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Mathematical modeling and the simulation of complex physical systems are emerging as key technologies in engineering. The availability of static analyzers and automatic debuggers for detecting
structural and numerical inconsistencies in the simulation models is crucial. To address this need, the
authors propose a methodology for detecting and repairing overconstrained and underconstrained
situations based on graph-theoretical approaches. Components and equations that cause the irregularities are automatically isolated, and meaningful error messages for the user are elaborated. The
authors have implemented the AMOEBA (Automatic Modelica Equation-Based Analyzer) environment to support the development and specification of correct equation-based simulation models by
applying graph-theoretical approaches and semiautomatic debugging techniques. The implementation architecture and preliminary experiments with a prototype debugger integrated in the symbolic
and numeric engine, ModSimPack, of the Modelica language compiler are presented and discussed.
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1. Introduction
Recent years have witnessed a significant growth of interest in the modeling and simulation of physical systems.
A key factor in this growth has been the development of
efficient equation-based simulation languages. Such languages have been designed to allow automatic generation
of efficient simulation code from declarative specifications.
A major objective was to facilitate the exchange of models,
model libraries, and simulation specifications. The Modelica language [1-3] and its associated support technologies have achieved considerable success through the development of domain libraries. By using domain libraries,
complex simulation models can be built by aggregating
and combining submodels and components from various
physical domains.
However, a significant part of the software development
effort is spent on detecting deviations from specifications
and subsequently localizing the sources of such errors.
The real challenge in Modelica-based modeling and simulation has moved now from designing a powerful modeling language and efficient numerical solvers to designing
flexible integrated environments and simulators with enhanced debugging capabilities. The high-level abstraction
of equation-based models presents new challenges to modeling and simulation tools due to the large gap between the
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declarative specification and the executable machine code.
This abstraction gap leads to difficulties in finding and correcting model inconsistencies and errors, which are not
uncommon in the process of developing complex physical
system models.
A typical problem that appears in physical system modeling and simulation is when too many or too few equations
are specified in the system, thus leading to an inconsistent
state of the simulation model. In such situations, numerical
solvers fail to find correct solutions to the underlying system of equations. These situations very often arise during
the development of new models and new model libraries.
The final end users usually interact with an equation-based
modeling and simulation system through a graphical editor,
where readily available model components from component libraries are connected together to form a new model.
The advantage of using libraries is to reuse as much welltested code as possible in the models. This will minimize
the effort for testing, and the end user will not be exposed to
the Modelica code. However, overconstrained and underconstrained situations can still appear due to wrong connections among incompatible components, missing connections, or redundant components. As an example, let
us consider a simple electrical circuit model that is structurally sound and that correctly simulates. An end user can
easily add a second instance of the ground component to
the electrical circuit model. The first ground component,
together with the electrical components of the circuit, will
form a well-constrained system of equations from where
the behavior of the circuit can be computed. However,
the second ground component will introduce a redundant
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equation, making the whole system of equations corresponding to the electrical circuit structurally inconsistent.
Therefore, a two–ground circuit model cannot be successfully compiled and executed even if the equations associated with each component are correctly stated.
The user should be able to deal with overdetermined
and underdetermined systems of equations by identifying
the minimal set of equations or variables that should be
removed from the system to make the remaining set of
equations solvable. For example, let us consider a physical
system simulation model specified in a declarative objectoriented, equation-based modeling language that consists
of several hundreds of components resulting in several
thousands of equations. However, one of these equations
overconstrains the overall system, making it impossible to
simulate. Currently, the only systematic technique is to remove equations one by one until the equation that caused
the inconsistency is identified and finally removed from the
component. It can easily be imagined that a static debugger
that presents a small subset of overconstraining equations,
from which the user can select the equation that needs to
be eliminated from the overall model, can greatly reduce
the amount of time required to get the simulation working.
In this way, the component that has caused the failure can
be isolated and repaired.
Currently, there are essentially no advanced tools that
can handle the debugging of equation-based languages at
the source code level and provide useful error-fixing solutions for structural inconsistencies. To address this need,
we propose a methodology for the declarative debugging
of equation-based languages by adapting graph decomposition techniques for reasoning and performing structural
analysis of the underlying systems of equations. We propose a verification module tightly integrated with the language compiler in which certain conditions can be checked
prior to the quantification of the model and before embarking on a computationally expensive numeric or symbolic
solution-finding process. Moreover, the verification tools
can provide strong assurance that the simulation model
is free of certain types of errors and inconsistencies. We
therefore expect static analysis to improve the reliability
of equation-based languages used in the development of
simulation components, as well as their transparency to
developers and end users.
The remainder of this article is organized as follows.
Section 2 gives a quick overview of component-based modeling and simulation with the help of the Modelica language. In section 3, the compilation process of the Modelica language is briefly described, and ModSimPack, a
symbolic and numeric engine of the Modelica compiler,
is introduced. In this context, details about the compilation of equation-based languages into imperative code are
also given. Section 4 discusses the basic concepts of structural singularity associated with a system of equations. In
the next section, the notion of structural singularity is expressed in terms of bipartite graph matchings associated
with the system of equations. Sections 6 and 7 explain the
322 SIMULATION Volume 80, Number 7–8

debugging of overconstrained and underconstrained situations by presenting graph-based algorithms that handle those situations. Section 8 presents the architecture
of AMOEBA (Automatic Modelica Equation-Based Analyzer). AMOEBA is a static analysis module that has been
integrated into the Modelica compiler to support the development and specification of correct equation-based simulation models by applying graph-theoretical approaches
and semiautomatic debugging strategies. Finally, section 9
presents the summary and conclusions of the article.
2. Component-Based Modeling and Simulation
with Modelica
Modelica is a rather new language for hierarchical objectoriented physical modeling that is being developed through
an international effort [1-3]. The language unifies and
generalizes previous object-oriented modeling languages.
Modelica is intended to become a de facto standard. It
allows defining simulation models in a declarative manner, modularly and hierarchically, and combining various
formalisms expressible in the more general Modelica formalism. The multidomain capability of Modelica gives the
user the possibility to combine electrical, mechanical, hydraulic, and thermodynamic model components within the
same application model.
In the context of Modelica class libraries, software
components are Modelica classes. However, when building
particular models, components are instances of those Modelica classes. Classes should have well-defined communication interfaces—sometimes called ports (called connectors in Modelica)—for communication between a component and the outside world. A component class should be
defined independently of the environment where it is used,
which is essential for its reusability. This means that in
the definition of the component, including its equations,
only local variables and connector variables can be used.
No means of communication between a component and
the rest of the system, apart from going via a connector,
are allowed. A component may internally consist of other
connected components (i.e., hierarchical modeling).
To grasp this complexity, one must have a pictorial representation of components and connections. Such graphic
representation is available as connection diagrams, of
which a schematic example is shown in Figure 1, where a
complex car simulation model is built in a graphical model
editor. An integrated graphical user interface (GUI) in the
form of a model editor (see Fig. 1) allows simulation practitioners and knowledge engineers to express problems in
terms with which they are familiar. Therefore, when employing a model editor, minimal knowledge of programming languages is needed, and typing is kept to a minimum.
The basic functionality of a model editor includes selecting components from ready-made libraries (shown on the
right in Fig. 1), connecting components in model diagrams,
and entering parameter values for different components.
More complex simulation models can be built by simply
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Figure 1. Complex simulation models can be built by combining readily available components from domain libraries

combining available library models. Some of the model
libraries cover application areas such as mechanics, electronics, hydraulics, and pneumatics. These libraries are primarily intended to tailor the simulation environment toward a specific domain by giving modelers access to common model elements and terminology from that domain.
In the following subsection, a short overview of the
Modelica language is given. Readers should refer to Fritzson [4], Tiller [5], and the Modelica Association [6, 7] for a
complete description of the language and its functionality
from the perspective of the motivations and design goals
of the researchers who developed it.
2.1 A Short Introduction to Modelica
A Modelica program is built from classes, just as in any
other traditional object-oriented language. The main difference compared with traditional object-oriented languages
is that instead of functions (methods), equations are used
to specify the behavior. A class declaration contains a list
of variable declarations and a list of equations preceded

by the keyword equation. We illustrate below a class corresponding to a resistor (Resistor) and an alternative
voltage source (VsourceAC) modeled in Modelica.
model Resistor
extends TwoPin;
parameter Real R;
equation
R * i = v;
end Resistor
model VsourceAC
extends TwoPin;
parameter Real VA = 220;
parameter Real f = 50;
protected constant Real PI = 3.14;
equation
v = VA * sin (2*PI*f*time);
end VsourceAC

