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Abstra t
The problem of do ument repla ement in web a hes has re eived mu h attention
in re ent resear h, and it has been shown that the evi tion rule \repla e the least
re ently used do ument" performs poorly in web a hes. Instead, it has been shown
that using a ombination of several riteria, su h as the re entness and frequen y of
use, the size, and the ost of fet hing a do ument, leads to a sizeable improvement in
hit rate and laten y redu tion. However, in order to implement these novel s hemes,
one needs to maintain ompli ated data stru tures. We propose randomized algorithms for approximating any existing web- a he repla ement s heme and thereby
avoid the need for any data stru tures.
At do ument-repla ement times, the randomized algorithm samples N do uments from the a he and repla es the least useful do ument from the sample, where
usefulness is determined a ording to the riteria mentioned above. The next M < N
least useful do uments are retained for the su eeding iteration. When the next repla ement is to be performed, the algorithm obtains N M new samples from the
a he, and repla es the least useful do ument from the N M new samples and the
M previously retained. Using theory and simulations, we analyze the algorithm and
nd that it mat hes the performan e of existing do ument repla ement s hemes for
values of N and M as low as 8 and 2 respe tively. Interestingly, we nd that retaining a small number of samples from one iteration to the next leads to an exponential
improvement in performan e as ompared to retaining no samples at all.

 This resear h is supported in part by a Stanford Graduate Fellowship, a Terman Fellowship, and an

Alfred P. Sloan Foundation Fellowship. A preliminary version of this paper appears in the pro eedings
of INFOCOM '01 [12℄.
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1

Introdu tion

The enormous popularity of the World Wide Web in re ent years has aused a tremendous
in rease in network traÆ due to HTTP requests. Sin e the majority of web do uments
are stati , a hing them at various network points provides a natural way of redu ing
traÆ . At the same time, a hing redu es download laten y and the load on web servers.
A key omponent of a a he is its repla ement poli y, whi h is a de ision rule for evi ting
a page urrently in the a he to make room for a new page. A parti ularly popular rule for
page repla ement repla es the least re ently used (LRU) page. This is due to a number
of reasons: As an online algorithm it is known to have the best ompetitive ratio1 , it
only requires a linked list to be eÆ iently implemented as opposed to more ompli ated
data stru tures required for other s hemes, and takes advantage of temporal orrelations
in the request sequen e.
Suppose that we asso iate with any repla ement s heme a utility fun tion, whi h sorts
pages a ording to their suitability for evi tion. For example, the utility fun tion for
LRU assigns to ea h page a value whi h is the time sin e the page's last use. The
repla ement s heme would then repla e that page whi h is most suitable for evi tion.
Whereas for pro essor a hes LRU and its variants have worked very well [16℄, it has
re ently been found [4℄ that LRU is not suitable for web a hes. This is be ause some
important di eren es distinguish a web a he from a pro essor a he: (i) The size of
web do uments are not the same, (ii) the ost of fet hing di erent do uments varies
signi antly, and (iii) sort term temporal orrelations in web request sequen es are not
as strong. Thus, a utility fun tion that takes into a ount not only the re en y of use of a
web do ument, but also its size, ost of fet hing, and frequen y of use an be expe ted to
perform signi antly better. Re ent work proposes many new a he repla ement s hemes
that exploit this point (e.g. LRU-Threshold[1℄, GD-Size[4℄, GD*[7℄, LRV[13℄, SIZE[18℄,
Hybrid[19℄).
However, the data stru tures that are needed for implementing these new utility fun tions
turn out to be ompli ated. Most of them require a priority queue in order to redu e the
time to nd a repla ement from O(K ) to O(log K ), where K is the number of do uments
in the a he. Further, these data stru tures need to be onstantly updated (i.e., even when
there is no evi tion), although they are solely used for evi tion.
This prompts us to onsider randomized algorithms whi h do not need any data stru tures to support the evi tion de isions. For example, the parti ularly simple Random
Repla ement (RR) algorithm evi ts a do ument drawn at random from the a he [9℄.
However, as might be expe ted, the RR algorithm does not perform very well.
1 That is, there is no other deterministi online algorithm with a smaller ompetitive ratio [9℄.
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We propose to ombine the bene ts of both the utility fun tion based s hemes and the
RR s heme. Thus, onsider a s heme whi h draws N do uments from the a he and
evi ts the least useful do ument in the sample, where the \usefulness" of a do ument is
determined by the utility fun tion. Although this basi s heme performs better than RR
for small values of N , we nd a big improvement in performan e by re ning it as follows:
After repla ing the least useful of N samples, the identity of the next M < N least useful
do uments is retained in memory. At the next evi tion time, N M new samples are
drawn from the a he and the least useful of these N M and M previously retained is
evi ted, the identity of the M least useful of the remaining is stored in memory, and so
on.
Intuitively, the performan e of an algorithm that works on a few randomly hosen samples depends on the quality of the samples. Therefore, by deliberately tilting the distribution of the samples towards the good side, whi h is pre isely what the re nement
a hieves, one expe ts an improvement in performan e. Rather surprisingly, we nd that
the performan e improvement an be exponential for small values of M (e.g. 1, 2 or
3). As the value of M in reases one expe ts a degradation in performan e be ause bad
samples are being retained and not enough new samples are being hosen. This suggests
there is an optimal value of M . We analyti ally demonstrate the above observations and
obtain an approximate formula for the optimal value of M as a fun tion of N .
The rest of the paper is organized to re e t the three main parts of the paper: (i) a
des ription of the proposed randomized algorithm for do ument repla ement (Se tion
2), (ii) an analysis of its general features (Se tions 3 and 4), and (iii) a simulation omparison, using web tra es, of its performan e relative to the deterministi algorithms it
approximates (Se tion 5). Finally, Se tion 6 dis usses implementation issues and further
motivates the use of the randomized algorithm in pra ti e, and Se tion 7 on ludes the
paper.
We on lude the introdu tion with a few remarks about the theoreti al ontributions of
the paper. A preliminary version of the paper, presented at INFOCOM '01 [12℄, ontains
many of the algorithmi ideas and theoreti al statements presented here. The present
paper ontains the omplete details of the analyti al steps (e.g. omplete proofs of theoreti al statements). The main algorithmi ontribution of the paper is the demonstration
that arrying information between iterations will greatly improve the performan e of iterative randomized algorithms. While this has been applied to web- a he repla ement
poli ies in this paper, it is equally appli able to other iterative randomized algorithms of
interest in networking (e.g. load balan ing [15℄, swit h s heduling [17℄, [14℄). Thus, the
theoreti al methods used here may have wider appli ability. In parti ular, the oupling
method used to establish that there is a right amount of information to arry between
iterations (see Se tion 3.1 and the Appendix), and then approximately determining this
right amount of information using an exponential martingale argument (Se tion 4) seem
to be of interest in their own right. Finally, other additions to [12℄ are more extensive
3

simulations using weekly NLANR tra es [21℄, and a se tion devoted to implementation
issues and to the pra ti al motivation for this work.

