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1. Introduction

The purpose of this paper is to summarize the state of the art on
implicit contract theory by sorting out different models with respect
to crucial assumptions. We will start with a very simple framework
with straight-forward results and then add complications as we
proceed to show more interesting results. It is heuristic to understand
an implicit contract model as a general equilibrium model with incomplete
informatioﬂ, as well as a macroeconomic model.

Implicit contract theory, originally proposed by Azariadis (1975),
Baily (1974), and D. Gordon (1974), regards a wage contract as a
form of risk-sharing between a risk-neutral firm (owner) and workers.
It will be shown that it is important to view Implicit contract theory
as a branch of the economic theory of uncertainty, especially.with incomplete
markets and imperfect information. We know that in an uncertain world
(with perfect information about probability distributions), creating
markets for contingent claims a la Arrow and Debreu would make it
possible for a competitive economy to achieve ex ante Pareto optimality.
We wdll keep this fact in mind and will point out what_causes deviations
from an Arrow-Debreu model, in the discussion of wvarious models with
implicit contracts. Thus an Arrow-Debreu model with complete contingent
claims markets will serve as a benchmark in implicit contract theory.
We will look at non-Pareto optimal allocations, i.e., involuntary
unemployment, from the viewpoint that inefficiencies are a result of both
restrictions on obtaining information and incentive problems in having

contingent claims markets.



The seminal papers by Azaria&is, Baily, and Gordon were followed
by Negishi (1979), Sargent (1979), Akerlof and Miyazaki (1980),
Polemarchakis (1979), Polemarchakis and Weiss (1978), Holmstrom (1980),
and Geanakoplos and Ito (1981). These contributed to the literature
debating whether '"involuntary unemployment" can exist in an economy
with implicit contracts. Researchers agree that Azariadis's result
of having involuntary unemployment with implicit contracts depends on
several assumptions. First, the value of leisure or an .alternative oppor-
tunity must be high enough (pointed out by Azariadis himself and stressed
by Negishi); second, ex post mobility should be limited (Akerlof and
- Miyazaki); and third, no severance payments are available (pointed out

by Sargent). If there are no alternative oppoortunities such as leisure,

it is trivial to obtain full employment as an equilibrium

with or without contracts. If there is ex post mobility, the contract
becomes infeasible since competition in the ex post spot market forces
the wage to be at least equal to the marginal product. Holmstrom solved
the difficulty in accomodating ex post mobility in implicit contract
theory by considering a two-period model. 1In a sense, he showed that

a premium for insurance coverage against lower wages in the second period
can be paid in the first period. Working in a dynamic framework similar
to Holmstrom's, Arnott, Hosios, and Stiglitz (1980), Hosios (1980),

and Geanakpplos and Ito (1981) investigated a model with asymmetric informa-
tion between firms. When ex post mobility is introduced, it is important
to know what kinds of wages other firms are offering in the ex post spot

market. All three papers emphasize how a firm and its workers are restricted

in obtaining information on the state of nature of other firms. They differ



in assumptions on the availability of aggregate information and the
equilibrium condition of the spot market.

Another branch of implicit contract theory was developed from the
idea that workers do not have complete information about the state of nature
of their own firms. This category includes Hall and Lilien (1979),
Azariadis (1980), Green (1980) and S. Grossman and Hart (1980). Since
Azariadis (1979) surveyed this line of research well, I will not discuss
it here. Instead, the rest of this paper is devoted to clarifying questions
about hidden assumptions and their wvalidity in the models presented
by Azariadis (1975), Polemarchakis and Weiss (1978), Holmstrom (1980),
and Geanakoplos and Ito (1981). Since the purpose of this paper is to
contrast different results, the simplest possible, instead of the theo-
retically most general, framework is employed.

It is convenient for later reference to summarize the table of

content of the following sections.

2. Model
2.1 Framework
2.2 Definitions
2.3 Numerical Example
3. One Industry Models
3.1 Static Models
I. Spot Market Solution
II. Arrow-Debreu Economy _
III. Contracts without ex post Mobility (Azariadis)
3.2 Remarks on Azardias Model
3.3 Leisure as a Separate Argument
3.4 Equivalent Problem
3.5 Two Period Problem
IV. Arrow-Debreu Economy
V. Contracts with ex post Mobility (Holmstrom)
3.6 Mobility and Efficiency
3.7 Seniority in Many-Period Overlapping Generations Model
Two Industry Models
5. Macroeconomic Implications
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2. Model

2.1 Framework

We consider an economy in which there are many risk-averse workers
participating in the labor market. The marginal product of labor varies
depending on the state of nature. The uncertainty is technological in our
model, rather than uncertainty about the price of the products. Competitive
(price-taking) behavior is assumed on the part of both firms and workers.
In the spot market for labor without contracts, competitive behavior means
that every agent is assumed to regard the wage rate as exogenously given
and to ignore the effect of own behavior on the (equilibrium) wage rate.
When we consider the labor market with contracts, competitive behavior
means that every agent regards as given the value of the contract, which
consists of wage offers in different states of nature instead of a single
wage rate. In the following, it is assumed that there is no entry into
this market, implying that there is a fixed number, say N , of identical
firms producing the consumption good. The representative firm hires
workers, pays the wage bill and is left with profits. We assume that
owners of the firm consume its profits. Assuming technological uncertainty
(as opposed to price uncertainty) and firm owners who consume profits,
we interpret this model as a simple general equilibrium model, as noted
in Holmstrom (1980).

Let us assume that all the workers are identical in tastes and
productive ability. The labor supply decision is either all or nothing,
abstracting from the leisure-work choice:

1 if working at the firm

0 if staying at home



The representative worker's utility function is denoted by
U(x), u' >0, U" <0,

where x 1is the sum of wage and non-wage income. When a worker

stays at home, he is assumed to be able to employ himself with a

home production technology. We will explain this in detail in the next
subsection. We assume that workers are "non-atomic," being uniformly
distributed in the interval [0, LS], and that there are N of these
intervals. This is equivalent to saying that there are NxL® (discrete)
workers and that the integer problem is ignored.i/ The potential labor force per
firm, I° , will be interpreted as the size of the firm's "labor pool."
However, when the workers and firms in the market decide

the equilibrium wage rate (or contractvalue) through a tatonnement
process, the labor pool per firm is not a priori fixed. The lébor pool
is endogenously determined, simultaneously with the equilibrium wage
rate (or contract value).

The representative firm j has a production function which is

dependent on its own state of nature:
£(; sy, sJ €{G, B}

where L is the number (or length of an interval) of workers employed,

and the state of nature s can be either G (good) or B (bad). Let us

3

denote the marginal product in state of nature s by'fb and assume it is

positive and strictly decreasing:

. j .
£3. =28 (1, ¢dy s 0, for L > 0,
] oL . z
S
L 2.3 .
ij = i_f? (L, sJ) <0, for L > 0.

s oL,
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In the following, we omit the superscript j whenever there is no fear of
confusion.
We assume that the marginal product is uniformly higher in the

good state of nature than in the bad state of naturei.
‘> f! for all >
fG fB L>0
As mentioned before, this is a simple two-commodity general equilibrium
model, so the price of the product can be normalized to one. The profit
of the firm in the state of nature s is calculated as

m(s) = f(L, s) - w(s)L(s) - c(s)

where w(s), L(s), and-c(é)iare respectively the wage rate, employment,
and the non-wage compensation paid in the state of nature s.

We will now explain the timing of evolving events in one-period
models; the framework will later be extended to two-period models. 1In
the first stage, workers and firms participate in the labor contract
market. Firms offer contracts, and workers choose from among different
contracts the best one. Since we assume that there is arbitrage and
recontracting of contracts at this stage, the result will determine
endogenously the equilibrium levels of employment and the value of contract;g/

In the second stage, the states of nature are revealed. It is

assumed that these states can be observed by every agent without cost.
The third stage is the decision of employment and layoffs. If workers
are physically and legally mobile ex post (after the revelation of states
of nature), a spot labor market will open at this stage, too.

Definitions of some implicit contract terminology are introduced in

the next subsection.



2.2 Definitions

The state of nature s for an entire economy is a vector of the

states of individual firms:

2 N
s = [sl, 87, v..s 5]

. N )
Since each sJ is assumed to be either G or B, there are 2 possible
events. However, for present purposes it is enough to consider only
two possible events: s = [G, G, ..., G] and s = [B, B, ..., Bl.

Denote the probability of the former event by 6, 0 <6 <1,

Definition 2.1 (Qne Industry with Correlated Realizations)

An economy is said to be composed of one industry with correlated

realization if either s’ =G for all j or s =B for all j.

This assumption is justified, for example, if the state of nature is

3

weather, which affects every agent in the same manner.

Definition 2.2 [The Value of a Contract]

The value of a contract is the expected utility of the contract.

