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ABSTRACT
The paper settles a problem of Danzer, Griinbaum, and Shephard on tilings by convex polytopes. We
prove that, for a given three-dimensional convex polytope P, there is a locally finite tiling of the Euclidean
three-space by convex polytopes each combinatorially equivalent to P. In general, face-to-face tilings will
not exist.

1. Introduction
It is a well-known fact that, for a given n ( ^ 3), the Euclidean plane can be tiled by
convex n-gons, even in such a way that the intersection of any two tiles is either empty
or a face of each (Griinbaum and Shephard [8]). In particular, for n ^ 6, there exist
tilings by pairwise congruent convex n-gons (cf. Heesch [10]).
The analogous problem in higher dimensions is much more intractable. Given a
convex d-polytope P one may ask whether the Euclidean space Ed can be tiled by
convex d-polytopes each combinatorially equivalent to P. Such tilings may have the
property of being face-to-face, which simply means that the intersection of any two
tiles is either empty or a face of each. It is natural to restrict attention to locally finite
tilings. A tiling is locally finite, if each point of Ed has a neighbourhood meeting only
finitely many tiles.
It should be emphasized that we require combinatorial equivalence rather than
congruence for the tiles. In fact, congruence requirements would strongly restrict the
number of possibilities. For instance, it is not even known whether there is an upper
bound for the number of 2-faces of a convex 3-polytope, of which congruent copies tile
three-space face-to-face (cf. Delone [4], Griinbaum and Shephard [7], Engel [5]).
In a sense, a substitution for congruence is offered by the notion of normality (cf.
Griinbaum and Shephard [8]). A tiling is normal if its tiles are uniformly bounded,
that is, there exist two positive parameters rx and r2 such that each tile contains a ball
of radius rl and is contained in a ball of radius r 2 . It has been established many times
that for every normal tiling of the plane by convex n-gons we must have n = 3,4, 5, or
6 (cf. Reinhardt [15], Niven [13], Griinbaum and Shephard [8]). In this paper only
the 3-dimensional case is considered. The above-mentioned problem on tilings by
isomorphic polytopes in three dimensions was originally posed by L. Danzer at the
London Mathematical Society Symposium 'Relations between finite- and infinitedimensional convexity' held in Durham in 1975, even with the stronger requirement
that the tiling should be locally finite and face-to-face (cf. Danzer, Grunbaum, and
Shephard [3], Larman and Rogers [12]). Recently there has been some progress in
this direction.
In [3] Danzer, Grunbaum, and Shephard describe a simplicial 3-polytope which
will not tile E3 both face-to-face and normally. Their example is inspired by the results
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of Perles and Shephard [14] on the existence of 3-dimensional non-facets. Recall that
non-facets are convex polytopes, of which isomorphic copies will not fit together as the
facets of a higher-dimensional polytope.
On the other hand, Grunbaum, Mani-Levitska, and Shephard prove in [9] that
each simplicial 3-polytope admits a locally finite face-to-face tiling by isomorphic
copies. The example of [3] shows, however, that this result cannot be strengthened by
the requirement of normality.
Contrary to the general belief in a positive answer to Danzer's problem (cf. [9]) the
author recently proved the existence of 3-dimensional non-tiles, that is, the existence
of polytopes of which isomorphic copies will not give a tiling of E3 that is locally finite
and face-to-face (cf. [17]). In fact, these polytopes can also serve as counter-examples,
if we allow the isomorphic copies of P to be non-convex. Also, they provide non-facets
in the sense of Perles and Shephard [14]. Furthermore, the results of [17] extend to
higher dimensions (cf. [18]).
As the general answer to Danzer's problem is in the negative, it is interesting to ask
whether tilings are possible, if we relax the condition that the tiling must be face-toface. In fact, we shall give an affirmative answer in Theorem 1, with regard to the
existence of non-tiles now known to be best possible. In other words, we show that for
every convex 3-polytope P there exists a locally finite tiling of E3 by convex polytopes
each combinatorially equivalent to P. However, these tilings are non-normal in
general.
Although there seems to be little hope of characterizing those polytopes which give
a tiling of three-space that is locally finite and face-to-face, one may look for special
types of polytopes which admit such tilings. As already mentioned, the tilings exist, at
least for simplicial 3-polytopes. However, we remark without proof that the same
holds also for n-gonal convex pyramids and bipyramids (cf. [16], Grunbaum, ManiLevitska, and Shephard [9]).
For notation and basic results the reader is referred to Grunbaum [6] for convex
polytopes and Grunbaum and Shephard [8] for tilings. In § 2 we state some more or
less technical results on convex 3-polytopes and describe the basic construction
underlying the main theorem. The theorem itself is stated in § 3.