2

The Algorithm

The rst time a do ument is to be evi ted, N samples are drawn at random from the
a he and the least useful of these is evi ted. Then, the next M < N least useful
do uments are retained for the next iteration. And when the next repla ement is to be
performed, the algorithm obtains N M new samples from the a he, and repla es the
least useful do ument from the N M new samples and the M previously retained.
This pro edure is repeated whenever a do ument needs to be evi ted. In pseudo- ode
the algorithm is shown in Figure 1.
if (evi tion) {
if (first_iteration) {
sample(N);
evi t_least_useful;
keep_least_useful(M);
} else {
sample(N-M);
evi t_least_useful;
keep_least_useful(M);
}
}

Figure 1: The randomized algorithm.
An error is said to have o urred if the evi ted do ument does not belong to the least
useful nth per entile of all the do uments in the a he, for some desirable values of n.
Thus, the goal of the algorithm we onsider is to minimize the probability of error. We
shall say that a do ument is useless if it belongs to the least useful nth per entile2.
It is interesting to ondu t a qui k analysis of the algorithm des ribed above in the ase
where M = 0 so as to have a ben hmark for omparison. A ordingly, suppose that all
the do uments are divided into 100=n bins a ording to usefulness and N do uments
are sampled uniformly and independently from the a he. Then the probability of error equals (1 n=100)N ,3 whi h approximately equals e nN=100 . By in reasing N this

2 Note that samples that are good evi tion andidates will be alled \useless" samples sin e they are
useless for the a he.
3 Although the algorithm samples without repla ement, the values of N are so small ompared to the
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probability an be made to approa h 0 exponentially fast. (For example, when n = 8
and N = 30, the probability of error is approximately 0.08. By in reasing N to 60, the
probability of error an be made as low as 0.0067.)
But it is possible to do mu h better without doubling N ! That is, even with N = 30, by
hoosing M = 9, the probability of error an be brought down to 2:4  10 6 . In the next
few se tions we obtain models to further understand the e e t of M on performan e.
We end this se tion with the following remark. Whereas it is possible for a do ument
whose id is retained in memory to be a essed between iterations, making it a \re ently
used do ument", we nd that in pra ti e the odds of this happening are negligibly small4.
Hen e, in all our analysis, we shall assume that do uments whi h are retained in memory
are not a essed between iterations.

3

The Model and Preliminary Analysis

In this se tion we derive and solve a model that des ribes the behavior of the algorithm
pre isely. We are interested in omputing the probability of error, whi h is the probability
that none of the N do uments in the sample is useless for the a he, for any given N
and n and for all M (0  M < N ).
We pro eed by introdu ing some helpful notation. Of the M samples retained at the
end of the (m 1)th iteration, let Ym 1 (0  Ym 1  M ) be the number of useless
do uments. At the beginning of the mth iteration, the algorithm hooses N M fresh
samples. Let Am , 0  Am  N M be the number of useless do uments oming from
the N M fresh samples. In the mth iteration, the algorithm repla es one do ument out
of the total Ym 1 + Am available (so long as Ym 1 + Am > 0) and retains M do uments
for the next iteration. Note that it is possible for the algorithm to dis ard some useless
do uments be ause of the memory limit of M that we have imposed.
De ne Xm = min(M +1; Ym 1 + Am ) to be pre isely the number of useless do uments in
the sample just prior to the mth do ument repla ement, that the algorithm would ever
repla e at evi tion times. If Xm = 0, then the algorithm ommits an error at the mth
evi tion. It is easy to see that Xm is a Markov hain and satis es the re ursion
Xm

= min(M + 1; Xm

1

1(Xm 1 >0) + Am );

and that Am is binomially distributed with parameters N M and n=100. For a xed
N and n, let pk (M ) = P (Am = k ), k = 0; : : : ; N
M , denote the probability that k
useless do uments for the a he, and thus good evi tion andidates, are a quired during
overall size of the a he that (1 n=100)N almost exa tly equals the probability of error.
4 Tra e driven simulations in Se tion 5 support our observation.
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Figure 2: Sequen e of events per iteration. Note that evi tion takes pla e prior to
resampling.
a sampling. When it is lear from the ontext we will abbreviate pk (M ) to pk . Figure 2
is a s hemati of the above Markov hain.
Let TM denote the transition matrix of the hain Xm for a given value of M . The form of
the matrix depends on whether M is smaller or larger than N=2. Sin e we are interested
in small values of M , we shall suppose that M  N=2 5 . It is immediate that TM is
irredu ible and has the general form

0
B
B
B
B
TM = B
B
B
B


p0
p0

0
0
..
.
0

p1
p1
p0

0

p2
p2
p1
p0

:::
pM
:::
pM
: : : pM 1
: : : pM 2

0

0 :::

...

1
1
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..
.
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C
C
C
C
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As may be inferred from the transition matrix, the Markov hain models a system
with one deterministi server, binomial arrivals, and a nite queue size equal to M (the
system's overall size is M +1). An interesting feature of the system is that as M in reases,
the average arrival rate, E (Am ) = (N M )n=100, de reases linearly and the maximum
queue size in reases linearly.
Let  = (0 ; : : : ; M +1 ) denote the stationary distribution of the hain Xm . Clearly 0
is the probability of error as de ned above. Let A = (aij ) be an (M + 2)  (M + 2)
matrix, with aij = 1 for all i; j . Let a = (ai ) be a 1  (M + 2) matrix with ai = 1 for all
i. Sin e TM is irredu ible, I TM + A is invertible [10℄ and


= a  (I

TM

+ A) 1 :

(1)

Figure 3 shows a olle tion of plots of 0 versus M for di erent values of N and n. The
minimum value of 0 is written on top of ea h gure. We note that given N and n there
5 Figure 3 suggests that the M at whi h the probability of error is minimized is less than N=2.
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Figure 3: Probability of error (0 =probability not a useless do ument for the a he is
repla ed) versus number of do uments retained (M ).
are values of M > 0 for whi h the error probability is very small ompared to its value
at M = 0. We also observe that there is no need for N to be a lot bigger than the
number of bins 100=n for the probability of error to be as lose to zero as desired, sin e
even for N = 2  100=n the minimum probability of error is extremely small. Finally, we
noti e that for small values of M there is a huge redu tion in the error probability and
that the minimum is a hieved for a small M . As M in reases further the performan e
deteriorates linearly.
The exponential improvement for small M an be intuitively explained as follows. For
on reteness, suppose that M = 1 and that the Markov hain Xm has been running
from time 1 onwards (hen e it is in equilibrium at any time m  0). The relationship
fXm = 0g  fAm = 0; Am 1  1g immediately gives that P (Xm = 0)  P (Am =
0)[P (Am 1 = 0) + P (Am 1 = 1)℄. Supposing that N  2  100=n, P (Am = 0)  e 3
and P (Am = 1)  3e 3 . Therefore P (Xm = 0)  4e 6 . Compare this number with
the ase M = 0, where P (Xm = 0) = P (Am = 0)  e 3 , and the laimed exponential
improvement is apparent.
The linear in rease of 0 for large M , evident from Figure 3, an be seen from the
following argument. As M in reases, the average arrival rate de reases and the queue
size in reases. Thus, for large M , the queue virtually never over ows and good evi tion
andidates are not dis arded due to a la k of storage. The problem is that the smaller
arrival rate brings fewer good evi tion andidates, making the linear de rease of the
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arrival rate the dominant phenomenon in performan e degradation. Re all that for a
queue with arrival rate  and servi e rate  when the over ow probability is negligible,
n
the probability that it is empty, 0 , equals 1 =. In our ase 0 = 1 (N M ) 100
,
showing the linear in rease in 0 with M .
3.1