“

This definition would have to be modified if workers do not have iden-
tical utility functions, especially if they have different degrees
of risk éversion.

When workers stay at home, they are assumed to engage in a production
activity using their own technology. With an input of one unit of labor,
a worker is assumed to produce h units of output at home. Therefore,
a worker who stays at home enjoys U(h). Hence, U(h) could be
interpreted as the value of leisure instead of home production activity.
However, with a home production interpretation, we can avoid a problem

associated with a change in the rate of marginal substitution between income



. 2a . .
and leisures /For the sake of simplicity, h is assumed to be identical

for every worker. Allowing for different h's would not change the qualitative
resuits.' Since a worker's reservation wage in the

spot market is equal to h, the labor supply curve has a step at h.

Therefore, it is convenient to consider two cases: one in which h is

relevant in resource allocation and the other in which h is not relevant.

The former case arises if the marginal product of the last worker in the

labor pool would be less than h should firms hire all the workers in

the labor pool.

Definition 2.3 [Home Production]

A worker is said to have a technology of "home production'" if

|
h > fé(LS), and of "no home production" if 0 < h S-fBSLS)-

In an economy with uncertainty, economic agents with different
degrees of risk aversion are willing to trade "contingent claims"
(side»?gts) which are monetary transfers contingent on realizations of
uncertain events. (See Arrow (1951).) It is known that if such trades
are feasible then economic agents will achieve ex ante Pareto optimality in
competitive eqilibrium. Thus an emphasis in economic theory has been the
analysis of the kinds of conditions and restrictions in an economic environ-
ment which would prevent the trading of contingent claims. Events may
not be observed. (How to verify a worker's effort?) Those who have
information may not tell the truth. (Can a manager believe a worker who
says he made the best possible effort?) It may not be possible to "enforce"
a contingent contract. (That is why insurance premiums are paid in advance.)
Moral hazard problems, short of complete swindling, may arise if those

who trade contingent claims can affect the probability of certain events.



(A worker may not search hafd enough for a new job if a "safety net"

provides him with unemployment compensation. Moreover, some workers might
collect unemployment compensation before they withdraw from the labor
market, even if they never intended to find another job.) There may not

be enough information to discriminate between different types of workers in
order to avoid adverse selection. (Unhealthy workers would choose firms with
a generous sick leave policy and health insurance fringe benefits.)
Therefore, it is important to write the contingent éiaimsand contracts

so that they depend on what is known to both parties.

Definition 2.4 [Contingent Contracts and Claims]

A contingent contract is defined as an enforceable promise of

w wage and employment level (and thus the probability of layoff)

contingent upon the information available to both the

management of the firm and its workers. A contingent claim is an

enforceable agreement of a monetary transfer between the firm and its

workers which is contingent upon the information set defined above.

One of the purposes of implicit contract theory is to provide the
microeconomic foundations of '"involuntary'" unemployment. When the market
wage is below the home production level, workers withdfaw from the
labor market voluntarily. (Even if the market wage is equal to h,
those workers who stay at home are "voluntarily" unemployed, since they
have no incentive to join the labor force.) |

Therefore, the mere fact that the employment level is less than the
size of labor‘pool does‘not necessarily imply the existence of "involuntary"

"

3 . )
unemployment.—/ To capture the notion of "involuntary'" unemployment,

we emphasize the fact that an "involuntarily" unemployed worker cannot
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find a job despite his willingnessrto work at a real wage rate infinitesimally
below the current going wage;é/ Therefore, the definition is given fdr

an ex post condition, i.e., after the relevation of states of nature.

Later, we will see involuntary unemployment as a result of a contract

which specifies the possibility of layoff without full compensation. One

might contend that since it is a priori voluntarily agreed to have this

kind of contract, the result should be called "voluntary" unemployment.
One would then go on to say that an unemployed worker is comparable to a
voluntary gambler who happens to lose a bet. However, the important fact
here is that the worker is willing to insure his possible loss, but some
informational constraints prohibit complete insurance, thus preventing

him from obtaining the first-best a priori contract. Therefore, the

direct comparison of an involuntarily unemployed worker (in our sense)
and a gambler is not appropriate. Our interest lies not in the semantics
of whether a worker's unemployment is "voluntary" or "involuntary", but
rather under what conditions the firm and workers are willing to agree on

an a priori voluntary contract that leads to the possibility of ex post

involuntary unemployment. Examining the reasons why resource allocation
deviates from the Arrow-Debreu allocation is the key to understanding the

contributions of implicit contract theory and involuntary unemployment.

Definition 2.5 [Involuntary Unemployment]

After the revelation of states of nature, if unemploved workers have

lower utility than retained workers in some states of nature, then they

are said to be unemployed involuntarily.

The next definition concerns the technical and legal feasibility of a
worker changing firms after the state of nature is revealed. It may be

technically infeasible if production requires some training or labor input
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before the state of nature is fevealed. In such a case we would have to
consider a model with decision and production lags. If changing firms

ex post is technically possible, the firm may not want to lose workers.
Therefore firms are willing to propose contracts which prohibit workers

from resigning from the firms. However, such contracts are unconstitutioral.
In this paper, we mostly examine models which allow workers to move after

the state of nature is revealed.

Definition 2.6 [Ex Post Mobility]

Workers are said to have ex post mobility if it is technically

and legally feasible to quit and be rehired by another firm after the

state of nature is revealed by reneging one contract without paying

any penalties.

Definition 2.7 [Severance Payment and Quitting Penalty]

If the firm is required to pay compensation to a worker upon its

initiation of a separation of a contracted worker, the compensation is

called a severance payment. When a worker is required to pay compensation

to the firm when he initiates the separation, it is called a quitting penalty.

Since the following analysis is carried out in either a one-period
or two-period framework we do not differentiate between the severance payment
to a detached worker and private unemployment compensation (in addition
to public unemployment compensation) to the temporarily laid off worker.
That is, this model does not distinguish between permanent and temporary

layoffs.
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Definition 2.8 Seniority Wage

The seniority wage system is said to exist if (a) Worker A is

older than Worker B; (b) Worker A is equal to or less productive than

Worker B; and (c) Worker A is paid more than Worker B, at a point of

time in some states of nature.

This is a rather strict definition of seniority. If productivity
increases with experience, the definition should be modified. 1In order
to highlight the effect of ex post mobility in an implicit contract model,
the productivity of a worker is held constant. Note that an increase in
the wage profile over the life of a worker is not sufficient for this
definition. A point of the definition is to show that in the same period,
workers who are old are paid more than others even if the productivity is

the same.
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2.3 Numerical Example

In the following analysis, a numerical example will be provided in
addition to a formal analysis in each section. The functional forms and

values of coefficients for the production and utility functions are the

following:
fé(L) = 800-4L
! == -
fB(L) 200- L
U(x) = 2000% - x° 0 < x < 1000
L% = 100.
b = 140 if there is "home production
0 if there is '"'no home production"
o =1/2

Solutions for L(s) and w(s) will be given at the end of cach model in

the next section. Diagrams based on these values will also be provided.

3. SOLUTIONS FOR ONE INDUSTRY MODELS

3.1 One Period (Static) Models

MODEL I: SPOT MARKET SOLUTION (EX POST)

First, we consider an economy without any contingent claims or contracts.
Since we will emphasize the conceptual similarities between market equilibrium
and a contract economy, let us review the logic of competitive equilibrium
step by step. We assume that there is ex post mobility. After the state
of nature is revealed, the labor demand function is derived from the firm
maximizing its profit with respect to its labor imput:

Max fJ(L; s) - wL.
L
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Therefore, the first order conditions are:

it - -
(3.1) fG(L) Ve if s = G.

it

W if s = B.

j \
f2 (L) B

Equation (3.1) defines the labor demand function % in each state of nature:

dj

(3.2) L = l(ws), s = G, B.

A competitive equilibrium in the labor market is defined by the equality
of demand and supply, assuming the wage rate moves infinitely fast to

clear the market. We will consider two cases separately: one "without

home production" (see Definition 2.3) and the other "with home production.”

CASE (IA): ©No Home production

There are N identical firms and N x L identical workers who
would supply one unit of labor as long as W > h. A competitive
equilibrium is defined as the equality of labor demand and supply,

given that the resulting wage is higher than home production:

N x Q(WS) =NxL x1, s =G, B

i.e.,
(3.3) 2(w.) =1

subject to L > h. The assumption of no home production means that

(3.4) fg'(i') > h.

Therefore considering that the & function is implicitly defined by (3.1),
assumption (3.4) guarantees that all the workers are working at the

firm all the time. Note that the size of the labor pool is endogenously
determined. In summary, from equations (3.1), (3.2) and (3.3),

*
the equilibrium wage W and the equilibrium employment level Lg

are defined as



- 15 -

il
= |

itz .
* = . * =
5.5) WG fG L); LG if s
_ 3! if s =
* = .
wE fB L ); L§ =L

NUMERICAL EXAMPLE

From (3.5) and the functional forms chosen in subsection 2.3, we can

calculate the equilibrium values as follows:

wé = 400 Lé = 100
w§ = 100 L§ = 100.

