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Abstra t

This hapter provides an introdu tion to Des ription Logi s as a formal language
for representing knowledge and reasoning about it. It rst gives a short overview of
the ideas underlying Des ription Logi s. Then it introdu es syntax and semanti s,
overing the basi onstru tors that are used in systems or have been introdu ed in
the literature, and the way these onstru tors an be used to build knowledge bases.
Finally, it de nes the typi al inferen e problems, shows how they are interrelated,
and des ribes di erent approa hes for e e tively solving these problems. Some of
the topi s that are only brie y mentioned in this hapter will be treated in more
detail in subsequent hapters.
2.1 Introdu tion

As sket hed in the previous hapter, Des ription Logi s (DLs) is the most re ent
name1 for a family of knowledge representation (KR) formalisms that represent the
knowledge of an appli ation domain (the \world") by rst de ning the relevant
on epts of the domain (its terminology), and then using these on epts to spe ify
properties of obje ts and individuals o urring in the domain (the world des ription). As the name Des ription Logi s indi ates, one of the hara teristi s of these
languages is that, unlike some of their prede essors, they are equipped with a formal,
logi -based semanti s. Another distinguished feature is the emphasis on reasoning
as a entral servi e: reasoning allows one to infer impli itly represented knowledge
from the knowledge that is expli itly ontained in the knowledge base. Des ription Logi s support inferen e patterns that o ur in many appli ations of intelligent
information pro essing systems, and whi h are also used by humans to stru ture
and understand the world: lassi ation of on epts and individuals. Classi ation
1

Previously used names are terminologi al knowledge representation languages, on ept languages, term
subsumption languages, and Kl-One-based knowledge representation languages.
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of on epts determines sub on ept/super on ept relationships ( alled subsumption
relationships in DL) between the on epts of a given terminology, and thus allows
one to stru ture the terminology in the form of a subsumption hierar hy. This hierar hy provides useful information on the onne tion between di erent on epts,
and it an be used to speed-up other inferen e servi es. Classi ation of individuals
(or obje ts) determines whether a given individual is always an instan e of a ertain
on ept (i.e., whether this instan e relationship is implied by the des ription of the
individual and the de nition of the on ept). It thus provides useful information
on the properties of an individual. Moreover, instan e relationships may trigger the
appli ation of rules that insert additional fa ts into the knowledge base.
Be ause Des ription Logi s are a KR formalism, and sin e in KR one usually
assumes that a KR system should always answer the queries of a user in reasonable time, the reasoning pro edures DL resear hers are interested in are de ision
pro edures, i.e., unlike, e.g., rst-order theorem provers, these pro edures should
always terminate, both for positive and for negative answers. Sin e the guarantee
of an answer in nite time need not imply that the answer is given in reasonable
time, investigating the omputational omplexity of a given DL with de idable inferen e problems is an important issue. De idability and omplexity of the inferen e
problems depend on the expressive power of the DL at hand. On the one hand,
very expressive DLs are likely to have inferen e problems of high omplexity, or
they may even be unde idable. On the other hand, very weak DLs (with eÆ ient
reasoning pro edures) may not be suÆ iently expressive to represent the important
on epts of a given appli ation. As mentioned in the previous hapter, investigating
this trade-o between the expressivity of DLs and the omplexity of their reasoning
problems has been one of the most important issues in DL resear h.
Des ription Logi s are des ended from so- alled \stru tured inheritan e networks" [Bra hman, 1977; 1978℄, whi h were introdu ed to over ome the ambiguities
of early semanti networks and frames, and whi h were rst realized in the system
Kl-One [Bra hman and S hmolze, 1985℄. The following three ideas, rst put forward in Bra hman's work on stru tured inheritan e networks, have largely shaped
the subsequent development of DLs:
 The basi synta ti building blo ks are atomi on epts (unary predi ates),
atomi roles (binary predi ates), and individuals ( onstants).
 The expressive power of the language is restri ted in that it uses a rather small set
of (epistemologi ally adequate) onstru tors for building omplex on epts and
roles.
 Impli it knowledge about on epts and individuals an be inferred automati ally
with the help of inferen e pro edures. In parti ular, subsumption relationships
between on epts and instan e relationships between individuals and on epts
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play an important r^ole: unlike IS-A links in Semanti Networks, whi h are expli itly introdu ed by the user, subsumption relationships and instan e relationships are inferred from the de nition of the on epts and the properties of the
individuals.
After the rst logi -based semanti s for Kl-One-like KR languages were proposed,
the inferen e problems like subsumption ould also be provided with a pre ise meaning, whi h led to the rst formal investigations of the omputational properties
of su h languages. It has turned out that the languages used in early DL systems were too expressive, whi h led to unde idability of the subsumption problem
[S hmidt-S hau, 1989; Patel-S hneider, 1989℄. The rst worst- ase omplexity results [Levesque and Bra hman, 1987; Nebel, 1988℄ showed that the subsumption
problem is intra table (i.e., not polynomially solvable) even for very inexpressive
languages. As mentioned in the previous hapter, this work was the starting point of
a thorough investigation of the worst- ase omplexity of reasoning in Kl-One-like
KR languages (see Chapter 3 for details).
Later on it has turned out, however, that intra tability of reasoning (in the sense
of being non-polynomial in the worst ase) does not prevent a DL from being useful in pra ti e, provided that sophisti ated optimization te hniques are used when
implementing a system based on su h a DL (see Chapter 9). When implementing
a DL system, the eÆ ient implementation of the basi reasoning algorithms is not
the only issue, though. On the one hand, the derived system servi es (su h as lassi ation, i.e., onstru ting the subsumption hierar hy between all on epts de ned
in a terminology) must be optimized as well [Baader et al., 1994℄. On the other
hand, one needs a good user and appli ation programming interfa e (see Chapter 7
for more details). Most implemented DL systems provide for a rule language, whi h
an be seen as a very simple, but e e tive, appli ation programming me hanism
(see Subse tion 2.2.5 for details).
Se tion 2.2 introdu es the basi formalism of Des ription Logi s. By way of
a prototypi al example, it rst introdu es the formalism for des ribing on epts
(i.e., the des ription language), and then de nes the terminologi al (TBox) and the
assertional (ABox) formalisms. Next, it introdu es the basi reasoning problems
and shows how they are related to ea h other. Finally, it de nes the rule language
that is available in many of the implemented DL systems.
Se tion 2.3 des ribes algorithms for solving the basi reasoning problems in
DLs. After shortly sket hing stru tural subsumption algorithms, it on entrates
on tableau-based algorithms. Finally, it omments on the problem of reasoning
w.r.t. terminologies.
Finally, Se tion 2.4 des ribes some additional language onstru tors that are
not in luded in the prototypi al family of des ription languages introdu ed in Se -
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Fig. 2.1. Ar hite ture of a knowledge representation system
based on Des ription Logi s.

tion 2.2, but have been onsidered in the literature and are available in some DL
systems.
2.2 De nition of the basi formalism

A KR system based on Des ription Logi s provides fa ilities to set up knowledge
bases, to reason about their ontent, and to manipulate them. Figure 2.1 sket hes
the ar hite ture of su h a system (see Chapter 8 for more information on DL systems).
A knowledge base (KB) omprises two omponents, the TBox and the ABox.
The TBox introdu es the terminology, i.e., the vo abulary of an appli ation domain, while the ABox ontains assertions about named individuals in terms of this
vo abulary.
The vo abulary onsists of on epts, whi h denote sets of individuals, and roles,
whi h denote binary relationships between individuals. In addition to atomi onepts and roles ( on ept and role names), all DL systems allow their users to build
omplex des riptions of on epts and roles. The TBox an be used to assign names
to omplex des riptions. The language for building des riptions is a hara teristi of ea h DL system, and di erent systems are distinguished by their des ription
languages. The des ription language has a model-theoreti semanti s. Thus, statements in the TBox and in the ABox an be identi ed with formulae in rst-order
logi or, in some ases, a slight extension of it.
A DL system not only stores terminologies and assertions, but also o ers servi es
that reason about them. Typi al reasoning tasks for a terminology are to determine whether a des ription is satis able (i.e., non- ontradi tory), or whether one
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des ription is more general than another one, that is, whether the rst subsumes
the se ond. Important problems for an ABox are to nd out whether its set of
assertions is onsistent, that is, whether it has a model, and whether the assertions
in the ABox entail that a parti ular individual is an instan e of a given on ept
des ription. Satis ability he ks of des riptions and onsisten y he ks of sets of
assertions are useful to determine whether a knowledge base is meaningful at all.
With subsumption tests, one an organize the on epts of a terminology into a hierar hy a ording to their generality. A on ept des ription an also be on eived as
a query, des ribing a set of obje ts one is interested in. Thus, with instan e tests,
one an retrieve the individuals that satisfy the query.
In any appli ation, a KR system is embedded into a larger environment. Other
omponents intera t with the KR omponent by querying the knowledge base and
by modifying it, that is, by adding and retra ting on epts, roles, and assertions.
A restri ted me hanism to add assertions are rules. Rules are an extension of
the logi al ore formalism, whi h an still be interpreted logi ally. However, many
systems, in addition to providing an appli ation programming interfa e that onsists
of fun tions with a well-de ned logi al semanti s, provide an es ape hat h by whi h
appli ation programs an operate on the KB in arbitrary ways.
2.2.1 Des ription languages
Elementary des riptions are atomi

and atomi roles. Complex des riptions an be built from them indu tively with on ept onstru tors. In abstra t
notation, we use the letters A and B for atomi on epts, the letter R for atomi
roles, and the letters C and D for on ept des riptions. Des ription languages are
distinguished by the onstru tors they provide. In the sequel we shall dis uss various languages from the family of AL-languages. The language AL (= attributive
language) has been introdu ed in [S hmidt-S hau and Smolka, 1991℄ as a minimal language that is of pra ti al interest. The other languages of this family are
extensions of AL.
on epts

2.2.1.1 The basi des ription language

AL

Con ept des riptions in AL are formed a ording to the following syntax rule:
C; D ! A j
(atomi on ept)
>j
(universal on ept)
?j
(bottom on ept)
:A j
(atomi negation)
C uD j
(interse tion)
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(value restri tion)
(limited existential quanti ation).
Note that, in AL, negation an only be applied to atomi on epts, and only the
top on ept is allowed in the s ope of an existential quanti ation over a role. For
histori al reasons, the sublanguage of AL obtained by disallowing atomi negation is
alled FL and the sublanguage of FL obtained by disallowing limited existential
quanti ation is alled FL0 .
To give examples of what an be expressed in AL, we suppose that Person and
Female are atomi on epts. Then Person u Female and Person u :Female are ALon epts des ribing, intuitively, those persons that are female, and those that are
not female. If, in addition, we suppose that hasChild is an atomi role, we an
form the on epts Person u 9hasChild:> and Person u 8hasChild:Female, denoting
those persons that have a hild, and those persons all of whose hildren are female.
Using the bottom on ept, we an also des ribe those persons without a hild by
the on ept Person u 8hasChild:?.
In order to de ne a formal semanti s of AL- on epts, we onsider interpretations I that onsist of a non-empty set I (the domain of the interpretation) and
an interpretation fun tion, whi h assigns to every atomi on ept A a set AI  I
and to every atomi role R a binary relation RI  I  I . The interpretation
fun tion is extended to on ept des riptions by the following indu tive de nitions:
>I = I
?I = ;
(:A)I = I n AI
(C u D)I = C I \ DI
(8R:C )I = fa 2 I j 8b: (a; b) 2 RI ! b 2 C I g
(9R:>)I = fa 2 I j 9b: (a; b) 2 RI g:
We say that two on epts C , D are equivalent, and write C  D, if C I =
I
D for all interpretations I . For instan e, going ba k to the de nition of the
semanti s of on epts, one easily veri es that 8hasChild:Female u 8hasChild:Student
and 8hasChild:(Female u Student) are equivalent.
8R:C j
9R:>

2.2.1.2 The family of AL-languages

We obtain more expressive languages if we add further onstru tors to AL. The
union of on epts (indi ated by the letter U ) is written as C t D, and interpreted
as
(C t D)I = C I [ DI :
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Full existential quanti ation

interpreted as

(indi ated by the letter E ) is written as 9R:C , and

(9R:C )I = fa 2 I j 9b: (a; b) 2 RI ^ b 2 C I g:
Note that 9R:C di ers from 9R:> in that arbitrary on epts are allowed to o ur
in the s ope of the existential quanti er.
Number restri tions (indi ated by the letter N ) are written as > n R(at-least
restri tion) and as 6 n R (at-most restri tion), where n ranges over the nonnegative
integers. They are interpreted as
(> n R)I = a 2 I jfb j (a; b) 2 RI gj  n ;
and
(6 n R)I = a 2 I jfb j (a; b) 2 RI gj  n ;
respe tively, where \j  j" denotes the ardinality of a set. From a semanti viewpoint, the oding of numbers in number restri tions is immaterial. However, for the
omplexity analysis of inferen es it an matter whether a number n is represented
in binary (or de imal) notation or by a string of length n, sin e binary (de imal)
notation allows for a more ompa t representation.
The negation of arbitrary on epts (indi ated by the letter C , for \ omplement")
is written as :C , and interpreted as
(:C )I = I n C I :
With the additional onstru tors, we an, for example, des ribe those persons
that have either not more than one hild or at least three hildren, one of whi h is
female:
Person u (6 1 hasChild t (> 3 hasChild u 9hasChild:Female)):
Extending AL by any subset of the above onstru tors yields a parti ular ALlanguage. We name ea h AL-language by a string of the form
AL[U ℄[E ℄[N ℄[C ℄;
where a letter in the name stands for the presen e of the orresponding onstru tor.
For instan e, ALEN is the extension of AL by full existential quanti ation and
number restri tions (see the appendix on DL terminology for how to extend this
naming s heme to more expressive DLs).
From the semanti point of view, not all these languages are distin t, however.
The semanti s enfor es the equivalen es C t D  :(:C u:D) and 9R:C  :8R::C .
Hen e, union and full existential quanti ation an be expressed using negation.
Conversely, the ombination of union and full existential quanti ation gives us
n

o

n

o
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the possibility to express negation of on epts (through their equivalent negation
normal form, see Se tion 2.3.2). Therefore, we assume w.l.o.g. that union and full
existential quanti ation are available in every language that ontains negation,
and vi e versa. It follows that (modulo the equivalen es mentioned above), all
AL-languages an be written using the letters U , E , N only. It is not hard to see
that the eight languages obtained this way are indeed pairwise non-equivalent. In
the sequel, we shall not distinguish between an AL-language with negation and its
ounterpart that has union and full existential quanti ation instead. In the same
vein, we shall use the letter C instead of the letters UE in language names. For
instan e, we shall write ALC instead of ALUE and ALCN instead of ALUEN .
2.2.1.3 Des ription languages as fragments of predi ate logi

The semanti s of on epts identi es des ription languages as fragments of rst-order
predi ate logi . Sin e an interpretation I respe tively assigns to every atomi onept and role a unary and binary relation over I , we an view atomi on epts
and roles as unary and binary predi ates. Then, any on ept C an be translated
e e tively into a predi ate logi formula  (x) with one free variable x su h that
for every interpretation I the set of elements of I satisfying  (x) is exa tly C I :
An atomi on ept A is translated into the formula A(x); the onstru tors interse tion, union, and negation are translated into logi al onjun tion, disjun tion, and
negation, respe tively; if C is already translated into  (x) and R is an atomi role,
then value restri tion and existential quanti ation are aptured by the formulae
9 (y) = 9x: R(y; x) ^  (x)
8 (y) = 8x: R(y; x) !  (x);
where y is a new variable; number restri tions are expressed by the formulae
> (x) = 9y1; : : : ; y : R(x; y1 ) ^    ^ R(x; y ) ^
y 6= y
C