2. Notation and basic constructions
Throughout the whole paper we use the following notation. For two different points
x and y in E3 the line passing through x and y, the ray issuing from x and passing
through y, and the line segment joining x and y are denoted by x~y, xy, and [xj/]
respectively. For a non-empty subset F of E3 let aff(F) be the affine hull of F. For x in
E3 we write CX(F):= \Jy6F xy and KX(F):= \JyeFlxy'] and use this notation in the
particular case where F is contained in a plane not containing x. For each positive r
let Ar:= {x| | x | > r} where, as usual, | x | denotes the Euclidean length of x.
Let F be a compact subset of E 3 \{0} contained in a half-space determined by a
hyperplane through 0 and let F:= { x / | x | | x e F}. The spherical diameter of the
smallest spherical cap containing F is the spherical diameter d(F) of F. By definition
d(F) < n. In particular, we shall make use of the following trivial fact. If d{F) < n,
r > 0, and F a A(r), then the convex hull of F lies in A(rcos(jd(F))).
Let P be a convex 3-polytope. A P-tiling £? is a finite family of convex 3-polytopes
each combinatorially isomorphic to P, such that no two polytopes have interior
5388.3.49
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points in common and set(^):= \JP'e&>P' is a closed topplogical ball. Note that the
notion of a P-tiling is related to the combinatorial equivalence class of P rather than
to P itself.
Let 0> be a P-tiling. Denote the boundary of set (0") by b(&). The points x in b(&>)
can be distinguished by the number of pairwise non-planar plane segments, into which
a sufficiently small neighbourhood of x in b(3P) can be dissected. It is easy to see that
b(3P) can be decomposed into finitely many closed, connected plane segments each
bounded by finitely many line segments. Later we shall be concerned mainly with
those plane segments whose affine hull does not contain 0. The union of all these plane
segments is denoted by %(0>).
In the course of the construction we shall deal with a finite family Z of convex ngons for a fixed n (3 < n ^ 5), which provides a decomposition of b(0>) or a subset of
b(0>) into n-gons, not necessarily face-to-face. A point in b(&) or a subset of b(0>) is
called a vertex or an edge ofZ, respectively, if it is a vertex or an edge of a member of
Z.
For the proof of the main theorem we adopt an idea, which has already been used
by Griinbaum, Mani-Levitska, and Shephard in [9]. We shall always work with starshaped P-tilings 0>, that is, set(^) is star-shaped relative to 0. In particular, this
ensures that the boundary b(0>) of & is not too complicated.
It is well known that every convex 3-polytope P has at least one n-gonal facet and
one fc-valent vertex with n, k ^ 5 (cf. [6]). From Barnette and Griinbaum [2] we know
that we can arbitrarily preassign the shape of one facet of a convex 3-polytope, or,
more exactly, if G is an m-gonal facet of P with vertices zl,...,zm and F is an arbitrary
convex m-gon in E3 with vertices x l 5 ...,x m , then there exists a convex 3-polytope P
combinatorially equivalent to P such that F is a facet of P and the vertex x, of P
corresponds to the vertex zt of P for each i. Later we shall apply a refined version of
this result to each n-gon of a suitable decomposition Z of a P-tiling 9. Note that, by
the above remarks, we can restrict to n ^ 5.
At first we state some technical lemmas. We assume from now on that P is fixed.
LEMMA 1. Let G be an m-gonal facet ofP with vertices z1,...,zm (here and elsewhere
the numbering is in cyclic order). Let F be a convex m-gon in E3 with vertices
x l 5 ...,x m (x m + 1 = Xj), let y e E3 with y $ aff(F), and let r > 0 (see Fig. 1). Then there
exists a poly tope P equivalent to P with the following properties:
(a) F is a facet of P separating y and P, and the vertex x,- of P corresponds to the
vertex z{ of P (i = l,...,m);
(b) P c: Cy(F) and the planes aff(y,x,,x i+1 ) support P in a facet or an edge, if
i = l,m or i = 2,...,m— 1 respectively;
(c) all vertices of P not in F and all edges joining two vertices not in F lie in A(r).

