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Abstra t
With the in reasing relian e on game theory as a foundation for au tions and
ele troni ommer e, eÆ ient algorithms for omputing equilibria in multiplayer
general-sum games are of great theoreti al and pra ti al interest. The omputational omplexity of nding a Nash equilibrium for a one-shot bimatrix game is a
well known open problem. This paper treats a related but distin t problem, that
of nding a Nash equilibrium for an average-payo repeated bimatrix game, and
presents a polynomial-time algorithm. Our approa h draws on the well known \folk
theorem" from game theory and shows how nite-state equilibrium strategies an
be found eÆ iently and expressed su in tly.
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Introdu tion

The Nash equilibrium is one of the most important on epts in game theory,
forming the basis of mu h re ent work in multiagent de ision making and
ele troni marketpla es. As su h, eÆ iently omputing Nash equilibria is one
of the most important problems in omputational game theory.
The entral result of this paper is a polynomial-time algorithm for omputing
a Nash equilibrium for repeated 2-player (bimatrix) games, under the averagepayo riterion. This result stands in ontrast to the problem of omputing
a Nash equilibrium in a one-shot game, the omplexity of whi h remains an
important and long-standing open problem [12℄. The idea behind our algorithm e hoes that of the well known \folk theorem" [11℄, whi h shows how
the notion of threats an stabilize a wide range of payo pro les in repeated
games. While the folk theorem provides a onstru tive method for identifying Nash equilibria in repeated games, the ontribution of this paper is to
show how the threat idea an be used to reate an omputationally eÆ ient
equilibrium- nding algorithm. While drawing heavily on the folk theorem,
our result is not an immediate orollary. In fa t, while there are folk theorems
for n-player repeated games, our polynomial-time algorithm is only valid for
n = 2.
In the rest of the paper, we formally des ribe the problem (Se tion 2) and
our algorithm for solving it (Se tion 3), and on lude with a set of illustrative
examples (Se tion 4).
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Problem Statement

A repeated bimatrix game is played by two players, 1 and 2, ea h with a set
of a tion hoi es of size n1 and n2, respe tively. The game is played in rounds,
with the two players simultaneously making a hoi e of a tion at ea h round.
If Player 1 hooses a tion 1  i1  n1 and Player 2 hooses 1  i2  n2, they
re eive payo s of Pi1 i and Pi2 i , respe tively 1 . In a repeated game, players
sele t their a tions, possibly sto hasti ally, via a strategy |a fun tion of the
history of their intera tions.
The obje tive of ea h player in a repeated game is to adopt a strategy that
maximizes its expe ted average payo (limit of the means riterion). A pair of
1 2

2 1

1 For leanliness of notation, we deviate from ommon pra ti e and write matri es
so that a player always hooses the row of its own payo matrix, while the opponent
always hooses the olumn.
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strategies is a Nash equilibrium if ea h strategy is optimized with respe t to
the other|neither player an improve its average payo by hanging strategies
unilaterally [9℄.
As a running example in this paper, we use the well known Iterated Prisoner's
Dilemma to illustrate and motivate our algorithm. In this repeated bimatrix
game, on ea h round, ea h player an either ooperate (A tion 1) or2 defe3 t
30
(A tion 2). The two players use the same payo matrix, P 1 = P 2 = 64 75.
51
One pair of equilibrium strategies in the Prisoner's Dilemma is for both players
to defe t in every round. The average payo in this ase is 1 for both players.
These strategies are in equilibrium be ause a player fa ing an \always defe t"
opponent will re eive a payo of zero for every round in whi h it sele ts the
ooperate a tion; the best respond to \always defe t" is to always hoose
defe t.
This paper onsiders the following omputational problem. Given a game spe i ed by payo matri es P 1 and P 2, return a pair of strategies that onstitutes
a Nash equilibrium for the average-payo repeated bimatrix game. The running time of the algorithm should be a polynomial fun tion of the size of the
input.
To fully spe ify the equilibrium- omputation problem, we must be on rete
about the input and output representations. The input representation is relatively straightforward. For (p; q) 2 f(1; 2); (2; 1)g, the fun tion P p is an np  nq
matrix. To bound the size of the numbers in these matri es, we assume they
are rational numbers, spe i ed as integer numerator and natural denominator
of no more than k bits. So, the running time of our algorithm needs to be a
polynomial fun tion of n1 , n2 , and k.
Note that the representation size of an integer is roughly its logarithm in
base two and the representation size of a rational number is the sum of the
sizes of its numerator and denominator. A polynomial-size number is one with
representation size bounded by a polynomial fun tion of the input size. Multiplying, dividing, adding or subtra ting two polynomial-size rational numbers
produ es a polynomial-size result, as does solving a polynomial-size system of
linear equations or linear program [14℄.
The output of an equilibrium omputation is a pair of strategies. It is well
known that every bimatrix game has at least one pair of strategies that is a
Nash equilibrium. However, strategies in repeated games an be in nitely large
obje ts mapping the intera tion history to a tion hoi es, so it is ne essary to
use some nite representation for strategies when omputing Nash equilibria.
In this paper, we onsider two strategy representations: lassi al nite-state
3
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Fig. 1. A strategy in Prisoner's Dilemma expressed as a three-state nite-state
ma hine.