C

C

C

R:C

C

R:C

^

nR

n

n

i

j

i<j

6

nR

(x) = 8y1; : : : ; y +1: R(x; y1) ^    ^ R(x; y +1) !
n

_

y

i

n

=y :
j

i<j

Note that the equality predi ate \=" is needed to express number restri tions, while
on epts without number restri tions an be translated into equality-free formulae.
One may argue that, sin e on epts an be translated into predi ate logi , there
is no need for a spe ial syntax. However, the above translations show that, in
parti ular for number restri tions, the variable free syntax of des ription logi s is
mu h more on ise. As an be seen from Se tion 2.3, it also lends itself easily to
the development of algorithms.
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A more detailed analysis of the onne tion between fragments of rst-order predi ate logi and DLs an be found in Chapter 4.
2.2.2 Terminologies

We have seen how we an form omplex des riptions of on epts to des ribe lasses
of obje ts. Now, we introdu e terminologi al axioms, whi h make statements about
how on epts or roles are related to ea h other. Then we single out de nitions
as spe i axioms and identify terminologies as sets of de nitions by whi h we
an introdu e atomi on epts as abbreviations or names for omplex on epts.
If the de nitions in a terminology ontain y les, we may have to adopt xpoint
semanti s to make them unequivo al. We dis uss for whi h types of terminologies
xpoint models exist.
2.2.2.1 Terminologi al axioms
In the most general ase, terminologi al axioms

have the form
C v D (R v S )
or C  D (R  S );
where C , D are on epts (and R, S are roles). Axioms of the rst kind are alled
in lusions, while axioms of the se ond kind are alled equalities. To simplify the
exposition, we deal in the following only with axioms involving on epts.
The semanti s of axioms is de ned as one would expe t. An interpretation I
satis es an in lusion C v D if C I  DI , and it satis es an equality C  D if
C I = DI . If T is a set of axioms, then I satis es T i I satis es ea h element
of T . If I satis es an axiom (resp. a set of axioms), then we say that it is a model
of this axiom (resp. set of axioms). Two axioms or two sets of axioms are equivalent
if they have the same models.
2.2.2.2 De nitions

An equality whose left-hand side is an atomi on ept is a de nition. De nitions
are used to introdu e symboli names for omplex des riptions. For instan e, by
the axiom
Mother  Woman u 9hasChild:Person

we asso iate to the des ription on the right-hand side the name Mother. Symboli
names may be used as abbreviations in other des riptions. If, for example, we have
de ned Father analogously to Mother, we an de ne Parent as
Parent  Mother t Father:

A set of de nitions should be unequivo al. We all a nite set of de nitions T a
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Woman
Man
Mother
Father
Parent
Grandmother
MotherWithManyChildren
MotherWithoutDaughter
Wife











Person u Female
Person u :Woman
Woman u 9hasChild:Person
Man u 9hasChild:Person
Father t Mother
Mother u 9hasChild:Parent
Mother u > 3 hasChild
Mother u 8hasChild::Woman
Woman u 9hasHusband:Man

Fig. 2.2. A terminology (TBox) with on epts about family
relationships.

terminology or TBox if no symboli name is de ned more than on e, that is, if for
every atomi on ept A there is at most one axiom in T whose left-hand side is A.
Figure 2.2 shows a terminology with on epts on erned with family relationships.
Suppose, T is a terminology. We divide the atomi on epts o urring in T into
two sets, the name symbols NT that o ur on the left-hand side of some axiom
and the base symbols BT that o ur only on the right-hand side of axioms. Name
symbols are often alled de ned on epts and base symbols primitive on epts1 . We
expe t that the terminology de nes the name symbols in terms of the base symbols,
whi h now we make more pre ise.
A base interpretation for T is an interpretation that interprets only the base
symbols. Let J be su h a base interpretation. An interpretation I that interprets
also the name symbols is an extension of J if it has the same domain as J , i.e.,
I = J , and if it agrees with J for the base symbols. We say that T is de nitorial
if every base interpretation has exa tly one extension that is a model of T . In other
words, if we know what the base symbols stand for, and T is de nitorial, then the
meaning of the name symbols is ompletely determined. Obviously, if a terminology
is de nitorial, then every equivalent terminology is also de nitorial.
The question whether a terminology is de nitorial or not is related to the question
whether or not its de nitions are y li . For instan e, the terminology that onsists
of the the single axiom
Human0  Animal u 8hasParent:Human0
(2.1)
ontains a y le, whi h in this spe ial ase is very simple. In general, we de ne
y les in a terminology T as follows. Let A, B be atomi on epts o urring in T .
We say that A dire tly uses B in T if B appears on the right-hand side of the
1

Note that some papers use the notion \primitive on ept" with a di erent meaning; e.g., synonymous to
what we all atomi on epts, or to denote the (atomi ) left-hand sides of on ept in lusions.
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Person u Female
Person u :(Person u Female)
(Person u Female) u 9hasChild:Person
(Person u :(Person u Female)) u 9hasChild:Person
((Person u :(Person u Female)) u 9hasChild:Person)
t ((Person u Female) u 9hasChild:Person)
((Person u Female) u 9hasChild:Person)
u 9hasChild:(((Person u :(Person u Female))
u 9hasChild:Person)
t ((Person u Female)
u 9hasChild:Person))
((Person u Female) u 9hasChild:Person) u > 3 hasChild
((Person u Female) u 9hasChild:Person)
u 8hasChild:(:(Person u Female))
(Person u Female)
u 9hasHusband:(Person u :(Person u Female))

Fig. 2.3. The expansion of the Family TBox in Figure 2.2.

de nition of A, and we all uses the transitive losure of the relation dire tly uses.
Then T ontains a y le i there exists an atomi on ept in T that uses itself.
Otherwise, T is alled a y li .
Unique extensions need not exist if a terminology ontains y les. Consider, for
instan e, the terminology that ontains only Axiom (2.1). Here, Human0 is a name
symbol and Animal and hasParent are base symbols. For an interpretation where
hasParent relates every animal to its progenitors, many extensions are possible to
interpret Human0 in a su h a way that the axiom is satis ed: Human0 an, among
others, be interpreted as the set of all animals, as some spe ies, or any other set of
animals with the property that for ea h animal it ontains also its progenitors.
In ontrast, if a terminology T is a y li , then it is de nitorial. The reason is that
we an expand through an iterative pro ess the de nitions in T by repla ing ea h
o urren e of a name on the right-hand side of a de nition with the on epts that
it stands for. Sin e there is no y le in the set of de nitions, the pro ess eventually
stops and we end up with a terminology T 0 onsisting solely of de nitions of the
form A  C 0, where C 0 ontains only base symbols and no name symbols. We
all T 0 the expansion of T . Note that the size of the expansion an be exponential
in the size of the original terminology [Nebel, 1990℄. The Family TBox in Figure 2.2
is a y li . Therefore, we an ompute the expansion, whi h is shown in Figure 2.3.
Proposition 2.1 Let T be a a y li terminology and T 0 be its expansion. Then
(i) T and T 0 have the same name and base symbols;

12

F. Baader, W. Nutt

(ii) T and T 0 are equivalent;
(iii) both, T and T 0 , are de nitorial.

Let T1 be a terminology. Suppose A  C and B  D are de nitions in T1
su h that B o urs in C . Let C 0 be the on ept obtained from C by repla ing ea h
o urren e of B in C with D, and let T2 be the terminology obtained from T1 by
repla ing the de nition A  C with A  C 0. Then both terminologies have the
same name and base symbols. Moreover, sin e T2 has been obtained from T1 by
repla ing equals by equals, both terminologies have the same models. Sin e T 0 is
obtained from T by a sequen e of repla ement steps like the ones above, this proves
laims (i) and (ii).
Suppose now that J is an interpretation of the base symbols. We extend it to an
interpretation I that overs also the name symbols by setting AI = C 0J , if A  C 0
is the de nition of A in T 0. Clearly, I is a model of T 0 , and it is the only extension
of J that is a model of T 0 . This shows that T 0 is de nitorial. Moreover, T is
de nitorial as well, sin e it is equivalent to T 0.
It is hara teristi for a y li terminologies, in a sense to be made more pre ise,
to uniquely de ne the name symbols in terms of the base symbols.
Of ourse, there are also terminologies with y les that are de nitorial. Consider
for instan e the one onsisting of the axiom
A  8R:B t 9R:(A u :A);
(2.2)
whi h has a y le. However, sin e 9R:(A u:A) is equivalent to the bottom on ept,
Axiom (2.2) is equivalent to the a y li axiom
A  8R:B:
(2.3)
This example is typi al for the general situation.
Proof

Theorem 2.2 Every de nitorial
minology.

ALC -terminology is equivalent to an a y li

ter-

The theorem is a reformulation of Beth's De nability Theorem [Gabbay, 1972℄ for
the modal propositional logi K , whi h, as shown by S hild [1991℄, is a notational
variant of ALC .
n

2.2.2.3 Fixpoint semanti s for terminologi al y les

Under the semanti s we have studied so far, whi h is essentially the semanti s of
rst-order logi , terminologies have de nitorial impa t only if they are essentially
a y li . Following Nebel [1991℄, we shall all this semanti s des riptive semanti s to
distinguish it from the xpoint semanti s introdu ed below. Fixpoint semanti s are
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motivated by the fa t that there are situations where intuitively y li de nitions are
meaningful and the intuition an be aptured by least or greatest xpoint semanti s.

Example 2.3 Suppose that we want to spe ify the on ept of a \man who has
only male o spring," for short Momo. In parti ular, su h a man is a Mos, that is,
a \man who has only sons." A Mos an be de ned without y les as
Mos



Man u 8hasChild:Man:

For a Momo, however, we want to make a statement about the llers of the transitive
losure of the role hasChild. Here a re ursive de nition of Momo seems to be natural.
A man having only male o spring is himself a man, and all his hildren are men
having only male o spring:
Momo  Man u 8hasChild:Momo:
(2.4)
In order to a hieve the desired meaning, we have to interpret this de nition under an appropriate xpoint semanti s. We shall show below that greatest xpoint
semanti s aptures our intuition here.
Cy les also appear when we want to model re ursive stru tures, e.g., binary trees.1
We suppose that there is a set of obje ts that are Trees and a binary
relation has-bran h between obje ts that leads from a tree to its subtrees. Then
the binary trees are the trees with at most two subtrees that are themselves binary
trees:
BinaryTree  Tree u 6 2 has-bran h u 8has-bran h:BinaryTree:
As with the de nition of Momo, a xpoint semanti s will yield the desired meaning.
However, for this example we have to use least xpoint semanti s.

Example 2.4

We now give a formal de nition of xpoint semanti s. In a terminology T , every
name symbol A o urs exa tly on e as the left-hand side of an axiom A  C .
Therefore, we an view T as a mapping that asso iates to a name symbol A the
on ept des ription T (A) = C . With this notation, an interpretation I is a model of
T if, and only if, AI = (T (A))I . This hara terization has the avour of a xpoint
equation. We exploit this similarity to introdu e a family of mappings su h that an
interpretation is a model of T i it is a xpoint of su h a mapping.
Let T be a terminology, and let J be a xed base interpretation of T . By ExtJ
we denote the set of all extensions of J . Let TJ : ExtJ ! ExtJ be the mapping
1

The following example is taken from [Nebel, 1991℄.
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that maps the extension I to the extension TJ (I ) de ned by AT (I ) = (T (A))I for
ea h name symbol A.
Now, I is a xpoint of TJ i I = TJ (I ), i.e., i AI = AT (I ) for all name
symbols. This means that, for every de nition A  C in T , we have AI = AT (I ) =
(T (A))I = C I , whi h means that I is a model of T . This proves the following
result.
J

J

J

Proposition 2.5 Let T be a terminology, I be an interpretation, and J be the
restri tion of I to the base symbols of T . Then I is a model of T if, and only if, I
is a xpoint of TJ .

A ording to the pre eding proposition, a terminology T is de nitorial i every
base interpretation J has a unique extension that is a xpoint of TJ .

To get a feel for why y li terminologies are not de nitorial, we
dis uss as an example the terminology T Momo that onsists only of Axiom (2.4).
Consider the base interpretation J de ned by
J = fCharles1 ; Charles2 ; : : :g [ fJames1 ; : : : ; JamesLast g;
ManJ = J ;
hasChildJ = f(Charles ; Charles( +1) ) j i  1g [
f(James ; James( +1) ) j 1  i < Lastg.
This means that the Charles dynasty does not die out, whereas there is a last
member of the James dynasty.
We want to identify the xpoints of TJMomo. Note that an individual without hildren, i.e., without llers of hasChild, is always in the interpretation of
8hasChild:Momo, no matter how Momo is interpreted. Therefore, if I is a xpoint extension of J , then JamesLast is in (8hasChild:Momo)I , and thus in MomoI .
We on lude that every James is a Momo. Let I1 be the extension of J su h that
MomoI omprises exa tly the James dynasty. Then it is easy to he k that I1 is a
xpoint. If, in addition to the James dynasty, also some Charles is a Momo, then
all the members of the Charles dynasty before and after him must belong to the
on ept Momo. One an easily he k that the extension I2 that interprets Momo
as the entire domain is also a xpoint, and that there is no other xpoint.
Example 2.6

i

i

i

i

1

In order to give de nitorial impa t to a y li terminology T , we must single out
a parti ular xpoint of the mapping TJ if there are more than one. To this end,
we de ne a partial ordering \" on the extensions of J . We say that I  I 0 if
AI  AI for every name symbol in T . In the above example, Momo is the only
name symbol. Sin e MomoI  MomoI , we have I1  I2.
0

1

2
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A xpoint I of TJ is the least xpoint (lfp) if I  I 0 for every other xpoint I 0.
We say that I is a least xpoint model of T if I is the least xpoint of TJ . for
some base interpretation J . Under least xpoint semanti s we only admit the least
xpoint models of T as intended interpretations. Greatest xpoints (gfp), greatest
xpoint models, and greatest xpoint semanti s are de ned analogously. In the
Momo example, I1 is the least and I2 the greatest xpoint of TJ .
2.2.2.4 Existen e of xpoint models

Least and greatest xpoint models need not exist for every terminology.
Example 2.7 As a simple example, onsider the axiom
A

(2.5)
= I n AI , whi h implies I = ;, an

 :A:

If I is a model of this axiom, then AI
absurdity.
A terminology ontaining Axiom (2.5) thus does not have any models, and therefore also no gfp (lfp) models.
There are also ases where models (i.e., xpoints) exist, but there is neither a
least one nor a greatest one. As an example, onsider the terminology T with the
single axiom
A  8R::A:
(2.6)
Let J be the base interpretation with J = fa; bg and RJ = f(a; b); (b; a)g. Then
there are two xpoint extensions I1, I2, de ned by AI = fag and AI = fbg.
However, they are not omparable with respe t to \".
1

2

In order to identify terminologies with the property that for every base interpretation there exists a least and a greatest xpoint extension, we draw upon results
from latti e theory. Re all that a latti e is omplete if every family of elements has
a least upper bound.
On ExtJ we have introdu ed the partial ordering \". For a family of interpretations (I ) 2 in ExtJ we de ne I0 = 2 I as the pointwise union of the I s,
that is, for every name symbol A we have AI = 2 AI . Then I0 is the least
upper bound of the I s, whi h shows that (ExtJ ; ) is a omplete latti e.
A fun tion f : L ! L on a latti e (L; ) is monotone if f (x)  f (y) whenever
x  y. Tarski's Fixpoint Theorem [Tarski, 1955℄ says that for a monotone fun tion
on a omplete latti e the set of xpoints is nonempty and forms itself a omplete
latti e. In parti ular, there is a least and a greatest xpoint.
We de ne that a terminology T is monotone if the mapping TJ is monotone for
all base interpretations J . By Tarski's theorem, su h terminologies have greatest
F

i i

I

i

i

I

i

0

i

S

i

I

i
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and least xpoints. However, to apply the theorem, we must be able to re ognize
monotone terminologies. A simple synta ti riterion is the following. We all a
terminology negation free if no negation o urs in it. By an indu tion over the depth
of on ept des riptions one an he k that every negation free ALCN -terminology
is monotone.
Proposition 2.8 If T is a negation free terminology and J a base interpretation,
then there exist extensions of J that are a lfp-model and a gfp-model of T , respe tively.