It also should be noted that both classes are specializations through an inheritance mechanism of a special
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class called TwoPin. The natural inheritance mechanism
in the Modelica language works by extending classes with
new equations and variables. The TwoPin class that defines electrical components that have two pins is defined as
follows:
model TwoPin
Pin p,n;
Real v,i;
equation
v = p.v - n.v;
0 = p.i + n.i;
i = p.i;
end TwoPin;

This class instantiates twice the class Pin, which is a
special kind of class called the connector class. Such
connectors declare variables that are part of the communication interface of an object defined by the connectors
of that object. Thus, connectors specify the interface for
an interaction between a component and its surroundings.
Our connector Pin class uses two Real variables: one for
the current (i) and one for the voltage (v). Since in an electrical circuit, the current should always be summed when
connecting two components, according to Kirchhoff’s law,
the variable i defined in the Pin class will have the prefix
flow.
connector Pin
Real v;
flow Real i;
end Pin;

Besides the instantiation of two pin interface objects
(also called ports or connectors), some extra equations are
provided that define the behavior of the objects, such as the
voltage drop along the component (v = p.v - n.v) or
the current inside the component (0 = p.i + n.i; i
= p.i).
Connections between objects can be established between connectors of an equivalent type. Modelica supports
equation-based acausal connections, which means that
connections are defined as special equation forms. A connection equation form, such as connect(pin1,pin2)
with pin1 and pin2 of connector class Pin, connects
the two pins so that they form one node. This is equivalent
to and is eventually expanded into two equations—namely,
pin1.v = pin2.v; pin1.i + pin2.i = 0.
The first equation says that the voltages of the connected
wire ends are the same. The second equation corresponds
to Kirchhoff’s current law saying that the currents sum to
zero at a node (assuming a positive value while flowing into
the component). The sum-to-zero equations are generated
when the prefix flow is used. Similar laws apply to flows in
piping networks and to forces and torques in mechanical
systems.
324 SIMULATION Volume 80, Number 7–8

2.2 Simple Simulation Examples
Now we have all the components that are necessary to define the model of a simple electrical circuit consisting of a
sinusoidal voltage source and a resistor connected together,
as depicted in Figure 2.
Let us consider more complicated simulation examples
of an electrical generator depicted in Figure 3, in which an
inertial mass Inertia is rotated with an angular acceleration, given by acceleration component A. An electromechanical component EMF will transform the rotational mechanical energy into electrical energy that is absorbed by
a simple electrical circuit consisting of an inductor (Ind)
and two resistors (R1 and R2) that are connected in series.
We are interested in measuring the voltage between node
(1) and node (2) of the electrical circuit with the help of
a voltage sensor component, Vsen. The simulation model
components come from three distinct component libraries:
block, mechanical, and electrical libraries. They are connected together in a model editor similar to the one presented in Figure 1. A simulation environment will derive
and execute the simulation code that defines the behavior
of the whole model. This illustrates a much more complex modeling example than the one presented in Figure 2.
However, in terms of complexity and number of components, it is still a very small modeling problem. A typical
modeling problem in Modelica can involve several hundreds of components that can easily result in thousands of
flattened equations.
A plot of the input signal Ex.y, the angular acceleration
in the inertial component Inertia.w, and the voltage
measured by the voltage sensor VSen.v are depicted in
Figure 4.
3. The Compilation Process
Throughout this article, we draw a parallel between the
process of the static analysis of physical system models
and the process of compiling equation-based languages in
which those models are specified.
3.1 Compiler General Architecture
To gain a better understanding of how an equation-based
language compiler works, it is useful to take a look at the
compilation process of the Modelica language, which is
sketched in Figure 5.
The Modelica source code is first translated into a socalled “flat model.” This phase includes type checking and
performing all object-oriented operations such as inheritance, modifications, and so forth. The flat model includes
a set of equation declarations and functions, with all the
object-oriented structure removed, apart from the dot notation within the names. This process is called the partial
instantiation of the model. More details about this stage in
the compilation process can be found in Fritzson et al. [8].
As an example, let us consider the simple electrical
circuit model presented in Figure 2. After the partial
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model Circuit
Resistor R1(R=10);
VsourceAC AC;
Ground G;
equation
connect(AC.p,R1.p);
connect(R1.n,AC.n);
connect(AC.n,G.p);
end Circuit

R1

G
Figure 2. Simple electrical circuit model
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Figure 3. Simulation model corresponding to an electromechanical device
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Figure 4. Plots of the simulation results of the electromechanical circuit

instantiation phase, this model will result in the flattened
system of equations shown in Table 1.
The next obvious step is to solve the system of equations. First, the equations need to be transformed into a
suitable form for the numerical solvers. This is done by
the symbolic and the numeric modules of the compiler.
We give only a very brief introduction to ModSimPack,

our implementation of the symbolic and numeric optimizer
module for a Modelica compiler.
ModSimPack takes as input the flattened form of the
equations. The equations are mapped into an internal data
structure that permits simple symbolic manipulations such
as common subexpressions elimination, algebraic simplifications, constant folding, and so on. These symbolic operations decrease the complexity of the system of equations
substantially. After this stage, the block lower triangular
(BLT) form of the system of equations is computed. Since
this stage is extremely important in the context of the structural analysis of the system of equations, we provide in the
next subsection a more extensive description.
Finally, in the last phase, the procedural code (in our
implementation, C++ code) is generated based on the previously computed BLT blocks. This phase requires a preliminary symbolic transformation phase that will transform
the sequential blocks into a form accepted by the numerical
solver.
3.2 Block Lower Triangular Form
To solve the overall system of equations, we must first determine the correct computation order of the calculations
for the model variables. The overall system of equations
needs to be ordered to facilitate the use of numerical solvers
for improving efficiency. It is desirable to obtain a lower
Volume 80, Number 7–8
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Figure 5. The main stages in the Modelica language compilation process

Table 1.The flattened set of equations and variables corresponding to the simple electrical circuit from Figure 2
eq1
eq2
eq3
eq4
eq5
eq6
eq7
eq8
eq9
eq10
eq11
eq12
eq13
eq14

R.v = -R.n.v + R.p.v
0 = R.n.i + R.p.i
R.i = R.p.i
R.i * R.R = R.v
AC.v = -AC.n.v + AC.p.v
0 = AC.n.i + AC.p.i
AC.i = AC.p.i
AC.v = AC.VA * sin[2*time*AC.f*AC.PI]
G.p.v = 0
AC.p.v = R.p.v
AC.p.i + R.p.i = 0
R.n.v = AC.n.v
AC.n.v = G.p.v
AC.n.i + G.p.i + R.n.i = 0

triangular form of the permuted incidence matrix. The
lower triangular form guarantees that the equations can be
sequentially solved one at a time by a forward substitution
process. In general, the structure of the incidence matrix extracted from the equations of a physical system simulation
model is not lower triangular, and in most cases, it is not
possible to find a permutation to transform it into a strictly
lower triangular form. However, efficient algorithms exist to transform matrices to the BLT form, as depicted in
Figure 6 (by the notation X, we denote the presence of a
nonzero element in the matrix). BLT decomposition is a
two-stage algorithm. First, a row permutation of the incidence matrix that finds a zero-free diagonal needs to be
found (see Fig. 6b). This problem is also known as the
problem of finding the maximum transversal. The algorithm is extensively described in Duff and Reid [9], and
a Fortran implementation of the algorithm can be found
in ACM Algorithm 575, proposed by Duff and Reid [10].
326 SIMULATION Volume 80, Number 7–8

var1
var2
var3
var4
var5
var6
var7
var8
var9
var10
var11
var12
var13
var14

R.p.v
R.p.i
R.n.v
R.n.i
R.v
R.i
AC.p.v
AC.p.i
AC.n.v
AC.n.i
AC.v
AC.i
G.p.v
G.p.i

