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Abstra t

In this paper we present improved ombinatorial approximation
algorithms for the k-level fa ility lo ation problem. First, by modifying the path redu tion developed in [2℄, we obtain a ombinatorial algorithm with a performan e fa tor of 3:27 for any k  2, thus
improving the previous bound of 4:56 a hieved by a ombinatorial
algorithm. Then we develop another ombinatorial algorithm that
has a better performan e guarantee and uses the rst algorithm as
a subroutine. The latter algorithm an be re ursively implemented
and a hieves a guarantee fa tor h(k), where h(k) is stri tly less than
3:27 for any k and tends to 3:27 as k goes to 1. The values of h(k)
an be easily omputed with an arbitrary a ura y: h(2)  2:4211,
h(3)  2:8446, h(4)  3:0565, h(5)  3:1678 and so on. Thus, for the
ases of k = 2 and k = 3 the se ond ombinatorial algorithm ensures
an approximation fa tor substantially better than 3, whi h is urrently
the best approximation ratio for the k-level problem provided by the
non- ombinatorial algorithm due to Aardal, Chudak, and Shmoys [1℄.
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1 Introdu tion
In the k-level fa ility lo ation problem (for brevity, k-LFLP) we are given a
omplete (k + 1)-partite graph G = (D [ F1 [ : : : [ Fk ; E ) whose node set is
the union of k + 1 disjoint sets D; F1; : : : ; Fk and the edge set E onsists of
all edges between these sets. The nodes in D are alled demand sites and
the nodes in F = F1 [ : : : [ Fk are fa ilities (of level 1; : : : ; k respe tively).
We are given edge osts 2 R E+ and opening osts f 2 R F+ ( i. e., opening a
fa ility i 2 F in urs a ost fi  0).
The obje tive is to open a set of fa ilities Xt  Ft on ea h level t =
1; : : : ; k and to onne t ea h demand site j 2 D to a path (or hain) '(j ) =
(i1 (j ); i2 (j ); : : : ; ik (j )) along open fa ilities i1 (j ) 2 X1 ; i2 (j ) 2 X2 ; : : : ; ik (j ) 2
Xk so that the total ost of opening and onne ting
X

i2X1 [:::[Xk

fi +

X
j 2D

(j; i1 (j )) + (i1 (j ); i2 (j )) + : : : + (ik 1 (j ); ik (j ))



(1)

is minimized.
In this paper we onsider the metri ase of the problem where is indu ed by a metri on the whole set of nodes V = D [ F1 [ : : : [ Fk . Reent appli ations of metri fa ility lo ation problems in lude nding produ t
lustering, ost-e e tive pla ement of servers on the internet, and optimized
supply- hains [6℄.
Sin e the metri k-LFLP is NP-hard, the major part of resear h work
is on entrated on designing approximation algorithms. We say that an
algorithm for a minimization problem with non-negative obje tive fun tion
is a -approximation algorithm if it runs in polynomial time and for any
instan e, outputs a solution of ost at most  times the optimum.
The spe ial ase of k-LFLP where k = 1 (1-LFLP) is nothing but the wellknown (metri ) un apa itated fa ility lo ation problem (for brevity, UFLP).
It is known that the existen e of a 1:463-approximation algorithm for solving
UFLP would imply NP 2= DT IME [nO(log log n) ℄ [7℄. In re ent years quite a
number of approximation algorithms have been developed for solving UFLP.
The urrently best approximation algorithm due to Mahdian, Ye, and Zhang
[11℄ a hieves a fa tor of 1:517. See Shmoys [13℄ and [11℄ for a detailed survey
on approximation algorithms for UFLP.
Obviously, the lower approximability bound 1:463 also applies to k-LFLP.
On the positive side, it is known that k-LFLP an be solved within a fa tor
2