Negation free terminologies are not the most general lass of terminologies having
least and greatest xpoints. We have seen in Proposition 2.1 that a y li terminologies are de nitorial and thus for a given base interpretation admit only a single
extension that is a model, whi h then is both a least and a greatest xpoint model.
We obtain a more re ned riterion for the existen e of least and greatest xpoints
if we pay attention to the interplay between y les and negation. To this end, we
asso iate to a terminology T a dependen y graph GT , whose nodes are the name
symbols in T . If T ontains the axiom A  C , then for every o urren e of the
name symbol A0 in C , there is an ar from A to A0 in GT . Ar s are labeled as
positive and negative. The ar from A to A0 is positive if A0 o urs in C in the
s ope of an even number of negations, and it is negative if A0 o urs in the s ope
of an odd number of negations. A sequen e of nodes A1 ; : : : ; A is a path if there is
an ar in GT from A to A +1 for all i = 1; : : : ; n 1. A path is a y le if A1 = A .
n

i

i

n

Proposition 2.9 Let T be a terminology su h that ea h y le in GT ontains an
even number of negative ar s. Then T is monotone.

We all a terminology satisfying the pre ondition of this proposition synta ti ally
monotone.
2.2.2.5 Terminologies with in lusion axioms

For ertain on epts we may be unable to de ne them ompletely. In this ase, we
an still state ne essary onditions for on ept membership using an in lusion. We
all an in lusion whose left-hand side is atomi a spe ialization.
For example, if a (male) knowledge engineer thinks that the de nition of \woman"
in our example TBox (Figure 2.2) is not satisfa tory, but if he also feels that he
is not able to de ne the on ept \woman" in all detail, he an require that every
woman is a person with the spe ialization
Woman v Person:
(2.7)
If we allow also spe ializations in a terminology, then the terminology loses its
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de nitorial impa t, even if it is a y li . A set of axioms T is a generalized terminology if the left-hand side of ea h axiom is an atomi on ept and for every atomi
on ept there is at most one axiom where it o urs on the left-hand side.
We shall transform a generalized terminology T into a regular terminology T ,
ontaining de nitions only, su h that T is equivalent to T in a sense that will be
spe i ed below. We obtain T from T by hoosing for every spe ialization A v C
in T a new base symbol A and by repla ing the spe ialization A v C with the
de nition A  A u C . The terminology T is the normalization of T .
If a TBox ontains the spe ialization (2.7), then the normalization ontains the
de nition
Woman  Woman u Person:

Intuitively, the additional base symbol Woman stands for the qualities that distinguish a woman among persons. Thus, normalization results in a TBox with a
de nition for Woman that is similar to the one in the Family TBox.
Proposition 2.10 Let T be a generalized terminology and T its normalization.
 Every model of T is a model of T .
 For every model I of T there is a model I of T that has the same domain as I
and agrees with I on the atomi

on epts and roles in T .

 of T satis es AI = (A u C )I =
laim holds be ause
a
model
I
implies AI  C I . Conversely, if I is a model of T , then the
extension I of I , de ned by AI = AI , is a model of T , be ause AI  C I implies
AI = AI \ C I = AI \ C I , and therefore I satis es A  A u C .
Thus, in theory, in lusion axioms do not add to the expressivity of terminologies. However, in pra ti e, they are a onvenient means to introdu e terms into a
terminology that annot be de ned ompletely.
Proof The rst
AI \ C I , whi h

2.2.3 World des riptions

The se ond omponent of a knowledge base, in addition to the terminology or TBox,
is the world des ription or ABox.
2.2.3.1 Assertions about individuals

In the ABox, one des ribes a spe i state of a airs of an appli ation domain in
terms of on epts and roles. Some of the on ept and role atoms in the ABox may
be de ned names of the TBox. In the ABox, one introdu es individuals, by giving
them names, and one asserts properties of these individuals. We denote individual
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MotherWithoutDaughter(MARY)
hasChild(MARY; PETER)
hasChild(MARY; PAUL)

Father(PETER)
hasChild(PETER; HARRY)

Fig. 2.4. A world des ription (ABox).

names as a, b, . Using on epts C and roles R, one an make assertions of the
following two kinds in an ABox:
C (a);
R(b; ):
By the rst kind, alled on ept assertions, one states that a belongs to (the interpretation of) C , by the se ond kind, alled role assertions, one states that is a
ller of the role R for b. For instan e, if PETER, PAUL, and MARY are individual
names, then Father(PETER) means that Peter is a father, and hasChild(MARY; PAUL)
means that Paul is a hild of Mary. An ABox, denoted as A, is a nite set of su h
assertions. Figure 2.4 shows an example of an ABox.
In a simpli ed view, an ABox an be seen as an instan e of a relational database
with only unary or binary relations. However, ontrary to the \ losed-world semanti s" of lassi al databases, the semanti s of ABoxes is an \open-world semanti s,"
sin e normally knowledge representation systems are applied in situations where one
annot assume that the knowledge in the KB is omplete.1 Moreover, the TBox
imposes semanti relationships between the on epts and roles in the ABox that do
not have ounterparts in database semanti s.
We give a semanti s to ABoxes by extending interpretations to individual names.
From now on, an interpretation I = (I ; I ) not only maps atomi on epts and
roles to sets and relations, but in addition maps ea h individual name a to an
element aI 2 I . We assume that distin t individual names denote distin t obje ts.
Therefore, this mapping has to respe t the unique name assumption (UNA), that is,
if a, b are distin t names, then aI 6= bI . The interpretation I satis es the on ept
assertion C (a) if aI 2 C I , and it satis es the role assertion R(a; b) if (aI ; bI ) 2 RI .
An interpretation satis es the ABox A if it satis es ea h assertion in A. In this
ase we say that I is a model of the assertion or of the ABox. Finally, I satis es
an assertion or an ABox A with respe t to a TBox T if in addition to being a
model of or of A, it is a model of T . Thus, a model of A and T is an abstra tion
of a on rete world where the on epts are interpreted as subsets of the domain as
required by the TBox and where the membership of the individuals to on epts and
their relationships with one another in terms of roles respe t the assertions in the
ABox.
1

We dis uss impli ations of this di eren e in semanti s in Se tion 2.2.4.4.
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2.2.3.2 Individual names in the des ription language
Sometimes, it is onvenient to allow individual names

(also alled nominals ) not
only in the ABox, but also in the des ription language. Some on ept onstru tors
employing individuals o ur in systems and have been investigated in the literature.
The most basi one is the \set" (or one-of ) onstru tor, written
fa1 ; : : : ; a g;
n

where a1; : : : ; a are individual names. As one would expe t, su h a set on ept is
interpreted as
(2.8)
fa1 ; : : : ; a gI = faI1 ; : : : ; aI g:
With sets in the des ription language one an for instan e de ne the on ept of permanent members of the UN se urity oun il as fCHINA; FRANCE; RUSSIA; UK; USAg.
In a language with the union onstru tor \t", a onstru tor fag for singleton sets
alone adds suÆ ient expressiveness to des ribe arbitrary nite sets sin e, a ording
to the semanti s of the set onstru tor in Equation (2.8), the on epts fa1 ; : : : ; a g
and fa1 g t    t fa g are equivalent.
Another onstru tor involving individual names is the \ lls" onstru tor
R : a;
for a role R. The semanti s of this onstru tor is de ned as
(R : a)I = fd 2 I j (d; aI ) 2 RI g;
(2.9)
that is, R : a stands for the set of those obje ts that have a as a ller of the role R.
To a des ription language with singleton sets and full existential quanti ation,
\ lls" does not add anything new, sin e Equation (2.9) implies that R : a and
9R:fag are equivalent.
We note, nally, that \ lls" allows one to express role assertions through on ept
assertions: an interpretation satis es R(a; b) i it satis es (9R:fbg)(a).
n

n

n

n

n

2.2.4 Inferen es

A knowledge representation system based on DLs is able to perform spe i kinds
of reasoning. As said before, the purpose of a knowledge representation system goes
beyond storing on ept de nitions and assertions. A knowledge base| omprising
TBox and ABox|has a semanti s that makes it equivalent to a set of axioms in
rst-order predi ate logi . Thus, like any other set of axioms, it ontains impli it
knowledge that an be made expli it through inferen es. For example, from the
TBox in Figure 2.2 and the ABox in Figure 2.4 one an on lude that Mary is a
grandmother, although this knowledge is not expli itly stated as an assertion.

20

F. Baader, W. Nutt

The di erent kinds of reasoning performed by a DL system (see Chapter 8) are
de ned as logi al inferen es. In the following, we shall dis uss these inferen es,
rst for on epts, then for TBoxes and ABoxes, and nally for TBoxes and ABoxes
together. It will turn out that there is one main inferen e problem, namely the
onsisten y he k for ABoxes, to whi h all other inferen es an be redu ed.
2.2.4.1 Reasoning tasks for on epts

When a knowledge engineer models a domain, she onstru ts a terminology, say T ,
by de ning new on epts, possibly in terms of others that have been de ned before.
During this pro ess, it is important to nd out whether a newly de ned on ept
makes sense or whether it is ontradi tory. From a logi al point of view, a on ept
makes sense for us if there is some interpretation that satis es the axioms of T
(that is, a model of T ) su h that the on ept denotes a nonempty set in that
interpretation. A on ept with this property is said to be satis able with respe t
to T and unsatis able otherwise.
Che king satis ability of on epts is a key inferen e. As we shall see, a number of
other important inferen es for on epts an be redu ed to the (un)satis ability. For
instan e, in order to he k whether a domain model is orre t, or to optimize queries
that are formulated as on epts, we may want to know whether some on ept is
more general than another one: this is the subsumption problem. A on ept C is
subsumed by a on ept D if in every model of T the set denoted by C is a subset
of the set denoted by D. Algorithms that he k subsumption are also employed
to organize the on epts of a TBox in a taxonomy a ording to their generality.
Further interesting relationships between on epts are equivalen e and disjointness.
These properties are formally de ned as follows. Let T be a TBox.
Satis ability: A on ept C is satis able with respe t to T if there exists a model
I of T su h that C I is nonempty. In this ase we say also that I is a model
of C .
Subsumption: A on ept C is subsumed by a on ept D with respe t to T if
C I  DI for every model I of T . In this ase we write C vT D or
T j= C v D.
Equivalen e: Two on epts C and D are equivalent with respe t to T if C I = DI
for every model I of T . In this ase we write C T D or T j= C  D.
Disjointness: Two on epts C and D are disjoint with respe t to T if C I \ DI = ;
for every model I of T .
If the TBox T is lear from the ontext, we sometimes drop the quali ation \with
respe t to T ."
We also drop the quali ation in the spe ial ase where the TBox is empty, and
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we simply write j= C v D if C is subsumed by D, and j= C  D if C and D are
equivalent.

Example 2.11 With respe t to the TBox in Figure 2.2, Person subsumes Woman,
both Woman and Parent subsume Mother, and Mother subsumes Grandmother.
Moreover, Woman and Man, and Father and Mother are disjoint. The subsumption relationships follow from the de nitions be ause of the semanti s of \u" and
\t". That Man is disjoint from Woman is due to the fa t that Man is subsumed by
the negation of Woman.

Traditionally, the basi reasoning me hanism provided by DL systems he ked
the subsumption of on epts. This, in fa t, is suÆ ient to implement also the other
inferen es, as an be seen by the following redu tions.
Proposition 2.12 (Redu tion to Subsumption) For on epts C , D we have

(i) C is unsatis able , C is subsumed by ?;
(ii) C and D are equivalent , C is subsumed by D and D is subsumed by C ;
(iii) C and D are disjoint , C u D is subsumed by ?.

The statements also hold with respe t to a TBox.

All des ription languages implemented in a tual DL systems provide the interse tion operator \u" and almost all of them ontain an unsatis able on ept. Thus,
most DL systems that an he k subsumption an perform all four inferen es de ned
above.
If, in addition to interse tion, a system allows one also to form the negation of a
des ription, one an redu e subsumption, equivalen e, and disjointness of on epts
to the satis ability problem (see also Smolka [1988℄).
Proposition 2.13 (Redu tion to Unsatis ability) For on epts C , D we have

(i) C is subsumed by D , C u :D is unsatis able;
(ii) C and D are equivalent , both (C u :D) and (:C u D) are unsatis
(iii) C and D are disjoint , C u D is unsatis able.

able;

The statements also hold with respe t to a TBox.

The redu tion of subsumption an easily be understood if one re alls that, for
sets M , N , we have M  N i M n N = ;. The redu tion of equivalen e is orre t
be ause C and D are equivalent if, and only if, C is subsumed by D and D is
subsumed by C . Finally, the redu tion of disjointness is just a rephrasing of the
de nition.
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Be ause of the above proposition, in order to obtain de ision pro edures for any
of the four inferen es we have dis ussed, it is suÆ ient to develop algorithms that
de ide the satis ability of on epts, provided the language for whi h we an de ide
satis ability supports onjun tion as well as negation of arbitrary on epts.
In fa t, this observation motivated resear hers to study des ription languages in
whi h, for every on ept, one an also form the negation of that on ept [Smolka,
1988; S hmidt-S hau and Smolka, 1991; Donini et al., 1991; 1997℄. The approa h
to onsider satis ability he king as the prin ipal inferen e gave rise to a new
kind of algorithms for reasoning in DLs, whi h an be understood as spe ialized
tableaux al uli (see Se tion 2.3 in this hapter and Chapter 3). Also, the most
re ent generation of DL systems, like Kris [Baader and Hollunder, 1991℄, Cra k
[Bres iani et al., 1995℄, Fa t [Horro ks, 1998℄, Dlp [Patel-S hneider, 1999℄, and
Ra e [Haarslev and M
oller, 2001b℄, are based on satis ability he king, and a
onsiderable amount of resear h work is spent on the development of eÆ ient implementation te hniques for this approa h [Baader et al., 1994; Horro ks, 1998;
Horro ks and Patel-S hneider, 1999; Haarslev and Moller, 2001a℄.
In an AL-language without full negation, subsumption and equivalen e annot be
redu ed to unsatis ability in the simple way shown in Proposition 2.13 and therefore
these inferen es may be of di erent omplexity.
As seen in Proposition 2.12, from the viewpoint of worst- ase omplexity, subsumption is the most general inferen e for any AL-language. The next proposition
shows that unsatis ability is a spe ial ase of ea h of the other problems.
Proposition 2.14 (Redu ing Unsatis ability) Let C be a on ept. Then the
following are equivalent:

(i) C is unsatis able;
(ii) C is subsumed by ?;
(iii) C and ? are equivalent;
(iv) C and > are disjoint.
The statements also hold with respe t to a TBox.