Proof By the result of Barnette and Griinbaum we can preassign F for P. Applying
a suitable affine transformation leaving aff(F) pointwise fixed we may assume that
dLff(y,xl,x2) and aff(y,xl5xm) support P in a facet. A polytope with the desired
properties arises if we take for large t the image of P under the affine transformation,
which leaves aff(F) pointwise fixed and maps xl+(xl~y)
onto xx + t(xt — y).
The next lemma is the dual version of the result of Barnette and Griinbaum and can
be proved by applying their result to the dual polytope of P.
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LEMMA 2. Let z be an l-valent vertex of P and let G l5 ...,G, be the facets of P
containing z. Let x E E3 and let Q be a convex l-gon with vertices x l 5 ...,x, such that
x $ aff(0. Then there exists a polytope P' combinatorially equivalent to P such that x is
the vertex of F corresponding to z, CX(Q) is the supporting cone for F in x (that is,
CX(Q) = CX(P')), and the facet of F lying in aff(x,x,-,xI + 1) corresponds to G{for each

Proof. Assume without loss of generality that 0 is an interior point of the cone
CX(Q). For i = l,...,/ define u{ by aff(x,x,-,xI + 1) = {u| <u,u,-> = 1}, where < , >
denotes the scalar product. Then, u x ,..., ut are the vertices of a convex /-gon R lying in
the plane {u\ <w,x> = 1}.
By the result of Barnette and Grunbaum we can preassign R for the dual P* of P,
that is, R is a 2-face of an isomorphic copy (P*)' of P* with u{ corresponding to G, for
each i. By applying an affine transformation if need be, we may suppose that 0 is an
interior point of (P*)'.
Now, define F to be the polar set of (P*)' (cf. Grunbaum [6, p. 47]). Obviously, P'
and P are isomorphic convex poly topes. For each i, the facet of F belonging to ut is
contained in the plane {u\ <«,«,-> = 1} = aff(x,xi5xI + 1 ). However, these planes
intersect in the vertex x of F. But this completes the proof.
The basic tool in the construction of P-tilings will be Lemma 4. It states that each
simplicial cone is the supporting cone of a suitable star-shaped P-tiling.
At first we need some simple facts about dissecting a triangle into convex /c-gons for
a fixed k ( ^ 5). Let k = 4 or k = 5. Fig. 2 (a,b) shows how an equilateral triangle A

132

EGON SCHULTE

with vertices zi,z2, and z 3 can be dissected face-to-face into convex /c-gons Qi,...,Qi
or Qi,...,(2is respectively such that the Qt have the following property:
(*) */* < L ih j) # (14,15), and Q{ and Qj share an edge e, then zx $ aff(e) and Q}
lies in the half-plane o/aff(A) determined by aff(e) and containing zy.
If A is an arbitrary triangle, then there is obviously a dissection into fe-gons which is
isomorphic to that of Fig. 2(a, b), that is, it also satisfies (*). Furthermore, if yt, y2, and
y3 are interior points of A such that yu y2, y 3 , z 2 , and z 3 are the vertices of a convex 5gon Qi, then there exists a dissection of A into 5-gons isomorphic to that of Fig. 2(b)
such that Q\ corresponds to Qx. In other words, we can arbitrarily preassign Ql in the
case where k = 5.

