact

(select
�

to minimize
� �

�

�

� �

).

We seethis effect experimentallyin Fig. 10. In Fig. 10awe show the freeenergy for thevariational

mean-�eld methodduring 30 iterationsof learning. In this case,a single iteration correspondsto the

shortestsequenceof stepsthat updateall variationalparameters(
�

�

�

�

�

�

�

�

�

�

�

�

� �

�

for eachtraining

case)andall modelparameters.In the sameplot, we show the true negative log-likelihoodafter each

iteration. We also show the point estimateof the free energy, which is evaluatedat the modesof the

variationalposterior. Sincethe parametersare updatedusing the variationaltechnique,the variational

boundis the only oneof the curves that theoreticallyhasto be monotonic. While the negative of the

log-likelihoodis consistentlybetterthantheotherestimates,thebounddoesappearto berelatively tight

mostof thetime. Notethatearlyon in learning,thepoint estimategivesa poorbound,but after learning

is essentially�nished, the point estimategivesa good bound. The fact that ICM performspoorly for

learning,but performswell for inferenceafter learningusinga bettertechnique,indicatestheimportance

of accountingfor uncertaintyearly in thelearningprocess.

As shown in Fig. 10b,if thesameenergiesareplottedfor theparametersaftereachiterationof exact

EM, the curvesconverge by the 5th iteration. Here,the mean-�eld variationalfree energy is computed

usingthefactorizedposterior
�

�

�

�

�

�

�

� �

�

�

�

���

�

�tted by minimizing theKL distanceto theexactpos-

terior
� �

�

�

�

�

�

�

�

�

, while the point estimateis computedby furtherdiscardingeverythingbut the peaks

in thevariationalposterior. Whentheposterioris still broadearly in thelearningprocess,thevariational

posteriorleadsto a tighter boundon the negative log-likelihoodthanthe point estimate.However, the

pointestimatecatchesupquickly asEM convergesandthetrueposterioritself becomespeaked.

If theparametersareupdatedusingICM (whichusespointestimates),asshown in Fig.10c,poorlocal

minima are found andboth the free energy andthe true negative log-likelihoodaresigni�cantly worse

than the samequantitiesfound usingexact EM andvariationalEM. Also, even after convergence,the

pointestimatefreeenergy is nota tight boundon thenegative log-likelihood.

Theseplotsaremeantto illustratethatwhile fairly severeapproximationsof theposteriorcanprovidea

tight boundnearthelocaloptimumof thelog-likelihood,it is thebehavior of thelearningalgorithmin the

earlyiterationsthatdetermineshow closeanapproximatetechniquewill getto a localoptimumof thethe

truelog-likelihood.In theearlyiterations,to give themodela chanceto getto a goodlocal optimum,the

modelparametersaretypically initialized to modelbroaddistributions,allowing the learningtechniques

to explore morebroadlythe spaceof possibilitiesthroughrelatively �at posteriors(e.g., in our casewe
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initialize thevariancesto beequalto one,correspondingto a standarddeviation of 100%of thedynamic

rangeof theimage).If theapproximateposteriormakesgreedydecisionsearly in thelearningprocess,it

is oftendif�cult to correcttheerrorsin later iterations.The ICM technique,while very fast,is themost

greedyof all thetechniques.Evenif themodelis initializedwith highvariances,theICM techniquemakes

greedydecisionsfor the con�guration of the hiddenRVs from thebeginningandcannever make much

progress.

Importantly, even computationallysimple ways of accountingfor uncertaintycan improve perfor-

mancesigni�cantly, in comparisonwith ICM. In Fig. 10d, we show the point estimatefree energy and

thenegativelog-likelihoodwhentheICM techniqueis modi�ed to takesomeuncertaintyinto account,by

performinga Gibbssamplingstepfor eachRV, insteadof picking themostprobablevalue7. This method

doesnot increasethecomputationalcostperiterationcomparedto ICM, but it obtainsmuchbettervalues

of both energies. Samplingsometimesmakesthe free energy worseduring the learning,but allows the

algorithmto accountfor uncertaintyearly on, when the true posteriordistributions for RVs arebroad.

While this single-stepGibbssamplingtechniqueobtainsbetterenergiesthanICM, it doesnotachieve the

lowerenergiesobtainedby exactEM andvariationalEM.

Theeffect of approximateprobabilisticinferenceon thevisualquality of theparametersis illustrated

in Fig. 11, wherewe show how themodelparameterschangeduringseveral iterationsof EM wherethe

E stepis performedusing the sum-productalgorithm. On the far right of the �gure, we illustrate the

inferenceover hiddenRVs (foregroundclass� , backgroundclass� andthemask � ) for 2 trainingcases.