From Propositions 2.12 and 2.14 we see that, in order to obtain upper and lower
omplexity bounds for inferen es on on epts in AL-languages, it suÆ es to assess
lower bounds for unsatis ability and upper bounds for subsumption. More pre isely,
for ea h AL-language, an upper bound for the omplexity of the subsumption problem is also an upper bound for the omplexity of the unsati ability, the equivalen e,
and the disjointness problem. Moreover, a lower bound for the omplexity of the
unsati ability problem is also a lower bound for the omplexity of the subsumption,
the equivalen e, and the disjointness problem.
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2.2.4.2 Eliminating the TBox

In appli ations, on epts usually ome in the ontext of a TBox. However, for
developing reasoning pro edures it is on eptually easier to abstra t from the TBox
or, what amounts to the same, to assume that it is empty.
We show that, if T is an a y li TBox, we an always redu e reasoning problems
with respe t to T to problems with respe t to the empty TBox. As we have seen in
Proposition 2.1, T is equivalent to its expansion T 0 . Re all that in the expansion
every de nition is of the form A  D su h that D ontains only base symbols,
but no name symbols. Now, for ea h on ept C we de ne the expansion of C with
respe t to T as the on ept C 0 that is obtained from C by repla ing ea h o urren e
of a name symbol A in C by the on ept D, where A  D is the de nition of A
in T 0, the expansion of T .
For example, we obtain the expansion of the on ept
Woman u Man
(2.10)
with respe t to the TBox in Figure 2.2 by onsidering the expanded TBox in Figure 2.3, and repla ing Woman and Man with the right-hand sides of their de nitions
in this expansion. This results in the on ept
Person u Female u Person u :(Person u Female):
(2.11)
We an readily dedu e a number of fa ts about expansions. Sin e the expansion C 0
is obtained from C by repla ing names with des riptions in su h a way that both
are interpreted in the same way in any model of T , it follows that
 C T C 0 .

Hen e, C is satis able w.r.t. T i C 0 is satis able w.r.t. T . However, C 0 ontains
no de ned names, and thus C 0 is satis able w.r.t. T i it is satis able. This yields
that
 C is satis

able w.r.t. T i C 0 is satis able.

If D is another on ept, then we have also D T D0. Thus, C vT D i C 0 vT D0,
and C T D i C 0 T D0. Again, sin e C 0 and D0 ontain only base symbols, this
implies
 T j= C v D i j= C 0 v D0;
 T j= C  D i j= C 0  D0.
With similar arguments we an show that
 C and D are disjoint w.r.t. T

i

C 0 and D0 are disjoint.
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Summing up, expanding on epts with respe t to an a y li TBox allows one
to get rid of the TBox in reasoning problems. Going ba k to our example from
above, this means that, in order to verify whether Man and Woman are disjoint with
respe t to the Family TBox, whi h amounts to he king whether Man u Woman is
unsatis able, it suÆ es to he k that the on ept (2.11) is unsatis able.
Expanding on epts may be omputationally ostly, sin e in the worst ase the
size of T 0 is exponential in the size of T , and therefore C 0 may be larger than C by
a fa tor that is exponential in the size of T . A omplexity analysis of the diÆ ulty
of reasoning with respe t to TBoxes shows that the expansion of de nitions is a
sour e of omplexity that annot always be avoided (see Subse tion 2.3.3 of this
hapter and Chapter 3).
2.2.4.3 Reasoning tasks for ABoxes

After a knowledge engineer has designed a terminology and has used the reasoning
servi es of her DL system to he k that all on epts are satis able and that the
the expe ted subsumption relationships hold, the ABox an be lled with assertions
about individuals. We re all that an ABox ontains two kinds of assertions, on ept
assertions of the form C (a) and role assertions of the form R(a; b). Of ourse, the
representation of su h knowledge has to be onsistent, be ause otherwise|from the
viewpoint of logi |one ould draw arbitrary on lusions from it. If, for example,
the ABox ontains the assertions Mother(MARY) and Father(MARY), the system
should be able to nd out that, together with the Family TBox, these statements
are in onsistent.
In terms of our model theoreti semanti s we an easily give a formal de nition
of onsisten y. An ABox A is onsistent with respe t to a TBox T , if there is an
interpretation that is a model of both A and T . We simply say that A is onsistent
if it is onsistent with respe t to the empty TBox.
For example, the set of assertions fMother(MARY); Father(MARY)g is onsistent
(with respe t to the empty TBox), be ause without any further restri tions on the
interpretation of Mother and Father, the two on epts an be interpreted in su h a
way that they have a ommon element. However, the assertions are not onsistent
with respe t to the Family TBox, sin e in every model of it, Mother and Father are
interpreted as disjoint sets.
Similarly as for on epts, he king the onsisten y of an ABox with respe t to
an a y li TBox an be redu ed to he king an expanded ABox. We de ne the
expansion of A with respe t to T as the ABox A0 that is obtained from A by
repla ing ea h on ept assertion C (a) in A with the assertion C 0(a), where C 0 is
the expansion of C with respe t to T .1 In every model of T , a on ept C and its
1

We expand only on ept assertions be ause the des ription language onsidered until now does not provide onstru tors for role des riptions and therefore we have not onsidered TBoxes with role de nitions.
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expansion C 0 are interpreted in the same way. Therefore, A0 is onsistent w.r.t. T
i A is so. However, sin e A0 does not ontain a name symbol de ned in T , it is
onsistent w.r.t. T i it is onsistent. We on lude:
 A is

onsistent w.r.t. T

i

its expansion A0 is onsistent.

A te hnique to he k the onsisten y of ALCN -ABoxes is dis ussed in Se tion 2.3.2.
Other inferen es that we are going to introdu e an also be de ned with respe t
to a TBox or for an ABox alone. As in the ase of onsisten y, reasoning tasks for
ABoxes with respe t to a y li TBoxes an be redu ed to reasoning on expanded
ABoxes. For the sake of simpli ity, we shall give only de nitions of inferen es with
ABoxes alone, and leave it to the reader to formulate the appropriate generalization
to inferen es with respe t to TBoxes and to verify that they an be redu ed to
inferen es about expansions, provided the TBox is a y li .
Over an ABox A, one an pose queries about the relationships between on epts,
roles and individuals. The prototypi al ABox inferen e on whi h su h queries are
based is the instan e he k, or the he k whether an assertion is entailed by an
ABox. We say that an assertion is entailed by A and we write A j= , if every
interpretation that satis es A, that is, every model of A, also satis es . If
is a role assertion, the instan e he k is easy, sin e our des ription language does
not ontain onstru tors to form omplex roles. If is of the form C (a), we an
redu e the instan e he k to the onsisten y problem for ABoxes be ause there is
the following onne tion:
 A j= C (a) i A [ f:C (a)g is in onsistent.
Also reasoning about on epts an be redu ed to onsisten y he king. We have
seen in Proposition 2.13 that the important reasoning problems for on epts an be
redu ed to the one to de ide whether a on ept is (un)satis able. Similarly, on ept
satis ability an be redu ed to ABox onsisten y be ause for every on ept C we
have
 C is satis able i fC (a)g is onsistent,
where a is an arbitrarily hosen individual name. Conversely, S haerf has shown
that ABox onsisten y an be redu ed to on ept satis ability in languages with
the \set" and the \ lls" onstru tor [S haerf, 1994℄. If these onstru tors are not
available, however, then instan e he king may be harder than the satis ability and
the subsumption problem [Donini et al., 1994℄.
For appli ations, usually more omplex inferen es than onsisten y and instan e
If the des ription language is ri her, and TBoxes ontain also role de nitions, then they learly have to
be taken into a ount in the de nition of expansions.
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he king are required. If we onsider a knowledge base as a means to store information about individuals, we may want to know all individuals that are instan es of a
given on ept des ription C , that is, we use the des ription language to formulate
queries. In our example, we may want to know from the system all parents that
have at least two hildren|for instan e, be ause they are entitled to a spe i family tax break. The retrieval problem is, given an ABox A and a on ept C , to nd
all individuals a su h that A j= C (a). A non-optimized algorithm for a retrieval
query an be realized by testing for ea h individual o urring in the ABox whether
it is an instan e of the query on ept C .
The dual inferen e to retrieval is the realization problem : given an individual
a and a set of on epts, nd the most spe i on epts C from the set su h that
A j= C (a). Here, the most spe i on epts are those that are minimal with respe t
to the subsumption ordering v. Realization an, for instan e, be used in systems
that generate natural language if terms are indexed by on epts and if a term as
pre ise as possible is to be found for an obje t o urring in a dis ourse.
2.2.4.4 Closed- vs. open-world semanti s

Often, an analogy is established between databases on the one hand and DL knowledge bases on the other hand (see also Chapter 16). The s hema of a database
is ompared to the TBox and the instan e with the a tual data is ompared to
the ABox. However, the semanti s of ABoxes di ers from the usual semanti s of
database instan es. While a database instan e represents exa tly one interpretation, namely the one where lasses and relations in the s hema are interpreted by the
obje ts and tuples in the instan e, an ABox represents many di erent interpretations, namely all its models. As a onsequen e, absen e of information in a database
instan e is interpreted as negative information, while absen e of information in an
ABox only indi ates la k of knowledge.
For example, if the only assertion about Peter is hasChild(PETER; HARRY), then
in a database this is understood as a representation of the fa t that Peter has only
one hild, Harry. In an ABox, the assertion only expresses that, in fa t, Harry is
a hild of Peter. However, the ABox has several models, some in whi h Harry is
the only hild and others in whi h he has brothers or sisters. Consequently, even if
one also knows (by an assertion) that Harry is male, one annot dedu e that all of
Peter's hildren are male. The only way of stating in an ABox that Harry is the only
hild is by doing so expli itly, that is by adding the assertion (6 1 hasChild)(PETER).
This means that, while the information in a database is always understood to be
omplete, the information in an ABox is in general viewed as being in omplete.
The semanti s of ABoxes is therefore sometimes hara terized as an \open-world"
semanti s, while the traditional semanti s of databases is hara terized as a \ losedworld" semanti s.
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hasChild(IOKASTE; POLYNEIKES)
hasChild(POLYNEIKES; THERSANDROS)
:Patri ide(THERSANDROS)

Fig. 2.5. The Oedipus ABox Aoe .

This view has onsequen es for the way queries are answered. Essentially, a
query is a des ription of a lass of obje ts. In our setting, we assume that queries
are on ept des riptions. A database (in the sense introdu ed above) is a listing
of a single nite interpretation. A nite interpretation, say I , ould be written up
as a set of assertions of the form A(a) and R(b; ), where A is an atomi on ept
and R an atomi role. Su h a set looks synta ti ally like an ABox, but is not an
ABox be ause of the di eren e in semanti s. Answering a query, represented by a
omplex on ept C , over that database amounts to omputing C I as it was de ned
in Se tion 2.2.1. From a logi al point of view this means that query evaluation in
a database is not logi al reasoning, but nite model he king (i.e., evaluation of a
formula in a xed nite model).
Sin e an ABox represents possibly in nitely many interpretations, namely its
models, query answering is more omplex: it requires nontrivial reasoning. Here
we are only on erned with semanti al issues (algorithmi aspe ts will be treated
in Se tion 2.3). To illustrate the di eren e between a semanti s that identi es a
database with a single model, and the open-world semanti s of ABoxes, we disuss the so- alled Oedipus example, whi h has stimulated a number of theoreti al
developments in DL resear h.
The example is based on the Oedipus story from an ient Greek
mythology. In a nutshell, the story re ounts how Oedipus killed his father, married
his mother Iokaste, and had hildren with her, among them Polyneikes. Finally,
also Polyneikes had hildren, among them Thersandros.
We suppose the ABox Aoe in Figure 2.5 represents some rudimentary fa ts about
these events. For the sake of the example, our ABox asserts that Oedipus is a
patri ide and that Thersandros is not, whi h is represented using the atomi on ept
Patri ide.
Suppose now that we want to know from the ABox whether Iokaste has a hild
that is a patri ide and that itself has a hild that is not a patri ide. This an be
expressed as the entailment problem
Aoe j= (9hasChild:(Patri ide u 9hasChild::Patri ide))(IOKASTE) ?
One may be tempted to reason as follows. Iokaste has two hildren in the ABox.

Example 2.15
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One, Oedipus, is a patri ide. He has one hild, Polyneikes. But nothing tells us that
Polyneikes is not a patri ide. So, Oedipus is not the hild we are looking for. The
other hild is Polyneikes, but again, nothing tells us that Polyneikes is a patri ide.
So, Polyneikes is also not the hild we are looking for. Based on this reasoning, one
would laim that the assertion about Iokaste is not entailed.
However, the orre t reasoning is di erent. All the models of Aoe an be divided
into two lasses, one in whi h Polyneikes is a patri ide, and another one in whi h he
is not. In a model of the rst kind, Polyneikes is the hild of Iokaste that is a patriide and has a hild, namely Thersandros, that isn't. In a model of the se ond kind,
Oedipus is the hild of Iokaste that is a patri ide and has a hild, namely Polyneikes,
that isn't. Thus, in all models Iokaste has a hild that is a patri ide and that itself
has a hild that is not a patri ide (though this is not always the same hild). This
means that the assertion (9hasChild:(Patri ide u 9hasChild::Patri ide))(IOKASTE) is
indeed entailed by Aoe.
As this example shows, open-world reasoning may require to make ase analyses.
As will be explained in more detail in Chapter 3, this is one of the reasons why
inferen es in DLs are often more omplex than query answering in databases.
2.2.5 Rules