Equilibrium refers to conditions holding across the state of nature.
The two equilibria in the ex post svot market are illustrated as

Figure 3-1 as EG and EB.

:Eigure 3-1 about béfé:

CASE (IB): Home Production

In the case that home production is productive, the wage calculated
from (3.3) would be less than h. That is, if the firms were to hire all
the workers, then the marginal product of the last worker in a bad state
of nature would be less than what the worker could earn at home. There-

fore, the equilibrium employment level is cut back to the level where

the marginal product equals h. In the good state of nature, the equilibrium

condition (3.3) is applicable. Thus the equation Q(WE) =L defines wé,

and Lé =1, . In the bad state of nature, wﬁ = h must hold true, and

L*¥ = 2(h). In summary,

B
w*:fj'(i)’ ) Lé=i, if s =6
G~ G ’ _ . - B
(3.6) wk = h L§ = {Llfé(L) = h}, if s
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NUMERLCAL EXAMPLE

From (3.6) and the functional forms chosen in subsection 2.3, the

equilibrium values are calculated as

wé = 400 Lé = 100
w§ = h = 140 L§ = 60.

Points EG and EB in Figure 3-2 illustrate the equilibrium in each

ex post spot market.

:Eigure 3-2 about here

Note that according to the framework and definition explained
in the preceding section, there is "voluntary" unemployment in the
bad state of nature. The employment level is L%, while L - Lg
are "self-employed" at home. The workers both in the firm and at home
are receiving the same amount of income, i.e., Wﬁ = h. Therefore,
they are indifferent between working in the firm and working at home.

Although the employment level is fluctuating, it is the result of the

~efficient allocation of resources.,

MODEL II: ARROW-DEBREU ECONOMY

Let us introduce a contingent claim (see definition 2.4) into
Model I. Before the state of nature is revealed (stage I), the firms
and workers have a chance to trade a contingent claim (side bet),
knowing the solutions of the (ex post) spot market (stage III).

The contingent claim we consider takes the following arrangement:

If s
1f s

G, each worker pays cg to the firm.

B, the firm pays cé to each worker.
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Let us assume that competition among many risk-neutral firms

drives the expected payoff down to zero, as is usually assumed in the
insurance literature. Recall that 6 is the probability of the good
state of nature, 0<6<1. The expected payoff for the firm is

ecG - (1 - e)cB. The condition for no expected payoff from this side
bet implies cp = ecB/(l-e).

Now consider the consumer's problem:

x - - *
Max 6U(wG cG)i-(l G)U(WB+-

e

0
T-8 %"

This has the first order condition:

0
— ' * — ' % —
U (WG CG)i-GU (wB+-1_ ecG). 0.

l? 5% = w which implies the complete

* = %
Therefore we have wk Cq wB+-

stabilization of the worker's income, Xx.

The equilibrium amounts of the side bet, cé and Cﬁ’ are calculated as

ck (1—-6)(wé—-w§)

G
* = Kk — wk
ck e(wG wB).
In other words, w = 9wé+-(1—-6)w§ . This is a confirmation of the well-

known result that a risk-neutral agent would absorb all the risk in an
economy with contingent claims. Now it is easy to summarize the results
of MODEL II for two cases: one without home production and the other

with home production.
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CASE (IIA): No Home Production

= j' S' = - X ~ wk) *='. i =
wé = fG (L) cé (1 G)(wG WB), LG L if s G
(3’7) = j' s . = * - . % = s i = .
Wﬁ fB (L7); cﬁ O(wG q;), LB L if s = B

This implies that each worker receives,-as a sum of wages and payoffs of

contingent claims, W o= Gwé + (1 - O)wg in either state of nature, s=G, B.

NUMERLCAL EXAMPLE

With © = 1/2, c¢* = c* = 150. Therefore

G B
= wk - ok = L¥ = 100 if s =G
W wG CG 250, G
A = = * = .f = B¢
w = Wﬁ + cg 250, LB 100 if s

In Figure 3-1, the equilibrium contingent claim implies that the worker

payé to the firm (&é - w) if s =G, and the firms pay the worker

(@ - wg) if s = B, so that the worker is always guaranteed & wage W.

CASE (I1IB): Home Production

s 1
w*=fé(Ls); ck = (1-0)(wk-h); Lé=LS if s=2¢
(3.8)
X = . * = —_ . = 1 = 1 =
wi = h; ¢k = o(wi- h); L* = {L[£3(L) =h} if s = B.

~

This implies w = Owé + (1-0)h.

NUMERICAL EXAMPLE

Since w = (400 + 140)/2

= 270
A= X - 0k = % = i =
w wG cG 270 LG 100 if s G
A:'* * = * = 1 =
WB+-CB 270 LB 60 if s B.

In Figure 3-2, the difference (wé?-§) (w-—wg) shows the size

of the optimal side bet.
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Note that the firm is making the side bet with all the workers in
the labor pool whether or not they end up working for the firm. The
side bet is assumed to be enforceable independent of the employment
relation.

The first theorem of welfare economics gives us the optimality result
that a competitive equilibrium is a Pareto optimum. Therefore, the result
in this section can be used as a benchmark for the solutions discussed
below. Although the above solution concept generates a Pareto optimal
outcome, the contingent claim market may not be feasible because of
high enforecement costs. Since workers and firms do not necessarily have
a binding employment relationship, organizing a market for contingent claims
may be tenuous. Workers, who agree to pay (wé-—&) in the event of s = G,
may just quit the firm rather than make the payment and find a job in
the spot market. It may also be difficult to verify whether the state
of nature is good or bad, since workers are not necessarily attached
to the firm which administers the side bet. In the following, let us
assume that there is no contingent claim market in our economy. The
basic idea of an implicit labor contract is that the attachment of the
labor force to the firm may overcome the difficulty in making side bets.

A most important question is to what degree an implicit labor contract

can "mimic" the Arrow-Debreu solution.

MODEL III: CONTRACT WITHOUT EX POST MOBILITY

Now let us consider an economy with contingent contracts (Defini-
tion 2.4). At the first stage, the firm offers a contract composed of
the wages in the good and bad states of nature and the probability

of being retained in the bad state of nature: {wG, Vg r}. No severance
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payment (Definition 2.7) or &x post mobility (Definition 2.6) is
assumed. Therefore, the laid-off worker engages in home production.

The contract described above yields the following expected utility:
(3.9) EU(WG, Vg r) = OU(WG)+-(l—-@)rU(wB)4;(1—-6)(1-r)U(h).

In the first stage, if one firm offers 5 package with a higher

expected utility than the others, then that firm would attract all the
workers., given that EU> U(h). Of course, the firm can limit how many workers
‘it wants to hire, leaving excess workers to other firms. However, a more
profitable policy is to lower the value of contract. By the same token, if the
firm offers a contract which has less value thanone offered by another firm,
then the firm does not attract any workers. Thus, in equilibrium, the

value of the contracts offered should be equal for all firms. The value

of the contract plays the role of a price in a competitive market.

The equilibrium value of the contract will be determined endogeneously
through the tatonnement process in the first stage. The decision

tree for a worker is illustrated in Figure 3-3. First, let us derive

labor demand as a function of the going market value of contract, U.

(3.10) Max O[f

(L)-—WGL] + (1-—0)[fB(rL)-wBrL] z En
{L,wG,wBr}

G

subject to
(3.11) EU() = 0U(w,) + (1= 0)rU(wy) + (1-0) (1 - 1)U(h) >U

(3.12) 0 <r<l,andL > O.
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First, observe that the constraint (3.11) is always binding, because pushing
down the wage is always profitable if it does not make the workers quit
voluntarily. Let us construct a Lagrangean, ignoring the constraint

(3.12);

(3.13) £ = E7 + MEU(-) - U}

Constraint (3.12) can be handled as follows. First, if

of

then the optimal r* should be strictly positive, i.e., r* > Q. It is
easy to verify that condition (3.14) holds. Second, a sufficient

condition for r* < 1 is the following:
it “T.(1- ' -
(3.15) e | r=1 =L(1 G)[fB(L) WB]+-A(1 G)[U(WB)-—U(h)] <0
If h is large enough so that (3.15) is satisfied, then there is an interior solu-
tion with respect to r. Thus

(3.16) .0 =§§-= L(1- 0) [£}(rL) = wy] + A(1-0) [U(wy) - U(h) ]

has to be satisfied.

