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Abstra t. This paper formalises within rst-order logi some ommon
pra ti es in omputer s ien e to do with representing and reasoning
about synta ti al stru tures involving named bound variables (as opposed to nameless terms, expli it substitutions, or higher order abstra t
syntax). It introdu es Nominal Logi , a version of rst-order many-sorted
logi with equality ontaining primitives for renaming via name-swapping
and for freshness of names, from whi h a notion of binding an be derived. Its axioms express key properties of these primitives, whi h are
satis ed by the FM-sets model of syntax introdu ed in [11℄. Nominal
Logi serves as a vehi le for making two general points. Firstly, nameswapping has mu h ni er logi al properties than more general forms of
renaming while at the same time providing a suÆ ient foundation for a
theory of stru tural indu tion/re ursion for syntax modulo - onversion.
Se ondly, it is useful for the pra ti e of operational semanti s to make
expli it the equivarian e property of assertions about syntax|namely
that their validity is invariant under name-swapping.

1 Introdu tion
It is ommonpla e, when using formal languages in omputer s ien e or mathemati al logi , to abstra t away from details of on rete syntax in terms of strings
of symbols and instead work solely with parse trees|the `abstra t syntax' of a
language. Doing so gives one a ess to two extremely useful and inter-related
tools: de nition by re ursion on the stru ture of parse trees and proof by indu tion on that stru ture. However, onventional abstra t syntax is not abstra t
enough if the formal language involves variable-binding onstru ts. In this situation the ommon pra ti e of human (as opposed to omputer) provers is to say
one thing and do another. We say that we will quotient the olle tion of parse
trees by a suitable equivalen e relation of - onversion, identifying trees up to
renaming of bound variables; but then we try to make the use of -equivalen e
lasses as impli it as possible by dealing with them via suitably hosen representatives. How to make su h suitable hoi es of representatives is well understood,
so mu h so that is has a name|the `Barendregt Variable Convention': hoose
a representative parse tree whose bound variables are fresh, i.e. mutually distin t and distin t from any (free) variables in the urrent ontext. This informal
?
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pra ti e of onfusing an -equivalen e lass with a member of the lass with
suÆ iently fresh bound variables has to be a ompanied by a ertain amount of
hygiene on the part of human provers: our onstru tions and proofs have to be independent of whi h parti ular fresh names we hoose for bound variables. Nearly
always, the veri ation of su h independen e properties is omitted, be ause it
is tedious and detra ts from more interesting business at hand. Of ourse this
introdu es a ertain amount of informality into `pen il-and-paper' proofs that
annot be ignored if one is in the business of produ ing fully formalised, ma hinehe ked proofs. But even if you are not in that business and are ontent with
your pen il and paper, I think there is a good reason to examine this informal use
of `suÆ iently fresh names' and put it on a more pre ise, mathemati al footing.
The reason I have in mind has to do with those intuitive and useful tools
mentioned above: stru tural re ursion for de ning fun tions on parse trees and
stru tural indu tion for proving properties of them. Although it is often said
that the Barendregt Variable Convention allows one to work with -equivalen e
lasses of parse trees as though they were just parse trees, this is not literally
the ase when it omes to stru tural re ursion/indu tion. For example, when
dealing with an indu tion step for a variable-binding onstru t, it often happens
that the step an be proved if the bound variable is hosen suÆ iently fresh,
but not for an arbitrary bound variable as the indu tion prin iple demands. The
Barendregt Variable Convention papers over the ra k in the proof at this point
(by preventing one onsidering the ase of an arbitrary bound variable rather
than a fresh one), but the ra k is still there. Although one an easily side-step
the problem by using a suitable size fun tion on parse trees to repla e stru tural
indu tion with mathemati al indu tion, this is not a very satisfying solution.
The size fun tion will be de ned by stru tural re ursion and the ru ial fa t
that -equivalent parse trees have the same size will be proved by stru tural
indu tion, so we are using stru tural re ursion/indu tion anyway, but somehow
not in the dire t way we would like. We an do better than this.
Indeed, the work reported in [10, 11, 24℄ does so, by providing a mathemati al notion of `suÆ iently fresh name' that remains very lose to the informal
pra ti e des ribed above while enabling -equivalen e lasses of parse trees to
gain useful indu tive/re ursive properties. The theory stems from the somewhat
surprising observation that all of the on epts we need ( - onversion, freshness,
variable-binding, . . . ) an be de ned purely in terms of the operation of swapping
pairs of names. In parti ular, the freshness of a name for an obje t is expressed
in terms of the name not being in some nite set of names that supports the
obje t|in the sense that swapping any pair of names not in that nite set leaves
the obje t un hanged. This notion of support is weak se ond order, sin e it involves an existential quanti ation over nite sets of names. However, mu h of
the development in [11℄ only makes use of ertain rst-order properties of the
freshness (i.e. `not-in-the-support-of') predi ate in ombination with the swapping operation. This paper presents this rst-order theory of names, swapping
and freshness, alled Nominal Logi .
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2 Equivariant Predi ates
The fundamental assumption underlying Nominal Logi is that the only prediates we ever deal with (when des ribing properties of syntax) are equivariant
ones, in the sense that their validity is invariant under swapping (i.e. transposing, or inter hanging) names.
Names of what? Names of entities that may be subje t to binding by some of
the synta ti al onstru tions under onsideration. In Nominal Logi these sorts
of names, the ones that may be subje ted to swapping, will be alled atoms |the
terminology refers ba k to the origins of the theory in the Fraenkel-Mostowski
permutation model of set theory. Atoms turn out to have quite di erent logi al
properties from onstants (in the usual sense of rst-order logi ) whi h, being
onstant, are not subje ted to swapping. Note that this distin tion between atom
and onstant has to do with the issue of binding, rather than substitution. A
synta ti ategory of variables, by whi h is usually meant entities that may be
subje t to substitution, might be represented in Nominal Logi by atoms or
by onstants, depending upon ir umstan es: onstants will do if we are in a
situation where variables are never bound, but an be substituted; otherwise
we should use atoms. The interesting point is that we an make this (useful!)
distin tion between `bindable' names and names of onstants entirely in terms
of properties of swapping names, prior to any dis ussion of substitution and its
properties.
Why the emphasis on swapping two names, rather than on the apparently
more primitive notion of renaming one name by another? The answer has to do
with the fa t that swapping is an idempotent operation: a swap followed by the
same swap is equivalent to doing nothing. This means that the lass of equivariant predi ates, i.e. those whose validity is invariant under name-swapping, has
ex ellent logi al properties; it ontains the equality predi ate and is losed under
negation, onjun tion, disjun tion, existential and universal quanti ation, formation of least and greatest xed points of monotone operators, et ., et . The
same is not true for renaming. (For example, the validity of a negated equality
between atoms is not ne essarily preserved under renaming.)
That we should take equivarian e into a ount when we reason about synta ti al stru tures is one of the main messages of this paper. Even if you do not
are about the details of Nominal Logi to be given below, it is worth taking note
of the fa t that name swapping and the equivarian e property provide a simple
and useful foundation for dis ussing properties of names and binding in syntax.
Here is a simple example to illustrate this point, taken from type theory.