The knowledge bases we have dis ussed so far onsist of a TBox T and an ABox A.
We denote su h a knowledge base as a pair K = (T ; A).
In some DL systems, su h as Classi [Bra hman et al., 1991℄ or Loom [Ma Gregor, 1991℄, in addition to terminologies and world des riptions, one an also use
rules to express knowledge. The simplest variant of su h rules are expressions of
the form
C ) D;

where C , D are on epts. The meaning of su h a rule is \if an individual is proved
to be an instan e of C , then derive that it is also an instan e of D." Su h rules are
often alled trigger rules.
Operationally, the semanti s of a nite set R of trigger rules an be des ribed
by a forward reasoning pro ess. Starting with an initial knowledge base K, a series of knowledge bases K(0) , K(1) ; : : : is onstru ted, where K(0) = K and K( +1)
is obtained from K( ) by adding a new assertion D(a) whenever R ontains a rule
C ) D su h that K( ) j= C (a) holds, but K( ) does not ontain D(a). This proess eventually halts be ause the initial knowledge base ontains only nitely many
individuals and there are only nitely many rules. Hen e, there are only nitely
many assertions D(a) that an possibly be added. The result of the rule appli ai

i

i

i
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tions is a knowledge base K( ) that has the same TBox as K(0) and whose ABox
is augmented by the membership assertions introdu ed by the rules. We all this
nal knowledge base the pro edural extension of K and denote it as K . It is easy to
see that this pro edural extension is independent of the order of rule appli ations.
Consequently, a set of trigger rules R uniquely spe i es how to generate, for ea h
knowledge base K, an extended knowledge base K . The semanti s of a knowledge
base K, augmented by a set of trigger rules, an thus be understood as the set of
models of K .
This de nes the semanti s of trigger rules only operationally. It would be preferable to spe ify the semanti s de laratively and then to prove that the extension
omputed with the trigger rules orre tly represents this semanti s. It might be
tempting to use the de larative semanti s of in lusion axioms as semanti s for rules.
However, this does not orre tly re e t the operational semanti s given above. An
important di eren e between the trigger rule C ) D and the in lusion axiom
C v D is that the trigger rule is not equivalent to its ontrapositive :D ) :C .
In addition, when applying trigger rules one does not make a ase analysis. For
example, the in lusions C v D and :C v D imply that every obje t belongs to D,
whereas none of the trigger rules C ) D and :C ) D applies to an individual a
for whi h neither C (a) nor :C (a) an be proven.
In order to apture the meaning of trigger rules in a de larative way, we must
augment des ription logi s by an operator K, whi h does not refer to obje ts in the
domain, but to what the knowledge base knows about the domain. Therefore, K
is an epistemi operator. More information on epistemi operators in DLs an be
found in Chapter 6.
To introdu e the K-operator, we enri h both the syntax and the semanti s of des ription languages. Originally, the K-operator has been de ned for ALC [Donini et
al., 1992; 1998℄. In this subse tion, we dis uss only how to extend the basi language
AL. For other languages, one an pro eed analogously (see also Chapter 6).
First, we add one ase to the syntax rule in Se tion 2.2.1.1 that allows us to
onstru t epistemi on epts:
C; D ! KC
(epistemi on ept).
Intuitively, the on ept KC denotes those obje ts for whi h the knowledge base
knows that they are instan es of C .
Next, using K, we translate trigger rules C ) D into in lusion axioms
KC v D:
(2.12)
Intuitively, the K operator in front of the on ept C has the e e t that the axiom
is only appli able to individuals that appear in the ABox and for whi h ABox and
TBox imply that they are instan es of C . Su h a restri ted appli ability prevents the
n

30

F. Baader, W. Nutt

in lusion axiom from in uen ing satis ability or subsumption relationships between
on epts. In the sequel, we will de ne a formal semanti s for the operator K that
has exa tly this e e t.
A rule knowledge base is a triple K = (T ; A; R), where T is a TBox, A is an ABox,
and R is a set of rules written as in lusion axioms of the form (2.12). The pro edural
extension of su h a triple is the knowledge base K = (T ; A) that is obtained from
(T ; A) by applying the trigger rules as des ribed above.
The semanti s of epistemi in lusions will be de ned in su h a way that it applies
only to individuals in the knowledge base that provably are instan es of C , but not to
arbitrary domain elements, whi h would be the ase if we dropped K. The semanti s
will go beyond rst-order logi be ause we not only have to interpret on epts, roles
and individuals, but also have to model the knowledge of a knowledge base. The
fa t that a knowledge base has knowledge about the domain an be understood
in su h a way that it onsiders only a subset W of the set of all interpretations as
possible states of the world. Those individuals that are interpreted as elements of C
under all interpretations in W are then \known" to be in C .
To make this formal, we modify the de nition of ordinary ( rst-order) interpretations by assuming that:
(i) there is a xed ountably in nite set  that is the domain of every interpretation (Common Domain Assumption);
(ii) there is a mapping from the individuals to the domain elements that xes
the way individuals are interpreted (Rigid Term Assumption).
The Common Domain Assumption guarantees that all interpretations speak about
the same domain. The Rigid Term Assumption allows us to identify ea h individual
symbols with exa tly one domain element. These assumptions do not essentially
redu e the number of possible interpretations. As a onsequen e, properties like
satis ability and subsumption of on epts are the same independently of whether
we de ne them with respe t to arbitrary interpretations or those that satisfy the
above assumptions.
Now, we de ne an epistemi interpretation as a pair (I ; W ), where I is a rstorder interpretation and W is a set of rst-order interpretations, all satisfying the
above assumptions. Every epistemi interpretation gives rise to a unique mapping I W asso iating on epts and roles with subsets of  and   , respe tively.
For >, ?, for atomi on epts, negated atomi on epts, and for atomi roles, I W
agrees with I . For interse tions, value restri tions, and existential quanti ations,
the de nition is similar to the one of I :
(C u D)I W = C I W \ DI W
(8R:C )I W = fa 2  j 8b: (a; b) 2 RI W ! b 2 C I W g
;

;

;

;

;

;

;

;
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(9R:>)I W = fa 2  j 9b: (a; b) 2 RI W g:
For other onstru tors, I W an be de ned analogously. Note that for a on ept C
without an o urren e of K, the sets C I W and C I are identi al. The set of interpretations W omes into play when we de ne the semanti s of the epistemi
operator:
(KC )I W =
CJ W:
;

;

;

;

\

;

;

J 2W

It would also be possible to allow the operator K to o ur in front of roles and
to de ne the semanti s of role expressions of the form KR analogously. However,
sin e epistemi roles are not needed to explain the semanti s of rules, we restri t
ourselves to epistemi on epts.
An epistemi interpretation (I ; W ) satis es an in lusion C v D if C I W  DI W ,
and an equality C  D if C I W = DI W . It satis es an assertion C (a) if aI W =
(a) 2 C I W , and an assertion R(a; b) if (aI W ; bI W ) = ( (a); (b)) 2 RI W . It
satis es a rule knowledge base K = (T ; A; R) if it satis es every axiom in T , every
assertion in A, and every rule in R.
An epistemi model for a rule knowledge base K is a maximal nonempty set W of
rst-order interpretations su h that, for ea h I 2 W , the epistemi interpretation
(I ; W ) satis es K.
Note that, if (T ; A) is rst-order satis able, then the set of all rst-order models of
(T ; A) is the only epistemi model of the rule knowledge base K = (T ; A; ;), whose
rule set is empty. A similar statement holds for arbitrary rule knowledge bases.
One an show that, if W1 and W2 are epistemi models, then the union W1 [ W2 is
one, too, whi h implies W1 = W2 be ause of the maximality of epistemi models.
;

;

;

;

;

;

;

;

;

Proposition 2.16 Let K = (T ; A; R) be a rule knowledge base su h that (T ; A) is
rst-order satis able. Then K has a unique epistemi model.
Example 2.17

Let R onsist of the rule

(2.13)
The rule states that \those individuals that are known to be students eat only junk
food".
We onsider the rule knowledge base K1 = (;; A1 ; R), where
A1 = fStudent(PETER)g:
Let us determine the epistemi model W of K1 . Every rst-order interpretation
I 2 W must satisfy A1. Therefore, in every su h I , we have that Student(PETER)
KStudent v 8eats:JunkFood:
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is true, and thus Peter is known to be a student. Sin e W satis es Rule (2.13), also
the assertion 8eats:JunkFood(PETER) holds in every I .
For any other domain element a 2 , there is at least one interpretation in W
where a is not a student. Thus, Peter is the only domain element to whi h the rule
applies. Summing up, the epistemi model of K1 onsists exa tly of the rst order
models of A1 [ f8eats:JunkFood(PETER)g.
Next we demonstrate with this example that the epistemi semanti s for rules
disallows for ontrapositive reasoning. We onsider the rule knowledge base K2 =
(;; A2 ; R), where
A2 = f:8eats:JunkFood(PETER)g:
In this ase, :8eats:JunkFood(PETER) is true in every rst-order interpretation of
the epistemi model W . However, be ause of the maximality of W , there is at least
one interpretation in W in whi h Peter is a student and another one where Peter is
not a student. Therefore, Peter is not known to be a student. Thus, the epistemi
model of K2 onsists exa tly of the rst order models of A2. The rule is satis ed
be ause the ante edent is false.
Clearly, the pro edural extension of a rule knowledge base K ontains only assertions that must be satis ed by the epistemi model of K. It an be shown that the
assertions added to K by the rule appli ations are in fa t, as stated in the following
proposition, a rst-order representation of the information that is impli it in the
rules (see [Donini et al., 1998℄ for a proof).
Proposition 2.18 Let K = (T ; A; R) be a rule knowledge base. If (T ; A) is rstorder satis able, then the epistemi model of K onsists pre isely of the rst-order
models of the pro edural extension K = (T ; A).
2.3 Reasoning algorithms

In Se tion 2.2.4 we have seen that all the relevant inferen e problems an be redu ed
to the onsisten y problem for ABoxes, provided that the DL at hand allows for onjun tion and negation. However, the des ription languages of all the early and also
of some of the present day DL systems do not allow for negation. For su h DLs, subsumption of on epts an usually be omputed by so- alled stru tural subsumption
algorithms, i.e., algorithms that ompare the synta ti stru ture of (possibly normalized) on ept des riptions. In the rst subse tion, we will onsider su h algorithms
in more detail. While they are usually very eÆ ient, they are only omplete for
rather simple languages with little expressivity. In parti ular, DLs with (full) negation and disjun tion annot be handled by stru tural subsumption algorithms. For
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su h languages, so- alled tableau-based algorithms have turned out to be very useful.
In the area of Des ription Logi s, the rst tableau-based algorithm was presented
by S hmidt-S hau and Smolka [1991℄ for satis ability of ALC - on epts. Sin e
then, this approa h has been employed to obtain sound and omplete satis ability
(and thus also subsumption) algorithms for a great variety of DLs extending ALC
(see, e.g., [Hollunder et al., 1990; Hollunder and Baader, 1991; Donini et al., 1997;
Baader and Sattler, 1999℄ for languages with number restri tions; [Baader, 1991℄ for
transitive losure of roles and [Sattler, 1996; Horro ks and Sattler, 1999℄ for transitive roles; and [Baader and Hans hke, 1991; Hans hke, 1992; Haarslev et al., 1999℄
for onstru tors that allow to refer to on rete domains su h as numbers). In addition, it has been extended to the onsisten y problem for ABoxes [Hollunder, 1990;
Baader and Hollunder, 1991; Donini et al., 1994; Haarslev and Moller, 2000℄, and to
TBoxes allowing for general sets of in lusion axioms and more [Bu hheit et al., 1993;
Baader et al., 1996℄. In the se ond subse tion, we will rst present a tableau-based
satis ability algorithm for ALCN - on epts, then show how it an be extended to an
algorithm for the onsisten y problem for ABoxes, and nally explain how general
in lusion axioms an be taken into a ount. The third subse tion is on erned with
reasoning w.r.t. a y li and y li terminologies.
Instead of designing new algorithms for reasoning in DLs, one an also try to redu e the problem to a known inferen e problem in logi s (see also Chapter 4). For
example, de idability of the inferen e problems for ALC and many other DLs an
be obtained as a onsequen e of the known de idability result for the two variable
fragment of rst-order predi ate logi . The language L2 onsists of all formulae
of rst-order predi ate logi that an be built with the help of predi ate symbols
(in luding equality) and onstant symbols (but without fun tion symbols) using
only the variables x; y. De idability of L2 has been shown in [Mortimer, 1975℄.
It is easy to see that, by appropriately re-using variable names, any on ept des ription of the language ALC an be translated into an L2-formula with one free
variable (see [Borgida, 1996℄ for details). A dire t translation of the on ept des ription 8R:(9R:A) yields the formula 8y:(R(x; y) ! (9z:(R(y; z) ^ A(z)))). Sin e
the subformula 9z:(R(y; z) ^ A(z)) does not ontain x, this variable an be re-used:
renaming the bound variable z into x yields the equivalent formula 8y:(R(x; y) !
(9x:(R(y; x) ^ A(x)))), whi h uses only two variables. This onne tion between ALC
and L2 shows that any extension of ALC by onstru tors that an be expressed with
the help of only two variables yields a de idable DL. Number restri tions and omposition of roles are examples of onstru tors that annot be expressed within L2.
Number restri tions an, however, be expressed in C 2 , the extension of L2 by ounting quanti ers, whi h has re ently been shown to be de idable [Gradel et al., 1997;
Pa holski et al., 1997℄. It should be noted, however, that the omplexity of the deision pro edures obtained this way is usually higher than ne essary: for example,

34

F. Baader, W. Nutt

the satis ability problem for L2 is NExpTime- omplete, whereas satis ability of
ALC- on ept des riptions is \only" PSpa e- omplete.
De ision pro edures with lower omplexity an be obtained by using the onne tion between DLs and propositional modal logi s. S hild [1991℄ was the rst
to observe that the language ALC is a synta ti variant of the propositional multimodal logi K, and that the extension of ALC by transitive losure of roles [Baader,
1991℄ orresponds to Propositional Dynami Logi (pdl). In parti ular, some of
the algorithms used in propositional modal logi s for de iding satis ability are very
similar to the tableau-based algorithms newly developed for DLs. This onne tion between DLs and modal logi s has been used to transfer de idability results
from modal logi s to DLs [S hild, 1993; 1994; De Gia omo and Lenzerini, 1994a;
1994b℄ (see also Chapter 5). Instead of using tableau-based algorithms, de idability of ertain propositional modal logi s (and thus of the orresponding DLs), an
also be shown by establishing the nite model property (see, e.g., [Fitting, 1993℄,
Se tion 1.14) of the logi (i.e., showing that a formula/ on ept is satis able i it is
satis able in a nite interpretation) or by employing tree automata (see, e.g, [Vardi
and Wolper, 1986℄).
2.3.1 Stru tural subsumption algorithms

These algorithms usually pro eed in two phases. First, the des riptions to be tested
for subsumption are normalized, and then the synta ti stru ture of the normal
forms is ompared. For simpli ity, we rst explain the ideas underlying this approa h for the small language FL0, whi h allows for onjun tion (C u D) and value
restri tions (8R:C ). Subsequently, we show how the bottom on ept (?), atomi
negation (:A), and number restri tions (6 n R and > n R) an be handled. Evidently, FL0 and its extension by bottom and atomi negation are sublanguages of
AL, while adding number restri tions to the resulting language yields the DL ALN .
An FL0 - on ept des ription is in normal form i it is of the form
A1 u    u A

m

u 8R1:C1 u    u 8R :C ;
n

n

where A1; : : : ; A are distin t on ept names, R1; : : : ; R are distin t role names,
and C1; : : : ; C are FL0- on ept des riptions in normal form. It is easy to see
that any des ription an be transformed into an equivalent one in normal form,
using asso iativity, ommutativity and idempoten e of u, and the fa t that the
des riptions 8R:(C u D) and (8R:C ) u (8R:D) are equivalent.
m

n

n

Proposition 2.19 Let
A1 u    u A

m

u 8R1:C1 u    u 8R :C ;
n

n

35

Basi Des ription Logi s

be the normal form of the FL0 - on ept des ription C , and

B1 u    u B

the normal form of the
two onditions hold:

k

u 8S1:D1 u    u 8S :D ;
l

FL0- on ept des ription D.