Now, the other first order conditions are:

(3.17) o0 = g% =O[EL(L) - wgl + (1-0) [rfy(rL) - wpr]
(3.18) 0 = £ <6[-L + AU (wy)]

G
(3.19) 0 = % = (1-0)rf- L+ U ()

B

From (3.18) and (3.19),

(3.20) AU'(wG) =1L = AU'(wB)



Therefore,

(3.21) Wp = Wo 2 W

Equation (3.20) also implies A = L/U'(wB). Substituting this value of

A and (3.21) into (3.15) and eliminating L(1-0) which is strictly positive gives

U(w) - U(h)

T <0

(3.15")  [£1(1) —wl +

as a sufficient condition fior r* < 1. This corresponds to the condition
discussed in Azariadis (1975: p. 1192, equations (18) and (19)) and

Negishi (1979: p. 230, equation (16)).

CASE (I1IA): No Home Production

s
First, consider the case fé(L ) >h, i.e., no home production.

By the concavity of the utility function,

(£, (L) <UGD) + U' (). [£] (L) —w].

Since fé(LS) > h,

U(h) < UCER(L®) < U (W) + U' () - [£)(L°) - wl.
It follows from simple manipulation that

Uh) UG ., . 8. *
T < 5w

5/

This contradicts condition (315"= . When (3.15') is not satisified

and

of
Y e 0 for all 1> r > 0,
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the optimal retained ratio is unity, i.e., there are no layoffs. Then the

first order conditions are modified as follows:
(3.17")  BI£L(L) - wl+ (1-©)[£ (L) -¥] = o.

(3.11')  oU(w) + (L-0)U(W) =T

Therefore,

Uw) =T
or

w=ut@.

Now the labor demand function Ld = &(ﬁ)vcan be calculated implicitly

from;

- — -1 —
OIEL(L) - U @] + (1-0) [£5(L) ~UT (@] = 0
It is easy to verify that labor demand is a decreasing function of the value of the contract:

d

_di_.<0-

du

Therefore, the unique market equilibrium is obtained as an intersection of
demand and supply, the latter being exogenously fixed at L. The equilibrium
employment level is determined by L*=. and the equation £(6)=LS.

defines the equilibrium value of U.

NUMERICAL EXAMPLE
) -
Let us solve (3.11") with the given functional forms, noting that dw/du> 0

is required by the stability of an equilibrium in the labor contract

market.

VA —
% = 1000 - (10002 - T.
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The labor demand function is calculated from (3.17"):

Ld = 200 - w/2.5

=200+ |(1000)? - E/z.s
In equilibrium, L& = T = 100, yielding

w =250 and U= (1000)2 - (750).

CASE (IIIB): Home Production with (3.15') [Azariadis]

As we have demonstrated h = fé(LS) is not enough to guarantee
r < 1. Let us assume in addition (3.15'). Using (3.21), we can rewrite

(3.17) as
(3.17") O[f(';(L)—;I] + (1—e)r[f1'3(rL)—;v] = 0.

Given that (3.15") is true, (3.16) must hold at the optimum, i.e.,

UGw) - UCh) _

HC) 0.

(3.16") fé(rL)-w +
and (3.11) is now written with an equality:

(3.11)  oU(®) + (1-0)rUw) + (1L-0)(1-r)u(h) = U.

~

Equations (3.17'), (3.16') and (3.11) define L, w, and r as functions

of U. The value L as a function of U can be interpreted as the

demand function for labor:

4 - 2(U).

By the market equilibrium condition,



A .
w = 283 i

h =ve =140
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Therefore, we can solve (3.17'), (3.16') for w, r, by substituting
L=L°. Then substituting those values into (3.11), we find the value of
U. These values describe a market equilibrium with implicit contracts.

Now let us consider when the condition (3.15') is most likely satisfied.
It is apparent that the likelihood of having (3.15') increases as h
becomes higher relative to fé(Ls), LS being substituted for L because of

the market equilibrium condition.

NUMERICAIL, EXAMPLE

First order conditions (3.17") and (3.16'), with functional forms

defined in section 2.3, give us the following:

800 - 4L - w+r(200 ~ rL) - rw = 0

(200 - rL - w) + (2000 % - w? — (140) - (2000) + (140)2) /(2000 - 2w) = 0.

Substituting the market equilibrium Ld =1% = 100, we find

r = 743, w = 283.07.
The solution is illustrated in Figure 3-4. One hundred workers are attached
to this firm in the first stage. In the good state of nature, all of them
are hired at the wage of 283. In the bad state of nature, about 74
workers are lucky and are hired at the wage of 283, but the other 26
workers are laid-off so that they go home and are self-employed at the

wage of 140.

Note that condition (3.16') implies that fé(rL) < h. Since U is
a concave function, U(@)>>U'(G){§-h}4-U(h). This inequality implies
{U&) - Uh)}/U' (W) >{w-h}. Substituting this into (3.16"),
fé(rL)'<h is verified. This means that workers are employed by a firm
beyond the point that the marginal.productivity is less than the home

productivity. In this sense, the solution should be called "overemploy-

1" !

ment," as well as "involuntary unemployment."
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When the state of nature is good, then all workers are employed by

the firm and the wage rate is &<:fé(Ls). During a bad state of nature,
a worker is retained at the firm with probability r and paid W, the
same wage rate as the one in the good state of nature. With probability
(l-r), a worker is unemployed, without any compensation from the firm
(by assumption). The unemployed go home and earn h . However, since
h<w, the utility of the unemployed is less than that of Lhe retained;
"involuntary" unemployment results (Definition 2.5). Thus, in the
Azariadis framework, when condition (3.15') holds, we can show that

"involuntary" unemployment exists.

Case (IIIC): Azariadis Model with Severance Payments

In the Azariadis model, the firm is not allowed to arrange severance
payments as a part of contracts. However, a clause which specifies pay-
ments in the event of severance is not unusual in labor contracts.gj Lgt
us assume that the firm arranges to pay ¢ to a worker when it lays him
off. Therefore, there are additional costs d(l-r)L dincurred in

the bad state of nature, while the income of the laid-off worker becomes

c+h instead of h. The problem to be solved is the following:

(3.22) Max O{fG(L)—wGL}+(l--O){fB(rL)—wBrL—C(l--r)L}E Ex

{L, Vs Wp» r, c}

B

subject to

EUZ0U (W, )+(1 - 0) rU(wy)+(1 - ©) (1 - r)U(c+h)>U
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Forming the Lagrangean £ = Erm +A{EU(+) - U},

we obtain the following first-order conditions.

(3.23) 0=<§%=<3[fé(L)—wG]+(l-O)[rfﬁ(rL)—rwB—c(l-r)]

(3.24) 0 =%= (1-0)[~(L=1)LI14A(1 - 0) (L - )U' (c+h)

(3.25) =§—‘:‘7—= o[-LAAU" (w,) ]
G

oL .
(3.26) 0= 5;];=(1—e)r[—L+>\U (wB)].

With respect to r , assume h 1is large enough to have an interior solu-

tion (see the argument in Case IIT-B):

(3.27) o=g—ff—= (1~ LI} (rL)-wghe 1+ (1 - )ATB () -U(ctH) ]

Since 0 <© < 1, and 1-r>0, equations (3.24), (3.25), and (3.26) yield
We = Wp = cth = w. Since wB==c+-h, the second term of (3.27) becomes zero.

Therefore, the first term of (3.27) should be equal to zero, too:

! = -
fB(rL)-~wB c

=h.

The last step comes from Wp = c+h. Hence, the marginal product at the
firm in the bad state of nature is equal to the marginal product of

home production. Notice that this ensures productive efficiency as
defined in the Arrow-Debreu economy. Thus the employment level in the

bad state of nature in this model, rL, is equal to that in the Arrow-Debreu

model. Now it is easy to verify whether not only the employment level

but also the utility level for the worker in this model coincide with the ones
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in the Arrow-Debreu solution. Substituting fé(rL)==h and c=w-h into

equation (3.23), we have

0=0[£y(L) -wl+(1-0)[rh-rw- (W-h)(1-1)]

= O[fé(L) -w]+(l-0)[-w+h].
Therefore,
W= OEL(L)+(1 - 0) h.

The '"stabilized" wage level is the weighted average of the marginal product
in the good state of nature and the level of home production. Since

d

L™= Zd(ﬁ) is defined from the conmstraint EU=T,

U= UGN+(1-0)r U@E)+(L-0)(L-1r)U(c+h)

=U(w),

d

Use of the labor market equilibrium condition, L" =1L , confirms that

fé(L)==wé where wé is the level of wage in the Arrow-Debreu economy.
Therefore, the solution in this case is equivalent to that in the Arrow-
Debreu economy described in equation (3.8).

Tt is important to recognize that severance payments serve the role

of contingent claims, restoring the full Pareto optimal allocation.

This is shown in Figure 3-5.