Example 2.1. M Kinna and Polla k [19℄ note that in the nave approa h to

named bound variables, there is a diÆ ulty with proving the weakening property
of type systems by rule indu tion. For example, onsider the usual typing relation
assigning simple types to terms of the untyped - al ulus. We take the latter to
mean -equivalen e lasses [t℄ of parse trees t given by the grammar

t ::= a j a:t j t t

(1)
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where a ranges over an in nite set of variables. The typing relation takes the
form ` [t℄ :  where types  are given by the grammar  ::= X j  ! 
(with X ranging over an in nite olle tion of type variables) and the typing
ontext is a nite partial fun tion from variables to types. The typing relation
is indu tively generated by axioms and rules following the stru ture of the parse
tree t. (If the reader is not familiar with these rules, see [13, Chapter 2℄, for
example; but note that as mentioned in the Introdu tion, the literature usually
does not bother to make a notational distin tion between t and [t℄ .)
When trying to prove the weakening property of the typing relation
(8 )(8t)(8 )

` [t℄

:

) (8 0 )(8a0 2= dom(

)) ; a0 :  0

` [t℄

:

(2)

it is natural to try to pro eed by `rule indu tion' and show that the predi ate
'( ; [t℄ ;  ) given by
(8 0 )(8a0 2= dom( )) ; a0 :  0 ` [t℄ : 
de nes a relation that is losed under the axioms and rules indu tively de ning
the typing relation and hen e ontains that relation. But the indu tion step for
the rule for typing -abstra tions

; a : 1 ` [t℄ : 2
a 2= dom( )
` [a:t℄ : 1 ! 2

(3)

is problemati : we have to prove

'( ; a : 1 ; [t℄ ; 2 ) ^ a 2= dom( )
i.e. given
and

)

'( ; [a:t℄ ; 1 ! 2 );

'( ; a : 1 ; [t℄ ; 2 )

(4)

a 2= dom( );

(5)

we have to prove that

; a0 :  0 ` [a:t℄ : 1 ! 2
(6)
holds for all a0 2= dom( ) (and all  0 )|and there is a problem with doing this
for the ase a0 = a.

But this diÆ ulty with the indu tion step is easily ir umvented if we take
equivarian e into a ount. The axioms and rules de ning typing are losed under
the operations of swapping pairs of variables (and also under swapping pairs of
type variables, but we do not need to use that here). For example, if we have
an instan e of rule (3) and we swap any pair of variables throughout both the
hypotheses and the on lusion, we get another valid instan e of this rule. It
follows from this swapping property of the axioms and rules that the typing
relation, being the least relation losed under the axioms and rules, is also losed
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under the swapping operations. Therefore any assertion about typing that we
make by ombining the typing relation with other su h equivariant predi ates
(su h as `a 2 dom( )') using the usual logi al onne tives and quanti ers will
be equivariant. In parti ular the predi ate ' de ned above is equivariant. Thus
if we know that (4) holds, then so does '( ; a00 : 1 ; [(a00 a)  t℄ ; 2 ) for any fresh
variable a00 . (Here (a00 a)  t indi ates the parse tree resulting from swapping a00
and a throughout t.) So by de nition of ', sin e a0 2= dom( ; a00 : 1 ), we have
( ; a00 : 1 ); a0 :  0 ` [(a00 a)  t℄ : 2 . Sin e ( ; a00 : 1 ); a0 :  0 = ( ; a0 :  0 ); a00 : 1
(we are using partial fun tions for typing ontexts) and a00 2= dom( ; a0 :  0 )
(by hoi e of a00 ), we an apply typing rule (3) to on lude that ; a0 :  0 `
[a00 :((a00 a)  t)℄ : 1 ! 2 . But a00 :((a00 a)  t) and a:t are -equivalent parse
trees, so ; a0 :  0 ` [a:t℄ : 1 ! 2 holds. Thus if (4) and (5) hold, so does
'( ; [a:t℄ ; 1 ! 2 ) and we have ompleted the indu tion step.
ut
From the onsiderations of this se tion we abstra t the following ingredients
for a language to des ribe syntax involving names and binding: the language
should ontain a notion of atom together with operations for swapping atoms in
expressions (in general we may need several di erent sorts of atoms|for example, atoms for variables and atoms for type variables in Example 2.1); and the
formulas of the language should all be equivariant with respe t to these swapping
operations. Atoms and swapping are two of the three novelties of Nominal Logi .
The third has to do with the ru ial step in the proof in Example 2.1 when we
hose a fresh variable a00 : we need to give a freshness relation between atoms
and expressions with suÆ ient properties to make su h arguments go through.

3 Nominal Logi : Syntax and Semanti s
The syntax of Nominal Logi is that of many-sorted rst-order logi with equality, augmented by the following extra features.

{ The olle tion of sorts S is partitioned into two kinds
S ::= A sorts of atoms
D sorts of data.

{ For ea h sort of atoms A and ea h sort S there is a distinguished fun tion
symbol of arity A; A; S ! S whose e e t on terms a : A, a0 : A and s : S
we write as the term (a a0 )  s and pronoun e `swap a and a0 in s'.
{ For ea h sort of atoms A and ea h sort S there is a distinguished relation
symbol of arity A; S whose e e t on terms a : A and s : S we write as the
formula a B s and pronoun e `a is fresh for s'.
Just as for ordinary rst-order logi , a theory in Nominal Logi is spe i ed by
a signature of sort, fun tion and relation symbols, together with a olle tion of
(non-logi al) axioms, whi h are rst-order formulas involving equality, swapping,
freshness and symbols from the signature.
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Example 3.1 (-Terms mod -equivalen e, version 1). Here is an example
of a theory in Nominal Logi to whi h we will return to throughout the paper.
Sort of atoms: Var
Sort of data: Term
Fun tion symbols: var : Var ! Term
app : Term; Term ! Term
lam : Var; Term ! Term
subst : Term; Var; Term ! Term
Axioms:
(8a : Var )(8t; t0 : Term ) : var (a) = app (t; t0 )
(7)
0
0
(8a; a : Var )(8t : Term ) : var (a) = lam (a ; t)
(8)
0
00
0
00
(8a : Var )(8t; t ; t : Term ) : lam (a; t) = app (t ; t )
(9)
(8t : Term ) (9a : Var ) t = var (a)
(10)
_ (9t0 ; t00 : Term ) t = app (t0 ; t00 )
_ (9a0 : Var )(9t0 : Term ) t = lam (a0 ; t0 )
(8a; a0 : Var ) var (a) = var (a0 ) ) a = a0
(11)
0
00
000
0
00
000
00
0
000
(8t; t ; t ; t : Term ) app (t; t ) = app (t ; t ) ) t = t ^ t = t
(12)
0
0
0
0
(8a; a : Var ) (8t; t : Term ) lam (a; t) = lam (a ; t ) ,
(13)
(a = a0 ^ t = t0 ) _ (a0 B t ^ t0 = (a a0 )  t)
(8~x : S~ ) (8a : Var ) '(var (a); ~x)
(14)
^ (8t; t0 : Term ) '(t; ~x) ^ '(t0 ; ~x) ) '(app (t; t0 ); ~x)
^ (9a : Var ) a B ~x ^ (8t : Term ) '(t; ~x) ) '(lam (a; t); ~x)
) (8t : Term ) '(t; ~x)
where the free variables of ' are in t; ~x
(8t : Term )(8a : Var ) subst (t; a; var (a)) = t
(15)
(8t : Term )(8a; a0 : Var ) : a = a0 ) subst (t; a; var (a0 )) = var (a0 )
(16)
0
00
0
00
(8t; t ; t : Term ) (8a : Var ) subst (t; a; app (t ; t )) =
(17)
app (subst (t; a; t0 ); subst (t; a; t00 ))
(8t; t0 : Term ) (8a; a0 : Var ) : a0 = a ^ a0 B t )
(18)
subst (t; a; lam (a0 ; t0 )) = lam (a0 ; subst (t; a; t0 ))
Axioms (7){(10) say that var , app and lam have disjoint images that over
Term . Axioms (11){(13) give the inje tivity properties of these three onstru tors. In parti ular axiom (13) re e ts the fa t that equality of terms of sort