ma hines and a ounting-node extension in whi h a tions an be repeated a
prespe i ed number of times. Both represent nite-state strategies, but the
ounting-node ma hine an result in exponentially smaller representations, as
des ribed next.
A nite-state-ma hine strategy for a player p against an opponent q is a labeled
dire ted graph. One node of the graph is the designated starting node. Ea h
node of the graph is labeled with a probability distribution over a tion hoi es
for p. Outgoing edges are labeled with joint a tions for (p; q), with no two edges
from a single node sharing the same label. One outgoing edge for ea h node is
labeled \*" to designate a default edge, taken if the joint a tion of players p
and q does not mat h any of the other labels. The size of a nite-state-ma hine
strategy is roughly the total number of nodes and edges in the graph 2 .
Figure 1 illustrates an example nite-state-ma hine strategy for the Prisoner's
Dilemma. The player p starts o at the left node and sele ts A tion 1. Then, if
the opponent q sele ts A tion 1 (and p indeed hooses A tion 1), p returns to
the left node to ontinue hoosing A tion 1. However, on any other joint a tion,
a transition is made to the middle node where p hooses A tion 2. Following
this, any hoi e of joint a tion results in a transition to the rightmost node, in
whi h p ontinues to hoose A tion 2 until q hooses A tion 1. At this point,
p returns to the left node again.
The strategy expressed in the gure an be thought of as \two tits for a tat"
in the ontext of the Prisoner's Dilemma [1℄; the player defe ts at least twi e
in response to defe tion, but otherwise ooperates.
While nite-state ma hines provide a simple and broad language for expressing strategies, some basi strategies be ome umbersome to write down as
nite-state ma hines. Consider, for example, \2b tits for a tat". A nite-statema hine representation requires a graph with 2b nodes and therefore an exponentially large representation. We introdu e a ounting node into the representation to make it easier to express simple repetitions of this type. Note
that the exa t form we hoose for this extension was sele ted to be suÆ ient
2 To be more pre ise, the size of the numbers in the probability distributions over
a tions in the nodes also ontribute to the size of the nite-state ma hines.
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ounting node and an equivalent nite-state ma hine.

for our algorithm in Se tion 3; more general and elegant extensions are also
possible.
We depi t a ounting node by a double ir le with a repeat ount written
beneath it. Like a standard node, it is labeled with a probability distribution
over a tions. This distribution is used independently to sele t a tions times
onse utively. The ounting node in ludes a default outgoing edge, whi h is
taken after the repetitions are omplete. However, a ounting node an also
have up to one other edge, labeled with a joint a tion, (ip; iq ). This edge is
taken if and only if the joint a tion (ip; iq ) was sele ted all times while the
player was exe uting its a tions in the ounting node. The size of a ountingnode-ma hine strategy is the sum of the nodes and edges in the graph plus the
number of bits in all the repeat ounts and the a tion probability distribution.
Figure 2 shows an example of a generi ounting node and its equivalent
representation as a set of nodes in a nite-state ma hine.
Counting nodes an be used to express \2b tits for a tat" by repla ing the
enter node in Figure 1 with a ounting node with a repeat ount of 2b 1.
Sin e the number 2b an be represented easily using b +1 bits, the strategy an
be expressed via a ounting-node ma hine with size (b). This su in tness is
important in the onstru tion used in our algorithm in the next se tion.
3

Algorithm Des ription

Zero-sum games [15℄ are those in whi h P 1 + (P 2)T = 0. Equilibria in these
games an be omputed in polynomial time via linear programming and the
resulting equilibrium strategies and the expe ted payo s to the two players
are polynomial-size numbers [14℄. An equilibrium strategy in a zero-sum game
an be seen as simultaneously a defensive strategy that maximizes a player's
expe ted payo in the fa e of the least desirable strategy of the opponent,
and also an atta k strategy that for es the opponent to its minimum expe ted
5

payo .
While an eÆ ient algorithm for zero-sum games appears to handle a zeromeasure subset of the set of possible games, we an use this eÆ ient omputation as an important omponent of an algorithm for general-sum repeated
games. At the highest level, we an qui kly nd that either the game is essentially a zero-sum game or that there are strategies that both players an play
to a hieve a better average payo than what they an guarantee themselves
in the worst ase, stabilized by the threat of being for ed to this lower payo .
In the rest of this se tion, we des ribe the omputation, argue that it an
be arried out in polynomial time, and prove that the resulting strategies
onstitute a Nash equilibrium.
3.1 Atta k and Defensive Strategies