In sum, involuntary unemployment in the Azariadis results from
a lack of a contingent commodity for the bad state of nature. Arrow-Debreu
contingent claims or severance payments would restore a Pareto optimal

allocation,
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3.2 Remarks on Azariadis model

Although the Azariadis model shows how involuntary unemployment can
exist in a microeconomic model, there are several qualifications. First,
the productivity at home or the utility from leisure must be high enough
to ensure that the inequality (3.15') holds. Otherwise, the optimal
contract would result in a full-employment (i.e., no layoff) solution.
Second, it should be emphasized that severance payments are ruled out by
assumption. As was shown in (III C), the introduction of severance
payments restores Pareto optimality.

Third, involuntary unemployment in the Azariadis model has an unusual
feature. The size of involuntary unemployment under the Azariadis-type
contract is smaller than the size of voluntary unemployment in the
Arrow-Debreu economy. In other words, the employment level in the bad
state of nature of the Azariadis model is larger than that of the efficient
solution. It is clear that the Azardiadis equilibrium is inefficient.
However, it is counter-intuitive that the inefficiency is caused by
employment larger than the efficient level in the state in which involun-
tary unemployment exists. Since there are no severance payments, the
only way to eliminate the possibility of layoffs (i.e., to equalize
everybody's income) in the bad state of nature is to employ the entire
labor pool. However, an efficient allocation of workers (in terms of
maximizing profits) calls for the reduction of employment in the bad
state of nature. Therefore, the solution of the Azariadis model, given
(3.15'), lies between the productively efficient solution and the
employment of the entire labor pool. That is, the inefficiency is in

the direction of more employment.
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Fourth, the assumption of no ex post mobility is essential for the
existence ¢f any kind of contract in the static model. In order to see
this, suppose that there is ex post mobility. Then there will be a spot
market after the revelation of states of nature but before actual employ-
ment and production. In spite of this change, assume that the firm and ‘
workers engage in the contract described above. If a state of nature turns
out to be good, then the marginal productivity of the last worker in the
labor pool is higher than the wage w in the a priori contract. Therefore,
the firm has an incentive to hire additional workers by offering a wage
greater than W , 1f other firms keep the wage at &. However, the competitive
process of bidding up the spot market wage would result in an equality of
the wage and marginal productivity. Thus, the contract stabilizing the wage
at w is breached in the good state of nature if there is ex post mobility.
On the one hand, the cost of retaining workers in the good staterof nature
becomes equal to their marginal product. On the other hand, the wage in the
bad state of nature is above the marginal product by the contract, which is
honored inthiscase.Z/ On average, the firm would not be maximizing its
profit. Foreseeing this unilateral breakdown of contracts due to ex post
mobility, the firm is not willing to engage in a contract specifying
w = Wé + (l—e)wﬁ for either state of nature at the first stage. It is
apparent from the above argument that there will not be any contracts if
an economy is described by a static model with ex post mobility. Therefore,
in order to obtain any interesting observations associated with contracts

in the presence of ex post mobility, it is necessary to generalize the frame-

work to a dynamic model.
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3.3 Leisure as a Separate Argument in the Utility Function

We have assumed that a worker could engage in the production activity at
home if he was voluntarily or involuntarily unemployed. This was a convenient
way to avoid problems with having leisure as a separate argument in the
utility function. In this subsection, it will be shown that in the Azariadis
model with severance payments an involuntarily unemployed worker's level of
utility is higher than that of a retained worker, if leisure is a separable
argument in the utility function. Suppose that utility depends on income x

and leisure 2z, and that both arguments are separable:
U(x,2) = ulx) + v(z)

where u'>0, u" <0 and v'>0. Assume that the worker is not productive at
home, and that there are no part-time jobs. If a worker is employed, z=0,
and. if laid off, z=1. Then the constraint in the maximization problem is
modified as follows:
EU=6{u (wG)+v(0) }+(l—6‘)r{u(wB)+v(0) H(1-0) (1 - ) {ule)+v (1)} > U

Solving the first-order conditions of (3.23)-(3.26), we find u'(WG) =
u'(wB) = u'(c). Therefore, the amount of severance payment is equal to
the wage. It follows immediately that the retained workers in both good or

bad states of nature have lower utility than the unemployed:
U(WB, 0) <U(e, 1).

This result is counter-intuitive. Moreover, it is questionable whether this
contract can be implemented, because under the optimal contract all the workers
wish to quit and collect the severance payment. It is necessary to limit

the severance payment to those who are "assigned" to quit. Suppose that the

firms give severance payments only to those who are assigned to be laid off.
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Then since the retained have lower utility than the laid-off, we may say

that there is involuntary "employment" but not "unemployment."

3.4 Equivalent Problem

In the models above, we have formulated the contract market in a manner
parallel to the usual labor market, replacing the wage rate by the value of the
contract. Therefore, both firms and workers maximize their profit and utility,
taking the value of the contracts as given. Since consumers are supposed
to choose the firm which offers the contract with the highest expected value,
equilibrium is achieved when all firms offer the same contract value.

We know that the risk-neutral firm is indifferent between different wage
profiles {wB, wG}, so long as they give thgvsame expected value as the one given
by the spot market solution. Therefore a constraint which guarantees that

a worker is not bid away from the firm is expressed as:
' —_ =
E[fS(L) ws] 0.

With this constraint, the representative utility can be maximized to obtain a

solution for the contract.

Max OU(WG) + (l-'O)U(WB)

{wG, wB}

This maximization problem is much easier to solve than the one in preceding

sections;ﬁl This formulation will give the same solution as the Arrow-Debreu

economy, 8iven that the solution always has full employment. In the case

where the optimal solution includes layoffs in some state of nature, this

procedure does not yield the same solution.
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3.5 Two-Period Models

We have seen that a contract in a static model breaks down if workers are

mobile after the state of nature is revealed. In this section, suppose that

firms and workers live for two periods. They have an opportunity to make

contracts before the state of nature for the first period is revealed. The .
probability distribution of states of nature in the second period is independent

of and identical with that in the first period. Let us assume that there "
is no time discounting, and that the objective function is additive with respect

to time. The representative firm maximizes the sum of expected profit for

the first and second period, and the representative worker maximizes the sum

of expected utility for the first and second period.

MODEL IV: ARROW-DEBREU ECONOMY

The spot-market wage profile for the two-period problem is
{wS(l), wS(Z)Is = G, B} where ws(t) is the wage at period t in the state of
nature s. By introducing contingent claims {cs(l)} and {cS(Z)}, we would
obtain the Arrow-Debreu solution. We need two contingent claims cB(l) and
cG(l) in the first period, and four contingent claims in the second period
(depending on the history of the state of nature in the preceding period and
the state of nature in the current period). The solution is to equalize the
income of the worker over two periods. Let us take the case with home produc-
tion. The solution each period is exactly the same as the one with only one
period, (3.8). All the workers receive the fixed income w as the sum of
wages and payoffs of contingent claims each period, where &EEOWE + (1-06)h.

As in a one-period model, the Arrow-Debreu allocation can be achieved by
contracts if one of the following conditions is met: the workers are not ex
post mobile, and severance payments can be arranged. We shall not repeat the
tedious calculations which are similar to those of Model (III€). An

interesting case arises when there is mobility but no severance payments.
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MODEL V: Contracts without severance payments

Let us consider the two-period model with ex post mobility. At stage I
in period one, firms and workers have a chance to make contracts for the
wage in the first and second periods. However, the very reason that one-period
contracts break down in the presence of mobility is also valid in this model.
If the contract was written at this stage, it would be reneged by workers in
the event of a good state of nature in the first period.

Contracts should be written only after the state of nature is revealed
in the first period. Suppose that the state of nature in the first period is
"good". Then it is possible that workers would arrange to receive less than
their marginal product in the first period in return of a promise to receive
a wage higher than their marginal product in a 'bad" state of nature in the
second period. Note that ex post mobility again nullifies any contract which
pays less than the marginal product in the "good" state of nature in the second
period.

Suppose next that the state of nature is "bad" in the first period. Then
it is impossible to write a contract because the marginal product in the
bad state of nature in the second period is by assumption exactly equal to
that in the first period. There is no room for stabilizing income. Of course,
if the state of nature in the second period is good, any contract which does
not pay at least fé will not be honored. Therefore, there is no way to write
the contract over two periods, if the state of nature is bad in the first period.

The timing and type of contract are illustrated in Figure 3.6. The
bold line indicates the branches covered by a contract. Notation is

the same as that introduced in the one-period case. Note that the feasible

contract is an insurance policy in which a worker pays the premium in the first

period when it is affordable (i.e., when the state of nature is good), so
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that the possibility of a bad state of nature in the future is covered.