FIG. 2(a). The affine hull of Qx n Q2 intersects [zxz{\ in a relative interior point.

FIG. 2(b). The numbers 1,2,..., 15 give the indices for the Qt. The affine hulls of Q5 n Q 7 and Qs n Q 9 or
Q5 n Q6 intersect [ziZ 3 ] or [zlz2'] in a relative interior point, respectively.
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For the proof of Lemma 4 we need
LEMMA 3. For k = A and k = 5 let mk = 3 and mk = 15, respectively. Assume that P
has a k-valent vertex. Let A be a triangle with vertices z1,z2, z3 and let {Q^,..., Qmk} be a
dissection of A into convex k-gons isomorphic to that illustrated in Fig. 2(a, b) (that is, (*)
holds). Suppose that x $ aff(A) and that, for i = l,...,m k , Pt is a convex poly tope
equivalent to P, for which x is a vertex and Cx(Qt) is the corresponding supporting cone
in x. If, for given i andj, the k-gons <2, and Qjshare an edge, we write F,j for the facet
of P( which contains x and is contained in aff(x, Qt n Qj). We assume that the Pt satisfy
the following property:
(**) ifi < j and Qt and Qj share an edge, then Fj {c FUj
[see Fig. 3). Define 0>:= {P l 5 ...,P m J and F:= set(^)naff(x,z 2 ,z 3 )- Then there is a
point y0 inzxx not in [_zlx'] such that set(^) u Ky(F) is star-shaped relative to yfor every
y in [xj/0]REMARK. Obviously, by Lemma 2, there exists a family {P,-| i = l,...,mk} of
polytopes satisfying all the assumptions of Lemma 3 apart from the star-shape
condition (**). If we replace each polytope P{ by its image under a suitable dilation
with centre x (depending on i) if need be, we can obtain a family 0> with all the desired
properties. In fact, we can even require that F = set(^) n aff(x, z2, z3) lies in any
preassigned set.

Proof. For i=l,...,mk
let ^ , : = {P1,...,Pi}, so that 0>mk = 0>. We prove the
statement for ^ , instead of & inductively, thus establishing the result for & after
finitely many steps.
For i = l,...,mk let T{ denote the intersection of all open half-spaces containing P(
and determined by a plane which supports Pt in a facet not containing x. Obviously,
a sufficiently small neighbourhood U of x lies in 7] for each i. We choose y 0 in
U n (ZiXXI^x]) and show that for every y in [xj/ 0 ] and every ray s issuing from y the
intersection of s and set(^,-) u Ky(F) is either empty or a line segment containing _y. Let
j/ and s be given such that the intersection is non-empty. The case where s = yx is
trivial and so we exclude it.
Assume that s intersects a fixed polytope P,. By the choice of y0 the ray s meets the
star Pj{x) of x in P} either in one point or in a line segment in the exceptional cases
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where k = 5, j = 14 or 15, s a aff(x,Q14 n Qi5), or in at least one, but at most two,
points in all other cases. Let t} denote the first point of contact of s and P/x) (see Fig.
3). Let us exclude the exceptional case for a moment. Adopting the beneath-beyond
terminology of Griinbaum [6, p. 78] we note that t} lies in a facet of P, containing x,
for which y is beyond (with respect to Pj). By (*) and (**) each facet of P, in P/x), for
which y is beyond, lies either in aff(x,z2,z3) or in a facet of a certain P, with / < j .
Now let us proceed inductively. For i = 1 we have s e t ^ ) = Px and so the result is
an immediate consequence of the convexity of Px. Suppose that the result holds for a
given i and that s intersects set(^ I + 1 ). If s does not meet PI + 1 , then the induction
hypothesis applies, and so we may assume that sr\Pi+1 ^ 0 . We exclude the
exceptional case for a moment.
As already mentioned, the point ti+1of P,+x(x) lies either in aff(x, z2, z3) or in a facet
of a certain P, with / < i + l. In the former case (that is when k = 4, i = 1) the
convexity of Pi+1 proves the statement. In the latter case, ti+1 is in set(^,) and, by the
induction hypothesis, is the endpoint of the line segment s n (set(^) u Ky(F)). But ti+i
is also the starting point of the line segment (or point) snPi + 1, and consequently,
s n (set(^ i+1 ) u Ky(F)) is also a line segment containing y.
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Finally, we consider the exceptional case; in particular, i+1 = 14 or 15. In both
cases ti+l e aff(x,g13 n g 1 4 n Q l 5 ) . If i +1 = 14 or 15 respectively, then
ti+i e F14.i3 c ^i3.u <= set(^13) =
or
*i+i e F 1 5 > 1 4 c F 1 4 > 1 5 c set(^ 14 ) =
Hence, t1 + 1 is the endpoint and starting point respectively of the line segment
s n (set(^) u Ky(F)) and s n F 1 4 1 5 . But the union of both sets is just