On e again, let (p; q) 2 f(1; 2); (2; 1)g. We will use 1  ip  np and 1  iq  nq
to represent a tion hoi es for the two players and p and q to be probability
distributionsp(ve tors) over these a tion hoi es. We denote the probability of
ip in  p as ip . De ne
= argmin
max
iq
p

X

Æ p = argmax
min
p
iq

X

p

and


ip

ip

Piqq ip ipp ;

(1)

Pipp iq ipp :

(2)

Here, p is the equilibrium strategy for p in the zero-sum game de ned by p
\atta king" q|minimizing q's expe ted payo 3 . Similarly, Æp is the equilibrium strategy for p in the zero-sum game de ned by p \defending" against
q |maximizing its expe ted payo in the worst ase. As we mentioned, p
and Æp an be omputed in polynomial time using linear programming and
the results an be expressed as polynomial-size numbers. They are also interhangeable in zero-sum games.
In the Prisoner's Dilemma, Æp is defe t. This a tion guarantees player p a
payo of at least 1, whereas any other distribution over a tions an result in
a lower payo . Similarly, p is also defe t. By making this hoi e, player p
3 Note that the optimization over q's a tion hoi e is deterministi ; on e p is
sele ted, q's optimal hoi e an be made deterministi ally.
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for es player q to get no more than a payo of 1 no matter what it hooses to
do.
For onvenien e, de ne
XX p q p
Æip iq Pip iq ;
(3)
gp =
ip iq

the expe ted payo that p an guarantee itself by playing its defensive strategy.
There is no Nash equilibrium in whi h p re eives average payo less than gp,
sin e p ould always swit h to Æp and do better. In addition, we an de ne
Ap = P p g p as the matrix of advantages |for ea h pair of a tion hoi es,
how mu h more will p's payo be than the value of its defensive strategy?
Note that Ap and Aq an be interpreted as a bimatrix game that has several
onvenient properties:
 The advantage game de ned by Ap and Aq has the same set of Nash equilibria as the original game de ned by P p and P q , sin e average payo s in the
advantage game are simply shifted down by a onstant without hanging
the relative ordering of payo s.
 The atta k and defensive strategies de ned for the original game also work
as atta k and defensive strategies in the advantage game for the reason
listed in the previous point|the values of all strategies are simply shifted
by a onstant.
 The defensive strategies in the advantage game a hieve expe ted payo s of
zero.
 The payo s in the advantage game are polynomial-size rational numbers, so
the overall omplexity of working with the advantage game instead of the
original game is not signi antly in reased. In parti ular, if the omplexity
of one is polynomial, the omplexity of the other must also be polynomial.
Sin e 2g1 = g32 = 1 in the Prisoner's Dilemma, the advantage game is A1 =
2 17
A2 = 64
5.
4 0
In what follows, we will fo us on the advantage game, sin e it has the same
equilibria and roughly the same representation size. It also lets us rule out
average payo s that are negative when sear hing for equilibria.
3.2 The Mutual Advantage Case

To nd a Nash equilibrium, we onsider two ases. In this se tion, we show
how to re ognize the ase in whi h it is possible for both players to a hieve
7
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Fig. 3. The advantage values for pairs of a tion hoi es in the Prisoner's Dilemma.
Player 1's values are on the x-axis and Player 2's on the y-axis

positive advantage. In the next se tion, we show how a Nash equilibrium an
be onstru ted in this ase. The following se tion treats the ase in whi h
mutual advantage annot be a hieved.
When Player 1 hooses i1 and Player 2 hooses i2 , the payo s for the two
players an be visualized as a point x = (A1i i ; A2i i ) = (x1 ; x2 ) in a twodimensional spa e. Following Nash [10℄, we onsider the set of all pairs of
a tions for the two players, X = f(A1i i ; A2i i )j1  i1  n1; 1  i2  n2 g.
All the points x 2 X an be a hieved as average payo s for the two players
in the repeated game, simply by repeatedly playing the orresponding a tion
pair. (Of ourse, all of the possible payo s are not ne essarily those of Nash
equilibrium strategies.)
As a on rete example, Figure 3 plots the advantages of all pairs of a tion
hoi es in the Prisoner's Dilemma. Clearly, if both players hoose ooperate
(A tion 1), they re eive mutual advantage.
The onvex hull of a set of points is the set of points that an be formed
by a linear ombination of the points in the set, where the linear oeÆ ients
are positive and sum to one (a onvex ombination). For the purposes of this
paper, we limit our attention to polynomial-size oeÆ ients. Any point in the
onvex hull of the points in X an be a hieved as average payo s for the two
players in the repeated game. Spe i ally, for any point u in the onvex hull
of X , there is a set of weights w su h that u = Px2X wxx. Consider integer
weights w0 derived by multiplying w by the least ommon denominator of its
omponents. A pair of strategies that repeats any sequen e that in ludes, for
ea h x 2 X , ea h a tion pair orresponding to x a total of wx0 times, a hieves
the payo u on average.
The folk theorem tells us that any u simultaneously in the onvex hull of X
and in the rst quadrant (positive advantage for both players) is the payo
1 2