After computing the maximum transversal, the rows and
columns of the incidence matrix are permuted again into
the BLT form. The algorithm is described by Duff and Reid
[11], and a Fortran implementation given by the same authors [12] is known as ACM Algorithm 529.
The advantage of using the BLT decomposition is
twofold. First, the overall system of equations is decomposed into smaller blocks that can be solved sequentially by
a forward substitution process. Second, solving the blocks
sequentially is computationally more efficient in terms of
execution time and memory storage than solving the whole
system of equations once.
Let us illustrate the above-mentioned advantages with
the process of solving a linear equation system Ax = b,
where A is a known matrix corresponding to the incidence
matrix, b is a vector, and x is a vector corresponding to
the unknowns. If A can be permuted in such a way that it
admits a zero-free diagonal, then the linear equation system
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Figure 6. (a) The initial structural incidence matrix, (b) the
permuted incidence matrix with a zero-free diagonal, (c) and
the block lower triangular (BLT) form of the incidence matrix

Ax = b can be transformed into the following form:

 


x1
b1
0
···
0
A11
0   x2   b2 
 A21 A22 · · ·
 .  =  . ,
 .
..
.. 
 ..
.
.   ..   .. 
Am1

Am2

· · · Amm

xm

bm

where m ≤ n is the number of blocks.
The algorithm for solving the original system Ax = b
rewrites the system as a sequence of subproblems:
A11 x1 = b1
A22 x2 = b2 − A21 x1

such that P1AP2 has a nonzero diagonal. Otherwise, the
matrix is called structurally singular.
The above definition is illustrated by the following example. Let us consider a square matrix A3×3 such as the
one shown below, where zero elements are present in
the diagonal. However, by exchanging the second column
with the third column, we obtain a matrix A × P, which
has a nonzero diagonal. Based on definition 1, the matrix A presented in the following example is structurally
nonsingular:

 

a11 a12 a13
2 1 0
A = a21 a22 a23
= 0 0 1
1 1 2
a31 a32 a 33


2 0 1
AP = 0 1 0 .
1 2 1
It is extremely important to differentiate the notion of structural singularity from the notion of numerical singularity.
Below, we present the definition of numerical singularity,
as given in Health [13]:
Definition 2. A square matrix Am×m is numerically nonsingular if it satisfies one of the equivalent conditions:
1. A has an inverse (i.e., there is a matrix A−1 such that
AA−1 = A−1 A = I, where I is the identity matrix).
2. det(A)  = 0 (i.e., the determinant of A is nonzero).

A33 x3 = b3 − A31 x1 − A32 x2
···
Amm xm = bm − Am1 x1 − Am2 x2 − · · · − Am(m−1) xm−1
Below, we illustrate the sparsity pattern of the incidence
matrix associated with the system of flattened equations
of the simple electromechanical device described in section 2.2, Figure 3. The flattened set of equations contains
a number of 40 equations obtained after the constants and
parameter folding and the reduction of single assignments.
The corresponding sparsity pattern of the initial incidence
matrix is depicted in Figure 7 on the left. The sparsity pattern after the BLT decomposition is illustrated in Figure 7
on the right. After performing the BLT decomposition, 26
sequential blocks were found.
Another advantage is that the BLT form of the equation systems facilitates the debugging of equation systems when too many or too few equations are specified,
as demonstrated later.
4. Structural Nonsingularity
Definition 1. We call a square matrix Am×m structurally
nonsingular if and only if there exist permutations P1 , P2 ,

3. rank(A) = m (the rank of a matrix is the maximum
number of linearly independent rows or columns it
contains).
4. For any vector z  = 0, Az = 0 (i.e., A annihilates
non-trivial vectors).
The concept of matrix nonsingularity can be easily extended to a linear system of equations. Let us consider
a linear system of equations with n equations and n unknowns, such as the one shown in (1):
a11 x1 + · · · a1n xn = b1
..
.
an1 x1 + · · · ann xn = bn .

(1)

In a matrix-vector notation, a system of linear algebraic
equations has the following form:


a11 . . . a1n

.. 
..
Ax = b, where A =  ...
.
. 
an1 · · · ann




x1
b1




x =  ...  and b =  ...  .
(2)
xn
bn
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Figure 7. The sparsity pattern associated with the electromechanical device model from Figure 3, before and after the block lower
triangular (BLT) transformation

Based on definition 1 and equation (2), the notion of
structural nonsingularity for a linear system of equations
can be formulated as follows:
Definition 3. A system of linear algebraic equations Ax =
b is structurally nonsingular if
1. The coefficient matrix A is a square matrix (the number of equations is equal to the number of variables).
2. A is structurally nonsingular.
The existence and uniqueness of a solution to a system of
linear algebraic equations Ax = b depend on whether the
matrix A is numerically singular. The structural singularity
checks whether the system of equations is well posed but
cannot guarantee anything about the existence and uniqueness of the solution. For this reason, checking the structural
singularity is considered a preprocessing phase to the more
powerful notion of the numerical singularity. However, an
equation system that is structurally nonsingular may still
be numerically nonsingular. During static analysis, it is
enough to limit ourselves to the notion of structural singularity. According to definition 2, the numerical singularity
implies that the determinant of A is different from zero or
that A has an inverse. Computing the determinant det(A)
or the inverse A−1 is as expensive as solving Ax = b.
During static analysis, all numerical computations should
be avoided to provide prompt and quick feedback to the
user. Therefore, when analyzing the system of equations
in this stage, we make the assumption that the structural
nonsingularity is a sufficient abstraction for implying that
the equation system has a unique solution. Further analysis
328 SIMULATION Volume 80, Number 7–8

based on numerical values and numerical singularities is
delayed until the dynamic analysis stage.
To be useful for our purposes, the structural nonsingularity needs to be further extended to cover systems of
ordinary differential equations (ODEs) and systems of differential algebraic equations (DAEs). ODEs and DAEs are
the most frequent kinds of systems of equations that arise in
physical system simulation when modeling with equationbased languages. We should start by giving the most general representation of a DAE system in fully implicit form
[14]:
F (ẋ, x, t) = 0,

(3)

where F and x are vector valued, and t is the time. A
special case is when we can solve for ẋ, if we can transform
equation (3) in the explicit or normal form:
ẋ = f (x, t).

(4)

The condition that needs to be fulfilled for this transformation is that the Jacobian of F with respect to ẋ (denoted by
∂F /∂ ẋ) is nonsingular. In this case, the system described
in (3) is an ODE. If ∂F /∂ ẋ is singular, the system is called
a DAE. In a DAE, there are algebraic constraints on the
variables. The algebraic constraints can be explicitly represented as in the following equation:
F (ẋ, x, y, t) = 0,
G(x, y, t) = 0,

(5)

where F and x are vector valued, t is the time, and the
algebraic variables are constrained by the function G. For
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a DAE represented as in (5), the Jacobian of F with respect
to ẋ (denoted by ∂F /∂ ẋ) is nonsingular.
The DAE system from (5) can be rewritten in a semiexplicit form as follows:
ẋ = f (x, y, t),
0 = g(x, y, t).

(6)

The structural representation of the system of differential
equations (6) is given by the index matrix representation
[15]. The index matrix representation for a DAE system
such as (6) is a n × n matrix M (as shown in (7)) consisting of leading derivative indices, where each element Mi,j
corresponds to the leading derivative index of variables x
and y in equations f and g.
 ∂f ∂f  

Id ∂f
∂ ẋ
∂y
∂y
M=
=
,
(7)
∂g
∂g
∂g
∂g
∂x

∂y

∂x

∂y

where Id stands for the d × d identity matrix, and d is
the number of variables that are differentiated in the system. The structural singularity of the DAE system can be
verified on the sparsity pattern associated with M.
As an example, we are considering a differential algebraic system representing a chemical reaction that takes
place in a chemical reactor. The example is taken from
Brenan, Campbell, and Petzold [14]:
Ċ = K1 (C0 − C) − R,
Ṫ = K1 (T0 − T ) + K2 R − K3 (T − TC ),
K4
0 = R − K3 e− T C,
0 = C − u.

(8)

The unknowns in the DAE system corresponding to (8)
are C, T , R, TC . It is important to note that in definition
1, the notion of structural nonsingularity is defined by the
existence of a nonzero diagonal of the associated matrix.
The numerical values of the elements have no influence
on the notion of structural singularity. Therefore, when
the structural nonsingularity of a system of equations is
checked, it is enough to consider the sparsity pattern of the
index matrix representation, denoted by MS . The sparsity
matrix MS shown in (9) is structurally nonsingular since,
in accordance with definition 1, there exists a permutation
P such that MS × P has a nonzero free diagonal, as shown
in the following equation (by the notation *, we denote the
presence of a nonzero element):
C


T

∗ 0
 0 ∗
MS = 
∗ ∗
∗ 0
R


R TC

∗ 0
∗ ∗ 
∗ 0 
0 0

TC T C

∗ 0 0 ∗
 ∗ ∗ ∗ 0 
MS P = 
∗ 0 ∗ ∗ 
0 0 0 ∗

eq1
eq2
eq3
eq4

eq1
eq2
eq3
eq4

(9)

,

.