Term should orrespond to equality of -equivalen e lasses of parse trees for
the grammar in (1); and freshness a B t to the fa t that a variable does not o -

ur freely in a parse tree. Axiom (14) formalises a stru tural indu tion prin iple
for su h -equivalen e lasses ( f. [11, Theorem 6.8℄). Finally, axioms (15){(18)
amount to a stru turally re ursive de nition of apture-avoiding substitution for
-terms ( f. [11, Example 6.9℄).
This parti ular theory has a on rete model given by -equivalen e lasses of
parse trees for the grammar in (1). However, as explained in [11℄, in general the
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Nominal Logi notions of atom, swapping and freshness an be given a meaning
independent of any parti ular obje t-level syntax using FM-sets |the FraenkelMostowski permutation model of set theory. The following de nitions give a
simpli ed, but essentially equivalent, presentation of FM-sets that emphasises
swapping over more general permutations of atoms. At the same time we use a
mild generalisation of [11℄ (mentioned in [10, Se t. 7℄) in whi h the set of atoms
is partitioned into ountably many di erent kinds (and we only swap atoms of
the same kind).

De nition 3.2 (Nominal sets). Fix a ountably in nite family (A n j n 2 N )

of pairwise disjoint, ountably in nite sets. We write A for the union of all the
A n and all its elements atoms. A nominal set X is a set jX j equipped with a
well-behaved notion of swapping atoms in elements of the set. By de nition this
means that for ea h element x 2 jX j and ea h pair of atoms a; a0 of the same
kind (i.e. a; a0 2 A n for some n 2 N ), we are given an element (a a0 ) X x of
X , alled the result of swapping a and a0 in x. These swapping operations are
required to have the following properties:
(i) Equational properties of swapping: for ea h x 2 jX j and all pairs of
atoms of equal sort, a; a0 2 A m and b; b0 2 A n (any m; n 2 N )
(a a) X x = x
(a a0 ) X (a a0 ) X x = x
(a a0 ) X (b b0 ) X x = ((a a0 )b (a a0 )b0 ) X (a a0 ) X x
where

and similarly for (a a0 )b0 .

8
>
<a
(a a0 )b , a0
>
:b

if b = a0
if b = a
otherwise

(19)
(20)
(21)

(22)

(ii) Finite support property: we require that ea h x 2 jX j only involve nitely
many atoms, in the sense that given x, there exists a nite subset w  A
with the property that (a a0 ) X x = x holds for all a; a0 2 A n w (any
n 2 N ). It follows that

supp X (x) ,

[

fa 2 A n j fa0 2 A n j (a a0 ) X x 6= xg is not

n2N

niteg

(23)

is a nite set of atoms (see the proof of [11, Proposition 3.4℄), whi h we all
the support of x in X .

A morphism of nominal sets, f : X ! Y , is by de nition a fun tion from the
set jX j to the set jY j that respe ts the swapping operations in the sense that

f ((a a0 ) X x) = (a a0 ) Y f (x)
(24)
holds for all x 2 jX j and all atoms a; a0 (of the same kind). Clearly the omposi-

tion of two su h fun tions is another su h; and identity fun tions are morphisms.
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Therefore nominal sets and morphisms form a ategory, whi h we denote by
Nom .
Remark 3.3 (From swapping to permutations). The following remarks are
for readers familiar with the mathemati al theory of groups and group a tions.
It is a standard result of that theory that the group of all permutations of the
n-element set f1; : : : ; ng is isomorphi to the group freely generated by n 1
symbols gi (i = 1; : : : ; n 1), subje t to the identities
(gi )2 = id
(gi gi+1 )3 = id
(gi gj )2 = id

(i < n)
(i < n 1)
(j < i 1)

with the generator gi orresponding to the permutation transposing i and i + 1.
(See for example [16, Beispiel 19.7℄.) From this fa t one an easily dedu e that
the group of all (kind-respe ting) nite permutations of the set of atoms A is
freely generated by the transpositions (a a0 ) (with a; a0 2 A n for some n 2 N ),
subje t to the identities
(a a)(a a) = id
(a a0 )(a a0 ) = id
(a a0 )(b b0 ) = ((a a0 )b (a a0 )b0 )(a a0 )

where the atoms (a a0 )b and (a a0 )b0 are de ned as in equation (22). It follows that
if jX j is a set equipped with swapping operations satisfying equations (19){(21),
then these operations extend uniquely to an a tion of all nite permutations
on elements of jX j. If jX j also satis es property (ii) of De nition 3.2, then this
a tion extends uniquely to all (kind-respe ting) permutations, nite or not; and
the elements of jX j have the nite support property for this a tion in the sense
of [11, De nition 3.3℄. These observations form the basis of a proof that the
ategory Nom of De nition 3.2 is equivalent to the S hanuel topos [11, Se t. 7℄,
whi h underlies the universe of FM-sets used in [11℄.
It is not hard to see that produ ts X  Y in the ategory Nom are given
simply by taking the artesian produ t f(x; y ) j x 2 jX j^ y 2 jY jg of underlying
sets and de ning the swapping operations omponentwise:
(a a0 ) X Y (x; y ) , ((a a0 ) X x; (a a0 ) Y y ):

(Clearly (x; y ) has the niteness property in X  Y required by De nition 3.2(ii),
be ause x has it in X and y has it in Y .) Similarly, the terminal obje t 1 in Nom
has a one-element underlying set and (ne essarily) trivial swapping operations.
So we an interpret many-sorted rst-order signatures in the ategory Nom :
sorts S are interpreted as obje ts [ S ℄ ; fun tion symbols f , of arity S1 ; : : : ; Sn !
S say, as morphisms [ f ℄ : [ S1 ℄      [ Sn ℄ ! [ S ℄ ; and relation symbols R, of
arity S1 ; : : : ; Sn say, as subobje ts of [ S1 ℄    [ Sn ℄ . Indeed, Nom has suÆ ient
properties to soundly interpret lassi al rst-order logi with equality 1 using the
1

And mu h more besides, sin e it is equivalent to the S hanuel topos, but that will
not on ern us here.
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usual te hniques of ategori al logi |see [18℄, or [23, Se t. 5℄ for a brief overview.
In fa t, readers unfamiliar with su h te hniques need not be ome so just to
understand the interpretation of rst-order logi in the ategory of nominal sets,
sin e it is just like the usual Tarskian semanti s of rst-order logi in the ategory
of sets (at the same time remaining within the world of equivariant properties).
For it is not hard to see that the subobje ts of an obje t X in the ategory
Nom are in bije tion with the subsets A  jX j of the underlying set that are
equivariant, in the sense that (a a0 ) X x 2 A whenever x 2 A, for any atoms
a; a0 (of the same kind). As we mentioned in Se t. 2, the olle tion of equivariant
subsets is losed under all the usual operations of rst-order logi and ontains
equality. So it just remains to explain the interpretation in Nom of the distin tive
syntax of Nominal Logi |atoms, swapping and freshness.