1 2
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2 1

2 1

of a Nash equilibrium in the repeated game (su h points are sometimes alled
feasible and enfor eable ). Typi ally there are many su h points, any of whi h
would be suÆ ient for our algorithm. However, the work of Nash [10℄ justi es
a parti ular sele tion for a point in the rst quadrant via an axiomati analysis
of bargaining. It shows that a very sensible payo point for the two players to
a ept is one that maximizes the produ t of their advantages. We next show
how this point an be identi ed eÆ iently.
Note that the point that maximizes the produ t of the advantages will be found
on the outer boundary of the onvex hull|the produ t of the advantages of
any internal point an be in reased by moving to a point above it and to the
right [10℄. This implies that that the point an be expressed by a weight ve tor
w that has non-zero weight on only one or two x 2 X , sin e the onvex hull
is a two-dimensional polygonal region bounded by line segments that onne t
pairs of points in X .
Next, let x; y 2 X be two points formed by two di erent a tion pairs, ea h
with at least one omponent non-negative. We want to nd a point z on the
edge between x and y, z = wxx + (1 wx)y for 0  wx  1, su h that the
produ t of the advantages, z1 z2 , is maximized. Setting the derivative of this
produ t to zero and solving for wx, we nd that the produ t is maximized
when
y 2 (x1 y 1) y 1(x2 y 2 )
wx =
(4)
2(x2 y2)(x1 y1) :
If wx < 0 or wx > 1, then the maximum produ t is a hieved at an endpoint.
We an now make the following observations:
 We are trying to identify a payo in the onvex hull of X in the rst quadrant
(both omponents positive) that maximizes the produ t of the omponents.
We argued that su h a point is either in X or on a line segment between
two points in X . Therefore, our sear h an be limited to examining pairs of
points in X .
 If a point x 2 X is in the third quadrant (both omponents negative), it
need not be onsidered. To produ e a point in the rst quadrant, x would
have to be paired with a point y 2 X in the rst quadrant, and the point y
would dominate any ombination it ould make with x: wx = 0.
 Points in the se ond or fourth quadrant (one positive, one negative omponent) need to be onsidered, sin e they ould possibly be ombined with
another point and result in a point with a larger produ t of advantages than
either endpoint. For example, for x = (3; 1), y = (1; 5), Equation 4 results
in wx = 1=6, or z = (4=3; 4) with a produ t of advantages of 16=3.
 Evaluating Equation 4 results in a weight that is a polynomial-size ratio9
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Fig. 4. A generi pair of strategies that maximizes the produ t of advantages.

nal number, sin e it is written as a onstant number of basi arithmeti
operations on polynomial-size rational numbers.
 If the weight omputed for points x and y is between 0 and 1, let the weight
be represented by the rational number rs for integers 0  r  s. A pair of
strategies that repeats any sequen e that in ludes the a tion pair asso iated
with y a total of s r times and x a total of r times a hieves an average payo
whose produ t of advantages is maximized over all onvex ombinations of
x and y .
 By looping through all points and pairs of points in X (a polynomial number n1 n2 + (n1 )2(n2 )2 of ombinations), ignoring any points with mutually
negative advantages, omputing weights, and he king whi h has the largest
produ t of advantages, we an identify a pair of a tion pairs i1 ; i2 and j 1 ; j 2
and (polynomial-size) integers ri and rj . A pair of strategies that repeats
any sequen e that in ludes the a tion pair (i1 ; i2) a total of ri times and
(j 1; j 2) a total of rj times maximizes the produ t of advantages over all feasible payo s. One su h pair of strategies is illustrated in Figure 4, in whi h
the like a tion hoi es are made onse utively. Note that if the produ t of
advantages is maximized for a point x 2 X , one-state strategies that repeat the a tions asso iated with x suÆ e. This is the ase for the Prisoner's
Dilemma, in whi h A tion 1 an be repeated inde nitely. The produ t of
advantages in this ase is 4 and ri = 1.
 The pro edure exe utes in polynomial time and produ es a polynomial-size
output.
The next se tion shows how to ombine the strategies in Figure 4 with atta k
strategies from Se tion 3.1 to produ e a Nash equilibrium.
3.3 Punishment

The strategies in Figure 4 result in average advantages of
z = (ri A1i i + rj A1j j ; riA2i i + rj A2j j )=(ri + rj ):
1 2

1 2

2 1

2 1

(5)

These strategies maximize the produ t of advantages over all strategies, so we
say they represent mutual ooperation. However, they are not ne essarily in
equilibrium, as either player might have an in entive to sele t a di erent a tion
10
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Fig. 5. A pair of strategies that is a Nash equilibrium.