l

Then C

vDi

the following

(i) for all i; 1  i  k, there exists j; 1  j  m su h that B = A .
(ii) For all i; 1  i  l, there exists j; 1  j  n su h that S = R and C v D .
It is easy to see that this hara terization of subsumption is sound (i.e., the \if"
dire tion of the proposition holds) and omplete (i.e., the \only-if" dire tion of the
proposition holds as well). This hara terization yields an obvious re ursive algorithm for omputing subsumption, whi h an easily be shown to be of polynomial
time omplexity [Levesque and Bra hman, 1987℄.
If we extend FL0 by language onstru tors that an express unsatis able onepts, then we must, on the one hand, hange the de nition of the normal form.
On the other hand, the stru tural omparison of the normal forms must take into
a ount that an unsatis able on ept is subsumed by every on ept. The simplest
DL where this o urs is FL?, the extension of FL0 by the bottom on ept ?.
An FL?- on ept des ription is in normal form i it is ? or of the form
i

i

A1 u    u A

m

j

j

j

i

u 8R1:C1 u    u 8R :C ;
n

n

where A1 ; : : : ; A are distin t on ept names di erent from ?, R1; : : : ; R are
distin t role names, and C1 ; : : : ; C are FL?- on ept des riptions in normal form.
Again, su h a normal form an easily be omputed. In prin iple, one just omputes
the FL0 -normal form of the des ription (where ? is treated as an ordinary on ept
name): B1 u    u B u 8R1:D1 u    u 8R :D . If one of the B s is ?, then repla e
the whole des ription by ?. Otherwise, apply the same pro edure re ursively to
the D s. For example, the FL0 -normal form of 8R:8R:B u A u 8R:(A u 8R:?) is
A u 8R:(A u 8R:(B u ?));
whi h yields the FL?-normal form
A u 8R:(A u 8R:?):
The stru tural subsumption algorithm for FL? works just like the one for FL0 ,
with the only di eren e that ? is subsumed by any des ription. For example,
8R:8R:B u A u8R:(A u8R:?) v 8R:8R:A u A u8R:A sin e the re ursive omparison
of their FL?-normal forms A u 8R:(A u 8R:?) and A u 8R:(A u 8R:A) nally leads
to the omparison of ? and A.
The extension of FL? by atomi negation (i.e., negation applied to on ept names
only) an be treated similarly. During the omputation of the normal form, negated
m

n

n

k

j

n

n

i
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on ept names are just treated like on ept names. If, however, a name and its
negation o ur on the same level of the normal form, then ? is added, whi h an
then be treated as des ribed above. For example, 8R::A u A u8R:(A u8R:B ) is rst
transformed into A u 8R:(A u :A u 8R:B ), then into A u 8R:(? u A u :A u 8R:B ),
and nally into A u 8R:?. The stru tural omparison of the normal forms treats
negated on ept names just like on ept names.
Finally, if we onsider the language ALN , the additional presen e of number
restri tions leads to a new type of on i t. On the one hand, as in the ase of
atomi negation, number restri tions may be on i ting with ea h other (e.g., > 2 R
and 6 1 R). On the other hand, at-least restri tions > n R for n  1 are in on i t
with value restri tions 8R:? that prohibit role su essors. When omputing the
normal form, one an again treat number restri tions like on ept names, and then
take are of the new types of on i ts by introdu ing ? and using it for normalization as des ribed above. During the stru tural omparison of normal forms, one
must also take into a ount inherent subsumption relationships between number
restri tions (e.g., > n R v > m R i n  m). A more detailed des ription of a stru tural subsumption algorithm working on a graph-like data stru ture for a language
extending ALN an be found in [Borgida and Patel-S hneider, 1994℄.
For larger DLs, stru tural subsumption algorithms usually fail to be omplete.
In parti ular, they annot treat disjun tion, full negation, and full existential restri tion 9R:C . For languages in luding these onstru tors, the tableau-approa h
to designing subsumption algorithms has turned out to be quite useful.
2.3.2 Tableau algorithms

Instead of dire tly testing subsumption of on ept des riptions, these algorithms
use negation to redu e subsumption to (un)satis ability of on ept des riptions: as
we have seen in Subse tion 2.2.4, C v D i C u :D is unsatis able.
Before des ribing a tableau-based satis ability algorithm for ALCN in more detail, we illustrate the underlying ideas by two simple examples. Let A, B be on ept
names, and let R be a role name.
As a rst example, assume that we want to know whether (9R:A) u (9R:B ) is
subsumed by 9R:(A u B ). This means that we must he k whether the on ept
des ription
C = (9R:A) u (9R:B ) u :(9R:(A u B ))
is unsatis able.
First, we push all negation signs as far as possible into the des ription, using
de Morgan's rules and the usual rules for quanti ers. As a result, we obtain the
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C0 = (9R:A) u (9R:B ) u 8R:(:A t :B );

whi h is in negation normal form, i.e., negation o urs only in front of on ept
names.
Then, we try to onstru t a nite interpretation I su h that C0I 6= ;. This means
that there must exist an individual in I that is an element of C0I .
The algorithm just generates su h an individual, say b, and imposes the onstraint
b 2 C0I on it. Sin e C0 is the onjun tion of three on ept des riptions, this means
that b must satisfy the following three onstraints: b 2 (9R:A)I , b 2 (9R:B )I , and
b 2 (8R:(:A t :B ))I .
From b 2 (9R:A)I we an dedu e that there must exist an individual su h that
(b; ) 2 RI and 2 AI . Analogously, b 2 (9R:B )I implies the existen e of an
individual d with (b; d) 2 RI and d 2 B I . In this situation, one should not assume
that = d sin e this would possibly impose too many onstraints on the individuals
newly introdu ed to satisfy the existential restri tions on b. Thus:


For any existential restri tion the algorithm introdu es a new individual as role
ller, and this individual must satisfy the onstraints expressed by the restri tion.

Sin e b must also satisfy the value restri tion 8R:(:A t :B ), and , d were
introdu ed as R- llers of b, we obtain the additional onstraints 2 (:A t :B )I
and d 2 (:A t :B )I . Thus:


The algorithm uses value restri tions in intera tion with already de ned role relationships to impose new onstraints on individuals.
Now 2 (:A t:B )I means that 2 (:A)I or 2 (:B )I , and we must hoose one
of these possibilities. If we assume 2 (:A)I , this lashes with the other onstraint
2 AI , whi h means that this sear h path leads to an obvious ontradi tion. Thus
we must hoose 2 (:B )I . Analogously, we must hoose d 2 (:A)I in order to
satisfy the onstraint d 2 (:A t :B )I without reating a ontradi tion to d 2 B I .

Thus:


For disjun tive onstraints, the algorithm tries both possibilities in su essive attempts. It must ba ktra k if it rea hes an obvious ontradi tion, i.e., if the same
individual must satisfy onstraints that are obviously on i ting.

In the example, we have now satis ed all the onstraints without en ountering an
obvious ontradi tion. This shows that C0 is satis able, and thus (9R:A) u (9R:B )
is not subsumed by 9R:(A u B ). The algorithm has generated an interpretation I as
witness for this fa t: I = fb; ; dg; RI = f(b; ); (b; d)g; AI = f g and B I = fdg.
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For this interpretation, b 2 C0I . This means that b 2 ((9R:A) u (9R:B ))I , but
b 62 (9R:(A u B ))I .
In our se ond example, we add a number restri tion to the rst on ept of the
above example, i.e., we now want to know whether (9R:A) u (9R:B ) u 6 1 R is
subsumed by 9R:(A u B ). Intuitively, the answer should now be \yes" sin e 6 1 R
in the rst on ept ensures that the R- ller in A oin ides with the R- ller in B ,
and thus there is an R- ller in A u B . The tableau-based satis ability algorithm rst
pro eeds as above, with the only di eren e that there is the additional onstraint
b 2 (6 1 R)I . In order to satisfy this onstraint, the two R- llers ; d of b must be
identi ed with ea h other. Thus:


If an at-most number restri tion is violated then the algorithm must identify different role llers.
In the example, the individual = d must belong to both AI and B I , whi h
together with = d 2 (:A t :B )I always leads to a lash. Thus, the sear h for a

ounterexample to the subsumption relationship fails, and the algorithm on ludes
that (9R:A) u (9R:B ) u 6 1 R v 9R:(A u B ).

2.3.2.1 A tableau-based satis ability algorithm for ALCN

Before we an des ribe the algorithm more formally, we need to introdu e an appropriate data stru ture in whi h to represent onstraints like \a belongs to (the
interpretation of) C " and \b is an R- ller of a." The original paper by S hmidtS hau and Smolka [1991℄, and also many other papers on tableau algorithms for
DLs, introdu e the new notion of a onstraint system for this purpose. However,
if we look at the types of onstraints that must be expressed, we see that they an
a tually be represented by ABox assertions. As we have seen in the se ond example
above, the presen e of at-most number restri tions may lead to the identi ation
of di erent individual names. For this reason, we will not impose the unique name
assumption (UNA) on the ABoxes onsidered by: the algorithm. Instead, we allow
for expli it inequality assertions of the form x 6= y for individual
names x; y, with
:
I
the obvious semanti s that an interpretation I satis es x 6=: y i x 6= yI . These assertions are assumed to be symmetri
, i.e., saying that x 6= y belongs to an ABox A
:
is the same as saying that y 6= x belongs to A.
Let C0 by an ALCN - on ept in negation normal form. In order to test satisability of C0, the algorithm starts with the ABox A0 = fC0 (x0 )g, and applies
onsisten y preserving transformation rules (see Figure 2.6) to the ABox until no
more rules apply. If the \ omplete" ABox obtained this way does not ontain an obvious ontradi tion ( alled lash), then A0 is onsistent (and thus C0 is satis able),
and in onsistent (unsatis able) otherwise. The transformation rules that handle
disjun tion and at-most restri tions are non-deterministi in the sense that a given
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!u -rule
A ontains (C1 u C2 )(x), but it does not ontain both C1 (x) and C2 (x).
0
A tion: A = A [ fC1 (x); C2 (x)g.
The !t -rule
Condition: A ontains (C1 t C2 )(x), but neither C1 (x) nor C2 (x).
0
00
A tion: A = A [ fC1 (x)g, A = A [ fC2 (x)g.
The !9 -rule
Condition: A ontains (9R:C )(x), but there is no individual name z su h that C (z )
and R(x; z ) are in A.
A tion: A0 = A [ fC (y ); R(x; y )g where y is an individual name not o urring in A.
The !8 -rule
Condition: A ontains (8R:C )(x) and R(x; y ), but it does not ontain C (y ).
A tion: A0 = A [ fC (y )g.
The ! -rule
Condition: A ontains (> n R)(x), and there are no individual names z1 ; : : : ; z su h
that R(x; z ) (1  i  n) and z =
6 : z (1 : i < j  n) are ontained in A.
0
A tion: A = A [ fR(x; y ) j 1  i  ng [ fy =
6 y j 1  i < j  ng, where y1 ; : : : ; y
are distin t individual names not o urring in A.
The ! -rule
Condition: A ontains distin t individual names y1 ; : : : ; y +1 su h that (6 n R)(x)
and R(x; y1 ); : : : ; R(x; y +1 ) are in A, and y =
6 : y: is not in A for some i =
6 j.
A tion: For ea h pair y ; y su h that i > j and y =
6 y is not in A, the ABox
A = [y =y ℄A is obtained from A by repla ing ea h o urren e of y by y .

The

Condition:

n

i

i

i

j

i

j

n

n

n

i

i;j

i

i

j

j

i

j

j

i

j

Fig. 2.6. Transformation rules of the satis ability algorithm.

ABox is transformed into nitely many new ABoxes su h that the original ABox is
onsistent i one of the new ABoxes is so. For this reason we will onsider nite
sets of ABoxes S = fA1; : : : ; A g instead of single ABoxes. Su h a set is onsistent
i there is some i, 1  i  k, su h that A is onsistent. A rule of Figure 2.6 is
applied to a given nite set of ABoxes S as follows: it takes an element A of S ,
and repla es it by one ABox A0, by two ABoxes A0 and A00, or by nitely many
ABoxes A .
The following lemma is an easy onsequen e of the de nition of the transformation
rules:
k

i

i;j

Lemma 2.20 (Soundness) Assume that S 0 is obtained from the nite set of
ABoxes S by appli ation of a transformation rule. Then S is onsistent i S 0
is onsistent.

The se ond important property of the set of transformation rules is that the
transformation pro ess always terminates:
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Lemma 2.21 (Termination) Let C0 be an ALCN - on ept des ription in negation normal form. There annot be an in nite sequen e of rule appli ations

ffC0 (x0)gg ! S1 ! S2 !    :

The main reasons for this lemma to hold are the following.1
Lemma 2.22 Let A be an ABox ontained in S for some i  1.
 For every individual x 6= x0 o urring in A, there is a unique sequen e R1; : : : ; R
(`  1) of role names and a unique sequen e x1 ; : : : ; x 1 of individual names
su h that fR1 (x0 ; x1 ); R2 (x1 ; x2 ); : : : ; R (x 1 ; x)g  A. In this ase, we say that
x o urs on level ` in A.
 If C (x) 2 A for an individual name x on level `, then the maximal role depth
of C (i.e., the maximal nesting of onstru tors involving roles) is bounded by the
maximal role depth of C0 minus `. Consequently, the level of any individual in A
is bounded by the maximal role depth of C0 .
 If C (x) 2 A, then C is a subdes ription of C0. Consequently, the number of
di erent on ept assertions on x is bounded by the size of C0 .
 The number of di erent role su essors of x in A (i.e., individuals y su h that
R(x; y) 2 A for a role name R) is bounded by the sum of the numbers o urring
in at-least restri tions in C0 plus the number of di erent existential restri tions
in C0 .
i

`

`

`

`

Starting with ffC0 (x0)gg, we thus obtain after a nite number of rule appli ations
a set of ABoxes S to whi h no more rules apply. An ABox A is alled omplete
i none of the transformation rules applies to it. Consisten y of a set of omplete
ABoxes an be de ided by looking for obvious ontradi tions, alled lashes. The
ABox A ontains a lash i one of the following three situations o urs:
(i) f?(x)g  A for some individual name x;
(ii) fA(x); :A(x)g  A for some individual name x and some on ept name A;
(iii) f(6 n R)(x)g [ fR(x; y ) j 1  i  n + 1g [ fy 6=: y j 1  i < j  n + 1g  A
for individual names x; y1 ; : : : ; y +1, a nonnegative integer n, and a role name
R.
Obviously, an ABox that ontains a lash annot be onsistent. Hen e, if all the
ABoxes in S ontain a lash, then S is in onsistent, and thus by the soundness
lemma fC0 (x0 )g is in onsistent as well. Consequently, C0 is unsatis able. If, however, one of the omplete ABoxes in S is lash-free, then S is onsistent. By soundness of the rules, this implies onsisten y of fC0 (x0 )g, and thus satis ability of C0.
b

i

i

j

n

b

b

b

1

b

A detailed proof of termination for a set of rules extending the one of Figure 2.6 an be found in [Baader
and Sattler, 1999℄. A termination proof for a slightly di erent set of rules has been given in [Donini et
al., 1997℄.
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Lemma 2.23 (Completeness) Any omplete and lash-free ABox A has a model.

