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Abstract—Various aspects of averaged modeling of hardswitching pulse-width modulated (PWM) converters operating in
the discontinuous conduction mode (DCM) are studied. A more
streamlined modeling procedure is proposed which serves as a
general framework for comparing different models. A duty ratio
constraint that defines the diode conduction interval is identified
to be the key to accurate prediction of high-frequency behavior.
A new duty-ratio constraint is proposed that leads to full-order
averaged models of DCM converters. Numerical analyses and
experimental measurements confirm that the new models correctly predict the small-signal responses up to one third of the
switching frequency and are more accurate than all previous
models. Moreover, new analytical results are included to show the
origin of the high-frequency pole in DCM operation and to explain
why the full-order model is capable of accurately predicting it.
Averaged circuit counterparts of the new models are developed in
the form of averaged switch models to facilitate circuit simulation.
Index Terms—Averaged modeling, averaged switch model, discontinuous conduction mode, PWM converters.

I. INTRODUCTION

T

HE discontinuous conduction mode (DCM) of operation
typically occurs in dc/dc converters at light load. For lowpower applications, many designers prefer to operate the converter in DCM even at full load in order to avoid the reverse
recovery problem of the diode. DCM operation has also been
considered a possible solution to the right-half plane (RHP) zero
problem encountered in buck-boost and boost derived topologies. In single-phase ac/dc converters with active power factor
correction (PFC), the input inductor current becomes discontinuous in the vicinity of the voltage zero crossing; some PFC
circuits are even purposely designed to operate in DCM over the
entire line cycle in order to simplify the control [1], [2]. Proper
analytical models for DCM operation of PWM converters are
therefore essential for the analysis and design of converters in a
variety of applications.
Many efforts have been made in the past two decades to model
DCM PWM converters [3]–[6]. These models are given either
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in analytical form [3], [5] or as equivalent circuits [4], [6], and
fall into two categories:
1) reduced-order models [3], [4];
2) full-order models [5], [6].
In reduced-order models, the inductor current (or one of the inductor currents when there are multiple inductors) does not appear as a state variable. A reduced-order model can correctly
predict the behavior of a converter in the low-frequency range.
However, large discrepancies appear at high frequencies (above
about one-tenth of the switching frequency), particularly in the
phase response. Also, the absence of the inductor current in the
averaged model is undesirable for applications such as singlephase PFC in which the inductor current is the ultimate control
target.
More recently, full-order averaged models have been reported
for DCM PWM converters [5], [6]. Although developed independently and presented in different forms, the analytical model
presented in [5] and the averaged circuit model in [6] can be
shown to be equivalent. The inductor current is retained in these
full-order averaged models, and they have shown improved accuracy over reduced-order models. However, relatively large
discrepancies still exist at high frequencies, as will be shown
later in this paper. Moreover, the model developments in [5], [6]
did not include analysis of accuracy, and it was not quite clear
what attributes of these full-order models contribute to their improved accuracy.
Considering the unsatisfactory situation in the modeling of
discontinuous conduction mode, an effort was undertaken by
the authors to study the various issues involved, started with
a reexamination of all existing models. The current paper is a
compilation of the major results evolved from that effort. To be
specific, we will present a physically-based modeling procedure
for PWM converters which serves as a general framework for
comparing different models, along with new full-order averaged
models, in both analytical and circuit forms, that overcome the
hitherto mentioned problems of existing models.
The paper is organized as follows: The next section reexamines the conventional state-space averaging method for DCM
PWM converters [3] by streamlining the procedures. An alternative approach to deriving reduced-order averaged models will be
presented. Section III introduces the concept of a duty-ratio constraint, which defines the diode conduction interval and leads
to new, full-order averaged models. The new models are compared with existing models in Section III, and then verified in
Section IV by numerical simulation and experimental measurements. Section V provides more analytical results to show the
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origin of the high-frequency pole in DCM operation and to explain why the new models are capable of correctly predicting
the high-frequency pole. Section VI presents an averaged switch
model that can be used to replace the PWM switch cell. This results in a circuit model that is equivalent to the new analytical
model. Section VII offers conclusions.
II. GENERAL FRAMEWORK

Fig. 1. Inductor current waveform of PWM converter in DCM.