of 3 by an LP rounding algorithm due to Aardal, Chudak, and Shmoys [1℄.
A drawba k of this algorithm is that it in ludes a phase of solving a linear
relaxation with exponential number of variables. Despite the fa t that this
relaxation an be solved by the ellipsoid method in polynomial time, the
algorithm would be ineÆ ient in pra ti e. For this reason, very re ently several ombinatorial approximation algorithms have been developed to solve
this problem. These algorithms run in strongly polynomial time but with a
sa ri e in the performan e guarantee. The rst su h algorithm by Meyerson, Munagala, and Plotkin [12℄ had an approximation fa tor of O(ln jDj). A
onstant fa tor of 9:2 was later obtained by Guha, Meyerson, and Munagala
[8℄. Bumb and Kern [3℄ developed a dual as ent algorithm whi h had a performan e guarantee of 6. Ageev [2℄ established that any -approximation algorithm for UFLP ould be translated to a 3-approximation algorithm for kLFLP. Thus, the algorithm in [11℄ yields a ombinatorial 4:56-approximation
algorithm for k-LFLP. We will refer to this approa h as the path redu tion
te hnique. It should be noted that Edwards [4℄ proposed a redu tion similar
to that in [2℄ but his onstru tion requires running time exponential in k.
None of the above algorithms has a performan e guarantee better than
3. Whether or not k-LFLP an be approximated in polynomial time by a
fa tor less than 3 has be ome a hallenging open question in this eld.
In this paper we present improved ombinatorial approximation algorithms for the k-level fa ility lo ation problem.
First, by modifying the path redu tion of the k-level problem to the
1-level ase developed in [2℄, we obtain a ombinatorial algorithm with a performan e guarantee of 3:27 for any k, thus improving the previous bound of
4:56. The algorithm runs in time O(m31 n3 + m2 n) where m = jFj, m1 = jF1 j,
and n = jDj. Note that the approximation ratio of this path redu tion algorithm is fairly lose to a fa tor of 3 provided by the LP rounding algorithm
[1℄. Furthermore, this theoreti al result in some sense explains why in omputational experiments the path redu tion based algorithms perform better
than the LP rounding algorithm, as it has been observed by Edwards [4℄.
Though the intuition suggests that k-LFLP for small values of k  2
may be better approximable than the general problem, our path redu tion
algorithm, as all the previous algorithms, has the same approximation fa tor
for ea h k. This drawba k motivated our work on a better algorithm whose
performan e fa tor would be an in reasing fun tion of k with values stri tly
less than 3:27. Our e orts resulted in a re ursive ombinatorial algorithm for
3

k-LFLP, whi h is presented in the se ond part of this paper. It is based on

a ombination of our path redu tion algorithm and a re ursive redu tion of
k-LFLP to (k 1)-LFLP and UFLP. The algorithm runs in time O(k(m31 n3 +
m2 n)) and a hieves an approximation fa tor h(k), where h(k) is stri tly less
than 3:27 for any k  1 and tends to 3:27 as k tends to 1. The values
of h(k) an be easily omputed with an arbitrary a ura y. In parti ular,
h(2)  2:4211, h(3)  2:8446, h(4)  3:0565, h(5)  3:1678. Thus, for
2-LFLP and 3-LFLP, the se ond algorithm a hieves an approximation fa tor
substantially better than 3.

2 The path redu tion algorithm
In this se tion we present a parameterized version of the path redu tion,
whi h in ombination with the greedy algorithm developed in [11℄ yields a
3:27-approximation algorithm for solving k-LFLP.

2.1 De nitions and notation
Denote by P the set of all paths of length k 1 onne ting aPnode in F to
a node in Fk . For a path p = (i ; i P
;    ; ik ) 2 P , let (p) = kt (it ; it ).
For any subset X  F , let f (X ) = i2X fi and let P (X ) denote the subset
of paths in P passing through fa ilities in X .
Let M be an instan e of k-LFLP and SOL be a solution of it. Re all
1

1

2

=2

1

that SOL is a pair (X; ') where X is a set of open fa ilities and ' is an
assignment mapping D to P (X ). We all a path in '(D) a servi e path.
For our analysis it would be onvenient to represent the total ost of any
solution SOL for k-LFLP in the split form F SOL + C SOL, where F SOL and
C SOL stand for the fa ility and onne tion osts, respe tively. To break down
C SOL further, for any t = 2; : : : k, let CtSOL denote the total onne tion ost
between P
open fa ilities on level t 1 and open fa ilities on level t. Hen e
SOL
C
= kt=1 CtSOL where C1SOL stands for the total onne tion ost between
demand sites and fa ilities on level 1. Similarly, let
FtSOL denote the total
P
k
ost to open fa ilities on level t, and thus F SOL = t=1 FtSOL.
To exploit the ost-split hara ter of the obje tive fun tion in k-LFLP we
modify the standard de nition of performan e guarantee in the split way:
De nition. A feasible solution SOL of a k-LFLP is alled (a; b)-approximate
4

if for any other feasible solution SOL of the problem, the ost of SOL is at


most aF SOL + bC SOL . An algorithm for a k-LFLP is a (a; b)-approximation
algorithm if the solution found by the algorithm is (a; b)-approximate.
Our path redu tion algorithm was inspired by the observation that the
path redu tion developed in [2℄ admits a slight modi ation implying that
any (a; b)-approximation algorithm for UFLP an be translated into a (a; 3b)approximation algorithm for k-LFLP. Therefore, to obtain a good approximation fa tor for k-LFLP, we have to solve the redu ed UFLP in su h a way
that the performan e guarantee pair (a; b) approximately satis es a = 3b. To
this point we apply the algorithm of Mahdian et al. [11℄ to obtain a guarantee pair (3:27; 1:09) for UFLP, whi h then implies a 3:27-approximation for
k-LFLP.

2.2 Parameterized path redu tion
We now des ribe a path redu tion with positive parameters a, b that generalizes the redu tion in [2℄ ( orresponding to the ase a = b = 1).