A Closer Look at the Performan e Curves

From the above dis ussion and Figure 3 we may dedu e that the error probability as a
fun tion of M and for given N and n has the following features: As M in reases from
0, the error probability de reases exponentially, attens out, and then in reases linearly.
In parti ular, it appears that error probability is a onvex fun tion of M . The rest of
this se tion shows that this onvexity is a general feature of the algorithm and holds for
arbitrary values of N and n.
To establish onvexity dire tly it would have helped greatly if 0 (M ) ould be expressed
as a fun tion of the elements of TM in losed form. Unfortunately, this is not the ase
and we must use an indire t method, whi h seems interesting in its own right. Our
method onsists of relating 0 (M ) to the quantity D(t; M; (M )), whi h is the number
of over ows in the time interval [0; t℄ from a bu er of size M with average arrival rate
(M ).

4
Let D(M ) = limt!1 D(t; M; (M ))=t.
Theorem 1

The probability of error is

onvex in

M.

Let AM [0; t℄ be the number of arrivals in [0; t℄. Then the probability the system
is full as observed by arrivals, or equivalent the probability of drops, equals

Proof:

Pdrop

= lim
t!1

D (t; M; (M ))
AM [0; t℄

= lim
t!1

t
D (t; M; (M ))
:
M
t
A [0; t℄

Lemma 3 below implies that D(M ) is onvex in M .
Pro eeding, equating e e tive arrival and departure rates we obtain
(M )

 (1

Pdrop (M ))

= (1 Pempty (M ));
or Pempty (M ) = 1 (M )  (1 Pdrop (M ));
or Pempty (M ) = 1 (M ) + D(M ):

(2)

n
Sin e (M ) = (N M ) 100
is linear in M , and D(M ) is onvex in M , Equation (2)
implies Perror (M ) = Pempty (M ) is onvex in M .
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To omplete the proof it remains to show that D(M ) is onvex in M . The proof of the
onvexity of D(M ) is arried out in Lemmas 1, 2, and 3 below. In the following we
abbreviate D(t; M; (M )) to D(t; M ) when the arrival pro ess does not depend on M ,
and to D(t; (M )) when the bu er size is onstant, regardless of the value of M . Lemma
1 shows that D(t; M ) is onvex in M for all t > 0. Lemma 2 shows the onvexity of
limt!1 D(t; (M ))=t. Finally, Lemma 3 shows the onvexity of D(M ).
For now, we only give a sket h of the somewhat ombinatorially involved proofs of these
results. The full proofs an be found in the appendix.
Lemma 1 D(t; M )

is a

onvex fun tion of

M,

for ea h

t > 0.

To prove onvexity it suÆ es to show that the se ond order derivative
of the number of drops is non-negative; i.e., that (D(t; M 1) D(t; M )) (D(t; M )
D (t; M + 1))  0. This an be done by omparing the number of drops D (t; M
1), D(t; M ), and D(t; M + 1) from systems with bu er sizes M 1, M , and M + 1
respe tively, under identi al arrival pro esses.
Sket h of proof:

Essentially, the omparison entails onsidering four situations for bu er o upan ies in
the three systems, as illustrated in Figure 17 in the appendix.

4
Let D((M )) = limt!1 D(t; (M ))=t.
Lemma 2 D((M ))

is a

onvex fun tion of

M

when

(M )

= (N

n
M ) 100
.

We need to show D((M 1)) 2D((M )) + D((M + 1))  0 by
onsidering three systems with same bu er sizes and binomially distributed arrival proesses with average rates (M 1), (M ) and (M + 1). Thus, there will be ommon
arrivals and ex lusive arrivals as ategorized below:

Sket h of proof:

(a) An arrival o urs at all three systems.
(b) An arrival o urs only at the system with bu er size M
( ) An arrival o urs at the two systems with bu er sizes M
no arrival at the system with bu er size M + 1.

1.
1 and M and there is

Due to the arrival rates being as in the hypothesis of the lemma, ategory (b) and ( )
arrivals are identi ally distributed. Using this and ombinatorial arguments one an then
show that D((M )) is onvex.
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M
n=10 n=20

8
10
12

n=10

min(0 )
n=20

0.3643

0.0593

1

0.2450

0.0110

1

3

0.1378

0.0011

2

4

20

n=5

n=10

n=5

n=10

0.1946

0.0013

2

5

30

n=4

n=8

0.0732

4

9

40

n=3

n=6

n=9

0.0558

5

12

16

50
60
70
80

n=2

n=4

n=6

0.1354

4

13

18

-

7

19

-

-

-

11

-

-

-

-

16

-

-

N

n=4

n=8

2:4454

n=3

n=6

8:0595

n=2

n=4

1:8678

8:3933

0.0350
0.0025
3:1553

5

6
8
6
11

n=9

4:6629

n=6

9:5368

15
14

2

Table 1: Optimum values of 0 and M for various N and n
Lemma 3 D(M )

is a

onvex fun tion of

M

when

(M )

= (N

n
.
M ) 100

We onsider three systems of bu er sizes M 1, M and M + 1, whose
arrival pro esses are Binomially distributed with rates (M 1), (M ) and (M + 1).
This is a ombination of Lemma 1 and 2.

Sket h of proof:

4

On the Optimal Value of

M

The obje tive of this se tion is to derive an approximate losed form expression for the
optimal value of M for a given N and n. This expression (Equation (6)) is simple and,
as Table 2 shows, it is quite a urate over a large range of values of N and n.
Let M  = arg minf0 (M )g be the optimal value of M . As remarked earlier, even though
the form of the transition matrix, TM , allows one to write down an expression for 0 (M ),
this expression doesn't allow one to al ulate M  . Thus, we have to numeri ally solve
Equation (1), ompute 0 (M ) for all M  N=2, and read o M  for various values of N
and n, as in Table 1. This table is to be read as follows. Suppose N =30 and n = 4%.
Then minimum value of 0 is 0.0732 and it is a hieved at M  = 4.
Even though there is no exa t losed form solution from whi h one might al ulate
M  , we an derive an approximate lose form solution using elementary martingale
10

theory. Re all that Xm is the number of useless do uments in the sample and that
Xm+1 = ((Xm 1 + Am ) ^ (M + 1)) _ 06 . The boundaries at 0 and M + 1 ompli ate
the analysis of this Markov Chain (MC). The idea is to work with a MC that has no
boundaries and then use the Optional Stopping Time Theorem to take into a ount the
boundaries at 0 and (M + 1).
Sin e we want to operate away from the event fXm = 0g, we assume that the MC will
0
have a positive drift towards the boundary at (M + 1). Let Zm = (M + 1) Xm . Then
0
Zm will have a negative drift towards the boundary at 0.
Let Zm be the orresponding unre e ted MC whi h follows the equation Zm+1 = Zm +
1 Am . Consider the exponential martingale (MG)
Wm