and that completes the proof.
The next step is to turn the P-tiling of Lemma 3 into a P-tiling which is actually
star-shaped relative to 0. This will be done in Lemma 4.
The boundary b{3P) of the P-tiling in Lemma 3 consists of finitely many plane
segments which are either convex polygons or difference sets of such. Of course, each
can be triangulated without adding new vertices. By dissecting each triangle into ngons (n = 4,5), as illustrated in Fig. 2(b, c), one gets a dissection into convex n-gons
(not necessarily face-to-face). In particular, if each triangle has one vertex in A{r), then
the dissection can be arranged in such a way that all new vertices lie in A(r). Recall
that B(^) denotes the union of all plane segments in b{^) whose affine hull does not
contain 0.

LEMMA 4. Let k,m,n e M and k, n ^ 5. Assume that P has at least one n-gonal facet
and also one m-gonal facet which is incident with a k-valent vertex of P. Let A be a
triangle with vertices zx,z2, and z 3 , let 0 £ aff(A), and let xbea relative interior point of
[OzJ. Suppose that F is a. convex m-gon with vertex x such that the two edges of F
incident with x lie on xz2 or xz 3 respectively (see Fig. 4). Let r > 0.
Then there exists a P-tiling & with the following properties:
(a) x is a vertex of each member of 0>;
(b) CX(A) is the supporting cone for 0>, that is, CX(A) = C x (set(^));
(c) F is a facet of one member of £P and set(^) n aff(x,z2,z3) = F;
(d) set(^) u K 0 (F) is star-shaped relative_to 0, and if H is one of the boundary
hyperplanes ofC0(F) not containing Ox, then s e t ( ^ ) n / / is an edge of F;
(e) there exists a dissection Z of $(&>) \ relint(F) into convex n-gons such that each
vertex ofZ not in F and each edge of Z joining two vertices not in F lies in A(r).