that results in higher payo at the expense of the opponent; we all any su h
strategy defe tion. We now show how to modify the ooperative strategies so
that ea h player threatens the other with worse payo for failing to ooperate,
thus eliminating the in entive for defe tion.
Figure 5 illustrates strategies that build on the strategies in Figure 4 to in lude
the threat of punishment for players that do not ooperate. Here, 1 and 2
are the atta k strategies de ned in Se tion 3.1. In words, the player p exe utes
its ooperative a tions for ri + rj steps. If, at any point, either player deviates
from its assigned a tions, the player enters a punishment phase for max(ap; aq )
steps at the end of the ooperative phase. When the punishment is omplete,
a new ooperative phase begins 4 . On e again, the stru ture of these strategies
an be simpli ed in games in whi h the produ t of advantages is maximized
for a single point x 2 X .
The only, as yet, unde ned quantity in the strategies just des ribed is the
number of punishment steps for the two players. We next show how to sele t
values for a1 and a2 so that mutual ooperation be omes a best response.
Let (p; q) 2 f(1; 2); (2; 1)g. When fa ed with a strategy for p of the form given
in Figure 5, the average payo of Player q for ooperating is
(6)
z q = (ri Aqiq ip + rj Aqjq j p )=(ri + rj );
mu h like in Equation 5. Let
dq = max
xq ;
x2X

(7)

whi h is an upper bound on the largest possible value that q an get in a single
round by defe ting. The average payo to q in the advantage game for using
4 Note that delaying punishment until the end of the ooperative phase is not
ne essary and is probably wasteful. We use this approa h be ause it simpli es our
presentation and is suÆ ient to prove our result.
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a strategy that defe ts against the strategy in Figure 5 annot be larger than
((ri + rj )dq )=(ri + rj + ap);
(8)
sin e q an do no better than dq on ea h ooperation round and 0 on ea h
punishment round. In fa t, this bound is ex eedingly loose, as dq is probably
not a hievable in most games. Nevertheless, we use this expression sin e it
simpli es presentation.
We want to know how to set ap so that ooperation is a best response (Equation 6 is larger than Equation 8):
z q > ((ri + rj )dq )=(ri + rj + ap )
(ri + rj )zq + apzq > (ri + rj )dq
ap z q > (ri + rj )(dq z q );

sin e all quantities are positive. Note that zq > 0 sin e we spe i ally hose
a point that has positive advantage. Similarly, dq > zq be ause q's payo
for defe tion must ex eed the payo for ooperating or defe tion will not be
onsidered. Dividing by zq and rounding up, we get
ap = d1 + (ri + rj )(dq z q )=z q e:
(9)
Punishing for ap or more rounds provides a suÆ ient deterrent to dis ourage
q 's defe tion. On e again, sin e this expression uses only basi arithmeti
operations on polynomial-size numbers, the result is a polynomial-size number.
The onstru tion des ribed in this se tion proves the following lemma:
In a two-player general-sum game in whi h both players an a hieve
positive advantage, the ounting-node ma hines illustrated in Figure 5 onstitute a Nash equilibrium and have polynomial size.
Lemma 1

To make these al ulations more on rete, onsider how the algorithm behaves
on the advantage game from the Prisoner's Dilemma. Here, d1 = d2 = 4, the
maximum payo possible for a player on a single trial. The produ t of advantages is maximized for z = (2; 2) from ( ooperate, ooperate). Therefore,
we an set ri = 1 and rj = 0 (only one ooperating state is needed). Plugging
these values into Equation 9 results in ap = aq = 2. The resulting equilibrium
strategy is for ea h player to play ooperate, swit hing to two defe ts is
either player fails to ooperate. After the two punishment a tions, the player
returns to ooperate regardless of the opponent's a tions.
The resulting strategy might be alled \exa tly two tits for a tat" in that it
resembles the strategy in Figure 1, but returns un onditionally to ooperation
12

after the se ond defe tion.
To verify that a pair of strategies is a Nash equilibrium, we must ask whether
a player an improve its expe ted payo by sele ting a tions di erently. If the
answer is \no" at the start of the repeated game, we say the strategies onstitute a Nash equilibrium. However, it is also reasonable to ask this question
after any possible history of intera tions| an a player improve its expe ted
payo by sele ting a di erent a tion after some history? If the answer is always \no", the strategies onstitute a subgame perfe t Nash equilibrium. Su h
equilibria are robust be ause any threat issued by a player is redible|the
player has no in entive not to follow through on the threat.
We argued that the strategies in Figure 5 onstitute a Nash equilibrium, but
the stronger statement that they onstitute a subgame perfe t Nash equilibrium is also true. This property follows from the fa t that the ma hines are
\syn hronized"|no matter what the history is, the two strategies will be in
analogous states and therefore return to mutual ooperation in tandem 5 . Beause the punishment phase is of nite duration, any one-stage deviation by
either player results in no hange in the average payo to that player. At any
stage in the game, deviating from its assigned strategy an only de rease the
player's expe ted reward.
To omplete the argument that Nash equilibria an be found for all games, we
must onsider the ase in whi h there is no pair of strategies for whi h both
players have positive advantage. This an o ur, for example, in zero-sum
games or generally if none of the onvex hull is stri tly in the rst quadrant
of the advantage game. The next se tion ompletes the presentation of our
algorithm by providing Nash equilibrium strategies in the ase where positive
advantages annot be a hieved.
3.4 Complete Strategy