Figﬁfe 3-6_about here_

MODEL (V.1): Without Severance Payments (Holmstrom)

Suppose that severance payments cannot be arranged in the two-period frame-
work described above. The firm's Lagrangean to be maximized after a good
state of nature in the first period becomes the following:

{L,wl,wG,w , T} B
+(1—e)rU(wB)+(1—e)(1-r)U(h)—U]+uFU(wG)-U(wg)]

Max £ = Lfl(L,G)_wlL]+e[f(L,G)—wGL]+(1—e)[f(rL,B)—wBrL]+A[U(wl)+OU(wG)

where wé is the spot market equilibrium wage rate, defined in Model I, and
subscript 1 implies the production function and the wage is for the first
period after the state of nature is revealed to be good. The last constraint
implies that the contract must specify the second-period wage in the good
state of nature Ve to be equal to or larger than wé, otherwise competition

in the ex post spot market would bid away the worker. Note that wé is equal

to fé(f) in model I, so we immediately know Vo = fé(L).

The first-order conditions assuming an interior solution are the following:

(3.28) 0 =2 = £] ~w +OlELM) - w ] + (1-0)[xE (rL) - w,r]
(3.29) 0= %%I = L+ AU )

(3.30) 0 = §£TG = O[-L + )\U'(wG)] + uU'(wG)

(3.31) 0= %%;-= (1-0) [-L +AU" ()]

3.32) 0= qoLg (L) - w ]+ Q-0 UMy - UM

From (3.29) and (3.31), we have Wy = Wg = &. Then A = L/U'(W).

From (3.30) 5= L{1-U" (wg) /U (1)1 /0" (wg) .
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An arbitrage condition in the good state of nature implies that U(wG) - U(fé(L))

= 0, so that u > 0. The values of 43, r, L can be solved from

(3.28") £1(L) - W+ (1-0)r(f4(rL) - W) = 0.
\ ~ L Uw) - UCh)
(3.32) fB(rL) - w + —TJ]—EA,:")——— = 0
(3.33) Uw) + ou(wy) + (1-0)rU(w) + (1-0)(1-r)U(h) - U = O.

The market equilibrium solution is obtained after substituting Qd(ﬁ)='LS,

as was demonstrated in a one-period model. The condition required for an interior
solution is that the LHS of (3.32') is strictly negative if r=1. The Holmstrom
solution stabilizes the first period wage and the retained workers' wage in

the bad state of nature of the second period at the level w. However, the
probability of the bad state of nature is only (1-0), while the first period's
state of nature is revealed to be good. This explains why the first term of

(3.28') is not weighted by 0, unlike (3.17") in Azariadis' model.

NUMFRICAL EXAMPLE:

Substituting values and function forms of the example, (3.28)'

and (3.32) become

(3.28")  (800-4L-w) + % [200-rL-w] = 0.
(3.32')  (200-rL-w) + [2000w-w? + (140)% - (2000)-(140)] [2000-20]=0.

Substituting the equilibrium condition, Ld=LS=lOO,

w =317

r=~ .83.
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Two comments on Holmstrom's model are in order. First, involuntary
unemployment in Holmstrom's model has the same undesirable feature that
Azariadis' model has. The size of employment in the bad state of nature is
larger than the efficient level. In other words, the marginal product of
the last worker in the firm is less than home productivity. This can be
seem from (3.32') which is identical to (3.16'). Second, the introduction of
severance payments into a contract would lead to an efficient solution

and no involuntary unemployment. This is shown in the next subsection.

MODEL (V.2): With Severance Payments [Modified Rolmstrom]

The maximization problem is modified when severance payments are allowed in

the bad state of nature:

Max £ =[fl(L,G)—wlL]+O[f(L,G)—wGL]+(1—O)[f(rL,B)—wBrL-(l—r)cL]
{L,wl,wc,wB,r,c}

+A [U (W) )+0U (W) +(1-0) rU (wy ) +(1-0) (1-1)U(h+c)-U] -

+ulU W) -U(E" (L,6))].

, W, and w_ are again

The first-order conditions with respect to w G B

1
(3.29)-(3.31). 1In addition to these, we have the following.

(3.30) 0= T = (] ~wHOLELI) ~ugl + (1=0) (€ L (xL) = wyr= (1= p)e]
(3.35) 0 = %£5= —(1-0) (1-1)L + A (1-0) (1-1)U" (h+ ¢)
(3.36) 0 = 2—f; = (1-0)L [£4(rL) —wy+cl+ (1= OA[U(wy) - U(h+ )]

From (3.29), (3.31) and (3.35), we have Wy o= wg = h+c¢ = w. From the

condition wp = h+ c, we know workers are indifferent between being retained

and being laid off. It also implies that the second term of (3.36) is zero.

That in turn implies that fé(rL) = Wp - C, provided that r ¢ 1. Therefore,
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fé(rL)==h, and productive efficiency is obtained. In this modified Holmstrom
model, income of the workers is stabilized for the first period and the bad .
state of nature, whether or not they are retained. However, since the wage
in the good state of nature is different from w , full Arrow-Debreu Pareto
optimality is not obtained. It is easy to see that if a quitting penalty
(definition 2.7) is introduced, then full Arrow-Debreu Pareto optimality is
restored. In this sense, the inefficiency is caused by a missing market,

namely a contingent commodity for s=G in the second period.

NUMERICAL EXAMPLE

=w_=h+c obtained from (3.35) and (3.36)

The optimality condition w B

1
implies fﬁ(rL)==h. In the numerical example, this implies r= 0.6, and

fé(-)= 140. The only variable to be calculated is w. Substituting

values and functions, equation (3.34) becomes

0=1400-w+ (1/2)-((0.6)x140 - (0.6)xw— (0.4) - (w~- 140)) .

Solving this equation, we have w = 940/3 = 313. Figure 3-5, which was
used to explain a modified Azardias model, summarizes the situation.
The only difference is that in the modified Azariadis model, w is

~

halfway between w and Vg while in this Holmstrom model, w is

G

two-thirds of the way from Wy toward Voo This is so because in
this dynamic problem stabilization takes place over the good-state

first-period wage, and the bad-state second-period wage, probability

of the latter being only (1-6)=1/2.

Now let us summarize and compare solutions for two-period models.
Figure 3-7 shows branches of possible events for a worker in our two-period

economy. Numbers in parentheses show the net income of a worker. In the case of
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_Figure 3-7 about here

an Arrow-Debreu economy, net income is the sum of the spot market wage and
the contingent transfer agreed upon at t=0. At the second period in

the Holmstrom solution, a layoff without severance-payments occurs with

the probability (1-r). Income under contracts are underlined. In the
modified Holmstrom solution, laid-off workers at the second period are
receiving severance payments which make up the difference between the

contract wage (about 313) and home productivity (140). Therefore, although
there are layoffs in the bad state of nature in the second period, net incomes

for the retained and for the laid off are both 313.
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Figure 3-7

Summary of two-period models

(270) at G: wG-c=270.

B: WB+C= 270.

EU(t=0)=U(270) + U(270).
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r (317)
X (140)
* % G (400)
B
(1 L B (140)
t=0 t=1 £=2
Modified Holmstrom solution ' G (400)
B (313.)
o
2
3 G (400)
B Sy
(140) -
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B (140)
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3.6 Pension, Mobility and Efficiency

In the model above, adding ex post mobility always decreases efficiency
in the economy, destroying the feasibility of contracts with stabilized wages
in the good state of nature. If there is some way to restrict the worker's
mobility, it is desirable. We may think of circumstances in which bidding
up wages can be avoided in the good state of nature. First, the firms could
make a gentleman's agreement (or an explicit cartel agreement) that they
will not try to steal workers from each other, even if the state of nature
is good. This may be possible if the industry consists of a few companies
and workers are traceable. A professional sport industry, such as baseball,
may be an example of this.

Second, if a worker can be fined when he quits voluntarily, then full
Pareto optimality can be achieved. Suppose that upon his initiating separa-
tion from a firm, a worker has to pay a quitting penalty o to the firm.
Then not only the wage for the good state of nature in the second period but
also that in the first period can be stabilized. However, the enforééability
of such contracts is questionable. |

Third, considering the inefficiency caused by ex post mobility, firms
and workers may agree that workers can be trained in firm-specific skills.

In this way, the firm can offer a wage higher than the marginal product in
the bad state of nature and lower than that in the good state of nature. This
is an additional argument for firm-specific skills (for the usual argument of
firm-specific skill and contractual agreement, see Becker (1962) Hashimoto
(1981) and Carmichael (1981)).