The DCM operation of PWM converters differs from CCM
(continuous conduction mode) operation by an additional time
interval in each switching cycle during which an inductor current or capacitor voltage is clamped to zero (or a constant when
there are multiple energy storage elements). Consider a dc-dc
converter with two switches (or two equivalent switches, in the
case of bridge-type forward converters). For DCM operation involving inductors, the inductor current rises in the first interval
when the switch is turned on, reaches a peak when the switch
is to be turned off, and resets to zero (or a constant) at the end
of the second interval. In the discussions hereafter, we use
and
to denote the duty ratio of the first and the second interval, respectively (see Fig. 1). Assume also that the converter
power stage can be described accurately with a piecewise-linear
denote the input voltage of the constate-space model. Let
denotes the length of a switching cycle. Then
verter while
for
for
for

(1)
(2)
(3)

Notice that the second duty ratio, , in DCM is not independent, but rather has algebraic dependency on state and control
variables. For the purposes of an averaged model, it is necessary to reflect this dependency in terms of the average values of
voltage and current. That way, can be eliminated, and a model
expressed solely in the averaged state variables can be obtained.
The algebraic function defining this dependency is called the
duty-ratio constraint in this paper.
The modeling method we employ for DCM operation consists of three steps:
1) averaging;
2) inductor current analysis;
3) duty-ratio constraint.
The first two steps are discussed in the following subsection,
while the third step will be detailed in Section II-B and Section III.
A. Averaging and Correction
As in the continuous conduction mode, state-space averaging
can be applied to (1)–(3) to give the following averaged model:

(4)
As usual, we use to denote the average of over an entire
switching cycle.
The problem with the state-space averaging approach in
DCM is that we are averaging just the matrix parameters, and

TABLE I
CHARGING OF CAPACITOR BY AN INDUCTOR OPERATING IN DCM

not necessarily the state variables themselves. It is intended
that (4) will apply when the true average of each state variable
is used, but the average inductor current depends on the parameters and duty ratios. Consider instead a formal averaging
approach [7], in which the sets of equations are written out
and . The principle is to
in terms of switching functions
write out the complete Kirchhoff’s Laws expressions for each
energy storage device, and perform the averaging step only on
the final equations. In a two-state power converter, this entails
writing expression for the inductor and the KCL expression for
the capacitor, then averaging over the switching interval. The
. When the average is to
DCM interval is given by
be taken, product terms like
will result, where , , and
are topology-dependent coefis the same
ficients. In CCM, the average of the products
as the product of the averages, and state-space averaging gives
the same result as formal averaging of the circuit equations. In
will not be
contrast, in DCM the average of product terms
the same as the product of the averages.
Based on the waveform shown in Fig. 1, this average can be
written as
(5)
The KVL expression for the inductor is essentially the same as
in continuous mode, except that a new unknown, , appears.
Now consider a general case in which a capacitor is connected
. The curto the inductor when the switch is on
rent delivered to the capacitor is not necessarily the same as the
average inductor current. Since the inductor current is chaging
rapidly with time, it is convenient to formulate the capacitor
equation in terms of conservation of charge, then perform the
averaging step. In this case the total amount of charge the capacitor receives from the inductor over a switching cycle is
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B. Example—Boost Converter

which is equivalent to an average charging current of
(6)

As an example, we consider the boost converter depicted in
Fig. 3. With
chosen as the state vector, the state
matrices and input vectors of the converter are

If the capacitor is connected to a resistive load, the net charge
. On the average
delivered to the capacitor is