The previous two subse tions dealt with the ase in whi h it is possible for
both players to re eive average payo s better than what they an guarantee
themselves using a defensive strategy. If no su h strategies exist, then we must
use a di erent ta k to nd an equilibrium. Let vp be the largest payo that
p an a hieve by playing a best response against the defensive strategy of its
5 This is an improvement over the onstru tion presented in our earlier paper [8℄,
whi h, while an equilibrium, ould be for ed into as ading punishments resulting
in a non- redible threat. Here, sin e atta k phases are nite in duration, the average
reward will return to the mutually bene ial level produ ing a believable deterrent
to defe tion.
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opponent in the advantage game:
X p q
v p = max
Aip iq Æ :
ip

(10)

iq

The value vp might be larger (and an't be smaller) than what p an a hieve
by playing its own defensive strategy, spe i ally zero.
Note that it an't be the ase that both v1 > 0 and v2 > 0; it would imply
we are in the mutual advantage ase. In addition, neither v1 < 0 nor v2 < 0
(Player p an guarantee itself at least 0 by playing its defensive strategy).
This leaves two sub ases: v1 = 0 and v2 = 0, or vp > 0 and vq = 0 for some
(p; q) 2 f(1; 2); (2; 1)g. In the rst sub ase, inde nitely repeating Æ1 and Æ2 is
a Nash equilibrium (the game an be treated as if it were zero sum). In the
se ond sub ase, let hp be p's best response against Æq ,
X p q
Aip iq Æ :
(11)
hp = argmax
p
i

iq

In a two-player general-sum game in whi h both players annot
a hieve positive advantage and v p > 0, the in nitely repeated strategies hp and
Æ q onstitute a Nash equilibrium and have polynomial size.
Lemma 2

Playing hp against
Æ q results in the payo point (v p; 0) with v p > 0.
q
to hp. Playing hp against hq results
Let hq = argmaxiq Aiq hp be a best presponse
q
p
q
in the payo point (w ; w ) = (Ahphq ; Ahq hp ) with wq  0 sin e hq is at least
as good for Player q as Æq is. If wq = 0, then hp and Æq onstitute a Nash
equilibrium sin e neither player an improve unilaterally (hq is no better than
Æ q for Player q ).
Assume wq > 0, implying that Player q an stri tly improve its payo by
swit hing to hq . It must be that wp  0, otherwise (hp; hq ) is a strategy
pair that is mutually advantageous, ontrary to our initial assumption. Now,
onsider  = vp=(vp wp). By the inequalities already stated, 0 <   1 (vp
is positive, wp non-positive). Consider a pair of strategies in whi h Player p
plays hp and Player q plays Æq 1 =2 of the time and hq =2 of the time. The
payo point for this pair of strategies will be
Proof:

(vp + (wp vp)(=2); wq (=2))
= (vp + (wp vp)(vp=(vp wp))=2; wq (=2))
= (vp (vp)=2; wq(=2))
= (vp=2; wq(=2)):
Sin e both vp and wq are positive, we have identi ed a pair of strategies with
positive advantages|a ontradi tion. Therefore, the assumption that wq > 0
14

is invalid, implying that Æq is a best response to hp. Therefore, playing hp
against Æq must be a Nash equilibrium. Q.E.D.
This ompletes our algorithm, whi h we summarize below.
(1) Begin with a game spe i ed by matri es P 1 and P 2.
(2) Compute atta k strategies 1 and 2 (Equation 1) and the values g1 and
g 2 the players an guarantee themselves (Equation 3).
(3) Compute advantage matri es A1 = P 1 g1 and A2 = P 2 g2.
(4) Loop through all pairs of a tions and all pairs of pairs of a tions to
nd a ooperation point that maximizes the produ t of advantages (Se tion 3.2).
(5) If a ooperation point is found with positive advantages, we have a pair
of a tion pairs (i1 ; i2 ) and (j 1; j 2) and repeat ounts ri and rj . Compute
the average payo s for ooperating z1 and z2 (Equation 6), and a bound
on the maximum defe tion payo d1 and d2 (Equation 7), and use these
to ompute a1 and a2 , the number of punishments needed to stabilize
ooperation (Equation 9). Output strategies as shown in Figure 5.
(6) If no ooperation point is found with positive advantages, ompute defensive strategies Æ1 and Æ2 (Equation 2). Compute the best responses h1
and h2 to the defensive strategies (Equation 11) and the players' expe ted
payo s v1 and v2 for adopting them (Equation 10). If v1 = 0 and v2 = 0,
output Æ1 and Æ2 as a Nash equilibrium. If v1 > 0 and v2 = 0, output h1
and Æ2 as a Nash equilibrium. If v1 = 0 and v2 > 0, output Æ1 and h2 as
a Nash equilibrium.
We have argued that ea h of these operations an be implemented to exe ute
in polynomial time and produ es polynomial-size output, and that the ases
onsidered are exhaustive and orre t. This proves our main result:
For any two-player repeated game under the average-payo riterion, a Nash equilibrium pair of ontrollers an be synthesized in polynomial
time.