= exp(Zm );

where  will be hosen so that E (Wm+1 jWm ) = Wm . Sin e

j

E (Wm+1 Wm )

= E (exp(Zm+1 )jZm )
= E (exp((Zm + 1 Am ))jZm )
= Wm  exp()  E (exp( Am ));

we obtain that  must satisfy the equation
E (exp( Am ))

= exp( ):

Sin e Am is binomially distributed with parameters N M and p = n=100, E (exp( Am )) =
(p  exp( ) + 1 p)N M . Therefore, we require that  solve the equation
(N

M)

 ln(1

p(1

exp( ))) = :

(3)

Sin e there is no general losed form solution to the above equation, using a Taylor's
approximation for ln(1 x) and exp(x) and keeping terms up to 2 we get:


=

p(1

2



p)

p

(N

1



M)

:

(4)

Let T = minfm > 0 : Zm  0 or Zm = M + 1g. Then T is a bounded stopping time and
we an use the Optional Stopping Time Theorem [6℄ to get
E (W0 )

= E (WT ):

6 The symbols ^ and _ denote the minimum and maximum operations, respe tively.
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Let Z0 = 0. Then W0 = 1 and thus

)
)
)

E (exp(ZT ))

=1

E (exp(ZT )1(ZT =M +1) )

1

exp((M + 1))  P (ZT = M + 1)  1
P (XT = 0)  exp(  (M + 1)):

(5)

From (5), to minimize the probability of error it suÆ es to maximize (M )  (M + 1)
over M . Using Equation (4) and elementary algebra we on lude that the optimal value
is given by
p
(N + 1)100=n:
(6)
Mo = N
Some omments about the approximations we have made in the above derivation are in
order. We have dropped the term E (exp(ZT )1(ZT 0) ) to obtain the bound in inequality
(5). This term is not negligible, in general. However, it is negligible for positive , and
ZT suÆ iently negative7 , whi h holds for reasonably large values of N  n. When the
term is not negligible, the approximation for M o in (6) an di er from the true optimum
by 1 or 2.
In Table 2 we ompare the results for the optimal M obtained by: (i) Equation (6),
denoted by M o , (ii) numeri ally solving Equation (3) for  and then using the bound
in (5), denoted by M + , and (iii) by the MC model, denoted by M  . This table is to
be read as follows: For example, suppose N = 40 and n = 6, the optimal M equals (i)
M o = 13:8, (ii) M + = 12, and (iii) M  = 12. Note that M o and M + are very lose to
M  unless the number of samples is very lose to the number of bins.
So far we derived an approximate losed form expression for M  . Here we omment
on the performan e improvement when a memory of M  is used. We have mentioned
that introdu ing memory leads to an exponential improvement in performan e. A dire t
way of verifying this is to ompare the number of samples needed to a hieve a ertain
performan e with and without memory. In parti ular, x an n and for ea h N > 0,
ompute the minimum probability of error obtainable using the optimal value, M  , of
memory. Then ompute the number of samples needed to a hieve the same probability
of error without memory. Denote by N  and N 0 the number of samples needed to obtain
the same error probability with and without memory, respe tively. Figure 4 plots N 
versus N 0 for four di erent values of n as the error probability varies.
There is no losed form expression for the urves in Figure 4. However, one an obtain
an upper bound on N 0 as follows. One of the events that will lead to an error is when

7 Note that  is positive when the number of samples N M are more than the number of bins 100=n,
and ZT be omes more negative the more and better samples we have.
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Table 2: Comparison of optimum values of M for various N and n, al ulated from MG
approximation (M o , M + ) and from MC (M  ).
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Figure 4: Comparison of number of samples required to a hieve same probability of error
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all the N M fresh samples of all the onse utive M + 1 iterations will be bad samples.
Thus Perror > (1 n=100)(N M )(M +1) or N 0 < (N M )  (M +1). In a di erent ontext,
Shah et al. [15℄ proved that N 0 > (N M M2 )  (M + 1).

5

Tra e Driven Simulations

We present simulations using web tra es to study the performan e of our algorithm under
real traÆ . In parti ular, we approximate deterministi a he repla ement s hemes using
our randomized algorithm, and ompare their performan es. Re all that any a he repla ement algorithm is hara terized by a utility fun tion that determines the suitability
of a page for evi tion. The main issues we wish to understand are:



How good is the performan e of the randomized algorithm a ording to realisti
metri s like hit rate and laten y? It is important to understand this be ause
we have analyzed performan e using the frequen y of evi tion from designated
per entile bins as a metri . This metri has a strong positive orrelation with
realisti metri s but doesn't dire tly determine them.



Our analysis in the previous se tions assumes that do uments retained in memory
are not a essed between iterations. Clearly, in pra ti e, this assumption an only
hold with a high probability at best. We show that this is indeed the ase and
determine the probability that a sample retained in memory is a essed between
iterations.



How long do the best evi tion andidates stay in the a he? If this time is very
long (on average), then the randomized s heme would waste spa e on \dead" items
that an only be removed by a a he ush.

Of the three items listed above, the rst is learly the most important and the other two
are of lesser interest. A ordingly, the bulk of the se tion is devoted to the rst question
and the other two are addressed towards the end.
5.1

Deterministi

Repla ement Algorithms

We shall approximate the following two deterministi algorithms: (i) LRU, and (ii) GDHyb, whi h is a ombination of the GD-Size [4℄ and the Hybrid [19℄ algorithms. LRU
is hosen be ause it is the standard a he repla ement algorithm. GD-Hyb represents
the lass of new algorithms whi h base their do ument repla ement poli y on multiple
riteria (re entness of use, size of do ument, ost of fet hing do uments, and frequen y
of use). We brie y des ribe the details of the deterministi algorithms mentioned above.
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1.

LRU.

The utility fun tion assigns to ea h do ument the most re ent time that the
do ument was a essed.

2.

Hybrid [19℄.

The utility fun tion f assigns evi tion values to do uments a ording
to the formula
W1 W2
)F =S;
f = (L +
B

where L is an estimate of the laten y for onne ting with the orresponding server,
B is an estimate of the bandwidth between the proxy a he and the orresponding
server, F is the number of times the do ument has been requested sin e it entered
the a he (frequen y of use), S is the size of the do ument, and W1 , W2 are
weights8 . Hybrid evi ts the do ument with the smallest value of f .
3.

Whenever there is a request for a do ument, the utility fun tion f
adds the re ipro al of the do ument's size to the urrently minimum evi tion value
among all the do uments in the a he, and assigns the result to the do ument.
Thus, the evi tion value for do ument i is given by

GD-Size [4℄.