This result is a fundamental implication of charge conservation in the capacitor. Notice, however, that it is not the same as
the KCL expression for the capacitor generated by state-space
averaging. The state-space averaged model (4) would imply that
,
the equivalent average current charging the capacitor is
that is, the average of the inductor current times the duty ratio of
the subinterval in which the capacitor is charged by the inductor,
which will be called the state-space-averaged (SSA) charging
current. Using (5), the SSA equivalent charging current can be
written as
(7)
which is different from the actual charging current identified
in (6). The implication is that an unmodified SSA approach,
in which the averaging step is performed on a complete model
rather than on the equations themselves, might not preserve
charge conservation under DCM conditions. The correction to
reflect (6) does not involve any inconsistency: In continuous
mode, the conventional SSA model results regardless of how
the averaging step is performed. In DCM, the rapid change in
inductor current requires that averaging be performed more formally on the KVL and KCL expressions.
Table I shows the difference between the actual average
charging current and the SSA charging current for a capacitor
that is connected to the inductor when the switch is on, off,
or over the entire switching cycle. Responses defined by the
original state-space averaged model (4) would be expected
not to match the actual averaged response of the converter
because of these differences. A modification of (4) is therefore
necessary to correct for this mismatch. As can be seen from
Table I, this can be achieved by dividing inductor current(s) on
. A systematic
the right-hand side of (4) by the factor
approach to this is to rearrange the state vector such that
, where subvector
contains all
inductor
as follows:
currents of the converter, and define a matrix

(8)

With this, the modified averaged model that would correctly
predict the behavior in DCM becomes

(9)

The state-space averaged model of the converter corresponding
to (4) is

Since there is only one inductor and the dimension of
is simply
two, the modification matrix

is

Hence the modified averaged model of this boost converter in
DCM is

(10)
C. Reduced-Order Averaged Models
As previously pointed out, a duty-ratio constraint defining the
on other variables is needed to complete the
dependency of
averaged model (9). In the conventional state-space averaging
method [3], a volt-second balance relation of the inductor is
used to define the duty-ratio constraint. For the boost topology,
volt-second balance over a switching cycle implies
(11)
Substituting this into (10) yields the following equations:
(12)
(13)
This is a degenerate model where the dynamics of the inductor current disappear. In fact, it can be readily verified that
use of the volt-second balance relation will always result in a degenerate model. Since the inductor current is no longer a state
variable in this averaged model, it must be expressed as an algebraic function of other variables, resulting in a reduced-order
averaged model that is independent of inductor dynamics.
For the boost converter, since the peak of the inductor current
is
(14)
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The piecewise linear model for the capacitor voltage is

the average of the inductor current can be written as

(18)
With (11), the above relation can be simplified to
which, upon substitution by (16) and (17) and averaging over a
switching cycle, becomes

which can now be substituted into (13) to eliminate its dependency on . The result is the conventional reduced-order averaged model for boost converter in DCM [3], as given below
(15)

D. A New Approach to Reduced-Order Modeling
The absence of the inductor current in the conventional reduced-order averaged model is the result of an implicit assumption that the dynamics of inductor current become so fast in
DCM that they can be neglected at low frequencies. The conventional approach as outlined before does not make this assumption explicitly, which has caused some confusion. On the
other hand, if this assumption is made explicitly beforehand, the
reduced-order averaged model can be derived in a more streamlined way. In general, the problem then becomes as follows.
Given a system that has both fast and slowly changing variables,
how should one derive a (reduced-order) averaged model that
represents the slow dynamics of the system? A general method,
first presented in the converter averaging context in [8], can be
applied for this purpose. The method consists of three steps, outlined as follows (see [9]).
1) Calculate the response of the fast variables over a
switching cycle. The slow variables are assumed to be
constant during this calculation.
2) Substitute for the fast variables in slow variable models
with the responses calculated in step 1). This eliminates
the dependence of slow variable models on the fast variables.
3) Average the resulting decoupled slow variable models
over a switching cycle. The result is a reduced-order averaged model for the slow variables.
We use again the boost converter as example to demonstrate
the application of this method. Referring to Fig. 3 and assuming
is constant, the response of the inductor current over a
that
switching cycle can be calculated as follows:

(16)
can be determined as follows from the fact that
In addition,
resets to zero at
(17)