After the�rst iteration,while �nding goodguessesfor theclassesthattookpart in theformationprocess,

theforegroundandbackgroundareincorrectlyinvertedin theposteriorfor the�rst trainingcase,andthis

situationpersistsevenafterconvergence.Interestingly, by applyinganadditional2 iterationsof exactEM

after30 iterationsof sum-productEM, themodelleavesthe local minimum. This is evidentnot only in

the �rst trainingcase,but alsoin therestof thetrainingdata,asevidencedby theerasureof holesin the

estimatedmaskprobabilitiesfor thebackgroundclasses.Thesameimprovementcanbeobservedfor the

variationaltechnique. In fact, addinga small numberof exact EM iterationsto improve the resultsof

variationallearningcanbeseenaspartof thesameframework of optimizingthevariationalfreeenergy,

exceptthatnot only theparametersof thevariationalposterior, but alsoits form canbevariedto increase

theboundateachstep.

Whenthenatureof the local minimato which a learningtechniqueis susceptibleis well understood,

7Notethatbecausethis techniquedoesnotuseanensembleof samples,it is notguaranteedto minimizefreeenergy ateach
step.

49



Model parameters after each iteration (mask prior a , mean appearance m and variance y   for each class k) Posterior for 

two data samples

^



�

  � 

m�

� 

m�

����� ���
	 ���
� ����� ���
� ���
� ���
� ����� ����� ������� ������� ������	 ���������������

            ak


 0        m�




            y �

���! #"%$�&'$)(*$�+-,/. 0�(

^



�

  � 

m�

� 

m�

^



�

  � 

m�

� 

m�

^



�

  � 

m�

� 

m�

^



�

  � 

m�

� 

m�

^



�

  � 

m�

� 

m�

^



�

  � 

m�

� 

m�

            ak


 2EM   m�




            y �

            ak


 1        m�




            y �

            ak


 2        m�




            y �

            ak


 3        m�




            y �

            ak


 4        m�




            y �

            ak


 30      m�




            y �

Figure11: An illustration of learning using loopy belief propagation (the sum-product algorithm). For each iteration,
we show: (a) model parameters, including mask priors, mean and variance parameters for each class, and (b)
inferred distribution over the mask and the most likely foreground and background class for two of the 300 training
images. Although the algorithm (Sec. 6.14) converges quickly, it cannot escape a local minimum caused by an
overly-greedy decision made in the very �rst iteration, in which the foreground object is placed into the background
layer for the �rst illustrated training case. An additional 2 iterations of exact EM (Sec. 6.9), which uses the exact
posterior 	 � .�6 / � 	 �

�

� .�6 / � , allows the inference process to �ip the foreground and background where needed, and
escape the local minimum.

it is oftenpossibleto changeeitherthemodelor theform of theapproximationto theposterior, to avoid

theseminimawithouttoomuchextracomputation.In theocclusionmodel,theproblemis thebackground-

foregroundinversion,which canbeavoidedby simply testingtheinversionhypothesisandswitchingthe

inferredbackgroundandforegroundclassesto checkif thislowersthefreeenergy, ratherthanexploringall
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possiblecombinationsof classesin theexactposterior. An elegantwayof doingthiswithin thevariational

framework is to addanadditional“switch” RV to themodel,which in thegenerative processcanswitch

thetwo classes.Then,themean�eld posteriorwouldhaveacomponentthatmodelstheuncertaintyabout

foreground-backgroundinversion. While this would renderthe variationallearningtwo timesslower, it

wouldstill bemuchfasterthantheexactEM.

9 Futur eDir ections
In ourview, themostinterestingandpotentiallyhigh-impactareasof currentresearchincludeintroducing

effective representationsand modelsof visual data; inventing new inferenceand learningalgorithms,

that canef�ciently infer combinatorialexplanationsof visual scenes;developingreal-time,or near-real-

time, modularsoftwaresystemsthat enableresearchersanddevelopersto evaluatethe effectivenessof

combinationsof inferenceand learningalgorithmsfor solving vision tasks;advancingtechniquesfor

combininginformationfrom multiplesources,includingmultiplecameras,multiplespectralcomponents,

multiplefeatures,andothermodalities,suchasaudio,textualandtactileinformation;developinginference

algorithmsfor activevision, thateffectively accountfor uncertaintiesin thesensoryinputsandthemodel

of thescene,whenmakingdecisionsaboutinvestigatingtheenvironment.In ourview, acorerequirement

in all of thesedirectionsof researchis that uncertaintyshouldbe properly accountedfor, both in the

representationsof problemsandin adaptingto new data.Large-scale,hierarchicalprobabilitymodelsand

ef�cient inferenceandlearningalgorithmswill playa largerole in thesuccessfulimplementationof these

systems.
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