= min(fj : j in a he) +

fi

1
Si

;

Note that the quantity min(fj : j in a he) is in reasing in time and it is used to
take into a ount the re entness of a do ument. Indeed, sin e whenever a do ument
is a essed its evi tion value is in reased by the urrently minimum evi tion value,
the most re ently used do uments tent to have larger evi tion values. GD-Size
evi ts the do ument with the smallest value of f .
4.

uses the utility fun tion of Hybrid in pla e of the quantity 1=S in the
utility fun tion of GD-Size. Thus, its utility fun tion is as follows:

GD-Hyb

f
f

0

0

= min(f ) + f ; where
= (L +

W1 W2
)F =S:
B

We shall refer to the randomized versions of LRU and GD-Hyb as RLRU and RGD-Hyb
respe tively. Note that the RGD-Hyb algorithm uses the min(f ) among the samples,
and not the global min(f ) among all do uments in the a he.
So far we have des ribed the utility fun tions of some deterministi repla ement algorithms. Next, we omment on the implementation requirements of those s hemes.
LRU an be implemented with a linked list that maintains the order in whi h the a hed
do uments were a essed so far. This is due to the \monotoni ity" property of its utility
8 In the simulations we use the same weights as in [19℄.
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fun tion; whenever a do ument is a essed, it is the most re ently used. Thus, it should
be inserted at the bottom of the list and the least re ently used do ument always resides
at the top of the list. However, most algorithms, in luding those that have the best
performan e, la k the monotoni ity property and they require to sear h all do uments
to nd whi h to evi t. To redu e omputation overhead, they must use a priority queue
to drop the sear h ost to O(logK ), where K is the number of do uments in the a he.
In parti ular, Hybrid, GD-Size, and GD-Hyb must use a priority queue.
The authors in [13℄ propose an algorithm alled LRV (Lowest Relative Value). This
algorithm uses a utility fun tion that is based on statisti al parameters olle ted by
the server. By separating the a hed do uments into di erent queues a ording to the
number of times they are a essed, or their relative size, and by taking into a ount
within a queue only time lo ality, the algorithm maintains the monotoni ity property of
LRU within a queue. LRV evi ts the best among the do uments residing at the head of
these queues. Thus, the s heme an be implemented with a onstant number of linked
lists, and nds an evi tion andidate in onstant time. However, its performan e is
inferior to algorithms like GD-Size [4℄. Also, the ost of maintaining all these linked lists
is still high.
The best a he repla ement algorithm is in essen e the one with the best utility fun tion.
In this paper we don't seek the best utility fun tion. Instead, we propose a low ost, high
performan e, robust algorithm that treats all the di erent utility fun tions in a uni ed
way.
5.2

Web Tra es

The tra es we use are taken from Virginia University, Boston University, and National
Laboratory for Applied Network Resear h (NLANR). In parti ular:



The Virginia [18℄ tra e onsists of every URL request appearing on the Computer
S ien e Department ba kbone of Virginia University with a lient inside the department, naming any server in the world. The tra e was re orded for a 37 day
period in September and O tober 1995. There are no laten y data on that tra e
thus it an not be used to evaluate RGD-Hyb.



The Boston [5℄ tra e onsists of all HTTP requests originating from 32 workstations. It was olle ted in February 1995 and ontains laten y data.



The NLANR [21℄ tra es onsist of two sets, one daily tra e, and a weekly tra e.
The daily tra e was re orded the 23rd of September 2000, while the weekly tra e
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Tra es

total requests

unique requests

one-timers



Virginia

54434

27395

20603

0.59

Boston

104496

34178

22157

0.69

NLANR daily

295295

167862

122966

0.49

NLANR weekly

2876105

1012831

658319

0.72

Table 3: Tra e workload hara teristi s.
was olle ted from the 22nd to the 28th of September 20009 . Both of them ontain
laten y data.
We only simulate requests with a known reply size. Table 3 presents the workload
hara teristi s of the tra es, namely the total number of requests, the number of unique
requests, the number of one-timers, and a popularity-parameter , , resulting from tting
the popularity distribution of the do uments of ea h tra e to a Zipf-like distribution10.
5.3

Results

The performan e riteria used are three:
(i) the hit rate (HR), whi h is the fra tion of lient-requested URLs returned by the
proxy a he,
(ii) the byte hit rate (BHR), whi h is the fra tion of lient requested bytes returned
by the proxy a he, and
(iii) the laten y redu tion (LR), whi h is the redu tion of the waiting time of the user
from the time the request is made till the time the do ument is fet hed to the
terminal (download laten y), over the sum of all download laten ies.
For ea h tra e, HR, BHR, and LR are al ulated for a a he of in nite size, that is a
a he large enough to avoid any evi tions. Then, they are al ulated for a a he of size
0:5%; 5%; 10%, and 20% of the minimum size required to avoid any evi tions. This size
is 500MB, 900MB, 2GB, and 20GB, for Virginia, Boston, daily NLANR, and weekly
NLANR tra e respe tively. Table 4 shows the absolute values of HR, BHR, and LR for
the four tra es, for an in nite size a he. Noti e that the HR of the NLNAR tra es is
lower than the HR of the other tra es, sin e NLANR a hes are se ond-level a hes11 .

9 NLANR tra es onsist of daily and weekly tra es of many sites; the one we used is the PA site.
10 Let pi be the probability of requesting the ith most popular do ument of a tra e. In pra ti e, fpi g
is known to be Zipf-like [2℄; i.e., pi / 1=i , where  is the popularity-parameter of the tra e.
11 First-level a hes exploit most of the temporal lo ality in web-request sequen es.
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Tra es
Virginia
Boston
NLANR daily
NLANR weekly