De nition 3.4. Here is the intended interpretation of atoms, swapping and
freshness in the ategory of nominal sets of De nition 3.2.
Atoms. A sort of atoms in a Nominal Logi signature will be interpreted by
a nominal set of atoms An (for some n 2 N ), whi h by de nition has underlying set jAn j = A n and is equipped with the swapping operations given
by

8
>
<a
0
(a a )  b , a0
>
:b

if b = a0
if b = a
otherwise

(where b 2 A n and a; a0 2 A m for any m 2 N ). We always assume that
distin t sorts of atoms are interpreted by distin t kinds of atoms. (So we are
impli itly assuming that signatures ontain at most ountably many su h
sorts.)
Swapping. Note that by virtue of equation (21), the fun tion a; a0 ; x 7! (a a0 )X
x determines a morphism An  An  X ! X in the ategory Nom . This
morphism is used to interpret the distinguished fun tion symbol A; A; S !
S for swapping, assuming the nominal set of atoms An is the interpretation
of the sort of atoms A and that X is the interpretation of S . Thus
[ (a a0 )  s℄ = ([[a℄ [ a0 ℄ ) X [ s℄ when s : S and [ S ℄ = X .

Freshness. The distinguished relation symbol B of arity A; S for freshness is
interpreted as the `not in the support of' relation ( ) 2= supp X ( ) between
atoms and elements of nominal sets. Thus if the nominal set of atoms An
is the interpretation of the sort of atoms A and X is the interpretation of
the sort S , then for terms a : A; s : S , the formula a B s is satis ed by
the interpretation if and only if [ a℄ 2= supp X ([[s℄ ), where supp X is as in
equation (23). (It is not hard to see that this is an equivariant subset of
A n  jX j and hen e determines a subobje t of [ A℄  [ S ℄ in Nom .)
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4 Nominal Logi Axioms
For simpli ity, we will use a Hilbert-style presentation of Nominal Logi : a single
rule of Modus Ponens, the usual axiom s hemes of rst-order logi with equality,
plus the axiom s hemes for swapping and freshness given in Fig. 1.

Properties of swapping
S1
S2
S3

(8a : A)(8x : S ) (a a)  x = x
(8a; a : A)(8x : S ) (a a )  (a a )  x = x
(8a; a : A) (a a )  a = a
0

0

0

0

0

0

Equivarian e
E1
E2
E3
E4

F1
F2
F3

(8a; a : A)(8b; b : A )(8x : S ) (a a )  (b b )  x = ((a a )  b (a a )  b )  (a a )  x
(8a; a : A)(8b : A )(8x : S ) b x ) (a a )  b (a a )  x
(8a; a : A)(8~x : S~ ) (a a )  f (~x) = f ((a a )  ~x)
where f is a fun tion symbol of arity S~ ! S
(8a; a : A)(8~x : S~ ) R(~x) ) R((a a )  ~x)
where R is a relation symbol of arity S~
0

0

0

0

B

0

0

0

0

0

0

B

0

0

0

0

0

0

0

0

B
B
B
B

Properties of freshness

(8a; a : A)(8x : S ) a x ^ a
(8a; a : A) a a , :a = a
(8a : A)(8a : A ) a a
where A 6= A
(8~x : S~ )(9a : A) a ~x
0

0

0

0

0

0

0

B x ) (a a )
0



x=x

0

0

F4

Notes

1. A; A range over sorts of atoms, S ranges over sorts and S~ over nite lists of sorts.
2. In axiom E3 and E4, (a a )~x indi ates the nite list of arguments given by (a a )xi
as xi ranges over ~x.
3. In axiom F4, a ~x indi ates the nite onjun tion of the formulas a xi as xi
ranges over the list ~x.
0

0

B

Fig. 1.

0

B

The axiom s hemes of Nominal Logi for freshness and swapping

The following result shows that the axioms in Fig. 1 validate the fundamental assumption mentioned at the start of Se t. 2, namely that all properties
expressible in Nominal Logi are invariant under swapping atoms.
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Proposition 4.1 (Equivarian e). For ea h term t and formula ', with free
variables amongst ~x : S~ say, we have
(8a; a0 : A)(8~x : S~ ) (a a0 )  t(~x) = t((a a0 )  ~x)
(25)
0
0
~
(8a; a : A)(8~x : S ) '(~x) , '((a a )  ~x)
(26)

where t((a a0 )  ~x) denotes the result of simultaneously substituting (a a0 )  xi for
xi in t (as xi ranges over ~x) and similarly for '((a a0 )  ~x).
Proof. Property (25) follows from axioms E1 and E3, by indu tion on the stru ture of the term t. For (26) we pro eed by indu tion on the stru ture of the
formula ', using standard properties of rst-order logi for the indu tion steps
for onne tives and quanti ers. Note that by virtue of axiom S2, equation (26)
holds if and only if

(8a; a0 : A)(8~x : S~ ) '(~x) ) '((a a0 )  ~x)

(27)

does. So the base ase when ' is equality follows from the usual axioms for
equality, the base ase for the freshness predi ate B follows from axiom E2, and
that for relation symbols from axiom E4 (using (25) in ea h ase).
ut

Proposition 4.2 (Soundness). The axioms in Fig. 1 are all satis ed by the
nominal sets interpretation of atoms, swapping and freshness given in Se t. 3.
Proof. Satisfa tion of axioms S1{S3 and E1 is guaranteed by part (i) of Def-

inition 3.2 (sin e the swapping a tion for a nominal set of atoms is given by
equation (22)). Satisfa tion of axioms E2 and F1{F3 is a simple onsequen e
of the de nition of support in equation (23). Axioms E3 and E4 are satis ed
be ause fun tion and relation symbols are interpreted by morphisms and subobje ts in the ategory of nominal sets, whi h have these equivarian e properties.
Finally, axiom F4 is satis ed be ause the support of an element of a nominal
set is a nite subset of the xed, ountably in nite set A of all atoms.
ut
Did we forget any axioms? In other words are the axiom s hemes in Fig. 1
omplete for the intended interpretation in the ategory of nominal sets? Axiom F4 says that there is an inexhaustible supply of atoms that are fresh, i.e. not
in the support of elements in the urrent ontext. This is ertainly a onsequen e
of property (ii) of De nition 3.2, whi h guarantees that elements of nominal sets
have nite support. However, that property is ostensibly a statement of weak
se ond order logi , sin e it quanti es over nite sets of atoms. So we should
not expe t the rst-order theory of Nominal Logi to ompletely axiomatise the
notion of nite support. Example 4.5 on rms this expe tation. Before giving it
we state a useful property of freshness in Nominal Logi that we need below.

Proposition 4.3. For any term t, with free variables amongst ~x : S~ say, we
have
(8a : A)(8~x : S~ ) a B ~x ) a B t(~x)
(28)
(Re all that a B ~x stands for the nite onjun tion of the formulas a B xi as
xi ranges over ~x.)
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Proof. Given any a : A and ~x : S~ , by axiom F4 there is some a0 : A with a0 B ~x
and a0 B t(~x). So if a B ~x, then by axiom F1 (a a0 )  xi = xi holds for ea h xi .
So sin e a0 B t(~x) by hoi e of a0 , we have
a = (a a0 )  a0
B (a a0 )  t(~x)
= t((a a0 )  ~x)
= t(~x)

by axioms S2 and S3
by axiom E2
by (25)
by axiom F1

ut

as required.