This is exactly the same as the conventional reduced-order
model (15). The application of this method to other types of
converters, such as quasiresonant converters, can be tedious because of the complicated and lengthy algebra involved. To solve
this problem, a symbolic analysis program package has been
developed that can generate the averaged model automatically
from a netlist of the converter topology and some other simple
inputs describing the operation of the converter [9], [10].
III. NEW FULL-ORDER AVERAGED MODELS
The reduced-order averaged model can correctly predict the
dc and low-frequency behavior of PWM DCM converters. At
high frequencies, small-signal response measurement (to be
presented in the next section) clearly shows second-order (for
second-order topologies such as boost and buck) dynamics
that the reduced-order model is unable to capture. The large
discrepancy of the reduced-order model at high frequencies
may not be acceptable for some applications that require high
performance control. Full-order averaged models that can correctly predict high-frequency responses are therefore desired.
From a theoretical standpoint, many researchers in the field
had been puzzled by the fact that averaged models in CCM can
be accurate up to one third of the switching frequency, while
a seemingly similar averaging technique leads to inaccurate
models in DCM. These are some of the motivations for seeking
new full-order averaged models for DCM PWM converters.
A. Model Derivation
The derivation of a full-order model starts from the modified
averaged model (9). Unlike the conventional approach that relies
on the volt-second balance relation for the definition of , a
different duty-ratio constraint will be derived here. Equation (5),
which is repeated below for easy reference, can be used for this
purpose

Assume that the voltage across the inductor is
when the
), the inductor peak current can
switch is on (during
be written as
(19)
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Substituting this into (5) and solving the resulting equation for
yields

Various transfer functions can be determined from this smallsignal model. The control-to-output transfer function, for example, is obtained as

(20)
which is different from the result based on the volt-second balance relation because it enforces the correct average charging of
the output capacitor. The duty-ratio constraint (20) can be substitute into (9) to generate a full-order averaged model.
As example, we consider the boost converter again. When the
switch is on, the voltage across the inductor in boost converter
is . Hence the new duty-ratio constraint for boost converter is

(25)
where is a constant. The approximation in the above expression holds under the assumption that

(21)
which will hold under conditions of low output ripple.
Notice that this expression balances both flux and charge as
the converter operates. Substituting this into (10) gives the following full-order averaged model for boost converter in DCM:

(22)

D. New Full-Order Model for Other Basic Topologies
Based on (5) and (19), new duty-ratio constraints and, consequently, new full-order averaged models can also be derived
for other topologies. The results for buck, boost, and buck-boost
converters are given below for easy reference.
1) Buck

(23)
(26)
B. DC Analysis

(27)

The dc operating point of the boost converter with a constant
can be determined by letting the right-hand
duty ratio
sides of differential equations (22) and (23) equal to zero and
solving the two resulting algebraic equations for and . Let
the scalar value of be the intended output–input voltage ratio.
The results can be expressed as

2) Boost
(28)
(29)
3) Buck-Boost
(30)
(31)

It can be verified that this represents the same dc operating point
as that predicted by the conventional reduced-order model [3],
[4] as well as by the previous full-order model [5], [6].
C. Small-Signal Linear Model
Using standard linearization techniques, a small-signal model
can be derived from (22) and (23) as follows:
(24)
where

The discussion so far has focused on DCM operation
involving the inductor. The proposed modeling procedure is
also applicable to DCM operation involving the capacitor or
multiple inductors [5] which would occur in high-order topologies such as Cuk, Sepic, and Zeta. As an example, consider the
Cuk converter depicted in Fig. 2. Three different discontinuous
conduction modes can occur in this converter:
is discontinuous (during the off period of the
1)
switch);
and
are discontinuous;
2) both
is discontinuous (in which case the switch and the
3)
diode are on simultaneously).
The proposed modeling procedure is directly applicable to case
1) and 2), although the derivation in case 2) is more tedious. The
is
third case would occur when the internal transfer capacitor
small. A full-order averaged model can be derived for it by using
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TABLE II
COMPARISON OF POLE AND ZERO LOCATIONS FOR THE BOOST CONVERTER

Fig. 2. Cuk converter topology.