HR
42.40%
54.38%
24.74%
31.13%

BHR
RL
32.57%
36.05% 33.72%
16.00% 13.91%
17.50% 23.28%

Table 4: Absolute values of HR, BHR, and LR for the four tra es, for an in nite size
a he.
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Figure 5: Hit rate omparison between LRU and RLRU.
All the tra es give similar results. Below, we show the performan e of RLRU using the
Virginia tra e, then present simulation results using the Boston tra e and examine the
performan e RGD-Hyb, and nally evaluate both RLRU and RGD-Hyb using the longer
and newer NLANR tra es.
We examine how well the randomized algorithm an approximate LRU, using the Virginia
tra e. Figure 5 presents the ratio of the HR of LRU, RLRU, and RR over the HR a hieved
by an in nite a he, using the Virginia tra e. As expe ted, the more the samples the
better the approximation of LRU by RLRU. Note that N = 8 and M = 2 are enough
to make RLRU perform almost as good as LRU, and even N = 3, M = 1 give good
results. Figure 6 presents the ratio of the BHR of LRU, RLRU, and RR, over the BHR
a hieved by an in nite a he. Note again that N = 8 and M = 2 are enough to make
RLRU perform almost as good as LRU.
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Figure 6: Byte Hit rate omparison between LRU and RLRU.
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Figure 7: Hit rate omparison between GD-Hyb and RGD-Hyb.
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Boston Trace
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Figure 8: Laten y redu tion omparison between GD-Hyb and RGD-Hyb.
Next, we examine how well the randomized algorithm an approximate GD-Hyb. We
present results from the Boston tra e. Figure 7 presents the ratio of the HR of GD-Hyb,
RGD-Hyb, and RR, over the HR a hieved by an in nite a he. As expe ted, the more
the samples the better the approximation of GD-Hyb by RGD-Hyb. The performan e
urve of RGD-Hyb for N=8 and M=2 is very lose to the performan e urve of GD-Hyb.
For N=30 and M=5 the urves almost oin ide. Note that the Boston tra e has low
orrelation among the requests and as a result RR performs relatively well.
Figure 8 presents the ratio of LR a hieved by GD-Hyb, RGD-Hyb, and RR, over the LR
a hieved by an in nite a he. It is again the ase that values of N and M as low as 8
and 2 respe tively are enough for RGD-Hyb to perform very lose to GD-Hyb.
The tra es we used so far are taken from universities, and they are relatively small and
old. Next, we present the results from the daily NLANR tra e. Our goal is twofold: to
evaluate the randomized algorithm under more re ent and larger tra es, and examine
the performan e of RLRU and RGD-Hyb in the same tra e.
Figure 9 and 10 present the ratio of HR of various s hemes over the HR a hieved by
an in nite a he. The former gure ompares LRU to RLRU, and the later GD-Hyb
to RGD-Hyb. In Figure 9 RLRU nearly mat hes LRU for N and M as small as 8
and 2 respe tively. In Figure 10 RGD-Hyb requires 30 samples and a memory of 5 to
approximate very lose GD-Hyb, but its performan e is superior to LRU. Indeed GDHyb a hieves around 100% of the in nite a he performan e while LRU a hieves below
90%. Note that this tra e has a lot more orrelation on its requests than the Boston
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Figure 9: Hit rate omparison between LRU and RLRU.
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Figure 10: Hit rate omparison between GD-Hyb and RGD-Hyb.
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Figure 11: Laten y redu tion omparison between LRU and RLRU.
tra e sin e RR's performan e is 15% worse than GD-Hyb's.
Figure 11 and 12 present the ratio of RL of various s hemes over the RL a hieved by
an in nite a he. The former gure ompares LRU to RLRU, and the later GD-Hyb
to RGD-Hyb. In Figure 11 RLRU nearly mat hes LRU for N and M as small as 3
and 1 respe tively. In Figure 12 RGD-Hyb performs slightly better than GD-Hyb. This
somewhat unexpe ted result is aused be ause GD-Hyb makes some suboptimal evi tion
de isions on that parti ular tra e that ould be removed by ne-tuning the two terms in
its utility fun tion12. Despite that fa t, GD-Hyb performs better than LRU in respe t
to RL, sin e LRU does not take into a ount any laten y information.
The last tra e from whi h we present results is the weekly NLANR tra e. This tra e
onsists of roughly 3 million requests and thus approximates reality better. Ca he size
is now an issue. In parti ular, 20% of the maximum size required to avoid any evi tions
orresponds to 4GB.
Figure 13 and 14 present the ratio of HR of various s hemes over the HR a hieved by
an in nite a he. The former gure ompares LRU to RLRU, and the later GD-Hyb
to RGD-Hyb. Sin e these gures are similar to Figure 9 and 10, the performan e of
the randomized algorithm appears to be una e ted by the tra e size. Note that the

12 Sin e all the deterministi a he repla ement s hemes rely on heuristi s to predi t future requests,
their evi tion de ision may be suboptimal. Thus, randomized approximations of these algorithms may
o asionally perform better.

22

Daily NLANR Trace
100
95

% relative reduced latency

90
85
80
75
70

non−random(GD−Hyb)=solid
random(N=30,M=5)=cross
random(N=8,M=2)=circle
random(N=3,M=1)=diamond
random(RR)=square

65
60
55
50
0

2

4

6

8

10

12

14

16

18

20

% relative cache size

Figure 12: Laten y redu tion omparison between GD-Hyb and RGD-Hyb.
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Figure 13: Hit rate omparison between LRU and RLRU.
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Figure 14: Hit rate omparison between GD-Hyb and RGD-Hyb.
di eren e in the performan e of LRU and GD-Hyb is not signi ant for a relative a he
size of 20%, but for smaller a he sizes like 10% and 5% it is.
Figure 15 and 16 present the ratio of BHR of various s hemes over the BHR a hieved
by an in nite a he. The former gure ompares LRU to RLRU, and the later GDHyb to RGD-Hyb. The randomized algorithm works well in respe t to BHR also. Note
that RGD-Hyb performs slightly better than GD-Hyb for smaller a he sizes and more
importantly, LRU performs better than GD-Hyb. This somewhat unexpe ted result is
aused be ause GD-Hyb makes relatively poor hoi es in terms of BHR by design, sin e
it has a strong bias against large size do uments even when these do uments are popular.
This suboptimal performan e of GD-Hyb is inherited from SIZE [18℄ and Hybrid [19℄
and ould be removed by ne-tuning. All the three s hemes trade in HR for BHR.
Re ently, an algorithm alled GreedyDual* (GD*) has been proposed [7℄, that a hieves
superior HR and BHR when ompared to other web a he repla ement poli ies. This
algorithm is a generalization of GD-Size. GD* adjusts the relative worth of long-term
popularity versus short-term temporal orrelation of referen es. It a hieves that by dynami ally adapting to the degree of temporal orrelation of the web request streams.
GD* requires a priority queue to be eÆ iently implemented and thus it is a good andidate to be approximated by our randomized algorithm.
From the gures above, it is evident that the randomized versions of the s hemes an
perform ompetitively with very small number of samples and memory. One would expe t to require more samples and memory to get su h good performan e. However, sin e
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Figure 15: Byte hit rate omparison between LRU and RLRU.
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Figure 16: Byte hit rate omparison between GD-Hyb and RGD-Hyb.
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all the online a he repla ement s hemes rely on heuristi s to predi t future requests, it
is not ne essary to exa tly mimi their behavior in order to a hieve high performan e.
Instead, it usually suÆ es to evi t a do ument that it is within a reasonable distan e
from the least useful do ument.
There are two more issues to be addressed. First, we wish to estimate the probability
that do uments retained in memory are a essed between iterations. This event very
mu h depends on the request patterns and is hard to analyze exa tly. Instead, we use the
simulations to estimate the probability of o urring. Thus, we hange the evi tion value
of a do ument retained in memory whenever it is a essed between iterations, whi h
deteriorates its value as an evi tion andidate. Also, we don't obtain a new, potentially
better, sample. Despite this, we nd that the performan e is not degraded. The reason
for this is that our poli y for retaining samples in memory, deliberately hooses the best
evi tion andidates. Therefore, the probability that they are a essed is very small. In
parti ular, it is less than 10 3 in our simulations.
Se ond, we wish to verify that the randomized versions of the s hemes do not produ e
dead do uments. Due to the sampling pro edure, the number of sampling times that a
do ument is not hosen follows a geometri distribution with parameter roughly equal
to N over the total number of do uments in the a he. This is around 1/100 in our
simulations. Hen e, the probability that the best ones are never hosen is zero. And the
best ones are hosen on e every 100 sampling times or so.