(10)

The nonsingularity of the index matrix associated with
a system of equations is a necessary and sufficient condition for the local uniqueness of the solution. To check the
uniqueness of the solution of the overall simulation model,
the nonsingularity of each index matrix associated with
each BLT subsystem needs to be verified. Checking the
nonsingularity of the index matrix is as expensive as solving the system of equations. However, the notion of structural singularity is a necessary condition for the uniqueness of the solution. The structural singularity can be more
efficiently investigated by means of a graph-theoretical approach, as described in the following sections. The chosen
graph-theoretical approach should accommodate the notion of structural nonsingularity as well as the BLT form
of the overall system of equations.
For a more detailed discussion of the numerical properties of ODEs and DAEs, the reader is referred to Brenan,
Campbell, and Petzold [14]; Deuflhard and Bornemann
[16]; and Bendtsen and Thompsen [17].
5. The Bipartite Graph Representation
The next obvious step in our analysis is to establish a similar
notion to the structural nonsingularity on the graph-based
representation of the incidence matrix corresponding to
the system of equations. First, we recall some necessary
notions from graph theory.
Definition 4. A bipartite graph is an ordered triple G =
(V1 , V2 , E) such that V1 = {v1 , . . . , vk } and V2 =
{u1 , . . . , uk } are sets of vertices, V1 ∩ V2 = , and
E ⊆ {{x, y}; x ∈ V1 , y ∈ V2 } is the set of edges. The
vertices of G are elements of V1 ∪ V2 . The edges of G are
elements of E.
We consider the bipartite graph associated with a given
system of equations resulting from flattening an objectoriented hierarchical model. Let V1 be the set of equations
and V2 the set of variables in the flattened model. An edge
between eq ∈ V1 and var ∈ V2 means that the variable var
appears in the equation eq. Based on this rule, the associated bipartite graph of the flattened system of equations of
the simple electrical circuit model from Figure 2 is shown
in Figure 8.
We introduce the following notations and definitions:
Definition 5. A matching, denoted MGk , is a set of k edges
from a graph G, where no two edges have a common end
vertex. If G = (V1 , V2 , E) is a bipartite graph with bipartition V1 = {v1 , . . . , vk } and V2 = {u1 , . . . , uk }, we
denote by ∂ 1 MG and ∂ 2 MG the sets of vertices in V1 and
V2 , respectively, incident to arcs in MG .
Definition 6. A matching MGmax of a graph G is called a
maximum cardinality matching or maximum matching if it
is a matching with the largest possible number of edges.
Definition 7. A perfect matching MGP is a matching in a
graph G that covers all vertices of G. For a perfect matching
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Figure 8. The associated bipartite graph of the simple electrical circuit model from Figure 2

corresponding with a bipartite graph G = (V1 , V2 , E), the
following relation holds: | G |=| M |=| ∂ 1 M | + | ∂ 2 M |,
where the notation | G | stands for the cardinality of the
graph G.
Figure 9 illustrates one possible maximum matching of
the bipartite graph associated with the flat equations of the
simple electrical circuit presented in Figure 2. It is worth
noting that in this particular case, the maximum matching
is also a perfect matching of the associated bipartite graph.
It should also be noted that a maximum matching or a
perfect matching of a given bipartite graph is not unique.
In Figure 10, all the possible perfect matchings of a simple
bipartite graph are presented.
From the computational complexity point of view, the
best sequential algorithm for finding a maximum matching
in bipartite graphs is due to Hopcroft and Karp [18]. The
algorithm solves the maximum cardinality matching problem in O(n5/2 ) time and O(nm) memory storage, where n
is the number of vertices and m is the number of edges.
Efficient algorithms for enumerating all perfect and maximum matchings in bipartite graphs are proposed in Fukuda
and Matsui [19] and Uno [20, 21]. The enumeration algorithm for all perfect matchings in bipartite graphs, proposed
in Fukuda and Matsui [19], takes O(n1/2 m + mNp ) time,
where Np is the number of perfect matchings in the given
bipartite graph. Uno proposes two improved algorithms for
finding and enumerating all perfect and maximum matchings, which take only O(n) [20] and O(log n) [21] time,
respectively, by perfect matching.
It should be noted that the structural singularity of a
system of equations is the same as the finding of a perfect
matching in the associated bipartite graphs. The existence
of a nonzero diagonal of the incidence matrix guarantees
the existence of a maximum transversal in the corresponding bipartite graph that is equivalent to the existence of a
perfect matching.
We shall now present a structural decomposition algorithm that relies on maximum matchings and vertex cov-
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erings for a bipartite graph associated with a simulation
model. The algorithm is due to Dulmage and Mendelsohn
[22] and canonically decomposes any maximum matching of a bipartite graph into three distinct parts: overconstrained, underconstrained, and well constrained. Let us
consider a system of linear equations and its associated
bipartite graph, as presented in Figure 11. One possible
maximum matching M is represented by the thick edges.
In the next step of our analysis, we exchange all the
edges that are included in the matching M with bidirectional edges and orient all other edges from equation nodes
to variable nodes. The following graph depicted in Figure 12 is obtained.
Starting from the equation nodes that are not covered
by the matching, we compute the set of all nodes that
are reachable from the free nodes and isolate the obtained
subgraph. In a similar way, we compute for the free variable nodes the set of all ancestors that sink into the free
node and isolate the graph. The well-constrained subgraph
can further be decomposed by isolating and defining a
partial-order relation among the subgraphs induced by its
strongly connected components. In this way, the Dulmage
and Mendelsohn decomposition results in an ordering of
variables and equations that permits the sequential solving of the diagonal blocks obtained after permutation. Performing these steps, we obtain the graph decomposition
shown in Figure 13.
The perfect matching associated with a bipartite graph
is not unique. However, the final decomposition into irreducible blocks is unique.
The Dulmage and Mendelsohn algorithm for the canonical decomposition of bipartite graphs is given below
and results in three distinct parts of the graph: the
overconstrained, underconstrained, and well-constrained
parts. Furthermore, the algorithm decomposes the wellconstrained part into irreducible components and establishes a partial-order relation among them. These irreducible components are similar to the equation blocks
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Figure 9. One possible perfect matching (marked by thick lines) of the bipartite graph associated with the electrical circuit model
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Figure 10. An example of a simple bipartite graph with all possible perfect matchings marked by thick lines
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Figure 11. Dulmage-Mendelsohn’s canonical decomposition of a bipartite graph

computed by the block triangular decomposition performed on the incidence matrix.
Algorithm 1: Dulmage and Mendelsohn canonical
decomposition
Input: A bipartite graph G = (V1 , V2 , E).
Output: Three subgraphs: well-constrained WG , overconstrained OGk+ , and underconstrained UGk− .
Compute the maximum matching MGmax of G =
(V1 , V2 , E).
Compute the directed graph Ḡ = (V1 , V2 , Ē), where Ē
is obtained by replacing each edge that is included in