Theorem 1

3.5 Symmetri Games

Theorem 1 holds for all two-player games, but the resulting equilibrium ontrollers an be omplex for some games. In this se tion, we show how the result
an be simpli ed for symmetri games.
A symmetri game is one in whi h P 1 = P 2, so both players fa e the same
strategi situation. In human- onstru ted games, this situation is very ommon as it embodies the notion of a fair game.
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The argument in Se tion 3.2 be omes mu h simpler in the symmetri ase.
First, note that the onvex hull of the points in X will be symmetri about
the line through the origin with slope one. The produ t of advantages will be
maximized by a point on this line, whi h implies that it is only ne essary to
he k pairs of points su h that x1 = y2 and x2 = y1. In this ase, Equation 4
simpli es to wx = 21 , so the a tion pair with the largest average payo for the
two players determines the point to be onsidered as the one that maximizes
the produ t of the advantages.
For symmetri games, our algorithm an be simpli ed as follows.
(1) Begin with a game spe i ed by matrix P 1 (P 2 is the same).
(2) Compute an atta k strategy 1 (Equation 1) and the value g1 players an
guarantee themselves (Equation 3).
(3) Compute advantage matrix A1 = P 1 g1.
(4) Loop through all pairs of a tions i; j to nd the pair that maximizes
z 1 = (A1ij + A1ji )=2.
(5) If z1 > 0, and i 6= j , use i1 = j 2 = i, i2 = j 1 = j , ri = rj = 1, ompute
a bound on the maximum defe tion payo d1 (Equation 7), and use it
to ompute a1 = d2(d1 z1 )=z1 e, the number of punishments needed
to stabilize ooperation. Output strategies as shown in Figure 5 (the
ooperation nodes no longer need to be ounting nodes). On the other
hand, if i = j , a simpler equilibrium strategy pair is de ned by a single
node that repeats a tion i as long as both players hoose the ooperation
a tion, then punishes for a1 = d(d1 z1 )=z1 e times on a defe tion.
(6) If z1 = 0, ompute defensive strategy Æ1 (Equation 2) and output the
pair of strategies (Æ1 ; Æ1) as a Nash equilibrium.
Note that the ooperative phase in the symmetri ase is never more than
two states. The punishment phase an be onsiderably longer if the defe tion
payo is suÆ iently large.
4

Examples

This se tion provides several on rete examples of games to help illustrate the
ideas from the previous se tions.
The game of

hi ken is symmetri

and is de

2
3
3
:
0
1
:
5
7
ned by P 1 = P 2 = 64
5. The

3:5 1:0
standard one-shot equilibria are for Player 1 to take A tion 1 while Player 2
takes A tion 2 or the reverse. The atta k strategy is A tion 2 and the guarantee
value is g = 1:5. Maximum pair is (i; j ) = (1; 2) with z = 2:5.
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The battle of the sexes game is de