Corollary 4.4. If a Nominal Logi theory ontains a losed term t : A with A
a sort of atoms, then it is an in onsistent theory.
Proof. Suppose that A is a sort of atoms and that t : A is a term with no free
variables. By the above proposition we have (8a : A) a B t. Thus t B t and by
axiom F2 this means : t = t, ontradi tion.
ut

Example 4.5 (In ompleteness). Consider the following Nominal Logi theory.

Sort of atoms: A
Sorts of data: D; N
Fun tion symbols: o : N
s:N !N
f : D; N ! A
Axioms:
(8x : N ) : o = s(x)
(8x; x0 : N ) s(x) = s(x0 ) ) x = x0

Claim: any model of this theory in the ategory of nominal sets satis es the
formula
(8y : D)(9x; x0 : N ) : x = x0 ^ f (y; x) = f (y; x0 )
(29)
but that formula annot be proved in Nominal Logi from the axioms of the
theory.
Proof of Claim. Note that in any model of this theory in the ategory Nom , the
interpretation of the losed terms nk : N (k 2 N ) de ned by

(

n0
nk+1

,o
, s(nk )

are distin t elements [ nk ℄ 2 j[ N ℄ j of the nominal set [ N ℄ . Therefore, to see
that (29) is satis ed by the model it suÆ es to show for ea h d 2 j[ D℄ j that
[ f ℄ ([[nk1 ℄ ; d) = [ f ℄ ([[nk2 ℄ ; d) 2 j[ A℄ j holds for some k1 6= k2 2 N . Note that [ A℄
is a nominal set of atoms, A n say. Suppose to the ontrary that all the [ f ℄ ([[nk ℄ ; d)
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are distin t atoms in A n . Then sin e the support supp [[D℄℄ (d) of d
nite subset of A , we an nd k1 6= k2 2 N so that
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2 j[ D℄ j is a

a1 , [ f ℄ ([[nk1 ℄ ; d) and a2 , [ f ℄ ([[nk2 ℄ ; d)

satisfy a1 ; a2 2= supp [[D℄℄ (d). We also have a1 ; a2 2= supp [[N ℄℄ (nk ) for all k (using
(28) and the fa t that the terms nk have no free variables). Hen e a1 ; a2 2=
supp A n ([[f ℄ ([[nk ℄ ); d) and thus (a1 a2 )A n [ f ℄ ([[nk ℄ ; d) = [ f ℄ ([[nk ℄ ; d), for all k 2 N .
Taking k = k1 and re alling the de nition of a1 and a2 , we on lude that
[ f ℄ ([[nk2 ℄ ; d) = a2 = (a1 a2 ) A n a1 = (a1 a2 ) A n [ f ℄ ([[nk1 ℄ ; d) = [ f ℄ ([[nk1 ℄ ; d)
with k1 6= k2 , ontradi ting our assumption that all the [ f ℄ ([[nk ℄ ; d) are distin t.
To see that (29) is not provable in Nominal Logi it suÆ es to nd a model in
the usual sense of rst-order logi for the axioms of this theory and the axioms
in Fig. 1 whi h does not satisfy (29). We an get su h a model by modifying
De nition 3.2 by using an un ountable set of atoms and sets equipped with
swapping a tions all of whose elements have ountable support. More on retely,
we get a model M by taking [ A℄ M to be an un ountable set, the set R of real
numbers say; taking [ N ℄ M to be a ountable subset of this set, the set N of
natural numbers say; and taking [ D℄ M to be the set RN of all fun tions from
N to R (all su h fun tions are ountably supported). The interpretation of the
fun tion symbols o, s and f are respe tively zero, su essor (n 7! n + 1) and
the evaluation fun tion RN  N ! R (d; n 7! d(n)). The interpretation of the
swapping operation for sort A is as in equation (22) (i.e. (r r0 ) R r00 = (r r0 )r00 for
all r; r0 ; r00 2 R); for sort N , swapping is trivial (i.e. (r r0 ) N n = n for all r; r0 2 R
and n 2 N ); and for sort D, it is given by (r r0 ) RNd = n 2 N :(r r0 ) R d(n). The
interpretation of the freshness predi ate for sort A is 6=; for sort N , it is trivial
(i.e. r B n holds for all r 2 R and n 2 N ); and for sort D, r B d holds if and
only if r 6= d(n) for all n 2 N . With these de nitions one an he k that all the
axioms are satis ed. However (29) is not satis ed, be ause the in lusion of N into
R gives an element d 2 RN = [ D℄ M for whi h n 7! [ f ℄ M (d; n) is inje tive.
ut
Even though there is this in ompleteness, it appears that the axioms of Nominal Logi are suÆ ient for a useful theory of names and name-binding along the
lines of [11, 9℄. The following se tions give some eviden e for this laim.

5 The Freshness Quanti er
We begin by proving within Nominal Logi the hara teristi `some/any' property of fresh atoms ( f. [11, Proposition 4.10℄).

Proposition 5.1. Suppose ' is a formula with free variables amongst a : A; ~x :
S~ (with A a sort of atoms). Then
(9a : A) a B ~x ^ '(a; ~x)

is provable in Nominal Logi .

, (8a : A) a B ~x ) '(a; ~x)

(30)
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Proof. If '(a; ~x) holds, then by Proposition 4.1 and axiom S3 we also have
'(a0 ; (a a0 )  ~x); so if a B ~x and a0 B ~x, then axiom F1 gives '(a0 ; ~x). Thus we

have the left-to-right impli ation in (30).
Conversely suppose (8a : A) a B ~x ) '(a; ~x) holds. For any ~x : S~ , using
axiom F4 we an nd a : A su h that a B ~x and hen e also satisfying '(a; ~x).

ut

This property of freshness rops up frequently in proofs about syntax with
named bound variables (see [19℄ for example): we hoose some fresh name with a
ertain property and later on, in a wider ontext, we have to revise the hoi e to
a ommodate nitely many more onstraints and so need to know that we ould
have hosen any fresh name with that property. For this reason it is onvenient
to introdu e a notation that tells us we have this `some/any' property without
mentioning the ontext of free variables ~x expli itly. (Note that (30) holds for
any list ~x so long as it ontains the free variables of ' other than the atom a
being quanti ed over.

De nition 5.2 (A-quanti er). For ea h formula ' and ea h variable a : A
(with A a sort of atoms), de ne
(Aa : A) '

, (9a : A) a B ~x ^ '(a; ~x)

(31)

where ~x is the list of free variables of ' not equal to the variable a. (There is no
requirement that a a tually o ur free in '.)
We ould have formulated Nominal Logi with the A-quanti er as a primitive
and the freshness predi ate de ned from it, sin e it is not hard to prove from
the above de nition and the axioms of Nominal Logi that

aBx

,

(Aa0 : A) (a a0 )  x = x

(32)

holds. When taken as primitive, the axioms for A an be derived from the proof
rules mentioned in [10, Remark 3.6℄. Here we have hosen the presentation with
B as primitive to emphasise that Nominal Logi is just a theory within usual
rst-order logi .
Further eviden e of the naturalness of the A-quanti er is the fa t that, in the
semanti s given in Se t. 3, it oin ides with a o niteness quanti er: (Aa : A) '
holds in the nominal sets interpretation if and only if '(a) holds for all but nitely
many atoms a. See [9℄ for the development of the properties and appli ations of
the A-quanti er within the setting of FM-set theory.