MGmax by two directed edges oriented from V1 to V2 and
from V2 to V1 , respectively, and orienting all other edges
from V1 to V2 .
Ē = {(←
u,→
v) | (u, v) ∈ (MGmax ) and (−
u,→
v) | (u, v) ∈
max
E − (MG )}.
Let OGk+ be the set of all descendants of the k sources of
the directed graph Ḡ. OGk+ is the overconstrained subgraph of G induced on {v ∈ V1 ∪ V2 | u −→ v on Ḡ
for some u ∈ V1 − ∂ 1 M} where u −→ v is the notation
for a simple path from vs tex u to vertex v.
Let UGk− be the set of all ancestors of k sink of the
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Figure 12. Oriented bipartite graph
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Figure 13. Canonical bipartite graph decomposition

directed graph Ḡ. UGk− is the overconstrained subgraph
of G induced on {v ∈ V1 ∪ V2 | v −→ u on Ḡ
for some u ∈ V2 − ∂ 2 M}.
Calculate WG = Ḡ − OGk+ − UGk− . WG is obtained by
deleting from Ḡ all the vertices and edges of OGk+ and
UGk− .
Compute the strongly connected components SGs (s =
1 . . . n) of WG .
Compute the subgraphs WGs of WG induced on SGs (s =
1 . . . n).
Define the partial order on WGs (s = 1 . . . n).
Define the partial order OGk+ ≺ WGs ≺ UGk− for any s.
The overconstrained part: the number of equations in
the system is greater than the number of variables. The
additional equations are either redundant or contradictory
and thus yield no solution. A possible error-fixing strategy is to remove the additional overconstraining equations
from the system to make the remaining system well constrained. Even if the additional equations would be soft
constraints, which means that they verify the solution of
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the equation system and are just redundant equations, they
are reported as errors by the debugger because there is no
way to verify the equation solution during static analysis
without explicitly solving them.
The underconstrained part: the number of variables in
the system is greater than the number of equations. A possible error-fixing strategy would be to initialize some of the
variables to obtain a well-constrained part or add additional
equations to the system.
Overconstrained and underconstrained situations can
coexist in the same model. In the case of an overconstrained
model, the user would like to remove the overconstraining
equations in a manner that is consistent with the original
source code specifications to alleviate the model definition.
The well-constrained part: the number of equations in
the system is equal to the number of variables, and all
the equation and variable nodes are covered by a perfect
matching. Therefore, the underlying mathematical system
of equations is structurally nonsingular. This part can further be decomposed into smaller solution subsets. A failure
in decomposing the well-constrained part into smaller subsets means that this part cannot be decomposed and has to
be solved as it is. A failure in solving the well-constrained
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Figure 14. Dulmage and Mendelsohn (D&M) decomposition
with one overconstrained and one underconstrained block at
the beginning and at the end of the incidence matrix

part numerically means that no valid solution exists, and
somewhere there is numerical redundancy in the system.
The concept of Dulmage and Mendelsohn (D&M) decomposition can be extended to the incidence matrix corresponding to the bipartite graph. In this way, we obtain the BLT form of the matrix, as already mentioned
in section 3.2. If the model is not correctly formulated
and presents overconstrained and underconstrained components, these components will appear at the beginning and
at the end of the sparsity pattern, respectively, as shown in
Figure 14. The square blocks in the middle represent the
irreducible blocks of the well-constrained part obtained
after the canonical decomposition. Before embarking on
a numerical solution, the overconstrained and underconstrained blocks need to be made into square blocks by
eliminating extra equations and eliminating extra variables,
respectively.1
Our structural analysis algorithms, employed in the following sections, use the bipartite graph-based representation of the system of equations instead of the incidence
matrix and the sparsity pattern representation. Even if they
represent the same abstraction, we believe that the graph
representation is more expressive and useful for generating
explanations of possible bug sources and locations than the
incidence matrix representation.
6. Detecting and Repairing Overconstrained
Blocks
Let us again examine the simple simulation example presented in Figure 2, where an additional equation (i = 23)
1. This constitutes the naive approach to the overconstrained and
underconstrained problem. The following two sections provide additional
details on how to systematically debug such components.

was intentionally introduced inside the Resistor component to obtain a generally overconstrained system. The
D&M canonical decomposition will lead to two different
subgraphs: a well-constrained part WG and an overconstrained part OG1+ , as shown in Figure 15.
Starting from eq11, the directed graph can be derived
from the undirected bipartite graph, as illustrated in Figure 16, by exchanging all the matching edges into bidirectional edges and orienting all other edges from equation to variable nodes. The general error-fixing strategy in
the case of overconstrained equation subsystems is to remove the extra equations. An immediate fix to the overconstrained part is to remove eq11, which will lead to a wellconstrained part. We note that equation eq11 (AC.p.v =
R1.p.v) is generated by a connect equation from the
Circuit model, and the only way to remove the equation
eq11 is to remove the original connect(AC.p, R1.p)
equation. However, removing the above-mentioned equation will remove two equations from the flattened model
since the connect equation expands into two equations.
It is obvious that this modification cannot be performed by
the user at the original source code level.
Therefore, several important criteria need to be developed based on the combinatorial properties of the overconstraining subgraph and the filtering rules imposed by
the modeling language semantics before proceeding to the
elimination of extra equations. We give the following definition regarding the safe elimination of an equation node.
Definition 8. Any node v of the overconstraining subgraph
OGk+ corresponding to the bipartite graph G is safe for removal if, by removing that node and the corresponding
incident edges incE (v), the remaining undirected graph is
connected.
The elimination of an “unsafe” node is depicted in
Figure 17. Based on definition 8, we call the equivalent
overconstraining equation set associated with an overconstrained part of a system of equations the set of equation
nodes {eq1 , eq2 , . . . , eqn } that are safe for removal.
From the overconstrained part OG1+ resulting from the
D&M decomposition, depicted in Figure 16, we can construct an algorithm to find the equivalent overconstraining
set based on the associated directed graph of the overconstrained part.
We describe the algorithm as follows:
Algorithm 2: Finding the equivalent overconstraining
equations set
Input: The directed overconstrained graph OGk+ resulting
after D&M decomposition applied to G.
Output: The reduced equivalent overconstraining equation set L.
begin
Initialize L = {};
for each free node vk ∈ v(OGk+ ) do
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Figure 15. Canonical decomposition of an overconstrained system

Construct a depth-first search tree T in OGk+ starting
with the root vertex vk
for each node n ∈ T do
if n ∈ V1 (n is an equation node) then
- Hide n from OGk+ and all the adjacent edges
- Compute the number of strongly connected
components nostr of OGk+ .
if nostr == 1 then
- add n to L
end if
- Restore n and all the adjacent edges
end if
end for
end for
Return the equivalent overconstraining equation
set L.
end
In our particular example, the set of equivalent overconstraining equations calculated by the above algorithm
is {eq11, eq13, eq10, eq5, eq9}. It should be noted that the
334 SIMULATION Volume 80, Number 7–8

notion of the safe removal of equation nodes only refers
to the bipartite graph representation of the intermediate
code of the flattened set of equations, and it is influenced
by combinatorial properties of the bipartite graph. If we
would like to further reduce this set of equations, removal
criteria derived from the semantics of the modeling language need to developed and included in the debugging
strategy.
6.1 Equation Annotations
The previously computed reduced equivalent equation
set can further be refined by taking into account simple rules derived from the language semantics. To provide a mechanism to reason about the erroneous model
under consideration based on language semantics rules,
we need to annotate the equations. For annotating the
equations, we use a structure that resembles the one
developed by Flannery and Gonzalez [23]. We define
an annotated equation as a record with the following structure: <equation, name, description,
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Figure 17. The elimination of an unsafe equation node (eq1) from the overconstrained subgraph (on the left) leads to two
disconnected components (on the right)

number of associated equations, class
name, flexibility level, connector
generated, number of linked equations>.
An example including the annotations associated with
an equation extracted from the Resistor model described in section 2.1 is given in Table 2. The values defined
by annotations are later incorporated in the error repair
strategies. These values are used to choose the right error-

fixing solution from a series of possible repair strategies.
The class name indicates which class the equation
comes from. This annotation is extremely useful in exactly
locating the associated class of the equation and therefore
providing concise error messages to the user in terms of
original source code statements.
The number of associated equations field defines the
number of equations that are specified together with the
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Table 2. The structure of the annotated equation
Attribute

Value

Equation
Name
Description

R1.i * R1.R = R1.v
eq4
Ohm’s law for the resistor
component
1

Number of associated
equations
Class name
Flexibility level
Connector generated
Number of linked equations