TABLE III
NEW POLE AND ZERO LOCATIONS FOR BUCK AND BUCK-BOOST CONVERTERS

Fig. 3. Boost converter with resistive load.

the proposed modeling procedure and the following duty-ratio
:
constraint
(32)
Note the duality between (32) and (20). Detailed analysis of
DCM in high-order topologies will be addressed in future work.
IV. MODEL COMPARISON AND VERIFICATION
A. Model Comparison
In this section, the new full-order averaged models are compared with the reduced-order models and the full-order averaged
models presented in [5] and [6]. For the boost converter, the
full-order averaged model derived using the method presented
in [5] and [6] is
(33)
(34)
The comparison is made at the small-signal level. Table II
summarizes the poles and the zero in the control-to-output
transfer function of the boost converter predicted by the three different models (15), (33), (34), and (22), (23). The reduced-order
model does not include the second pole or the right- half-plane
(RHP) zero. There is also a significant difference between the
second poles and the RHP zeros predicted by the new model
and the previous full-order model. Table III shows the poles and
zeros of the control-to-output transfer function for buck and
buck-boost converters predicted by the new model.

the inductor and the capacitor are taken into account in the simulation in order to match the experimental set-up. Fig. 4 shows
the simulated small-signal control-to-output
response in the frequency domain. For comparison, the corresponding responses predicted by the new and the two previous
models are also shown. As the figure shows, the new averaged
model gives the most accurate response compared to detailed
simulation. The response is almost identical to that of the detailed
switching model in the frequency range up to one third of the
switching frequency. The improvement of the new model over
previous models is significant, especially in the phase response.
Simulated frequency responses above one third of the
switching frequency are not included in Fig. 4. This is because
the converter response is dependent on the phase of the disturbance, and this sensitivity cannot be picked up with any
average-based LTI model. The phase dependency becomes especially significant above about 1/3 of the switching frequency.
at half the switching
For example, a sine disturbance in
frequency produces a same-frequency output component that
lags the disturbance by 141.5 and has a magnitude of 0.568 V
dB). A cosine disturbance at the same
(corresponding to
and magnitude of
frequency produces a phase angle of
dB .
34.7 mV
Measured control-to-output frequency response of the conis compared in Fig. 5 with predictions of
verter at
the new full-order averaged model. The losses of the converter
were addressed in the model by a 0.4 resistor in series with the
inductor, which accounts for the reduction of the dc gain compared to the simulation results. As the figure shows, the new
model predicts almost exactly the same response as the experiments up to one third of the switching frequency, at which point
the disturbance phase effect begins to be significant.

B. Model Verification
To verify the accuracy of the new model against previous
models, a boost converter with the following parameters was
H,
F,
kHz
s,
designed:
V, and
. The converter was first simulated with
a detailed switching model using SABER [12]. ESR’s of both

V. DELAY EFFECT AND DUTY-RATIO CONSTRAINTS
The numerical and experimental results in the previous section clearly showed the improved accuracy of the new model
over previous models. The results, however, do not explain why
the new models are more accurate. More analytical results are
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Fig. 4. Control-to-output frequency responses of the DCM boost converter
predicted by (a) model (15), (b) model (33) and (34), and (c) the new model
(22), (23). The dots represent switching model simulation results obtained using
SABER.

provided in this section to further explain the differences and relationships among the various models as we strive to understand
the dynamic behavior of DCM operation in general.
First, we want to point out that averaged modeling of PWM
converters in DCM involves two steps at which approximations
are introduced: the determination of the dependent duty ratio ,
and the averaging process. This is in contrast to the CCM case,
in which only averaging is involved. It is possible to quantify the
error introduced by averaging. In the CCM case, it is generally
believed that averaging does not introduce significant error as
long as the switching frequency is sufficiently higher than the
natural frequency of the converter, and the averaged model can
be expected to be accurate up to one third of the switching frequency. The degree of error can be analyzed more explicitly [7],
and the perception is generally true. In the DCM case, we would
expect similar accuracy of the averaged model if we could find
an “exact” expression for . In other words, the unusually large
discrepancies (compared to CCM case) exhibited by previous
DCM models can largely be attributed to the use of inaccurate
constraints that define .
Second, we note that all models compared in the last section
predict the same dc as well as low-frequency responses. The differences and discrepancies exist only at high frequencies. Since
the inductor current in DCM resets to zero (or a constant) in
every switching cycle, the energy flow in the inductor is independent from cycle to cycle, i.e., the inductor does not carry any
information from cycle to cycle. From this standpoint, one could
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Fig. 5. Measured control-to-output frequency responses of the DCM boost
converter in comparison with predictions by the new averaged model. Dashed
lines (a) measurements; solid lines and (b) model predictions.