6

Implementation Issues

In the previous se tions we established that a small number of samples, 6 fresh and 2
arried from one iteration to the next, is suÆ ient for the randomized algorithm to have
good performan e. In this se tion we dis uss in detail the implementation savings by
using the randomized algorithm.
There are two main operations that a web a he has to support; a ess to arbitrary
a hed do uments, and evi tion of relatively useless do uments to make room for new
do uments.
State-of-the-art web a hes a ess do uments through a hash table [20℄, whi h has onstant time lookups. Also, this hash table is stored in the RAM [20℄, whi h ensures that
any do ument an be obtained in a single disk read. Thus, a essing arbitrary a hed
do uments is done very eÆ iently. This operation is orthogonal to the evi tion s heme
used.
Di erent evi tion s hemes have di erent implementation requirements. As previously
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dis ussed, LRU an be implemented with a linked list that maintains the temporal order
in whi h the a hed do uments were a essed. High performan e algorithms like GDHyb require a priority queue to be implemented eÆ iently. Thus, for every insertion,
they perform O(logK ) operations, where K is the number of do uments in the a he.
The size of a typi al web a he today is tens of GBs. Sin e the average size of web
do uments is lose to 10KB, K is typi ally many millions [20℄. These s hemes perform
an insertion operation at every a ess time, sin e even at hit times the utility value of
the do ument hanges and the do ument should be reinserted at a new position.
The implementation savings due to the randomized evi tion s heme are the following:
First, the randomized s heme saves memory resour es from not maintaining a data stru ture for evi tion purposes. However, the parameters used by the utility fun tion, like the
frequen y and re en y of use, still need to be stored in order to be available when the
do ument is hosen as a sample. Thus, for every do ument, there will be a orresponding
obje t in RAM holding its utility parameters.
Se ond, the proposed randomized algorithm draws about 6 fresh samples per evi tion
time, instead of performing one insertion and one deletion operation in a priority queue
per a ess time. A sample an be easily obtained in onstant time by randomly hoosing
one of the obje ts that hold the utility parameters of the do uments, or one of the entries
of the hash table used to a ess the do uments13 . Thus, drawing random samples is
heaper than updating a priority queue.
Suppose the hit rate is around 50%. Then, there is one miss in every two a esses.
Assuming there is no orrelation between the size of a do ument and its popularity [3℄,
every miss auses on average one evi tion. Thus, priority queue updates take pla e twi e
as often as random sampling. For higher hit rates the CPU savings in rease further, for
example, for hit rates lose to 75%, priority queue updates take pla e four times as often
as random sampling14.
Finally, the randomized algorithm does not need to re ompute the utility value of a
a hed do ument every time it is a essed. It performs this operation only with the
samples obtained at evi tion times if their utility value is not up-to-date. However, as a
onsequen e, whenever RGD-Hyb omputes utility values, it uses the minimum utility
value among the samples instead of the global minimum among all do uments. The
simulations in Se tion 5 take this into a ount and show that it auses no performan e
degradation.
This work fo uses on implementation savings with respe t to CPU and memory resour es.
In some systems, the disk I/O resour es are more important. Evi tion s hemes in su h
systems typi ally aim to redu e the number of and the time taken by disk reads/writes,
13 Sampling is done without a essing the disk. It is only after the best sample is identi ed, that the
orresponding do ument is a essed on the disk in order to be evi ted.
14 Hit rates up to 70% are quite ommon [7℄, [13℄.
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and ignore parameters like the re en y of use of a do ument. Using the ideas presented
in this paper it is possible to take su h parameters into a ount at a minimal overhead,
and thus in rease the hit rate without trading-o disk I/O resour es.

7

Con lusions

Motivated by the need to redu e the omplexity of data stru tures required by good do ument repla ement s hemes proposed in the literature, we have introdu ed a randomized
algorithm that requires no data stru ture. This saves both the memory used up by the
data stru ture and the pro essing power needed to update it.
Being randomized, the performan e of our algorithm depends ru ially on the quality
of the samples it obtains. We observe that retaining the best unused samples from one
iteration to the next improves the quality of the samples and leads to a dramati improvement in performan e. An analysis of the algorithm provides insights about its features
and a formula for determining the right parameters for approximating the performan e
of any deterministi repla ement s heme as losely as desired. Tra e-driven simulations
show that a small number of samples, 6 fresh and 2 arried from one iteration to the
next, is suÆ ient for a good performan e.
We believe that the idea of using memory to improve the quality of samples in iterative
randomized algorithms is of general interest, possibly appli able in other situations.
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Appendix

Convexity follows from showing that the se ond derivative of the
umulative number of drops is non-negative:

Proof of Lemma 1:

00

D (t)

4
= D(t; M

1)

2D(t; M ) + D(t; M + 1)  0 for all t  0:

(7)

Essentially, this redu es to omparing the umulative number of drops upto time t,
D (t; M 1), D (t; M ), and D (t; M + 1), from systems with bu er sizes M 1, M , and
M + 1, respe tively. The three systems have identi al arrival pro esses and start with
empty bu ers at time 0. In the proof we indu e on ea h arrival, sin e these are ommon
00
to all three systems, and hen e this is equivalent to indu ing over time. De ne d (a) to
be the instantaneous di eren
aused by the ommon arrival a whi h o urs
P e in drops
00
00
at time ta . Then D (t) = a:ta t d (a).
00

To determine d (a), onsider the situation depi ted in Figure 17. The three bu ers are
pla ed next to ea h other, in in reasing order of size. The shaded boxes in the gure
represent o upied bu er spa es and the white boxes represent empty bu er spa es. If
all three bu ers have empty spa es, then no drops will o ur. Thus, it suÆ es to onsider
ases where at least one of the bu ers is full.
We laim that there are only four possible ases to onsider where at least one bu er
is full, and these are depi ted in Figure 17. The following general observation, whose
proof is indu tive, easily veri es the laim. Consider any two systems A and B with
bu er sizes BA and BB = BA + 1, respe tively. Suppose that A and B have identi al
arrival pro esses and there is exa tly one departure from ea h non-empty system in ea h
time slot. Then the bu er o upan ies of system A and B , denoted by BOA and BOB
respe tively, will always satisfy BOA = BOB or BOA = BOB 1. Therefore, the only
ases to onsider are the ones shown in Figure 17.
30

(M−1)

(M)

(M+1)

Case 1

(M−1)

(M)

(M−1)

(M+1)

(M)

Case 3

Case 2

(M+1)

(M−1)

(M)

(M+1)