Resistor
3
No
0

annotated equation inside the same model. In the example given in Table 2, the number of associated equations is
equal to 1 since there are no additional equations specified
in the Resistor class. For an equation that belongs to
the TwoPin class, the number of associated equations is
equal to 3. If one associated equation of the class needs to
be eliminated, the value is decremented by 1. During debugging, if the equation R1.i * R1.R = R1.v is diagnosed to be an overconstraining equation and therefore
needs to be eliminated, then the elimination is not possible because the model will be invalidated (the number of
associated equations cannot be equal to 0), and therefore
other solutions need to be investigated.
The flexibility level, in a similar way as defined in Flannery and Gonzalez [23], allows the ranking of the relative
importance of the equation in the overall flattened system of equations. The value can be in the range of 0 to 3,
with 0 representing the most rigid equation and 3 being
the most flexible equation. In practice, it turns out that the
equations generated by connections are more rigid from
the constraint relaxation point of view than the equations
specified inside the model. This means that preference is
given to repair strategies that involve the removal of equations that define the behavior of a particular component and
not to topology changes of the circuit given by the connection equations. We set the flexibility value to 0 for those
equations that should not be removed or modified. These
equations are locked for editing, which means that an automatic debugger should not consider any repair strategy that
would involve the modification or the removal of the equations associated with such a component. For example, the
equations of components that come from well-tested and
trusted libraries can have this value set to zero.
The connector generated is a Boolean attribute that tells
whether the equation is generated by a connect equation.
Usually, these equations have a very low flexibility level.
The number of linked equations attribute specifies how
many other equations are linked with the current equations. Equations that come from connect equations or
from parent objects (such as the TwoPin partial component) have this attribute greater than zero. Removing an
intermediate equation that has this attribute greater than
336 SIMULATION Volume 80, Number 7–8

zero will trigger the removal of other intermediate additional equations equal to the number of linked equations.
This is due to the fact that the removal of an intermediate
equation is only possible by removing the original source
code that generated that equation. By doing this all, the
generated intermediate equations by the original equation
will be removed.
It is worth noting that the annotation attributes are automatically initialized by the static analyzer. These are incorporated in the front end of the compiler by using several
graph representations of the declarative object-oriented
program code. Therefore, the user does not need to manually annotate the source code. A debugger preprocessor
takes care of the automatic generation and initialization of
the annotating code. In this way, a mapping between the
intermediate code and the original declarative code is kept
during the translation phases. However, “trusted” components can be manually marked by the user. This operation
will set the value of the flexibility level annotation to zero
for each equation associated with a trusted component.
The annotations associated with the set of equivalent
overconstraining equations {eq11, eq13, eq10, eq5, eq9}
are shown in Table 3. The equation node eq11 was already
analyzed and can therefore be removed from the set. Equation node eq13 is removed as well, for the same reasons
as equation eq11. By analyzing the remaining equations
{eq10, eq5, eq9}, one should note that they have the same
flexibility level and therefore are candidates for elimination
with equal probability. However, by analyzing the value
of the number of associated equations annotation, equations eq10 and eq9 have this attribute equal to 1, which
means that they are the only equations that define the behavior of the model. Removing one of these equations will
invalidate the corresponding model component, which is
probably not the intention of the modeler and therefore not
acceptable as an error-fixing solution.
By examining the annotations corresponding with equation eq5, one can see that it can safely be removed because
its flexibility level is high. The removal of eq5 will not
trigger the removal of any other equation since it has no
linked equations (indicated by the value of the number of
linked equations annotation, which is equal to 0). Moreover, removing equation eq5 will not invalidate the model
since there is another equation defined inside the Resis
tor model (R1.i * R1.R = R1.v), denoted by the
value of the number of associated equations annotation,
which is equal to 2. After selecting the right equation for
elimination, the debugger tries to identify the associated
class of that equation based on the class name parameter defined in the annotation structure. Having the class
name and the intermediate equation form (R1.i = 23),
the original equation can be reconstructed (i = 23) to
exactly indicate to the user the equation that needs to be
removed to make the simulation model well constrained. In
this case, the debugger correctly located the faulty equation
previously introduced by us in the simulation model.
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Table 3. The associated annotations of the equivalent overconstraining equation set

Name
eq11
eq13
eq10
eq5
eq9

Equation
AC.p.v = R1.p.v
R1.n.v = AC.n.v
G.pv = 0
R1.i = 23
AC.v = AC*VA*
sin(2t*AC.f*AC.PI)

Number of
Associated
Equations

Class
Name

Flexibility
Level

Connector
Generated

Number of
Linked
Equations

3
3
1
2
1

Circuit
Circuit
Ground
Resistor
VsourceAC

1
1
2
2
2

Yes
Yes
No
No
No

1
1
0
0
0

By examining the annotations corresponding to the set
of equations that need to be eliminated, the debugger can
automatically determine the possible error-fixing solutions
and prioritize them. For example, by examining the flexibility level of the associated equation compared to the
flexibility level of another equation, the debugger can prioritize the proposed error-fixing schemes. When multiple
valid error-fixing solutions are possible and the debugger
cannot decide which one to choose, a ranked list of error
fixes is presented to the user for further analysis and decision. In those cases, the user must take the final decision,
as the debugger cannot know or does not have enough information to decide which equation is overconstraining.
The advantage of this approach is that the debugger automatically identifies and solves several anomalies in the
declarative simulation model specification without having
to execute the system.

The maximum cardinality matching for the corresponding bipartite graph leaves three vertices corresponding to
the equations eq9, eq18, and eq17 uncovered. Three equations need to be eliminated from the overconstrained subgraph to make the system well constrained. One equation
1+
needs to be eliminated from each overconstrained part O1G
,
1+
1+
O2G , O3G (see Fig. 20).
The set of safe overconstraining equations associated
with each overconstrained subgraph can be computed using algorithm 2. We obtain the following reduced set of
equation nodes:

6.2 Higher Degree of Overconstraining

The safe equation nodes are highlighted in Figures 19 and
20 by dashed ellipses.
At this stage, there are multiple choices for elimination.
As we already mentioned, one equation node needs to be
eliminated for each overconstraining subgraph. Presenting
this information to the user with the list of safe equations
is unfeasible at this stage due to the large number of combinations.
It should be noted that some equations appear in more
than one safe equation set. For example, eq3 appears in
1+
the safe equation sets associated with the subgraphs O1G
1+
and O2G . This means that eq3 can be made a free vertex
by exchanging matching edges with nonmatching edges
=
=
1+
along the path eq9 −→ eq3 ∈ O1G
or eq18 −→ eq3 ∈
1+
O2G
. If eq3 is scheduled for elimination from the subgraph
1+
O1G
, it cannot be scheduled again for elimination from the
1+
subgraph O2G
, even though it is present in the set of safe
equations associated with the subgraph. Moreover, if eq3
1+
is scheduled for elimination from subgraph O1G
, this will
also affect the elimination of node eq14 from subgraph
1+
O2G
. The operation of exchanging the nonmatching edges
=
1+
with matching edges along the path eq9 −→ eq3 ∈ O1G
=
1+
will affect the path eq18 −→ eq14 ∈ O2G , isolating eq14
from eq18. Therefore, eq14 cannot be selected any more
3+
for elimination from O2G
, even if it previously had a valid
alternating path to the free node eq18.

This section describes how the algorithms from the previous sections are modified when multiple free nodes are
present in the overconstrained subgraph.
We construct a simple electrical circuit model by connecting two resistors in parallel with a voltage source,
as shown in Figure 18. The Modelica definition of
the Ground, VsourceAC, and Resistor classes are
reused from the previous example. The TwoPin class
is modified by introducing an additional overconstraining equation (i = 10) in the model definition. This extra equation will be inherited by all the classes that extend the TwoPin class. Therefore, each instance of the
Resistor and VsourceAC models will contribute to
one extra overconstraining equation to the final flattened
system of equations.
During model translation, the flattened set of equations
corresponding to the simulation model is derived, and the
associated bipartite graph G is constructed. The flattened
model corresponding to the simple electrical circuit now
contains three extra overconstraining equations. Therefore,
three equation vertices are not covered by a maximum
matching. By choosing an arbitrary maximum cardinality matching and performing a D&M canonical decomposition, the overconstrained subgraph OG3+ , as depicted in
Figure 19, is obtained.