argue that the inductor current no longer acts as a state variable.
However, within each switching cycle, the inductor current is
still a dynamic variable and does contribute to the fast dynamics
of the converter. Previous models failed to accurately capture
these fast dynamics, hence are unable to predict converter responses at high frequencies.
A. The Fast Dynamics
To understand the origin of the fast dynamics associated
with the inductor current, we assume that input and output
voltages are kept constant. Under this assumption, the inductor
and
current has a constant slope in both subintervals
. The steady-state waveform of the current
is shown in Fig. 6(a), while and illustrate the duty ratios
of the two subintervals. Now consider that a small-signal
disturbance, , is added to , as shown in Fig. 6(d). As the
result, the inductor current will also be perturbed, as shown in
Fig. 6(a) by the dashed line. The current perturbation, , starts
, reaches the peak at
,
from zero at
, as illustrated by
and resets to zero at
Fig. 6(g). Based on the waveform, the shift, , of the trailing
edge of the second subinterval, and the peak of the perturbation
can be calculated as follows:

(35)
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B. Delay Effect
As Fig. 6(e) shows, the effect of the perturbation is to delay
by
and extend its trailing edge by
the leading edge of
. Therefore, the total change in as a result of is
(40)
However, this expression does not take into account the seis
quence of changes: As can be seen from Fig. 6(e), as
by ,
drops immediately by the same
increased at
. Taking
amount, and then increases by after a delay time
shall be written as
this delay into account,
, where
is a unit step function, and its
Laplace transform

(41)
This relation can also be approximated as follows by using the
Pade expansion
Fig. 6. Small-signal dynamics of inductor current.

(42)
(36)
and
are the voltages across the inductor when the switch
or the diode conducts the current, respectively. Their reference
directions are taken such that both are positive.
Based on (35) and (36) as well as the waveform in Fig. 6(g),
can now be determined as follows
the Laplace transform of
[11]:

We demonstrate now that the fast dynamics associated with
the inductor current can also be determined by using (41) in
combination with the averaged model of the inductor. For this
purpose, note that the averaged model of the inductor can be
written as
(43)
and
,
Under the assumption of constant
this model can be transformed into the frequency domain as
(44)

(37)
Therefore, the transfer function from a perturbation in
is
corresponding perturbation in

to the

with (41), becomes the
which, upon substitution of
same as (38). In contrast, substituting (40) into (43) yields
, which corresponds to the conventional reduced-order model and does not correctly predict the dynamics
of .
C. Duty-Ratio Constraints

(38)
which, upon Pade approximation [13] of the exponential function, can be expanded as

(39)
It can be concluded from (39) that the effect of the fast dynamics
associated with the inductor current in DCM is to introduce
. It can be verified
a high-frequency pole at
that this is the same high-frequency pole predicted by the new
full-order model for the three basic converter topologies.

Now we turn back to our original question of why the new
duty-ratio constraint (20) would result in more accurate models.
From the above discussion, we conclude that the correct constraint should allow the delay effect to be incorporated. Note that
the small-signal relations (41) and (42) do not provide a largesignal constraint on . But the large-signal constraint should
simplify to (41) or (42) upon linearization (under the assumption of constant input and output voltages).
The new model as well as the models presented in [3] and
[5] have been reexamined by comparing the corresponding
duty-ratio constraint against (42). The analysis was done by
assuming constant input and output voltages and calculating
and
. It was
both transfer functions
found (and can be readily verified) that the new model gives
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exactly the same transfer functions as (39) and (42) under this
condition. The constraint used in deriving the reduced-order
which effectively eliminates the fast
model is
dynamics, as can be seen from the last subsection. For the
averaged switch model presented in [6], the transfer function
under constant terminal voltage condition is
found to be

This is again different from (42) which explains why the resulting model predicts inaccurate high-frequency poles. In addition, another constraint used in [14], which is also based on
from the second subinterval, i.e.,
(5) but calculates

Fig. 7. (a) Three-terminal PWM switch cell and (b) its average model for DCM
operation.