Proof. First, for k = 3,4,5, we shall construct a convex polytope Px equivalent to P
and a P-tiling &' including Px. Here, F will be a facet of Px separating 0 and Px, x will
be a /c-valent vertex of P l 5 and P x <= C0(F). If k = 3,4 or k = 5, then the planes
aff(0,x,z2) and aff(0,x,z3) will support PX in a facet or an edge belonging to F,
respectively. Furthermore, there will exist a point y0 in zxx not in [zjx] such that
set(^') u Ky(F) is star-shaped relative to y for every y in [xy 0 ].
By Lemma 1 the existence of Py is clear for k = 3,4. Let k = 5 and let z be a relative
interior point of A. By Lemma 1, there is a polytope P\ equivalent to P, for which F is
a facet and x is a /c-valent vertex, and which is contained in Cx(con\{z,z2,z3}). The
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image Px of P\ under a suitable affine transformation, which leaves aff(F) pointwise
fixed and maps zx onto tzy has the required properties.
If k = 3, then Cx(AHs the supporting cone for Py. Define &'\= {Pj}. If we choose y0
in the intersection ofxO\{x} and all open half-spaces containing P l 5 and belonging to
a plane which supports Px in a facet not containing x, then of course, set(^') u Ky(F) is
star-shaped relative to y for every y in [xy 0 ].
Let k = 4 or k = 5. Each ray issuing from x and containing an edge of Px incident
with x meets A. Denote the intersection points different from z2,z3 by
ylt...,yk-2.
Let k = 4 and let G be the facet of Px which contains x and is contained in the
supporting plane aff(x,y t ,y 2 ) of Pt (cf. Fig. 4). Let At be the triangle with vertices z l 5
yt, and y2. By Lemma 3 and its associated remark applied to A x , there exists a P-tiling
&>!. with the following properties. Let F^ := set(^1)naffi(x,.y1,j/2). Then, ^ c G and
there is a point y0 in zxx not in [z x x] such that set(^) u Ky(Fx) is star-shaped relative
to y for every y in [xy 0 ]. Define &' := { P j u ^ . By replacing y0 by a suitable point in
[x_y0] \ {x} if need be, we can even show that set(^') u Ky(F) is star-shaped relative to
y for every y in [x>>0]. In fact, by our choice, Fx c= G.
Let k = 5. As already mentioned, it is possible to preassign the 5-gon Qx in the
dissection of A (see Fig. 2(b)). So, by Lemma 3 and its associated remark applied to A
and F, there is a P-tiling &' with the following properties. The member of &'
corresponding to the 5-gon Qx with vertices z 2 , z 3 , yx, y2, and y3 is just Px and, again,
there is a y 0 with the required properties.
The last step is to use an affine transformation to turn 0*' into a P-tiling 0> which is
star-shaped relative to 0. If we apply, for large t, the affine transformation q>, which
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leaves aff(F) point wise fixed and maps z± onto tzx, then 0>t := {(pt(P') \ P' e &'} will do.
Furthermore, 0>t has the additional property of (d).
By the construction, $(0>t) consists of finitely many convex polygons and difference
sets of such. For sufficiently large t, all vertices of members of &t not in F lie in A(r).
Hence, by the above considerations, there exists a dissection Z of hffi) \ relint(F) into
convex n-gons with the same property. By increasing t if need be, we can also ensure
that each edge joining two vertices not in F lies in A(r). This completes the proof.
The basic step in the construction is described in Lemma 5. Its proof is now a

consequence of Lemmas 1 and 4.
LEMMA 5. Assume that n ^ 5 and that P has at least one n-gonal facet. Let F be a
convex n-gon with 0 <£ aff(F) and let r > 0. Then there is a P-tiling & such that
(a) F is a facet of one member of& separating set(^) and 0, and also set(^) c C 0 (F),
(b) set(^) u K0(F) is star-shaped relative to 0, and if H is one of the boundary
hyperplanes ofC0{F), then H n set(^) is a polygon sharing an edge with F,
(c) there is a dissection Z ofh(^) \ relint(F) into convex n-gons such that each vertex
and each edge of Z lies in A(r).

Proof. As mentioned earlier, P has a /c-valent vertex z with k < 5. Choose m so that
P has an m-gonal facet incident with z. Let k and m be fixed. Denote the vertices of F
by x l 5 ...,x n (see Fig. 5).

FIG.