1+
{eq9, eq3, eq14} ∈ v(O1G
),
1+
{eq18, eq3, eq14, eq20, eq21, eq16, eq4} ∈ v(O2G
),
1+
).
{eq17, eq20, eq21, eq16, eq4, eq15} ∈ v(O3G
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AC

R1

model TwoPin
Pin p,n;
Real v,i;
equation
v = p.v - n.v;
0 = p.i + n.i;
i = p.i;
i = 10;
end TwoPin

R2

G

Figure 18. Electrical circuit with two resistors connected in parallel with an additional equation introduced in the TwoPin class

R1.p.v = R2.p.v

AC.p.v = R1.p.v

eq18

eq17

var7

var1

var13

eq6

eq1

eq11

var11

var3

var5

var17

R1.n.v = R2.n.v

eq9

eq10

eq20

eq5

eq15

var6

AC.v = AC.VA*
sin[2*time*AC.f*AC.PI]

R2.i = 10

var12

var9
R2.n.v = AC.n.v

eq8

eq21

var8

var15

eq19

eq22

eq4
R1.i = 10

var2

var14

var19

eq3

eq13

eq16

R1.i = R1.p.i

G.p.v = 0

var18
eq14
AC.i = 10

Figure 19. The overconstrained directed graph

By taking into account these additional structural constraints together with the constraints imposed by the language semantics extracted from the annotation associated
with each equation, only one possible combination of
three equation nodes that can be safely removed is found.
Removing eq4 (R1.i = 10), eq9 (R2.i = 10), and
eq14 (AC.i = 10) equation nodes from the overconstraining graph will make the graph well constrained without violating any structural and semantics rule. All three
equations were obtained by inheritance from the original
338 SIMULATION Volume 80, Number 7–8

equation i = 10 in the TwoPin class. Therefore, the
overconstraining equation i = 10 from TwoPin class
has been correctly identified.
7. Detecting and Repairing Underconstrained
Blocks
In the following sections, we illustrate the possible errorfixing solutions for a typical underconstrained situation
and the reasoning involved in the graph transformation
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Figure 20. The O1G
, O2G
, O3G
components of the OG
overconstrained subgraph

system. Let us consider the following system of equations
presented in Figure 21 on the right. The corresponding bipartite graph to the system of equations is also given in
Figure 21 on the left.
One possible maximal matching (represented by thicker
edges) of the bipartite graph and the D&M canonical decomposition is given in Figure 22. The first step when performing the canonical decomposition algorithm is to transform the undirected bipartite graph G into a directed graph
Ḡ by exchanging all the edges that are part of the maximal
matching for bidirectional edges and by orienting all other
edges from equations to variable nodes. The corresponding
directed graph Ḡ is shown in Figure 23.
Based on the D&M canonical decomposition algorithm,
the underconstrained part UG1− contains all the equation and
variable nodes that sink into the free variable node. The
variables contained in an underconstrained part constitute
an eligibility set. In our small example, the eligibility set
is {var4, var5, var6}. Any of the variables from the eligibility set can be taken away, and the remaining associated graph will be well constrained. Variable var6 is not
covered by the maximal matching and therefore is a free
vertex. In the directed graph Ḡ, it can be noticed that there

are two alternating paths that sink into the free vertex var6
(as indicated by the dashed arrows in Figure 23):
−−−−−−→ −−−−−−→
−−−−−−→ −−−−−−→
{(var4, eq4), (eq4, var6)}and{(var5, eq5), (eq5, var6)}.
By exchanging the matching edges with nonmatching
edges and the nonmatching edges with matching edges
along an alternating path, a new matching that covers the
free vertex var6 can be obtained, but it will uncover another vertex from the eligibility set. Therefore, an errorfixing strategy must consider all the possible combinations
that remove one variable node from the eligibility set.
During the first stage of the error-fixing process, only
those solutions that involve the elimination of a variable
from the eligibility set are taken into account. We have the
following possible solutions illustrated in Figure 24.
By removing var6 from the underconstrained subsystem UG1− , the considered maximum matching becomes a
perfect matching of the remaining bipartite graph. Therefore, the associated system of equations can be considered
structurally sound. By removing var6, the resulting bipartite graph will, however, be disconnected, and an independent edge (eq5,var5) that is not connected to the main
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0
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0
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f (var 5 , var 6 )

0

0

var6
Figure 21. A simple system of equations with the associated bipartite graph

eq1

var1

eq2

var2

eq3

var3

eq4

var4

eq5

var5

well-constrained
part

under-constrained
part

var6
Figure 22. Maximum matching and canonical decomposition
of the bipartite graph

model Resistor
extends TwoPin;
parameter Real R;
Real s;
equation
R*i=v*s;
end Resistor

eq1

var1

var2

eq4

eq3

eq5

eq2

var3

var4

system is to add one extra equation to the system and link
the free variable to the added equation instead of eliminating it. This strategy, applied for the free variable var6, is
presented in Figure 25b, in which an extra equation eq6 is
added to the overall system of equations.
This strategy involves two steps: at the first step, an extra
equation is added and linked to the free variable. Then, at
the second step, additional checking is performed to see
if other variables from the system might be present in the
added equation (Fig. 25c).
Let us again analyze the simple electrical circuit
model from Figure 2, in which the Resistor component is changed again by declaring an extra variable
(Real s) and introducing this variable into the following
Resistor model equations:

var6

var5

Figure 23. Directed graph associated with the system of
equations

bipartite graph appears in the system. This situation is unusual in physical system modeling, and therefore it can be
safely discarded from the error-fixing solutions.
It should also be noted that multiple error-fixing strategies are possible in the case of underconstrained subsystems. Another error-fixing strategy for an underconstrained
340 SIMULATION Volume 80, Number 7–8

Obviously, this modification will introduce one extra
variable without increasing the number of equations in
the system. The directed graph obtained from the associated bipartite graph of the flattened underlying system
of equations, as well as one possible corresponding maximum cardinality matching, is given in Figure 26. The correspondence between the variable and equation node labels
is given in Table 4.
The uncovered variable, when using the considered
maximum cardinality matching, is var15, and the computed eligibility set is {var15, var4, var2, var6, var7,
var11, var9, var13}, with the corresponding variables
{G.p.i, R.n.i, R.p.i, R.i, R.s, AC.n.i,
AC.p.i, AC.i}. From the underconstrained directed
subgraph, we can derive a number of three alternating paths
(indicated in Fig. 26 by the dashed arrows) to the uncovered
variable var15.
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var4

eq4
eq5
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Figure 24. Error-fixing solutions when one variable is eliminated from the eligibility set
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var6
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Figure 25. Error-fixing strategy involving adding an extra equation

Table 4. Flat form of the equations corresponding to the underconstrained electrical circuit model with a modified resistor
eq1
eq2
eq3
eq4
eq5
eq6
eq7
eq8
eq9
eq10
eq11
eq12
eq13
eq14

R.v = -R.n.v + R.p.v
0 = R.n.i + R.p.i
R.i = R.p.i
R.i * R.R = R.s * R.v
AC.v = -AC.n.v + AC.p.v
0 = AC.n.i + AC.p.i
AC.i = AC.p.i
AC.v = AC.VA * sin[2*time*AC.f*AC.PI]
G.p.v = 0
AC.p.v = R.p.v
AC.p.i + R.p.i = 0
R.n.v = AC.n.v
AC.n.v = G.p.v
AC.n.i + G.p.i + R.n.i = 0

By following each alternating path and by eliminating the variables one by one from the eligibility set,
we notice that eliminating only one of the variables
from {var15, var4, var7, var13, var11} corresponding
to {G.p.i, R.n.i, R.s, AC.i, AC.n.i} will
not disconnect the bipartite graph. Therefore, this reduced
set will be further analyzed.
Based on similar reasoning for overconstrained situations, we can deduce that only var7 can safely be removed

var1
var2
var3
var4
var5
var6
var7
var8
var9
var10
var11
var12
var13
var14
var15

R.p.v
R.p.i
R.n.v
R.n.i
R.v
R.i
R.s
AC.p.v
AC.p.i
AC.n.v
AC.n.i
AC.v
AC.i
G.p.v
G.p.i

from the Modelica code to obtain a well-specified equation system. We will briefly explain why the removal of
var15, var4, var13, and var11 has not been considered
as a possible error-fixing solution to our underconstrained
problem:
• Variable var15 (i.e., G.p.i). To remove variable var15
(i.e., G.p.i) from equation eq14 (AC.n.i + G.p.i
+ R.n.i = 0) at the intermediate code level, the conVolume 80, Number 7–8
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var15

var11
eq6
var9
eq7
eq11
var13

Figure 26. Directed graph corresponding to the underconstrained simple electrical circuit

nect equation connect(AC.n, G.p), which connects
the Ground element to the main circuit, needs to be
removed. This implies as well the removal of equation
eq10 (AC.p.v = R.p.v), an operation that will overconstrain the overall system.
• Variable var4 (i.e., R.n.i). The elimination of variable var4 (i.e., R.n.i) from equation eq14 (AC.n.i
+ G.p.i + R.n.i = 0) and eq2 (0 = R.n.i +
R.p.i) implies the removal of the connect equation con
nect(R.n, Ac.n) from the original source code. This
modification will trigger the removal of equation eq2 from
the flattened system of equations, making the system overconstrained.
342 SIMULATION Volume 80, Number 7–8