(45)
was also analyzed, and the following transfer functions were
obtained:

They again differ from (39) and (42). Therefore, we can expect
the model presented in [14] also to predict inaccurate response
at high frequencies [15].
In summary, PWM converters operating in DCM exhibit fast
dynamics due to the transient behavior of the inductor current
is the key
within a switching cycle. The constraint defining
to accurate prediction of these fast dynamics with averaged
models. The constraint (20) proposed in this paper results
in accurate averaged models because it correctly captures
the fast dynamics associated with the inductor current. All
averaged models have limited utility above about one third of
the switching frequency, since the response above that value
depends on the specific timing of the disturbance and is not
captured with a conventional frequency-domain model.
VI. AVERAGED SWITCH MODEL
There are instances where it is desirable to represent the
averaged model by an equivalent circuit so that it can be implemented in a simulation program or embedded in a larger system.
For example, large-signal stability analysis of a distributed
power system usually relies on averaged model simulation of
the system. To serve those applications, the averaged circuit
counterpart of the new full-order averaged model is developed
in this section.
The idea of averaged circuit modeling is to identify a switch
cell that is common in different topologies and to develop an
equivalent circuit that, when inserted in place of the original
switch cell, results in an electrical circuit that has the same average behavior as the converter. The switch cell identified here

Fig. 8.

Terminal current waveform of the switch cell defined in Fig. 7.

includes the switch, the diode, and the inductor, as shown in
Fig. 7(a). It is suitable for converters with current-based discontinuous modes. Fig. 8 shows the waveform of the currents at the
three terminals of this cell when the inductor current is in DCM.
The following relations can be found between the instantaneous
values of the terminal voltages and currents over a switching
cycle:
(46)

(47)
From these the following equations relating average terminal
voltages and currents can be deduced:
(48)
These relations can be represented by the circuit shown in
Fig. 7(b). The model is completed by the duty-ratio constraint
(20) which is rewritten using variables defined for the switch
cell
(49)
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model the small-signal response, and the high-frequency pole is
shown to correspond to this delay. The delay effect is correctly
captured by the new duty-ratio constraint. In contrast, previous
models are not able to predict the high-frequency pole because
the duty-ratio constraints used there do not capture the delay
effect.
For applications such as large-signal stability analysis of distributed power systems, an averaged switch model that corresponds to the new full-order averaged models is presented. The
switch cell includes the switch, the diode, and the discontinuous-mode inductor, and is common to different PWM converter topologies. The corresponding averaged switch model is
obtained by replacing the switch and diode with a controlled
current and voltage source, respectively. The duty-ratio constraints used in defining these controlled sources are the same
as those used in the analytical models.
Fig. 9. (a) PWM boost converter and (b) its averaged circuit model for DCM.

The combination of (48) and (49) addresses averaging fundamentally as in (5) and (6). We use again the boost converter as
example to demonstrate the use of this averaged switch model.
Point-by-point substitution of the switch cell, as enclosed in the
dashed line in Fig. 9(a), with the averaged switch model shown
in Fig. 7(b) yields the averaged circuit model of Fig. 9(b). It is
straightforward to verify that the state-space model of the averaged circuit is the same as (22) and (23).
VII. CONCLUSION
Various aspects of averaged modeling of PWM converters in
discontinuous conduction mode have been studied in this paper.
The proposed modeling procedure consists of
1) averaging;
2) inductor current or capacitor voltage representation;
3) an algebraic duty-ratio constraint.
Among these, the duty-ratio constraint has received the least attention in previous work but is found to be the key to accurate
prediction of high-frequency behavior. The proposed procedure
is streamlined and provides a general framework in which different models can be compared.
A new duty-ratio constraint is proposed, based on formal averaging, which leads to new full-order averaged models that
are different from previous ones. Numerical simulation and experimental measurement of a boost converter confirm that the
new model correctly predicts the small-signal response up to
the maximum frequency that can be addressed with a linear
time-invariant frequency domain model, while previous models
are only good under about one tenth of the switching frequency.
Small-signal models (poles and zeros) predicted by the new procedure are tabulated for basic converter topologies for easy reference.
To fully understand DCM dynamics and the differences
among various models, efforts have been made to identify
the origin of the high-frequency pole which distinguishes the
different models. As the result, a time delay is useful to properly
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