2 3
2 3
20
1
0
ned by P 1 = 64 75 and P 2 = 64 75. This

01
02
game is not symmetri (although it is fair). The atta k strategy for Player 1
is (1=3; 2=3) and for Player 2 is (2=3; 1=3). Players an guarantee themselves
g = (2=3; 2=3) by playing defensive strategies, whi h are obtained by reversing the probabilities in the2 atta k strategies.
Based 2on these al 3ulations, the
3
4=3 2=3 7
1=3 2=3 7
advantage game is A1 = 64
4
5. The max5 and A2 = 6
2=3 1=3
2=3 4=3
imum produ t of advantages omes from i = (1; 1) and j = (2; 2), for whi h
we get wx = 1=2. This results in ri = rj = 1 and z = (5=6; 5=6). The defe tion bound is d = (2; 2), resulting in punishment repeats of a = (3; 3).
Thus, the equilibrium strategy is to alternate between both players hoosing
A tion 1 and both players hoosing A tion 2, and using the atta k strategy
three onse utive times as punishment if a player doesn't go along with the
plan.
In the2de nition3 of this unbalan
3 , the payo s we de ne have the form
2 ed game
1 17
0 1=2 7
P 1 = 64
5. Any hoi e for Player 1 works equally
5 and P 2 = 64
0 0
1 1
well as an atta k strategy, and the atta k strategy for Player 2 is A tion 1.
Players an guarantee themselves g = (0; 0), so the advantage game is idential to the original game. No pair of a tion pairs leads to a positive produ t of
advantages, so the defensive strategies Æ1 = A tion 1 and Æ2 = A tion 2 are
omputed. The best response for Player 2 to Æ1 is to stay the same, whereas
the best response for Player 1 to Æ2 is to swit h to A tion 2, leading to an improvement of v2 = 1. The Nash equilibrium found by our algorithm is for both
players to hoose A tion 2. Note how, in this ase, there are no payo s that
a hieve positive advantages and the defensive strategies are not in equilibrium.
Nevertheless, our algorithm orre tly identi es a Nash equilibrium.
Finally, we de ne the exponential game as2 a family
3 of games parameterized
2
3
b
b+1 0
2
0
2
7
7
by the integer b. It is de ned by P 1 = 64
5 and P 2 = 6
4
5.
0 2
0 1
While Player 2 strongly wants to play A tion 1, Player 1 strongly wants to
avoid it. The atta k strategy for Player 1 is A tion 2 and for Player 2 it
is A tion 1. Players an guarantee themselves g = (0; 0), so the advantage
game is identi al to the original game. The maximum produ t of advantages
omes from i = (1; 1) and j = (2; 2), for whi h we get wx = 3=(2b+1 + 4).
This results in ri = 3 and rj = 2b+1 + 1 and z = ((2b 1 + 1)=(2b + 2); 1=2).
The defe tion bound is d = (2; 2b + 1), resulting in punishment repeats of
a = (22b+2 +10  2b +4; 3  2b+1 +20). Note that these quantities are large, but are
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still polynomial-size numbers. Therefore, the strategies an be expressed by a
polynomial-size ounting-node ma hine. Note also that this example requires
an exponential-size nite-state ma hine to a hieve advantages greater than
zero|by onstru tion, i and j must be ombined by a ratio of between (2b +
1)=(2b + 2) and (2b)=(2b + 2) and this requires at least 2b states.
5

Con lusions

Our interest in repeated games and in the use of threats to spur mutually
bene ial behavior ame about during a study of automated bidders in simultaneous au tions [4℄. When human bidders parti ipate in au tions, they have
been known to use threats to in uen e the behavior of other bidders [16℄. We
were able to show experimentally that threats an be a valuable tool for automated agents in au tions [13℄, and undertook the more theoreti al treatment
presented here.
Our use of threats in this ontext e hoes their use in folk theorems [11℄. It is
also similar to the eÆ ient learning equilibrium work of Brafman and Tennenholtz [2℄, whi h seeks punishments that a hieve their in uen e after a polynomial number of rounds. Folk theorems an be onsidered algorithms, sin e
they onstru tively prove the existen e Nash equilibria. However, they generally don't in lude a omputational analysis or in lude arguments for general
games, in parti ular those with no mutual advantage point. Our results show
that the idea behind folks theorems an be used to reate an eÆ ient algorithm
for omputing equilibria in two-player repeated games.
The Nash equilibria found by our algorithm have a number of bene ial properties. The equilibrium payo s are pareto-eÆ ient; no set of payo s exists in
whi h both players improve. Equilibria an be found eÆ iently|nearly as efiently as in the mu h easier zero-sum ase. The resulting strategies are easy
to exe ute, requiring only a simple ounter and the ability to keep tra k of
whi h nodes follow whi h other nodes. The payo s des ribed in this paper
satisfy Nash's bargaining axioms, although other riteria su h as maximizing
the average ombined payo of the two players present no additional diÆ ulty;
in one-shot games, identifying su h an equilibrium is NP-hard [3℄. The fa t
that punishment is of nite duration after any history makes the equilibrium
subgame perfe t [11℄. For symmetri games, the resulting payo s are so ially
optimal and symmetri .
On the negative side, our algorithm depends heavily on the use of the averagepayo riterion. It does not apply to nite-horizon games or even in nitehorizon dis ounted payo games, unless the dis ount fa tor is set in a gamespe i way to a value extremely lose to 1. As su h, our result sheds no
18

light whatsoever on the problem of omputing equilibria in the one-shot ase.
In addition, the onstru tion does not immediately generalize to games with
more than two players. Although there are folk theorems that apply to games
with three or more players, we have not been able to generalize the argument
applying to the non-mutual-advantage ase in a omputationally eÆ ient way.
Nonetheless, there are a number of other ontexts in whi h we are applying the
ideas in this paper, su h as omputing equilibria in repeated Markov games [6℄
and n-player games expressed in a graphi al notation [5℄, and using reinfor ement learning to issue and re ognize threats [7℄. The relative simpli ity of
the threat-based approa h makes it a promising dire tion for future work in
omputational game theory and ele troni ommer e more generally.
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