This lemma an be proved by de ning the anoni al interpretation IA indu ed
by A:
(i) the domain I of IA onsists of all the individual names o urring in A;
(ii) for all atomi on epts A we de ne AI = fx j A(x) 2 Ag;
(iii) for all atomi roles R we de ne RI = f(x; y) j R(x; y) 2 Ag.
By de nition, IA satis es all the role assertions in A. By indu tion on the stru ture
of on ept des riptions, it is easy to show that it satis es the on ept assertions as
well. The inequality assertions are satis ed sin e x 6=: y 2 A only if x; y are di erent
individual names.
The fa ts stated in Lemma 2.22 imply that the anoni al interpretation has the
shape of a nite tree whose depth is linearly bounded by the size of C0 and whose
bran hing fa tor is bounded by the sum of the numbers o urring in at-least restri tions in C0 plus the number of di erent existential restri tions in C0. Consequently,
ALCN has the nite tree model property, i.e., any satis able on ept C0 is satisable in a nite interpretation I that has the shape of a tree whose root belongs
to C0.
To sum up, we have seen that the transformation rules of Figure 2.6 redu e
satis ability of an ALCN - on ept C0 (in negation normal form) to onsisten y of
a nite set S of omplete ABoxes. In addition, onsisten y of S an be de ided by
looking for obvious ontradi tions ( lashes).
A

A

A

b

b

Theorem 2.24 It is de idable whether or not an ALCN - on ept is satis able.
2.3.2.2 Complexity issues

The tableau-based satis ability algorithm for ALCN presented above may need
exponential time and spa e. In fa t, the size of the anoni al interpretation built
by the algorithm may be exponential in the size of the on ept des ription. For
example, onsider the des riptions C (n  1), whi h are indu tively de ned as
follows:
C1 = 9R:A u 9R:B;
C +1 = 9R:A u 9R:B u 8R:C :
Obviously, the size of C grows linearly in n. However, given the input des ription
C , the satis ability algorithm introdu ed above generates a omplete and lash-free
ABox whose anoni al model is the full binary tree of depth n, and thus onsists of
2 +1 1 individuals.
Nevertheless, the satis ability algorithm an be modi ed su h that it needs only
n

n

n

n

n

n

42

F. Baader, W. Nutt

polynomial spa e. The main reason is that di erent bran hes of the tree model
to be generated by the algorithm an be investigated separately. Sin e the omplexity lass NPSpa e oin ides with PSpa e [Savit h, 1970℄, it is suÆ ient to
des ribe a non-deterministi algorithm using only polynomial spa e, i.e., for every
non-deterministi rule we may simply assume that the algorithm hooses the orre t alternative. In prin iple, the modi ed algorithm works as follows: it starts with
fC0(x0 )g and
(i) applies the !u- and !t-rules as long as possible, and he ks for lashes of
the form A(x0 ); :A(x0 ) and ?(x0 );
(ii) generates all the ne essary dire t su essors of x0 using the !9- and the
!-rule;
(iii) generates the ne essary identi ations of these dire t su essors using the
!-rule, and he ks for lashes aused by at-most restri tions;
(iv) su essively handles the su essors in the same way.
Sin e after identi ation the remaining su essors an be treated separately, the
algorithm needs to store only one path of the tree model to be generated, together
with the dire t su essors of the individuals on this path and the information whi h
of these su essors must be investigated next. We already know that the length of
the path is linear in the size of the input des ription C0 . Thus, the only remaining
obsta le on our way to a PSpa e-algorithm is the fa t that the number of dire t
su essors of an individual on the path also depends on the numbers in the at-least
restri tions. If we assumed these numbers to be written in base 1 representation
(where the size of the representation oin ides with the number represented), this
would not be a problem. However, for bases larger than 1 (e.g., numbers in de imal
notation), the number represented may be exponential in the size of the representation. For example, the representation of 10 1 requires only n digits in base 10
representation. Thus, we annot introdu e all the su essors required by at-least
restri tions while only using polynomial spa e in the size of the on ept des ription
if the numbers in this des ription are written in de imal notation.
It turns out, however, that most of the su essors required by the at-least restri tions need not be introdu ed at all. If an individual x obtains at least one
R-su essor due to the appli ation of the !9 -rule, then the ! -rule need not be
applied to x for the role R. Otherwise, we simply introdu e one R-su essor as representative. In order to dete t in onsisten ies due to on i ting number restri tions,
we need to add a new type of lash : f(6 n R)(x); (> m R)(x)g  A for nonnegative
integers n < m. The anoni al interpretation obtained by this modi ed algorithm
need not satisfy the at-least restri tions in C0 . However, it an easily by modi ed to
an interpretation that does, by dupli ating R-su essors (more pre isely, the whole
subtrees starting at these su essors).
n
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Theorem 2.25 Satis ability of ALCN - on ept des riptions is

- omplete.

PSpa e

The above argument shows that the problem is in PSpa e. The hardness result
follows from the fa t that the satis ability problem is already PSpa e-hard for the
sublanguage ALC, whi h an be shown by a redu tion from validity of Quanti ed
Boolean Formulae [S hmidt-S hau and Smolka, 1991℄. Sin e subsumption and
satis ability of ALCN - on ept des riptions an be redu ed to ea h other in linear
time, this also shows that subsumption of ALCN - on ept des riptions is PSpa eomplete.
2.3.2.3 Extension to the onsisten y problem for ABoxes

The tableau-based satis ability algorithm des ribed in Subse tion 2.3.2.1 an easily
be extended to an algorithm that de ides onsisten y of ALCN -ABoxes. Let A be
an ALCN -ABox su h that (w.o.l.g.) all on ept des riptions in A are in negation
normal form. To test A for onsisten y, we rst add inequality assertions a 6=: b for
every pair of distin t individual names a; b o urring in A.1 Let A0 be the ABox
obtained this way. The onsisten y algorithm applies the rules of Figure 2.6 to the
singleton set fA0g.
Soundness and ompleteness of the rule set an be shown as before. Unfortunately,
the algorithm need not terminate, unless one imposes a spe i strategy on the order
of rule appli ations. For example, onsider the ABox
A0 = fR(a; a); (9R:A)(a); (6 1 R)(a); (8R:9R:A)(a)g:
By applying the !9-rule to a, we an introdu e a new R-su essor x of a:
A1 = A0 [ fR(a; x); A(x)g:
The !8-rule adds the assertion (9R:A)(x), whi h triggers an appli ation of the
!9-rule to x. Thus, we obtain the new ABox
A2 = A1 [ f(9R:A)(x); R(x; y); A(y)g:
Sin e a has two R-su essors in A2, the !-rule is appli able to a. By repla ing
every o urren e of x by a, we obtain the ABox
A3 = A0 [ fA(a); R(a; y); A(y)g:
Ex ept for the individual names (and the assertion A(a), whi h is, however, irrelevant), A3 is identi al to A1. For this reason, we an ontinue as above to obtain an
in nite hain of rule appli ations.
We an easily regain termination by requiring that generating rules (i.e., the rules
!9 and !) may only be applied if none of the other rules is appli able. In the
1
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above example, this strategy would prevent the appli ation of the !9 -rule to x in
the ABox A1 [ f(9R:A)(x)g sin e the !-rule is also appli able. After applying
the !-rule (whi h repla es x by a), the !9-rule is no longer appli able sin e a
already has an R-su essor that belongs to A.
Using a similar idea, one an redu e the onsisten y problem for ALCN -ABoxes
to satis ability of ALCN - on ept des riptions [Hollunder, 1996℄. In prin iple, this
redu tion works as follows: In a prepro essing step, one applies the transformation
rules only to old individuals (i.e., individuals present in the original ABox). Subsequently, one an forget about the role assertions, i.e., for ea h individual name in
the prepro essed ABox, the satis ability algorithm is applied to the onjun tion of
its on ept assertions (see [Hollunder, 1996℄ for details).
Theorem 2.26 Consisten y of ALCN -ABoxes is

- omplete.

PSpa e

2.3.2.4 Extension to general in lusion axioms

In the above subse tions, we have onsidered the satis ability problem for onept des riptions and the onsisten y problem for ABoxes without an underlying
TBox. In fa t, for a y li TBoxes one an simply expand the de nitions (see Subse tion 2.2.4). Expansion is, however, no longer possibly if one allows for general
in lusion axioms of the form C v D, where C and D may be omplex des riptions. Instead of onsidering nitely many su h axiom C1 v D1 ; : : : ; C v D , it is
suÆ ient to onsider the single axiom > v C , where
C = (:C1 t D1 ) u    u (:C t D ):
The axiom > v C simply says that any individual must belong to the on ept C .
The tableau algorithm introdu ed above an easily be modi ed su h that it takes
this axiom into a ount: all individuals (both the original individuals and the ones
newly generated by the !9- and the !-rule) are simply asserted to belong to C .
However, this modi ation may obviously lead to nontermination of the algorithm.
For example, onsider what happens if this algorithm is applied to test onsisten y
of the ABox A0 = fA(x0 ); (9R:A)(x0 )g w.r.t. the axiom > v 9R:A: the algorithm
generates an in nite sequen e of ABoxes A1; A2; : : : and individuals x1; x2 ; : : : su h
that A +1 = A [ fR(x ; x +1); A(x +1 ); (9R:A)(x +1 )g. Sin e all individuals x
re eive the same on ept assertions as x0, we may say that the algorithms has run
into a y le.
Termination an be regained by trying to dete t su h y li omputations, and
then blo king the appli ation of generating rules: the appli ation of the rules !9
and ! to an individual x is blo ked by an individual y in an ABox A i fD j
D(x) 2 Ag  fD0 j D0 (y) 2 Ag. The main idea underlying blo king is that the
blo ked individual x an use the role su essors of y instead of generating new ones.
n

n

b

b

n

b

n

b

b

i

i

i

i

i

i

i

Basi Des ription Logi s

45

For example, instead of generating a new R-su essor for x1 in the above example,
one an simply use the R-su essor of x0. This yields an interpretation I with
I = fx0 ; x1 g, AI = I , and RI = f(x0 ; x1 ); (x1 ; x1)g. Obviously, I is a model of
A0 and of the axiom > v 9R:A.
To avoid y li blo king (of x by y and vi e versa), we onsider an enumeration
of all individual names, and de ne that an individual x may only be blo ked by
individuals y that o ur before x in this enumeration. This, together with some
other te hni al assumptions, makes sure that an algorithm using this notion of
blo king is sound and omplete as well as terminating (see [Bu hheit et al., 1993;
Baader et al., 1996℄ for details). Thus, onsisten y of ALCN -ABoxes w.r.t. general
in lusion axioms is de idable. It should be noted that the algorithm is no longer
in PSpa e sin e it may generate role paths of exponential length before blo king
o urs. In fa t, even for the language ALC, satis ability w.r.t. a single general
in lusion axiom is known to be ExpTime-hard [S hild, 1994℄ (see also Chapter 3).
The tableau-based algorithm sket hed above is a NExpTime algorithm. However,
using the translation te hnique mentioned at the beginning of this se tion, it an
be shown [De Gia omo, 1995℄ that ALCN -ABoxes and general in lusion axioms
an be translated into PDL, for whi h satis ability an be de ided in exponential
time. An ExpTime tableau algorithm for ALC with general in lusion axiom was
des ribed by Donini and Massa i [2000℄.
Theorem 2.27 Consisten y of
- omplete.

ALCN -ABoxes w.r.t. general in lusion axioms is

ExpTime

2.3.2.5 Extension to other language onstru tors

The tableau-based approa h to designing on ept satis ability and ABox onsisten y algorithms an also be employed for languages with other on ept and/or
role onstru tors. In prin iple, ea h new onstru tor requires a new rule, and this
rule an usually be obtained by simply onsidering the semanti s of the onstru tor.
Soundness of su h a rule is often very easy to show. More problemati are ompleteness and termination sin e they must also take intera tions between di erent rules
into a ount. As we have seen above, termination an sometimes only be obtained if
the appli ation of rules is restri ted by an appropriate strategy. Of ourse, one may
only impose su h a strategy if one an show that it does not destroy ompleteness.
2.3.3 Reasoning w.r.t. terminologies

Re all that terminologies (TBoxes) are sets of on ept de nitions (i.e., equalities
of the form A  C where A is atomi ) su h that every atomi on ept o urs at
most on e as a left-hand side. We will rst omment brie y on the omplexity of
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reasoning w.r.t. a y li terminologies, and then onsider in more detail reasoning
w.r.t. y li terminologies.
2.3.3.1 A y li terminologies

As shown in Se tion 2.2.4, reasoning w.r.t. a y li terminologies an be redu ed to
reasoning without terminologies by rst expanding the TBox, and then repla ing
name symbols by their de nitions in the terminology. Unfortunately, sin e the expanded TBox may be exponentially larger than the original one [Nebel, 1990℄, this
in reases the omplexity of reasoning. Nebel [1990℄ also shows that this omplexity an, in general, not be avoided: for the language FL0, subsumption between
on ept des riptions an be tested in polynomial time (see Se tion 2.3.1), whereas
subsumption w.r.t. a y li terminologies is onp- omplete (see also Se tion 2.3.3.2
below).
For more expressive languages, the presen e of a y li TBoxes may or may not
in rease the omplexity of the subsumption problem. For example, subsumption
of on ept des riptions in the language ALC is PSpa e- omplete, and so is subsumption w.r.t. a y li terminologies [Lutz, 1999℄. Of ourse, in order to obtain
a PSpa e-algorithm for subsumption in ALC w.r.t. a y li TBoxes, one annot
rst expand the TBox ompletely sin e this might need exponential spa e. The
main idea is that one uses a tableau-based algorithm like the one des ribed in Se tion 2.3.2, with the di eren e that it re eives on ept des riptions ontaining name
symbols as input. Expansion is then done on demand: if the tableau-based algorithm en ounters an assertion of the form A(x), where A is a name o urring on the
left-hand side of a de nition A  C in the TBox, then it adds the assertion C (x).
However, it does not further expand C at this stage. It is not hard to show that this
really yields a PSpa e-algorithm for satis ability (and thus also for subsumption)
of on epts w.r.t. a y li TBoxes in ALC [Lutz, 1999℄.
There are, however, extensions of ALC for whi h this te hnique no longer works.
One su h example is the language ALCF , whi h extends ALC by fun tional roles as
well as agreements and disagreements on hains of fun tional roles (see Se tion 2.4
below). Satis ability of on epts is PSpa e- omplete for this language [Hollunder
and Nutt, 1990℄, but satis ability of on epts w.r.t. a y li terminologies is NExpTime- omplete [Lutz, 1999℄.
2.3.3.2 Cy li terminologies

For y li terminologies, expansion is no longer possible sin e it would not terminate. If we use des riptive semanti s, then y li terminologies are a spe ial
ase of terminologies with general in lusion axioms. Thus, the tableau-based algorithm for handling general in lusion axioms introdu ed in Subse tion 2.3.2.4 an
also be used for y li ALCN -TBoxes with des riptive semanti s. For y li ALC -

47

Basi Des ription Logi s

TBoxes with xpoint semanti s, the onne tion between Des ription Logi s and
propositional modal logi s turns out to be useful. In fa t, synta ti ally monotone
ALC-TBoxes with least or greatest xpoint semanti s an be expressed within the
propositional - al ulus, whi h is an extension of the propositional multimodal logi
Km by xpoint operators (see [S hild, 1994; De Gia omo and Lenzerini, 1994b;
1997℄ and Chapter 5 for details). Sin e reasoning w.r.t. general in lusion axioms
in ALC and reasoning in the propositional - al ulus are both ExpTime- omplete,
these redu tions yield an ExpTime-upper bound for reasoning w.r.t. y li terminologies in sublanguages of ALC.
For less expressive DLs, more eÆ ient algorithms an, however, be obtained with
the help of te hniques based on nite automata. Following [Baader, 1996℄, we will
sket h these te hniques for the small language FL0. The results an, however, be
extended to the language ALN [Kusters, 1998℄. We will develop the results for
FL0 in two steps, starting with an alternative hara terization of subsumption between FL0- on ept des riptions, and then extending this hara terization to y li
TBoxes with greatest xpoint semanti s. Baader [1996℄ also onsiders y li FL0 TBoxes with des riptive and with least xpoint semanti s. For these semanti s, the
hara terization of subsumption is more involved; in parti ular, the hara terization
of subsumption w.r.t. des riptive semanti s depends on nite automata working on
in nite words, so- alled Bu hi automata. A y li TBoxes an be seen as a spe ial
ase of y li TBoxes, where all three types of semanti s oin ide.
In Subse tion 2.3.1, the equivalen e (8R:C ) u (8R:D)  8R:(C u D) was used as a
rewrite rule from left to right in order to ompute the stru tural subsumption normal
form of FL0 - on ept des riptions. If we use this rule in the opposite dire tion, we
obtain a di erent normal form, whi h we all on ept- entered normal form sin e it
groups the on ept des ription w.r.t. on ept names (and not w.r.t. role names, as
the stru tural subsumption normal form does). Using this rule, any FL0 - on ept
des ription an be transformed into an equivalent des ription that is a onjun tion
of des riptions of the form 8R1:    8R :A for m  0 (not ne essarily distin t)
role names R1; : : : ; R and a on ept name A. We abbreviate 8R1:    8R :A by
8R1    R :A, where R1    R is viewed as a word over the alphabet  of all role
names. In addition, instead of 8w1:A u    u 8w :A we write 8L:A where L =
fw1; : : : ; w g is a nite set of words over . The term 8;:A is onsidered to be
equivalent to the top on ept >, whi h means that it an be added to a onjun tion
without hanging the meaning of the on ept. Using these abbreviations, any pair
of FL0- on ept des riptions C; D ontaining the on ept names A1 ; : : : ; A an be
rewritten as
C  8U1 :A1 u    u 8U :A and D  8V1 :A1 u    u 8V :A ;
where U ; V are nite sets of words over the alphabet of all role names. This normal
m
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Fig. 2.7. A TBox and the orresponding automaton.