• Variable var13 (i.e., AC.i). Removing var13 (i.e., AC.i)
from equation eq7 (AC.i = AC.p.i) is possible at the
source code level by removing the variable i from the
equation i = p.i, substituting i with a constant value
from the TwoPin component. This modification will trigger at the intermediate code level the removal of var6 (i.e.,
R.i) from eq4 (R.i * R.R = R.s * R.v), which
becomes R.R = R.s * R.v, and from eq3 (R.i =
R.p.i), that becomes const = R.p.i. These modifications will disconnect the resulting bipartite graph.
• Variable var11 (i.e., AC.n.i). The elimination of variable var11 (i.e., AC.n.i) from equation eq14 (AC.n.i

AUTOMATED STATIC ANALYSIS OF EQUATION-BASED COMPONENTS

Compute the eligibility set Lel = {v1 , . . . , vk | vk
⊂ L and vk ∈ vV2 (G)}
//stage1: free variable elimination
for each vk ∈ Lel do
Hide vk from UG−1 and all the adjacent edges
Compute the number of strongly connected
components nostr of UG1− .
if nostr == 1 then
//validate semantically the elimination of vk
from the adjacent equations
if validateSem(vk ) then
output(“remove vk from equation adj(vk )”);
end if;
end if;
Restore vk and all the adjacent edges
end for;

+ G.p.i + R.n.i = 0) and eq6 (0 = AC.n.i +
AC.p.i) implies the removal of the connect equation
connect(R.n, Ac.n) from the original source code.
This modification will trigger the removal of equation eq2
from the flattened system of equations, making the system
overconstrained.

We call the set of variables obtained after performing
the reasoning, based on variable annotations and filtering
according to the language semantic rules, the reduced eligibility set. In our small example, the reduced eligibility
set contains only one element: var7, which is exactly the
variable introduced by us to underconstrain the system.
In the example presented above, the fault was detected
by applying the first strategy, when debugging underconstrained systems implies the removal of a free variable
node. However, if the user is not satisfied with the given solution or the reduced eligibility set is empty, the debugger
can enter into the second stage, where possible connections
of the adjacent equation nodes to those variable nodes that
disconnect the bipartite graph are checked. If a possible
coupling of a variable to those equations is found, the adjacent disconnecting variable node might also be considered
for elimination.
When debugging underconstrained systems, a second
strategy is used when extra equations need to be added
and coupled to the free variable. For example, in our case,
adding an extra equation s = 10 in the Resistor class
is a mathematically sound solution, even though if it might
not reflect the modeler’s intent. In a similar way, extra equations can be added for each variable from the eligibility set.
The user has the possibility of specifying which strategy
should be applied and which level of debugging he or she
would like to perform on the erroneous model. In this way,
some of the error messages can be filtered out, and incremental error fixing can be performed.
A general algorithm for debugging underconstrained
systems can be given. It is composed of two distinct stages.
First, the eligibility set corresponding to the underconstrained subgraph is computed. In the first stage, each
variable from the eligibility set is checked to determine
whether it disconnects the bipartite graph by elimination.
If the variable does not split the graph, the elimination
needs to be validated semantically by the function validateSem(var). The function validateSem(var) checks at the
original source code level if the elimination of the variable
var at the intermediate code level is possible by applying
simple atomic changes to the source code.
Algorithm 3: Debugging underconstrained subsystems
Input: The underconstrained subgraph UG1− resulting after
D&M decomposition has been performed on a graph G.
Output: List of all the possible error-fixing solutions.
begin:
Find all the nodes n ∈ v(G) that sink into the free
variable node vf ree and insert them into the
list L.

//stage2: add new equations
for each vk ∈ Lel do
classList = reach(vk );
for each class c ∈ classList do
varList = reach(c);
output(“add new equation in class c that must
contain variable vk ”);
output(“additional variables varList that can be
included in the equation”);
end for;
end for;
end.
The second stage is concerned with the addition of a
new equation. The function reach() performs a reachability
analysis. When this function is called with a parameter that
is a variable, it returns the names of the classes in which the
variable can exist.A new equation that contains the selected
variable from the eligibility set can be added at the level
of the returned classes. The second call to the function
reach(), this time with a class name as a parameter, will
return the set of variables that can be used and included
in the new equation to be created. After consulting the set
of all possible solutions, it is the user’s responsibility to
choose where the new equation should be added and which
variables need to be included in the equation.
8. Automatic Static Analysis Module
For the previously presented graph decomposition techniques to be useful in practice, we must be able to construct and manage the graph representation of equationbased specifications efficiently and integrate them into an
automatic or semi-automatic debugging tool. AMOEBA
is the static analysis module that we have designed and
implemented to attach it to a Modelica compiler. The tool
is able to successfully detect and provide error-fixing solutions for typical overconstrained and underconstrained
situations, which might appear during the modeling stage
using Modelica.
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Figure 27. AMOEBA (Automatic Modelica Equation-Based Analyzer) integration into the compilation framework

Figure 27 presents each phase of the static analysis with
the corresponding module.
The flattened equations are transformed into the bipartite graph representation by a graph-mapping module. The
canonical decomposition algorithm, applied by the BLT
module in the compiler, splits the graph into three distinct
subgraphs corresponding to an overconstrained system of
equations (too many equations are present), an underconstrained system (too few equations or too many variables
are present in the system), and a well-constrained system of
equations (the number of variables is equal to the number
of equations). A simple heuristic filtering rule assumes that
the well-constrained part obtained after decomposition will
lead to a solvable system of equations and therefore need
not be included in any repair strategy. If underconstrained
or overconstrained situations are detected, this means that
there are some inconsistencies in the model.
The overconstrained and underconstrained system analyzers apply the algorithms presented in previous sections
to transform these graphs into a well-constrained graph and
elaborate the necessary program modifications.
The code transformer module needs to validate the program correction: it must ensure that there exists a semantically correct source code program that can be translated
into the intermediate program correction. The source code
transformations must be performed only by using atomic
changes at the original source code level. Finally, the errorfixing solution is output by the debugger in terms of atomic
changes that need to be performed on the original source
code to obtain a valid original source code program that will
generate the corresponding program modifications at the
344 SIMULATION Volume 80, Number 7–8

intermediate code level. When multiple error-fixing solutions exist, the annotations attached to the flattened equations are used in the process of eliminating some of the
modifications and prioritizing the remaining ones.
The error presentation module is responsible for presenting error messages to the user based on the previously
obtained valid source code modifications. Before being
presented to the user, the output is filtered. For example,
all the modifications that would involve atomic changes
on locked components are eliminated, and the remaining
corrections are ranked based on equation annotations. This
module handles most of the user interaction necessary for
the debugger to complete the missing formal specification
of the program. At this level, the user can be confronted
with several error-fixing corrections that will eliminate the
symptom of the detected inconsistency at the intermediate
code level. The corrections that most closely correspond
with the programmer’s view of the model structure should
be selected.
9. Summary and Conclusions
Structural analysis techniques are widely used for assessing the correctness and the credibility of mathematical
models expressed with the help of equations. Experience
has taught us that preprocessing a system of equations pays
high dividends by reducing the time for finding inconsistencies and efficiently correcting them. From the user’s
point of view, such techniques are extremely beneficial because they provide guidance during early stages of the simulation model-building process and do not require solving
the equation system.
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Nowadays, complex component-based simulation models are often specified with the help of programming
languages such as logic/constraint or equation-based languages. Despite this close connection to programming
languages, much of the literature on structural analysis
primarily focuses on purely mathematical methods and
the mathematical characterization of the modeled systems.
Obviously, a connection between structural analysis and
programming languages needs to be established to improve
the debugging technology available for modeling and simulation environments.
The use of graph-based tools in structural analysis is
of great interest both in displaying properties of systems
of equations and also in following and performing symbolic manipulations of variables and equations when modeling with equation-based languages. We show how existing graph-theoretical decomposition techniques can be
adapted and integrated into debugging tools integrated into
simulation environments that employ such languages. We
have tried to automate our debugger as much as possible
and to keep the user interaction to a minimum. To achieve
this goal, we propose an automated debugging framework.
We claim that the techniques developed and proposed
in this article are suitable for a wide range of equationbased languages and not only for the Modelica language.
These techniques can be easily adapted to the specifics of
a particular simulation environment. Our claim is based
on the close integration of the developed debugging techniques and the compilation process. Most of the existing
compilers for equation-based languages share the same
principles.
The presented work was limited to static aspects of the
debugging process—namely, the detection and debugging
of overconstrained and underconstrained situations. Obviously, the next step would be to improve the already developed techniques by providing better user interaction and
extending the debugger to handle dynamic situations.
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