5
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We shall construct P-tilings 0>1,..,,^>n and, for each i = l,...,n, a dissection Zt of
tyPt) \ relint(F) into n-gons, such that ^ c= 0>2 a ... c &>n, set(^,) u Ko{F) is starshaped relative to 0, and each vertex of Zj different from x, + 1 ,...,x n and each edge of
Z; joining two of these vertices lie in A(r) (i = 1,..., n). Finally, &> = &>„ will have all the
required properties. We begin with 0>x.
By Lemma 1, there exists a poly tope Px equivalent to P with the following
properties. The face F is a facet of Pt separating 0 and Px, and Px is contained in
C0(F). All vertices of Px not in F and all edges joining two vertices not in F lie in A(r).
The planes aff(0,x,-,x, + 1) support Px in a facet or an edge, if i = l,n or i = 2,...,n — 1
respectively. Let / denote the valence of xx in Px and let G l5 ...,G, denote the facets of
Px incident with x l 5 where Gx = F, G2 <= aff(0,x l5 x 2 ), and G, cz aff(0,xl5xn). Fig. 5
illustrates the case where / = 4.
If / = 3, we define ^ := { P J and take a suitable dissection of S^JXrelintfF) for
Z t . Then this suffices.
Let / ^ 4. For / = 3,...,/— 1 let F, denote a convex m-gon such that F,- c G,, both
edges of F, incident with x1 lie on edges of G,- incident with x l 5 and all vertices of F,different from Xj and all edges of F, joining two vertices different from x x lie in A{r).
Let zl e Oxj \ [OxJ and let A,- (i = 3,...,/— 1) be a triangle, whose vertices are zx and
two points in (G,-! n G,)\ {x^ and (Gf n G i + 1 ) \ { x j respectively. Applying Lemma
4 to each triangle A,- and m-gon F,- we get a P-tiling ^1>(- with the properties of Lemma
4. Define ^ := { P j u U'=3^i..- S i n c e F,-c G,-(i = 3 , . . . , / - l ) , s e t ( ^ ) u /C0(F) is
star-shaped relative to 0. The set S ^ ) consists of F, the facets of Px not incident with
x x , the difference sets G,\^,-5 and the sets 5(^ lt ,)\relint(Fi) (i = 3,...,/-1). Obviously,
there is a dissection Zx of B(^)1)\relint(F) into convex n-gons, so that all vertices of Z^
different from x2,..., xn and all edges of Zx joining two of these vertices lie in A{r). This
establishes the existence of 0>Y.
We shall use P-tilings of type ^ as building blocks for the desired P-tiling of
Lemma 5. Since ^ is attached to the preassigned n-gon F, the vertex xx of F, and the
parameter r, we shall say for convenience that <PX belongs to (F,x x ,r).
Now let us consider the n-gons H of Zx containing x 2 . For each H there is a P-tiling
^2>f/ that belongs to (H,x2,r). Let ^ 2 denote the union of ^ and all P-tilings 3P1H. A
dissection Z 2 arises from Z x and the dissections of the sets 5(^ 2 W )\relint(//), Then,
Z 2 has the property that all vertices different from x 3 ,...,x n and all edges joining two
of these vertices lie in A(r).
Next we proceed with x 3 and the corresponding n-gons in Z 2 which contain x 3 , get
a P-tiling ^ 3 and a dissection Z 3 analogous to ^ 2 and Z 2 , proceed with x 4 , and so on.
Finally, the P-tiling &n and the dissection Zn have all the required properties. This
completes the proof.

3. Tiling three-space by isomorphic poly topes
By the results of § 2 we are now able to prove the theorem in question.
1. For every convex 3-polytope P there exists a locally finite tiling o/E 3 by
convex polytopes each combinatorially equivalent to P.
THEOREM