Finally, non-refundable pensions and retirement benefits would restrict
workers' mobility and thus enhance efficiency. Suppose that a non-productive

third period is added to the modified Holmstrom model presented in the preceding
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subsection (recall Figure 3-7). A worker is productive in the first two periods
at the firm or at home. 1In the third period, a worker retires and earns
nothing. Assume also that private saving or private contingent commodities

are not available. Optimal contracts are calculated in the same manner

as in the previous section. However, in this section let us look at the solu-
tion in a heuristic way, which is an interpretation of the "equivalent

problem" described in section 3.4. In the first period, workers start accumu-
lating an asset in the pension fund. Suppose that a worker accumulates X
when the first state of nature is s, s = {B, G}, receiving net wage wl==fé(L)-xS.
In the second period, the amount to be accumulated in the pension fund is

x , where the first and section subscripts represent the first and second

Ss

states of nature, respectively. The net wage is w28==fé(L)-xSS. In the
third period, the firm pays a worker X3 as a pension. Note that the firm

is indifferent about managing the pension fund as long as

(3.37) X + EXSS = X3

where the expectation is taken over the second states of nature. Since workers
are risk neutral, the best contract would be to stabilize the income stream,

given the first state of nature.
(3.38) w,=w

Note that because of the ex post mobility, it is not possible to make a contract
before the first period. Given the realized state of nature in the first
period, an optimal contract is negotiated. Assuming at this stage that the

ex post mobility in the second period does not jeopardize (3.38), we use

(3.37) and (3.38) to calculate the optimal.income stream
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A 1 _f
(3.39) W {28 £ -£7}/3
and the amount of the pension fund
= ' 1
(3.40) X {2f1 ESfS}/3

where Esf; is the expected marginal ability in the second period. The optimal
solution (3.39) is not viable if the ex post mobility in the second period
gives a better opportunity given the realization of the second state of nature.
The firm can offer the stabilized wage profile {fés/z, fés/z} over the
second and third period, given the state of nature in the second period 2s.
If §<i{féS/2} holds true, then (3.38) cannot be implemented and Voo # Vop®
This possibility is considered in numerical example below.

There are two important observations at this point. First, when there
is a non-refundable pension fund, the wage in the good state of nature in
the second period may not equal the marginal product, unlike the Holmstrom
model. Second, if the pension fund is refundable, the contract which was optimal
with non-refundable pensions breaks down and the solution becomes exactly
the same as the one without pensions. Let us now explain these observations.

In the case of the modified Holmstrom model, the good state of nature in
the second period implies that the wage has to be equal to the marginal
product. However, with the pension fund, this may not be the case. If a
worker moves to another firm ex post in the second period, the stabilized wage
over the second and third (retirement) periods is equal to half of the ''good"
marginal product, he loses any amount deposited in the pension fund in
the first period. If the stabilized wage over three periods given the first
state of nature and constraint (3.37) is greater than half of the "good"

marginal product, the stabilized wage W, =W, = X4 prevails.
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The second observation is immédiately verified. Suppose that a worker
in the optimal contract described above quits and collects Xsl in the good
state of nature in the second period. By doing so his consumption stream
becomes {féG(L) + xl}/2 for both the second and third periods. Withdrawing
his part of the pension fund and finding a job in the spot market is better

than continuing with the old contract, if the following inequality holds:
1] 1] 1
(3.40) {fzc; + xl}/Z > {Ef] + fl}/3.

In order to prove this, recall that Xy = {Zfi - Ef'}/3. The left hand side
of (3.40) becomes féG/Z + fi/B - Efé/G. The difference between the left
and right hand sides is {féG - Efé}/Z which is always positive, since

LI ' - ' ' 1
Ef! = of) + (1-0)f),, O<o<1, £1 < £)..

NUMERICAL EXAMPLE

According to the stabilization plan given the realization of the first
state of nature the wage is calculated using (3.39) and (3.40):

223. (Plan G)

g
1]

If s=G in the first period,

If s=B 1in the first period, w = 137. (Plan B)

The viability of this plan should be examined in the case of the good

state of nature in the second period. Firms in the second period are
willing to offer the wage profile {200, 200} over the second and

third period. This profile is worse than the contract with good first
state of nature, but better than the one with the bad first state of nature
Competition after the state of nature is revealed in the second period
forces a modification of plan B. Therefore, in the case of the bad

first state of nature having pensions does not help the stabilized wages.

In this case, stabilization over three periods takes place only when the

second period also has a bad state of nature:
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- Fv _ = -
W= fB Xy 140 Xy

= v o_ = 1 0 —
W, = E(fB XZ) 5(140 XZ)'
Ex3 = xl + Exz, i.e., x3 = 2x1 4+ x2.
Wl = w2 = Ex3.

Solving these equations, we find }21 = )Acz =35 and W =w, =wy = 105.

Results are summarized in Figure 3-8.

Figure 3-8 about here

It is counter-intuitive that ex post mobility has a detrimental
effect on the economy. This is a result of an assumption that the realized
state of nature is the same for all times. In the general case without this assump-
tion the mobility of workers improves the resource allocation for society because
it makes it possible to shift workers from a low-productivity industry (under
the bad state of nature) to a high productivity industry (under the good
state of nature). This is a general equilibrium effect of the ex post
mobility which is missed in all the models with one market, including models
of firm-specific skills.

A model to consider two different effects of the mobility of workers
should be investigated. A limited attempt is made in the next section of
this paper.

So far mobility has been treated exogenously. However, from the literature
on search theory, we know how a worker decides to accept or reject the
opportunities which he is fécing in the presence of incomplete information.

The alternative wage may depend on the intensity of search. Both incomplete
information about alternative opportunities and also moral hazard in the
search process will prevent economic agents from making a contract with an
efficient resource allocation. A simple exposition of such a conjecture is
acutely needed. The first step in synethesizing implicit contract theory

with search theory was presented by Burdett and Mortensen (1980).
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Figure 3-8
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3.7 Seniority in Many-Period Overlapping Generation Models

Model V can be extended to a many-period model without losing any of
the characteristics of the solution (see Harris and Holmstrom (1981)).
Since the contract wage in the bad state of nature in the second period
following a first period good state of nature is higher than the wage
in the bad state of nature in the first period, it can be said that the
wage is "downward" rigid. Another way of looking at this phenomenon is an
explicit modelling of overlapping generations. Suppose the firm is perpetual,
while every worker lives two periods. The firm maximizes the expected profit
with respect to each generation. Let us consider the case where the bad
state of nature is followed by the good state of nature. The old generation
is receiving w >fé, because it is under the contract written in the preceding
period, while the young generation is receiving fé as the wage. This is
an explanation of seniority wage (Definition 2.8) by an implicit contract

theory. The argument, of course, is valid in a multi-period model.

NUMERICAL EXAMPLE

Take the two-period modified Holmstrom model, and interpret it as
an overlapping generation model with an equal number of individuals
in each generation. The young in the current period are treated as
workers in the first period. Thus, in the good state of nature, they
are paid at 313, while in the bad state they got 140. The current
old are considered as workers in the second period of the modified
Holmstrom model. Therefore, their wages depend on the states of nature
not only in the current but also in the preceding period. If the preced-
ing period was in the good state of nature, the old generation is under

the implicit contracts. Hence, the stabilized wage 313 is paid if the
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current state of nature is bad. However, if the bad state of nature
prevailed in the preceding period, then there is no protection of

implicit contracts. Hence the wage is 140 when the current state of
nature is also bad. If the current state 6f nature is good, the old
generation is always paid 400, the marginal product. See Figure 3.9

for the summary,

Figure 3.9
Sequence of the states of nature wage paid to
previous period | current period old young
B B 140 140
B G 400 313
G B 313 140
G G 400 313

Observe that in the numerical example, the old workers are paid more
than the young in three out of four cases. This seniority wage profile is
derived from the timing of contracts and ex post mobility. Currently
young workers were not alive in the previous period in which currently
old workers obtained the contract. The ex post mobility prevents forming
the contract before the first state of nature is revealed.

Nalebuff and Zeckauser (1981) discussed the issues of pensions and senior-
ity in a model similar to one presented here. They discuss relations
between different types of contracts and actual institutions we observe
in the real world, emphasizing applications of theoretical models.

They do not consider an aspect of ex post mobility, namely how competition
after a state of nature is revealed forces the contract wage to move up

if there is a sequence of good states of nature,
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4, TWO INDUSTRY MODELS

In this paper we will not fully analyze the multi-industry models,
but we will give a concise introduction to other works.

A major difficulty in many-industry models stems from the fact that
outside opportunities for laid off workers are endogenous to the model.

When some industries are in the good state of nature (i.e., they have
higher marginal product schedules) and others are in the bad state, it

is efficient to transfer workers from the bad-state industries to those

in the good-state until the marginal products of all industries are the
same., Outside opportunities are now more complicated than "home production'
which has a "fixed" marginal product, but the efficient condition with
respect to severance payments does not change. If information is complete
in the sense that the states of nature for other industries and the spot
market wages in those industries are common information for all firms and
workers, then most of the results from the one-~industry model carry over.
Severance payments will restore the efficient allocation of workers even
if there are some mobility costs.