Case 4

Figure 17: Possible ases of bu er o upan ies for Lemma 1.
00

An inspe tion of the four ases shows that for ea h ommon arrival a the values of d (a)
00
00
00
00
are given by (1) d = 1, (2) d = 1, (3) d = 0, and (4) d = 1. Thus, under Cases 1,
00
3 and 4 d  0, and the only troublesome ase is 2. Note, however, that every instan e
of Case 2 is pre eded by at least one instan e of Case 1. Therefore, the negative values
00
of Case 2 are o set by the positive values of Case 1 and it follows that D (t)  0 for all
t.
Proof of Lemma 2:

We need to show

1
lim (D(t; (M
!1 t

t

1))

2D(t; (M )) + D(t; (M + 1)))  0

(8)

by onsidering three systems with same bu er sizes, and arrival rates that drop linearly
with M .
In parti ular, the arrival pro esses AM 1 , AM , and AM +1 to these systems are Binomially
n
n
, (M ) = (M + 1) + 100
,
distributed with average rates (M 1) = (M + 1) + 2 100
n
and (M + 1) = (N M 1) 100 respe tively. Note that the pro esses AM 1 and AM
sto hasti ally dominate 15 AM +1 . Thus, we an use a oupling argument [8℄ to ategorize
arrivals as follows:
(a)

Common

. An arrival o urs at all three systems. Common arrivals are Binomially
n
distributed with average rate (N M 1) 100
.

(b)

Single

()

Double

. An arrival o urs only at the system with bu er size M
are Bernoulli(n/100).

1. Single arrivals

. An arrival o urs at the two systems with bu er sizes M 1 and M and
there is no arrival at the system with bu er size M + 1. Double arrivals are also
Bernoulli(n/100).

15 A pro ess X sto hasti ally dominates Y i

P (Y < x)
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 P (X < x) for all x.

00

De ne d (a) to be the instantaneous di eren e in drops aused by arrival
P a whi00 h o urs
at time ta . Then, D(t; (M 1)) 2D(t; (M )) + D(t; (M + 1)) = a:ta t d (a). If all
three bu ers have empty spa es, then no drops will o ur. Thus, it suÆ es to onsider
ases where at least one of the bu ers is full.
λ(M−1) λ(M) λ(M+1)

λ(M−1) λ(M) λ(M+1)

λ(M−1) λ(M) λ(M+1)

Case 1

Case 2

Case 3

Figure 18: Possible ases when bu er sizes same.
Let BO(M 1), BO(M ), and BO(M + 1) be the bu er o upan y of a bu er with
average arrival rate (M 1), (M ), and (M + 1) respe tively. Note that for any
time t, BO(M 1)  BO(M )  BO(M + 1). There are three ases to onsider as
shown in In Figure 18. Let C be the ommon bu er size. Case 1 is hara terized by
BO (M 1) BO (M ) > 0, BO (M 1) = C , Case 2 by BO (M ) BO (M + 1) > 0,
BO (M ) = C , and Case 3 by BO (M + 1) = C .
00

00

In Case 1, d (a) = 1 for ommon, single, and double arrivals. In Case 2, d (a) equals
00
1 for single arrivals, and 1 for double and ommon arrivals. In Case 3, d (a) equals 1
for single, 0 and ommon, and 1 for double arrivals. Sin e single and double arrivals
00
are identi ally distributed, as t ! 1 their d 's an el out in Cases 2 and 3. Thus, it
suÆ es to show that the negative e e t of ommon arrivals in Case 2 is an elled out by
the positive e e t of ommon, single, and double arrivals in Case 1.
We say a single departure takes pla e if BO(M 1) = 1, BO(M ) = 0, BO(M + 1) = 0,
and a there is a departure. We say a double departure takes pla e if BO(M 1) = 1,
BO (M ) = 1, BO (M + 1) = 0, and there is a departure.
: BO(M 1) BO(M ) hanges at most by one per arrival or departure.
1) BO(M ) is in reased by one, if and only if a single arrival is not dropped.
1) BO(M ) is de reased by one, if and only if a ommon or a double arrival
omes in Case 1, or there is a single departure.

Assertion 1

BO (M
BO (M

: BO(M ) BO(M + 1) hanges at most by one per arrival or departure.
BO (M + 1) is in reased by one, if and only a double arrival is not dropped,
double arrival omes in Case 1. BO(M ) BO(M + 1) is de reased by one, if and

Assertion 2

BO (M )

or a
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only if a ommon arrival omes in Case 2, or there is a double departure.

4
For an arrival or a departure event A, let hAi = limt!1 #(A[0; t℄)=t be the number of
times the event takes pla e in the interval [0; t℄ divided by t as t ! 1.
4
4
: hSDi = hsingle departurei < hdouble departurei = hDDi,
hSAN Di =4 hsingle arrival not droppedi = hdouble arrival not droppedi =4 hDAN Di,
hSA1i =4 hsingle arrival in Case 1i = hdouble arrival in Case 1i =4 hDA1i.
Assertion 3

4
4
Using the same notation as above, let hCA1i = h ommon arrival in Case 1i and hCA2i =
h ommon arrival in Case 2i. Assertion 1 implies

hSAN Di = hCA1i + hDA1i + hSDi:
Assertion 2 implies

hDAN Di + hDA1i = hCA2i + hDDi:

Using the above two equations and Assertion 3, we get

hCA1i + hDA1i + hSA1i > hCA2i

(9)

and thus the negative e e t of ommon arrivals in Case 2 is an elled out by the positive
e e t of ommon, single, and double arrivals in Case 1.
Proof of Lemma 3:

1
lim (D(t; M
t!1 t

We need to show
1; (M

1))

2D(t; M; (M )) + D(t; M + 1; (M + 1)))  0 (10)

by onsidering three systems of bu er sizes M 1, M and M +1 and average rates (M
4
1), (M ) and (M +1) respe tively. Let D(M; (M )) = D(M ) = limt!1 D(t; M; (M ))=t.
Lemma 2 implies
D (M

1; (M

1))

2D(M

1; (M )) + D(M

1; (M + 1))  0:

(11)

We need to show
D (M

1; (M

1))

2D(M; (M )) + D(M + 1; (M + 1))  0:

(12)

By adding and subtra ting 2D(M 1; (M )) and D(M 1; (M + 1)) in Equation (12)
and using Equation (11), it is easy to see that it suÆ es to show
2(D(M

1; (M ))

D (M; (M )))

 D(M
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1; (M + 1))

D (M

+ 1; (M + 1)):

By adding and subtra ting D(M; (M + 1)) in the right hand side of this equation, it is
easy to see that is suÆ es to show
1; (M )) D(M; (M ))  D(M 1; (M + 1)) D(M; (M + 1)) and (13)
1; (M + 1)) D(M; (M + 1))  D(M; (M + 1)) D(M + 1; (M + 1)): (14)

D (M
D (M

Lemma 1 implies Equation (14) holds. To see why Equation (13) holds, ategorize
arrivals to basi arrivals with rate (M +1) and ex ess arrivals with rate (M ) (M +1),
and noti e that there is no way for ex ess arrivals to in rease D(M; (M )), without also
in reasing D(M 1; (M )).
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