Proof. The polytope P has an n-gonal facet with n ^ 5. Let n be fixed (of course, we
choose n minimal).
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We shall construct two infinite sequences (^,-),-6N of P-tilings and (Z,)ieW of
corresponding dissections such that
(l)^c^l+1(ieN),
(2) 0 is an interior point of set(^) and set(^) is star-shaped relative to 0 (i e N),
(3) Z, is a dissection of 5(^,) into convex n-gons, and each vertex of Z,- lies in
A(i) (i e N),
(4) there is a constant c, with c < n, such that the spherical diameter d(F) is at most
c for each i in N and each F in Z,.
At first we note that ST:- (J,- 6 ^^ will be a locally finite tiling of E3 by convex
polytopes each equivalent to P. Indeed, by the remark at the beginning of §2, the
boundary b{0*^ is contained in A(icos(jc)) for each i. Since c does not depend on i, 3T
provides a locally finite tiling of E3.
We shall construct the sequences inductively. For &x we take the P-tiling consisting
of exactly one translate PL of P with 0 € i n t ^ ) and dPx e A(l). Let Zx be a dissection
of 5(^\) (= 6(^i)) into convex n-gons. Each n-gon F oiZx has spherical diameter d(F)
less than n. Define c:= max(d(F)\ F e Z J . Then of course, &± and Zx satisfy (l)-(4).
The constant c will also serve for the constant in (4) for general i. Indeed, we shall
construct the P-tilings in such a way that each polytope different from Px lies in one of
the cones C0(F) with F e Zt.
Assume now that ^*, and Z, have been obtained so far and that ^i+1 and Zi+1 are to
be constructed.
Applying Lemma 5 to each F in Z, and letting r = i + 1 provides a P-tiling 0>F with
the properties of Lemma 5. Define ^ , + 1 := [JFeZi^F^^i- Then of course, ^ , + 1 has
the properties (1) and (2). The set B(^l + 1) is the union of the sets 5(^ f )\relint(F) for F
in Z,-. If we take for Zi + l the union of all dissections ZF of 5(^ F )\relint(F) with F in Zh
then (3) and (4) hold too. But this establishes the theorem.
By a slight modification of the arguments we also get the following corollary.
COROLLARY. Let n ^ 5 and let P have an n-gonal facet. Assume that & is a P-tiling
which covers 0 and is star-shaped relative to 0. Let Z be a dissection of h(^) into convex
n-gons. Then, there exists a locally finite tiling 2T of E3 by convex polytopes each
equivalent to P, such that 2P <= 2T and each polytope not in & is contained in one of the
cones C0{F) with F in Z.

Unfortunately, the methods will not provide normal tilings in general. In fact, the
following problem is undecided even for n-gonal pyramids (n ^ 6) and simplicial
polytopes.
Given a convex 3-polytope P, is there a normal tiling o/E 3 by convex polytopes
each combinatorially equivalent to P?
The example of Danzer, Griinbaum, and Shephard (cf. [3]) shows that such a tiling
cannot be face-to-face in general.
As stated in the introduction, locally finite face-to-face tilings do not exist in
general. However, there might be some hope for a positive result at least for some
special fypes of polytopes. As the simplicial case is solved, the next class of interest
might be the class of cubical polytopes.
Given a cubical convex 3-polytope P, is there a locally finite face-to-face tiling
o/E 3 by convex polytopes each isomorphic to P?
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The chance of a positive answer seems to be good, since the existence of 3-valent
vertices is guaranteed by Euler's theorem (cf. Griinbaum [6]). However, the author
does not believe that the answer to the analogous question for simple polytopes is in
the affirmative.
It is noteworthy that in some instances the isomorphic copies of P may be chosen to
be affinely or projectively equivalent to P. This is due to the fact that any triangle or
quadrangle can be arbitrarily preassigned as a facet (or vertex-figure) of an affinely or
projectively equivalent copy of the polytope. So, if P has a triangular facet and a 3valent vertex, then P admits a tiling by affinely equivalent polytopes. If P has an ngonal facet and a /c-valent vertex with n,k ^ 4, then projectively equivalent copies of P
will tile E3.
In conclusion, we may ask to what extent Theorem 1 holds in higher dimensions.
The author suspects that the result remains true. Among other things this is supported
by the fact that it is not even possible to preassign the facets of higher-dimensional
polytopes (cf. Barnette and Grunbaum [2], Barnette [1], Kleinschmidt [11]). So
the result of Barnette and Grunbaum, a basic tool in the construction for three
dimensions, will not hold any longer.
Finally, I would like to thank Professors L. Danzer and B. Grunbaum for
discussion on the subject of this paper.
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