Example 5.3 (-Terms mod -equivalen e, version 2). We an simplify

some of the axioms of the theory in Example 3.1 using the A-quanti er. Spe i ally, axiom (13) explaining equality of -abstra tions is equivalent to
(8a; a0 : Var ) (8t; t0 : Term ) lam (a; t) = lam (a0 ; t0 ) ,
(Aa00 : Var ) (a00 a)  t = (a00 a0 )  t0

(33)
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( f. [11, Lemma 5.1℄); axiom (14), whi h is the stru tural indu tion prin iple for
-equivalen e lasses of -terms, an be reformulated as follows (with the extra
free variables in ' now impli it):
(8a : Var ) '(var (a))
^ (8t; t0 : Term ) '(t) ^ '(t0 ) ) '(app (t; t0 ))
^ (Aa : Var )(8t : Term ) '(t) ) '(lam (a; t))
) (8t : Term ) '(t)

(34)

Finally axiom (18), whi h is the lause for -abstra tions in the stru turally
re ursive de nition of apture-avoiding substitution, an be repla ed by
(8t : Term )(8a : Var ) (Aa0 : Var )(8t0 : Term )
subst (t; a; lam (a0 ; t0 )) = lam (a0 ; subst (t; a; t0 )):

(35)

The following result is the Nominal Logi version of [11, Lemma 6.3℄, whi h
is used in that paper to introdu e notation for `lo ally fresh atoms' in FM-set
theory. (We dis uss extending the term language of Nominal Logi in Se t. 7.)

Proposition 5.4. Suppose that t is a term of sort S with free variables amongst
a : A; ~x : S~ (with A a sort of atoms). Then the following is a theorem of Nominal
Logi :
(8~x : S~ ) ((Aa : A) a B t(a; ~x)) )
(36)
(9!x : S )(8a0 : A) a0 B ~x ) x = t(a0 ; ~x)
(where 9! means `there exists a unique . . . ' and has the usual en oding in rstorder logi ).
Proof. Suppose (Aa : A) a B t(a; ~x). So there is some a : A with a B ~x and
a B t(a; ~x). Put x = t(a; ~x). Clearly, if x has the property (8a0 : A) a0 B ~x )
x = t(a0 ; ~x), it is the unique su h (sin e by axiom F4 there is some a0 with
a0 B ~x). To see that it does have this property, suppose a0 : A satis es a0 B ~x.
Sin e we want to show that x = t(a0 ; ~x), if a0 = a then we are done. So suppose
: a0 = a; thus a0 B a (by axiom F2) and hen e a0 B t(a; ~x) by Proposition 4.3.
Sin e a B t(a; ~x), we have
x , t(a; ~x) = (a a0 )  t(a; ~x)
by axiom F1
0
0
= t((a a )  a; (a a )  ~x)
by Proposition 4.1
0
= t(a ; ~x)
by axioms S3 and F1
as required.

ut

6 Binding
In Example 5.3, the fa t that lam is a variable-binding operation is re e ted in
axiom (33), whi h explains equality of terms of the form lam (a; t) via a swapping
formulation of - onversion ( f. [11, Se t. 2℄). Instead of axiomatising binders on
a ase-by- ase basis, we an make a de nitional extension of Nominal Logi with
a new sort-forming operation for atom-abstra tion whose intended interpretation
is the following onstru tion on nominal sets.
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De nition 6.1 (Nominal set of atom-abstra tions). Given a nominal set
X and a nominal set of atoms An ( f. De nition 3.4), the nominal set of atomabstra tions [An ℄X is de ned as follows.

Underlying set j[An ℄X j is the set of equivalen e lasses for the equivalen e
relation on A n jX j that relates (a; x) and (a0 ; x0 ) if and only if (a00 a) X x =
(a00 a0 ) X x0 for some (or indeed any) a00 2 A n su h that a00 2= supp X (x) [
supp X (x0 ) [ fa; a0g. We write a:x for the equivalen e lass of the pair (a; x).
Swapping a tion is inherited from that for the produ t An  X :
(b b0 ) [A ℄X (a:x) , a0 :x0 where a0 = (b b0 )a and x0 = (b b0 ) X x.
n

With these de nitions one an he k that the requirements of De nition 3.2
are satis ed (in parti ular the support of a:x turns out to be the nite set
supp X (x) fag; f. Proposition 6.2).
See [11, 9℄ for the use of this notion of atom-abstra tion to treat syntax
modulo -equivalen e as indu tively de ned sets (with useful asso iated stru tural indu tion/re ursion prin iples) within the Fraenkel-Mostowski permutation model of set theory. Here we observe that the notion is de nable within
Nominal Logi . The situation is analogous to the fa t that artesian produ ts
are de nable within ordinary rst-order logi : given sorts S1 , S2 and S , there is
a rst-order theory in all of whose models the interpretation of S is isomorphi
to the artesian produ t of the interpretations of S1 and S2 . Indeed there are
several su h theories; for example, take a fun tion symbol pair : S1 ; S2 ! S
and axioms
(8x1 ; x01 : S1 ) (8x2 ; x02 : S2 ) pair (x1 ; x2 ) = pair (x01 ; x02 ) )
(x1 = x01 ) ^ (x2 = x02 )
(8x : S )(9x1 : S1 )(9x2 : S2 ) x = pair (x1 ; x2 ):

(37)
(38)

Within Nominal Logi there is a similar de nability result for atom-abstra tion
sets. Given sorts A, S and S 0 (with A a sort of atoms), and a fun tion symbol
abs : A; S ! S 0 , the axioms
(8a; a0 : A) (8x; x0 : S ) abs (a; x) = abs (a0 ; x0 ) ,
(Aa00 : A) (a00 a)  x = (a00 a0 )  x0
0
0
(8x : S )(9a : A)(9x : S ) x0 = abs (a; x)

(39)
(40)

ensure that in the semanti s of Se t. 3, the interpretation of S 0 is isomorphi to
[An ℄X , where An and X are the nominal sets interpreting A and S respe tively.
Figure 2 gives an extension of Nominal Logi with atom-abstra tions. Axiom E5 ensures that we still have the ru ial equivarian e properties of Proposition 4.1 for the extended syntax (and hen e also the freshness property of
Proposition 4.3). For axiom A1 we have hosen an equivalent formulation of
(39) avoiding the use of the freshness quanti er; as we noted above, this together with axiom A2 determine the meaning of [A℄S and a:s in the ategory
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Add to the syntax of Nominal Logi as follows.
{
{

For ea h sort of atoms A and ea h sort S , there is a sort of data [A℄S , alled the
sort of A-atom-abstra tions of S .
For ea h sort of atoms A and ea h sort S there is a distinguished fun tion symbol
of arity A; S ! [A℄S whose e e t on terms a : A, and s : S we write as the term
a:s and pronoun e `abstra t a in s'.

Add to the axioms of Nominal Logi the following.
E5
A1
A2

(8b; b : A )(8a : A)(8x : S ) (b b )  (a:x) = ((b b )  a):((b b )  x)
(8a; a : A)(8x; x : S ) a:x = a :x , (a = a ^ x = x ) _ (a
x
(8y : [A℄S )(9a : A)(9x : S ) y = a:x
0

0

0

0

0

Fig. 2.

0

0

0

0

0

0

0

B

^x

0

= (a a )  x)
0

Nominal Logi with atom-abstra tions

Nom up to isomorphism. For this reason, the following

hara terisation of freshness for atom-abstra tions is a theorem of the extended Nominal Logi , rather
than one of its axioms.