Polemarchakis and Weiss (1978) analyzed such a model with two industries
and mobility costs. Consumers' demand for products from these industries
fluctuates in a manner such that a decline in demand for one commodity
implies an increase in demand for the other. There are moving costs z
which are incurred when a worker is transferred from one industry to the other.
An efficient solution is to lay off workers from a declining industry
and move them to the other industry until the difference in the marginal
products of the industries is precisely equal to z. Polemarchakis and Weiss

argued that this efficient solution is obtained under the restrictions
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that the severance payments are edual to 2z and the initial difference
in productivities is less than 2z. However, it is clear that severance
payments need not be restricted to be equal to z. In fact, in the Pole-
marchakis and Weiss model there is no need té make severance payments,
because there is no risk associated with layoff in this model with perfect
information on the higher marginal product of the other firm.

Involuntary unemployment arises in the case where information is not
complete. Suppose one industry is in the bad state of nature. If the
firm and workers do not know the alternative wage a worker can earn
after being laid off, it is not possible to write a contract which guarantees
full employment. Arnott, Hosios and Stiglitz (1980), Hosios (1980),
and Geanakoplos and Ito (1981) explore this framework. These models use
different ways of incorporating uncertainty about the wages of outside oppor-
tunities. The Arnott, Hosios, and Stiglitz model assumes that outside
opportunities are simply unknown. Therefore, severance payments must be
determined without any information on the states of nature of other firms.
Geanakoplos and Ito (1981) allows economic agents to obtain the aggregate
information. However, workers' skills are not compatible with the require-
ments of all other industries. Thus, the uncertainty about alternative
wages is technological.

Imai, Geanakoplos, and Ito (1981) prove an interesting theorem in
this kind of incomplete information model. Suppose that a risk-averse
agent faces different incomes in different states of nature. It is obvious
from the preceding section that optimal risk-sharing between a risk—averse
worker and a risk-neutral {insurance) firm results in the equalization of

net income (income after premium and coverage) across different states of
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nature, given that all stéfes of nature are verifiable and severance
payments are available. Suppose now that in some subset the states of
nature are not verifiable individually, but only as a group of states.
See Figure 4-1. Then the optimal insurance arrangement with severance
payments implies that the marginal utility of net income at a verifiable

state of nature is equal to the expected marginal utility of net income

over a group of unverifiable states of nature. Given this optimality
condition, Imai, Geanakoplos, and Ito show that the (total) utility of

a verifiable state is greater than, equal to, or less than the expected
(total) utility of a group of unverifiable states depending on whether
the degree of absolute risk aversion is decreasing, constant, or increas-

ing, respectively.

_Figure 4-1 about here

If the degree of absolute risk aversion is decreasing, then the theorem
has a counter-intuitive implication for the economic example. Given
an optimal insurance scheme against layoffs alone, a laid-off worker who
does not yet know the rehiring wage elsewhere enjoys a higher level of
expected utility than a retained worker. Therefore, every worker wants
to be laid off, In order to prevent a worker from voluntarily quitting,
severance payments should be paid only in the event of an involuntary

layoff.
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5. MACROECONOMIC TMPLICATIONS

Implicit contract theory also has interesting macroeconomic implications.
With optimél coﬁéracts betweenrfifﬁé'and workers,ithe amplitude of fluctu-
ations of wages over busin;;s cycles should‘be coﬁsiderably déméened. It
is no longer true when implicit contracts exist that wages paid in any period always
equal workers' marginal product. The theory would predict that the wage,
nominal or real, is "rigid" in the sense that it does not respond to temporary
shocks in technology and taste. At one point, implicit contract theory was
thought to provide a micro-foundation for fixed price disequilibrium theory
(Gordon (1976)). However, it turned out that the two theories are only remotely
related. First, the deviation of the wage from the marginal product is a
result of optimization in implicit contract theory, while a standard disequili-
brium model interprets the deviation as unsatisfied (excess) demand or supply.
Second, it has been shown that implicit contracts stabilize (i.e., give less
amplitude of fluctuations over business cycles) the level of employment, as
well as the level of the wage. Therefore, a short-side rule of transaction
in a simple disequilibrium model is inconsistent with what implicit contracts
imply. éome models intimzimplicif contract;literéture resulfixitﬁe.éxisténcé of
"involuntary' unemployment as ;51 consequence of an ex _a&t_:_e_optirﬁal arrangement between
supply and demand sides in the labor market,while a disequilibrium model regards
it as the result of a discrepancy between demand and supply. Although implicit
contract theory is not readily compatible with "disequilibrium" macro models,
this does not mean implicit contracts support the results obtained in the school
of "equilibrium" business cycles. An important feature of equilibrium
business cycles is that nominal shockslto the system cause an unexpected increase

or decrease in the nominal wage level which in turn cause an increase or decrease
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in labor supply through intertemporal leisure substitution. However, if long-
term contracts are introduced, the wage rate may be stabilized, undermining

this explanation of business cycles.

6. CONCLUDING REMARKS

The state of the art in implicit contract theory along the line of

Azariadis, Holmstrom, and Geanakoplos and Ito is summarized in Figure 6.

_Figure 6 about here

The following are problems left for the future research. First, we
need to study the economic institutions and environmental and legal restric-
tions which make ex post mobility and severance payments possible or
impossible, since these restrictions are important in determining equilibrium
implicit contracts. For example, it may be interesting to compare the labor
market in the U.S. with that of Japan, since the latter is often considered
as a society with (implicit) lifetime employment contracts. The idea of
international comparisons has been pursued by Hashimoto (1979) and Gordon
(1982). Both noticed that wages (including bonuses) in Japan are more
flexible than those in the U.S. However, the simple contractual theory
in this paper would predict that flexible wages are a sign of mobility in
good states of nature, which contradicts lifetime employment. A reconcili-
ation of these two aspects is left for a future research.

Second, the mobility and search process in a multi-industry model should
be carefully studied. The alternative wage may depend on the intensity
of the search. Both incomplete information of alternative opportunities
and also moral hazard in the search process will prevent economic agents
from making contracts with efficient reéource allocation. A simple exposition
of this conjecture is acutely needed. A first step toward synethesizing
implicit contract theory and search theory was given by Burdett and Mortensen

(1980). This direction should be further explored.
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Figure 6
Restrictions
~_ o Environment Labor Contracts Outcome
Home p Contingent state -~ contingent .
types Production | Claim hqr;zon . severence ex post Type‘of Worker's
: wage pay mobility | Unemployment| Income
s
No No No No Yes L=1L
Spot Market 3 variable
Yes No - No No Yes L <L
voluntary
No Yes one = No No Yes L =1°%
Arrow-Debreu '
period L<LS constant
Yes Yes No No Yes voluntary
(static)
: . S constant for
Azariadis Yes No No - L<l re:ained'
(1975) Yes No involuntary |, . iable for
laid off
Azariadis Yes - No ' L<L’ constant
with modifications Yes Yes No voluntary
Holmstrom Yes No 2-period L <1’ variable
(1980) Yes No Yes involuntary
Holmstrom S
with modification Yes * No 2-period Yes " Yes 1 . Yes P <L variable
: ‘voluntary
Geanakoplos- Yes No 2-period Yes Yes Yes* L < LS . variable
Ito (1981) ' involuntary

* But uncertainty in skill matching and with search costs.
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FOOTNOTES

1/

=" The assumption of uniformly distributed non—-atomic workers is convenient
in the sense that competitive behavior is well justified and that the integer
problem does not occur. Holmstram (1980) used this interpretation first. The
integer problem means a that the last worker of employment may have to split hours
between the firm and home, contrary to an earlier assumption. Of course, our

model is then unable to analyze the choice of working hours.

This scenario was not employed in the papers of Azariadis and Baily where
they considered the bilateral negotiations between the exogenously fixed labor
pool and the firm. Holmstrom was the first to mention this scenario.

2a/ , .
— 1If leisure is an argument separate from income in the utility function of a

worker, then unemployment by hours instead of men is a possibility to be studied.
It can be shown also that the level of utility of an involuntarily unemp loyed

worker is higher than that of a retained worker in the Azariadis type model with

separable leisure in the utility function. See section 3.3 below.

3/

Therefore, the similarities of our labor supply function and the one in

a crude Keynesian macro model do not go beyond their appearance. Our definition

and explanation of "involuntary'"unemployment 1is totally different from that of a crude

Keynesian macroeconomic model.

Recall the definition of involuntary unemployment given by Keynes

(1936: p. 15).

5/

This logic is already demonstrated by Negishi (1979: p. 230). However,
Negishi's argument against Azariadis, saying "strangely he did not consider (15)
[which is (3.15') with a reverse inequality] to be likely and argued for the

inferiority of a full employment contract,'" is pointless, because condition

£2(L°) < h is as "likely" as (3.15').
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6/

—'  Public unemployment compensation should be regarded as a part of home
production in our model. Therefore, severance payments in our model corresponds

to private (additional) unemployment compensations.

7/

—~'  Note that we assume that the firm does not renege the contract in the

bad state of nature.

8/

- Harris and Holmstrom (1981) is an example where this maximization is

employed.
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