form provides us with the following hara terization of subsumption of FL0 - on ept
des riptions [Baader and Narendran, 1998℄:
C v D i U  V for all i; 1  i  k.
Sin e the size of the on ept-based normal forms is polynomial in the size of the
original des riptions, and sin e the in lusion tests U  V an also be realized in
polynomial time, this yields a polynomial-time de ision pro edure for subsumption
in FL0. In fa t, as shown in [Baader et al., 1998℄, the stru tural subsumption
algorithm for FL0 an be seen as a spe ial implementation of these in lusion tests.
This hara terization of subsumption via in lusion of nite sets of words an
be extended to y li TBoxes with greatest xpoint semanti s as follows. A given
TBox T an be translated into a nite automaton1 AT whose states are the on ept
names o urring in T and whose transitions are indu ed by the value restri tions
o urring in T (see Figure 2.7 for an example and [Baader, 1996℄ for the formal
de nition).
For a name symbol A and a base symbol P in T , the language LA (A; P ) is the set
of all words labeling paths in AT from A to P . The languages LA (A; P ) represent
all the value restri tions that must be satis ed by instan es of the on ept A. With
this intuition in mind, the following hara terization of subsumption w.r.t. y li
FL0 TBoxes with greatest xpoint semanti s should not be surprising:
A vT B i LA (A; P )  LA (B; P ) for all base symbols P .
In the example of Fig. 2.7, we have LA (A; P ) = RSS   RSS  = LA (B; P ),
and thus A vT B , but not B vT A.
Obviously, the languages LA (A; P ) are regular, and any regular language an
be obtained as su h a language. Sin e in lusion of regular languages is a PSpa eomplete problem [Garey and Johnson, 1979℄, this shows that subsumption w.r.t.
y li FL0-TBoxes with greatest xpoint semanti s is PSpa e- omplete [Baader,
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Stri tly speaking, we obtain a nite automaton with word transitions, i.e., transitions that may be labeled
by a word over  rather than a letter of .
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1996℄. For an a y li terminology T , the automaton AT is a y li as well. Sin e
in lusion of languages a epted by a y li nite automata is onp- omplete, this
proves Nebel's result that subsumption w.r.t. a y li FL0-TBoxes is onp- omplete
[Nebel, 1990℄.
2.4 Language extensions

In Se tion 2.2 we have introdu ed the language ALCN as a prototypi al Des ription Logi . For many appli ations, the expressive power of ALCN is not suÆ ient.
For this reason, various other language onstru tors have been introdu ed in the
literature and are employed by systems. Roughly, these language extensions an
be put into two ategories, whi h (for la k of a better name) we will all \ lassial" and \non lassi al" extensions. Intuitively, a lassi al extension is one whose
semanti s an easily be de ned within the model-theoreti framework introdu ed
in Se tion 2.2, whereas de ning the semanti s of a non lassi al onstru tor is more
problemati and requires an extension of the model-theoreti framework (su h as
the semanti s of the epistemi operator K introdu ed in Se tion 2.2.5). In this
se tion, we brie y introdu e the most important lassi al extensions of Des ription
Logi s. Inferen e pro edures for su h expressive DLs are dis ussed in Chapter 5.
Non lassi al extensions are the subje t of Chapter 6.
In addition to onstru tors that an be used to build omplex roles, we will
introdu e more expressive number restri tions, and onstru tors that allow one to
express relationships between the role- ller sets of di erent ( omplex) roles.
2.4.1 Role onstru tors

Sin e roles are interpreted as binary relations, it is quite natural to employ the usual
operations on binary relations (su h as Boolean operators, omposition, inverse,
and transitive losure) as role forming onstru tors. Syntax and semanti s of these
onstru tors an be de ned as follows:
De nition 2.28 (Role onstru tors) Every role name is a role des ription
(atomi role), and if R; S are role des riptions, then R u S (interse tion), R t S
(union), :R ( omplement), R Æ S ( omposition), R+ (transitive losure), R (inverse) are also role des riptions.
A given interpretation I is extended to ( omplex) role des riptions as follows:
(i) (R u S )I = RI \ S I , (R t S )I = RI [ S I , (:R)I = I  I n RI ;
(ii) (R Æ S )I = f(a; ) 2 I  I j 9b: (a; b) 2 RI ^ (b; ) 2 S I g;
(iii) (R+)I = 1 (RI ) , i.e., (R+)I is the transitive losure of (RI );
S
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(iv) (R )I = f(b; a) 2 I  I j (a; b) 2 RI g.

For example, the union of the roles hasSon and hasDaughter an be used to
de ne the role hasChild, and the transitive losure of hasChild expresses the role
hasO spring. The inverse of hasChild yields the role hasParent.
The omplexity of satis ability and subsumption of on epts in the language
ALCN u (also alled ALCNR in the literature), whi h extends ALCN by interse tion of roles, has been investigated in [Donini et al., 1997℄. It is shown that
these problems are still PSpa e- omplete, provided that the numbers o urring
in number restri tions are written in base 1 representation (where the size of the
representation oin ides with the number represented). Tobies [2001℄ shows that
this result also hold for non-unary oding of numbers. De idability of the extension of ALCN by the three Boolean operators and the inverse operator is an
immediate onsequen e of the fa t that on epts of the extended language an be
expressed in C 2 , i.e., rst-order predi ate logi with two variables and ounting
quanti ers, whi h is known to be de idable in NExpTime [Gradel et al., 1997;
Pa holski et al., 1997℄. Lutz and Sattler [2000℄ show that ALC extended by role
omplement is ExpTime- omplete, whereas ALC extended by role interse tion and
(atomi ) role omplement is NExpTime- omplete.
In [Baader, 1991℄, the DL ALC , whi h extends ALC by transitive- losure,
omposition, and union of roles, has been introdu ed, and subsumption and satisability of ALC - on epts has been shown to be de idable. S hild's observation
[S hild, 1991℄ that ALC is just a synta ti variant of propositional dynami logi
(PDL) [Fis her and Ladner, 1979℄ yields the exa t omplexity of subsumption and
satis ability in ALC : they are ExpTime- omplete [Fis her and Ladner, 1979;
Pratt, 1979; 1980℄. The extension of ALC by the inverse onstru tor orresponds to onverse PDL [Fis her and Ladner, 1979℄, whi h an also be shown to be
de idable in deterministi exponential time [Vardi, 1985℄. Whereas this extension
of ALC does not hange the properties of the obtained DL in a signi ant way,
things be ome more omplex if both number restri tions and the inverse of roles
are added to ALC . Whereas ALC and ALC with inverse still have the
nite model property, ALC extended by inverse and number restri tions does
not. Indeed, it is easy to see that the on ept
:A u 9R :A u (6 1 R) u 8(R )+:(9R :A u (6 1 R))
is satis able in an in nite interpretation, but not in a nite one. Nevertheless,
this DL still has an ExpTime- omplete subsumption and satis ability problem. In
fa t, in [De Gia omo, 1995℄, number restri tions, the inverse of roles, and Boolean
operators on roles are added to ALC , and ExpTime-de idability is shown by a
rather ingenious redu tion to the de ision problem for ALC . It should be noted,
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however, that in this work only atomi roles and their inverse may o ur in number
restri tions, and that the omplement of roles is built with respe t to a xed role
any, whi h must ontain all other roles, but need not be interpreted as the universal
role (i.e., I  I ). As we shall see below, allowing for more omplex roles inside
number restri tions may easily ause unde idability.
2.4.2 Expressive number restri tions

There are three di erent ways in whi h the expressive power of number restri tions
an be enhan ed.
First, one an onsider so- alled quali ed number restri tions, where the number
restri tions are on erned with role- llers belonging to a ertain on ept. For example, given the role hasChild, the simple number restri tions introdu ed above an
only state that the number of all hildren is within ertain limits, su h as in the
on ept > 2 hasChild u 6 5 hasChild. Quali ed number restri tions an also express
that there are at least 2 sons and at most 5 daughters:
> 2 hasChild:Male u 6 5 hasChild:Female:
Adding quali ed number restri tions to ALC leaves the important inferen e problems (like subsumption and satis ability of on epts, and onsisten y of ABoxes)
de idable: the worst- ase omplexity is still PSpa e- omplete. Membership in
PSpa e was rst shown for the ase where numbers o urring in number restri tions are written in base 1 representation [Hollunder and Baader, 1991;
Hollunder, 1996℄. More re ently, this has been proved even for the ase of binary
(or, equivalently, de imal) representation of numbers [Tobies, 1999; 2001℄. The language stays de idable if general sets of in lusion axioms are allowed [Bu hheit et
al., 1993℄.
Se ond, one an allow for omplex role expressions inside number restri tions.
As already mentioned above, allowing for the three Boolean operators and the inverse operator in number restri tions of ALCN leaves us within C 2 , whi h is known
to be de idable. In [Baader and Sattler, 1996b; 1999℄, languages that allow for
omposition of roles in number restri tions have been onsidered.1 The extension
of ALC by number restri tions involving omposition has a de idable satis ability
and subsumption problem. On the other hand, if either number restri tions involving omposition, union and inverse, or number restri tions involving omposition
and interse tion are added, then satis ability and subsumption be ome unde idable
[Baader and Sattler, 1996b; 1999℄. For ALC , the extension by number restri tions involving omposition is already unde idable [Baader and Sattler, 1999℄.
Third, one an repla e the expli it numbers n in number restri tions by variables
trans

1

Note that omposition annot be expressed within C 2 .
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that stand for arbitrary nonnegative integers [Baader and Sattler, 1996a; 1999℄.
This allows one, for example, to de ne the on ept of all persons having at least
as many daughters as sons, without expli itly saying how many sons and daughters
the person has:
Person u > hasDaughter u 6 hasSon:

The expressive power of this language an further be in reased by introdu ing expli it quanti ation of the numeri variables. For example, it is important to know
whether the numeri variables are introdu ed before or after a value restri tion.
This is illustrated by the following on ept
Person u # .(8hasChild:(> hasChild u 6 hasChild));
in whi h introdu ing the numeri al variable before the universal value restri tion
makes sure that all the hildren of the person have the same number of hildren.
Here, # stands for an existential quanti ation of . Universal quanti ation of
numeri al variables omes in via negation. In [Baader and Sattler, 1996a; 1999℄ it
is shown that ALCN extended by su h symboli number restri tions with universal
and existential quanti ation of numeri al variables has an unde idable satis ability
and subsumption problem. If one restri ts this language to existential quanti ation
of numeri al variables and negation on atomi on epts, then satis ability be omes
de idable, but subsumption remains unde idable.
2.4.3 Role-value-maps

Role-value-maps are a family of very expressive on ept onstru tors, whi h were,
however, available in the original Kl-One-system. They allow one to relate the sets
of role llers of role hains.
De nition 2.29 (Role-value-maps) A role hain is a omposition R1 Æ    Æ R
of role names. If R, S are role hains, then R  S and R = S are on epts (rolevalue-maps). The former is alled a ontainment role-value-map, while the latter is
alled an equality role-value-map.
n

A given interpretation I is extended to role-value-maps as follows:
(i) (R  S )I = fa 2 I j 8b: (a; b) 2 RI ! (a; b) 2 S I g,
(ii) (R = S )I = fa 2 I j 8b: (a; b) 2 RI $ (a; b) 2 S I g.

For example, the on ept
Person u (hasChild Æ hasFriend  knows)
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des ribes the persons knowing all the friends of their hildren, and
Person u (marriedTo Æ likesToEat = likesToEat)
des ribes persons having the same favorite foods as their spouse.
Unfortunately, in the presen e of role-value-maps, the subsumption problem is
unde idable, even if the language allows only for onjun tion and value restri tion
as additional onstru tors [S hmidt-S hau, 1989℄ (see also Chapter 3).
To avoid this problem, one may restri t the attention to role hains of fun tional
roles, also alled attributes or features in the literature. An interpretation I interprets the role R as a fun tional role i f(a; b); (a; )g  RI implies b = . In
the following, we assume that the set of role names is partitioned into the set of
fun tional roles and the set of ordinary roles. Any interpretation must interpret the
fun tional roles as su h. Usually, we write fun tional roles with small letters f; g,
possibly with index.
De nition 2.30 (Agreements) If f , g are role hains of fun tional roles, then
f =: g and f 6=: g are on epts (agreement and disagreement).
A given interpretation I is extended to agreements and disagreements as follows:
(i) (f =:: g)I = fa 2 I j 9b: (a; b) 2 f I ^ (a; b) 2 gI g,
(ii) (f 6= g)I = fa 2 I j 9b1; b2 : b1 6= b2 ^ (a; b1 ) 2 f I ^ (a; b2 ) 2 gI g.
In the literature, the agreement onstru tor is sometimes also alled the same-as
onstru tor. Note that, sin e f , g are role hains between fun tional roles, there
an be at most one role ller for a w.r.t. the respe tive role hain. Also note that
the semanti s of agreements and disagreements requires these role llers to exist
(and be equal or distin t) for a to belong to the on ept.
For example, hasMother, hasFather, and hasLastName with their usual interpretation are fun tional roles, whereas hasParent and hasChild are not. The on ept
Person u (hasLastName =: hasMother Æ hasLastName)
u (hasLastName 6=: hasFather Æ hasLastName)
des ribes persons whose last name oin ides with the last name of their mother, but
not with the last name of their father.
The restri tion to fun tional roles makes reasoning in ALC extended by agreements and disagreements de idable [Hollunder and Nutt, 1990℄. A stru tural subsumption algorithm for the language provided by the Classi -system, whi h inludes the same-as onstru tor, an be found in [Borgida and Patel-S hneider, 1994℄.
However, if general in lusion axioms (or transitive losure of fun tional roles or
y li de nitions) are allowed, then agreements and disagreements between hains
of fun tional roles again ause subsumption to be ome unde idable [Nebel, 1991;

54

F. Baader, W. Nutt

Baader et al., 1993℄. Additional types of role intera tion onstru tors similar to
agreements and role-value-maps are investigated in [Hans hke, 1992℄.
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