Proposition 6.2. If A and A0 are distin t sorts of atoms and S is any sort,
then the following formulas are provable in Nominal Logi extended as in Fig. 2.
(8a; a0 : A)(8x : S ) a0 B a:x , a0 = a _ a0 B x
(41)
0
0
0
0
(8a : A)(8a : A )(8x : S ) a B a:x , a B x
(42)
Proof. In view of axioms F2 and F3, it suÆ es to prove
(8a : A)(8x : S ) a B a:x
(8a : A)(8a0 : A0 )(8x : S ) a0 B x
(8a : A)(8a0 : A0 )(8x : S ) a0 B a

) a0 B a:x
^ a0 B a:x ) a0 B x

(43)
(44)
(45)

for all sorts of atoms A and A0 (possibly equal).
For (43), given a : A and x : S , by axiom F4 we an nd a0 : A with a0 B a:x
and hen e

a = (a a0 )  a0
B (a a0 )  (a:x)
= a0 :((a a0 )  x)
= a:x

by axioms S2 and S3
by axiom E2 on a0 B a:x
by axioms E5 and S3
by axiom A1.

For (44), given a : A, a0 : A0 and x : S with a0 B x, we argue by ases
a ording to whether A and A0 are the same and whether a0 = a or not. If the
sorts are the same and a0 = a, then we have a0 B a:x by (43); in the other
three ases we always have a0 B a (using axioms F2 and F3); so sin e a0 B a
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and a0 B x, we have a0 B a:x by Proposition 4.3 (whi h holds for the extended
syntax by virtue of axiom E5).
For (45), given a : A, a0 : A0 and x : S with a0 B a and a0 B a:x, by axiom
F4 we an nd a00 : A0 with a00 B a, a00 B x and a00 B a:x. Then

a:x = (a0 a00 )  a:x
by axiom F1
= ((a0 a00 )  a):(a0 a00 )  x)
by axiom E5
0
00
= a:((a a )  x)
by axiom F1
and hen e x = (a0 a00 )  x by axiom A1. Sin e a00 B x, we get a0 = (a0 a00 )  a00 B
(a0 a00 )  x = x, as required.
ut

Example 6.3 (-Terms mod -equivalen e, version 3). We an reformulate Example 5.3 to use atom-abstra tions by hanging the arity of lam to be
[Var ℄Term ! Term . At the same time, axiom (33) is repla ed by a simple
inje tivity requirement like axioms (11) and (12):
(8y; y 0 : [Var ℄Term ) lam (y ) = lam (y 0 ) ) y = y 0 :

(46)

Similarly the disjointness axioms (8) and (9) are repla ed by
(8a : Var )(8y : [Var ℄Term ) : var (a) = lam (y )
(8y : [Var ℄Term )(8t; t0 : Term ) : lam (y ) = app (t; t0 )

(47)
(48)

and the exhaustion axiom (10) by
(8t : Term ) (9a : Var ) t = var (a)
_ (9t0 ; t00 : Term ) t = app (t0 ; t00 )
_ (9y : [Var ℄Term ) t = lam (y):

(49)

The other axioms alter in straightforward ways to take a ount of the new arity
of lam .
The following result is needed in the next se tion. It shows that atomabstra tion sorts [A℄X have a dual nature: their elements a:x embody not only
the notion of abstra tion as a `(bound variable, body)-pair modulo renaming the
bound variable', but also the notion of abstra tion as a fun tion (albeit a partial
one) from atoms to individuals.

Proposition 6.4. The following formula is provable in Nominal Logi extended
as in Fig. 2.
(8y : [A℄S )(8a : A) a B y ) (9!x : S ) y = a:x
(50)
(where 9! means `there exists a unique . . . ' and has the usual en oding in rstorder logi ).
Proof. The uniqueness part of (50) follows from
(8a : A)(8x; x0 : S ) a:x = a:x0 ) x = x0
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whi h is a orollary of axioms A1 and S1. For the existen e part of (50), note
that by Proposition 5.1
(8y : [A℄S )(8a : A) a B y ) (9x : S ) y = a:x
holds if and only if
(8y : [A℄S )(9a : A) a B y ^ (9x : S ) y = a:x
and the latter follows from axiom A2 and Proposition 6.2 (spe i ally, property (43)).
ut

7 Choi e
In informal arguments about syntax one often says things like ` hoose a fresh
name su h that . . . '. Axiom F4 in Fig. 1 ensures that we an omply with su h
dire tives for Nominal Logi 's formalisation of freshness. But it is important
to note that in nominal Logi su h hoi es annot be made uniformly in the
parameters : it is in general in onsistent with the other axioms to Skolemize F4
by adding fun tion symbols fresh : S~ ! A satisfying (8~x : S~ ) fresh (~x) B ~x.
Here is the simplest possible example of this phenomenon.

Proposition 7.1. Suppose A is a sort of atoms. The formula
(8a : A)(9a0 : A) : a = a0

(51)

is a theorem of Nominal Logi . However, it is in onsistent to assume there is a
fun tion that, for ea h atom, pi ks out an atom di erent from it; in other words
the Nominal Logi theory with a fun tion symbol f : A ! A and the axiom
(8a : A) : a = f (a)

(52)

is in onsistent.
Proof. The formula (51) is an immediate onsequen e of axioms F2 and F4. For
the se ond part we show that (9a : A) a = f (a) is a theorem. First note that by
axiom F4 (with the empty list of parameters ~x), there is an atom a of sort A.2
We show that a = f (a). For any a0 : A, by Proposition 4.3 we have a0 B a )
a0 B f (a), i.e. (by axiom F2) : a0 = a ) : a0 = f (a), i.e. a0 = f (a) ) a0 = a.
Taking a0 to be f (a), we get f (a) = a.
ut
This phenomenon is a re e tion of the fa t that the ategory Nom of nominal
sets fails to satisfy the Axiom of Choi e (see [8℄ for a ategori al treatment of
hoi e), whi h in turn re e ts the fa t that, by design, the Axiom of Choi e
2

The reader an dedu e at this point that the author, being of a ategory-theoreti
bent, is not assuming a formulation of rst-order logi that entails that all sorts are
non-empty. Possibly empty sorts, like the empty set, have their uses!
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fails to hold in the Fraenkel-Mostowski permutation model of set theory [17℄.
However, there is no problem with prin iples of unique hoi e. For example, if a
Nominal Logi theory has a model in Nom satisfying the senten e
(8~x : S~ )(9!x0 : S 0 ) '(~x; x0 )
then the theory extended by a fun tion symbol f : S~

(53)

! S 0 and axiom

(8~x : S~ ) '(~x; f (~x))

(54)

an also be modelled in Nom (simply be ause in a artesian ategory any subobje t satisfying the properties of a single-valued and total relation is the graph
of some morphism). Unfortunately a far more ommon situation than (53) is to
have ` onditional unique existen e':
(8~x : S~ ) Æ (~x) ) (9!x0 : S 0 ) '(~x; x0 )

(55)

so that '(~x; x0 ) is the graph of a partial fun tion with domain of de nition given
by Æ (~x)|we have already seen two examples of this, in Propositions 5.4 and 6.4.
If the formula (55) is a theorem of a Nominal Logi theory, adding a fun tion
symbol f : S~ ! S 0 and axiom
(8~x : S~ ) Æ (~x) ) '(~x; f (~x))

(56)

an result in an in onsistent theory. This is be ause f represents a total fun tion
from S~ to S 0 . Given terms ~s : S~ , even if Æ (~s) does not hold and so (56) annot
be used to dedu e properties of the term f (~s) : S 0 , nevertheless one may be able
to use results su h as Proposition 4.3 to dedu e properties of f (~s) : S 0 that lead
to in onsisten y, espe ially if S 0 happens to be a sort of atoms. The simplest
possible example of this phenomenon is when S~ is the empty list of sorts and Æ
is false . In this ase formula (55) is trivially a theorem; the Skolemizing fun tion
f is a onstant of sort S 0 , so if that is a sort of atoms we get in onsisten y by
Corollary 4.4.
This diÆ ulty with introdu ing notations for possibly partially de ned expressions is masked in [10℄ by the untyped nature of FM-set theory.3 That
work introdu es term-formers for lo ally fresh atoms and for on retion of atomabstra tions at atoms, Skolemizing the onditional unique existen e formulas of
Propositions 5.4 and 6.4. These new forms of term only have a de nite meaning
when ertain pre onditions are met. Nevertheless they an be given a semanti s
as total elements of the universe of FM-sets simply by taking their meaning when
the pre onditions are not met to be some default element with empty support
(the empty set, say). Su h a `ha k' is available to us in lassi al logi when there
are enough terms of empty support. One su h term is enough in an untyped
3

It is also masked in the programming language FreshML sket hed in [24℄, whi h has
a ri her term language than does Nominal Logi ; this is be ause FreshML features
unrestri ted xed point re ursion in order to be Turing powerful, and hen e naturally
ontains partially de ned expressions.
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setting su h as FM-set theory. In a many-sorted Nominal Logi theory there is
nothing to guarantee that a sort S possesses a term s : S of empty support
(i.e. satisfying (8a : A) a B s for all sorts of atoms A); indeed Corollary 4.4
shows that sorts of atoms do not possess su h terms in a onsistent theory.
Therefore, to provide Nominal Logi with a ri her term language, in orporating
su h things as terms with lo ally fresh atoms, on retions of atom-abstra tions at
atoms and maybe more besides, it seems that one should merge Nominal Logi 's
novel treatment of atoms and freshness with some onventional treatment of the
logi of partial expressions (su h as [1, Se t. VI.1℄ or [26℄).

8 Related Work
One an lassify work on fully formal treatments of names and binding a ording
to the mathemati al onstru t used to model the notion of an abstra tion over
names:

Abstra tions as (name, term)-pairs. Here one tries to work dire tly with

parse trees quotiented by alpha onversion; [19℄ and [27℄ are examples of this
approa h. Its drawba k is not so mu h that many tedious details left impli it
by informal pra ti e be ome expli it, but rather that many of these details
have to be revisited on a ase-by- ase basis for ea h obje t language. The use
of parse trees ontaining de Bruijn indi es [5℄ is more elegant; but this has
its own ompli ations and also side-steps the issue of formalising informal
pra ti e to do with named bound variables.
Abstra tions as fun tions from terms to terms. The desire to take are
of the tedious details of - onversion and substitution on e and for all at
the meta-level leads naturally to en odings of obje t-level syntax in a typed
- al ulus. This is the approa h of higher-order abstra t syntax [22℄ and it
is well-supported by existing systems for ma hine-assisted reasoning based
on typed - al ulus. It does not lend itself to prin iples of stru tural reursion and indu tion for the en oded obje t-language that are parti ularly
straightforward, but su h prin iples have been developed: see [6, 25℄.
Abstra tions as fun tions from names to terms. The Theory of Contexts
[15℄ re on iles the elegan e of higher-order abstra t syntax with the desire
to deal with names at the obje t-level and have relatively simple forms of
stru tural re ursion/indu tion. It does so by axiomatizing a suitable type of
names within lassi al higher order logi . The Theory of Contexts involves
a `non-o urren e' predi ate and axioms quite similar to those for freshness in FM-set theory [11℄ and Nominal Logi . However, `non-o urren e'
in [15℄ is dependent upon the obje t language, whereas our notion of freshness is a purely logi al property, independent of any parti ular obje t syntax.
(The same remark applies to the axiomatization of - onversion of -terms
in higher order logi in [12℄; and to the extension of rst-order logi with
binders studied in [7℄.) Furthermore, the use of total fun tions on names to
model abstra tion means that the Theory of Contexts is in ompatible with
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the Axiom of Unique Choi e ( f. Se t. 7), for ing the theory to have a relational rather than fun tional feel: see [20℄. On the other hand, the Theory of
Contexts is able to take advantage of existing ma hine-assisted infrastru ture (namely Coq [4℄) quite easily, whereas Gabbay had to work hard to
adapt the Isabelle [21℄ set theory pa kage to produ e his Isabelle/FM-sets
pa kage [9, Chapter III℄.
The notion of abstra tion that is de nable within Nominal Logi (see Se t. 6)
aptures something of the rst and third approa hes mentioned above: atomabstra tions are de ned to be pairs in whi h the name- omponent has been made
anonymous via swapping; but we saw in Proposition 6.4 that atom-abstra tions
also behave like fun tions, albeit partial ones. Whatever the pros and ons of the
various views of name abstra tion, at least one an say that, being rst-order,
Nominal Logi gives a more elementary explanation of names and binding than
the work mentioned above; and a more general one, I would laim, be ause of the
independen e of the notions of atoms, swapping, freshness and atom-abstra tion
from any parti ular obje t-level syntax.
Nominal Logi gives a rst-order axiomatisation of some of the key on epts
of FM-set theory|atoms, swapping and freshness|whi h were used in [11℄ to
model syntax modulo - onversion with indu tively de ned sets whose stru tural
indu tion/re ursion properties remain lose to informal pra ti e. We have seen
that, being rst-order, Nominal Logi does not give a omplete axiomatisation
of the notion of nite support that underlies the notion of freshness in FM-sets.
Nevertheless, the rst-order properties of the freshness predi ate ( ) B ( )
seem suÆ ient to develop a useful theory. Indeed, many of the axioms in Fig. 1
arose naturally in Gabbay's implementation of FM-set theory in the Isabelle
system [9, Chapter III℄ as the pra ti ally useful properties of nite support.
Nominal Logi is just a vehi le for exhibiting those properties learly. If one
wants a single, expressive meta-logi in whi h to develop the mathemati s of
syntax, one an use FM-set theory (and its automated support within Isabelle);
it is ertainly also worth onsidering developing a version of lassi al higher order
logi in orporating Nominal Logi .
Finally, even if one does not are about the details of Nominal Logi , I think
that two simple, but important ideas underlying it are worth taking on board
for the pra ti e of operational semanti s (be it with pen il-and-paper, or with
ma hine assistan e):

{ Name-swapping (a a0 )  ( ) has mu h ni er logi al properties than renaming
[a=a0 ℄( ).
{ The only assertions about syntax we should deal with are ones whose validity
is invariant under swapping bindable names.
Even if one only takes the nave view of abstra tions as (name, term)-pairs, it
seems useful to de ne - onversion and apture-avoiding substitution in terms of
name-swapping and to take a ount of equivarian e in indu tive arguments. We
gave a small illustration of this in Example 2.1. A further example is provided
by the work of Caires and Cardelli on modal logi for the spatial stru ture of
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on urrent systems [2℄; this and the related work [3℄ make use of the freshness
quanti er of Se t. 5. See also [14℄ for the use of permutative renaming to treat
naming aspe ts of pro ess al uli.
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