Path redu tion with parameters (a; b). Let M be an instan e of kLFLP. For ea h i1 2 F1 and t 2 f1;    ; jDjg, ompute a path p(i1 ; t) that
has the minimum value of t  b (p) + af (p) over all paths p 2 P starting from
i1 . (Note that the problem of nding su h paths an be easily redu ed to the
shortest path problem and there are total jF1 j  jDj of su h paths.) Then,
asso iate with M an instan e S of UFLP in whi h the set of demand sites
is D, and the set of \fa ilities" is the set of all pairs (i1 ; t) where i1 2 F1 and
t 2 f1;    ; jDjg. In S , for any demand site j 2 D and \fa ility" (i1 ; t), the
ost of onne ting j to (i1 ; t) is de ned to be (j; i1 ) + (p(i1 ; t)); and the ost
of opening (i1 ; t) is de ned to be f (p(i1 ; t)) (i.e., equal to the ost of opening
all fa ilities on path p(i1 ; t)). Given a solution SOLS of S , we onstru t ba k
a solution SOLM of M as follows: for any j 2 D, onne t j to the servi e
path p(i1 (j ); t) su h that (i1 (j ); t) is the \fa ility" serving j in S , and open
the fa ilities on all su h servi e paths.
The main result of this subse tion is the following theorem.

Theorem 1. If SOLS is an (a; b)-approximate solution of I , then SOLM
is an (a; 3b)-approximate solution of M. Furthermore, for any solution SOL
5

of

M,
F

SOLM

+C

SOLM

 aF

SOL

+ bC1

SOL

+ 3b

k
X
i=2

CiSOL:

(2)

Therefore, we have

Corollary 1. Any (a; b)-approximation algorithm for solving UFLP yields
an (a; 3b)-approximation algorithm for solving k-LFLP.
Our proof of the theorem is based on Lemmas 1 and 2 below. The rst
lemma is nothing but Lemma 2 in [2℄.

Lemma 1.

F SOLM  F SOLS and C SOLM = C SOLS :

The se ond lemma is an improvement of Lemma 4 in [2℄.

Lemma 2. For any solution SOL of M, there exists a orresponding solution
SOL of the redu ed S su h that
aF

SOL

+ bC

SOL

 aF

SOL

+ bC1

SOL

+ 3b

k
X
t=2

CtSOL:

(3)

We rst dedu e Theorem 1 from the above lemmas.
Proof of Theorem 1. Let SOL be any solution of M. By Lemma 2, there
exists a orresponding solution SOL of S su h that

aF

SOL

+ bC

SOL

 aF

SOL

SOL

+ bC1

+ 3b

k
X
t=2

CtSOL



 aF SOL + 3bC SOL :

On the other hand, by using Lemma 1 and the fa t that SOLS is an (a; b)approximate solution of S , we have

F SOLM + C SOLM

 F SOLS + C SOLS  aF SOL + bC SOL;

whi h proves (2).
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To prove Lemma 2 we need the following easy statement, whi h being a
bit stronger than Lemma 3 in [2℄, has an almost identi al proof.

Lemma 3. Let I be an instan e of k-level FLP and SOL be a solution of
I . Then I has a solution SOL = (X; ') su h that
(i) if in paths '(j 0 ) = (i01 ; : : : ; i0k ) and '(j 00 ) = (i001 ; : : : ; i00k ) i0l = i00l for some l,
then i0r = i00r for all r  l;
(ii) C1SOL = C1SOL ,

Pk

l=2

ClSOL 

Pk

l=2

ClSOL , F SOL  F SOL.

The above lemma implies that any solution SOL of k-LFLP an be repla ed by a solution SOL satisfying (ii) and whose servi e paths onstitute
a forest onsisting of trees rooted at level k.
Proof of Lemma 2. Let SOL
 = (X; ') be a solution of M. For any j 2 D ,
let '(j ) = i1 (j ); : : : ; ik (j ) . By Lemma 3 we may assume that SOL satis es
property (i) and thus the servi e paths of SOL onstitute a forest onsisting
of trees rooted at open fa ilities in Fk .
For every open fa ility u 2 Xk = X \ Fk lying on level k, let Du be the
set of demand sites assigned, by ', to a path nishing in u, and p(u) be a
path having minimum value of (p) among all servi e paths p ending in u.
Also, let (u) be the starting fa ility of p(u) lying on level 1.
De ne a new solution SOLP = (X; '0 ) by reassigning ea h j 2 Du to the
path p(u), i. e., by setting '0 (j ) = p(u) for all u 2 Xk . Thus, by de nition,
SOLP satis es

 F SOL

F SOLP
and

C

SOLP

=

X X
u2Xk j 2Du

(j; (u)) + (p(u))

(4)


By the triangle inequality and the de nitions of p(u) and (u),
(j; (u)) + (p(u)) 





(j; i1 (j )) + ('(j )) + (p(u)) + (p(u))
(j; i1 (j )) + 3 ('(j )):
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Thus we have

C SOLP



X X
u2Xk j 2Du

=C1

SOL

+3

(j; i1 (j )) + 3 ('(j ))
k
X
t=2



CtSOL :

(5)

Now, by (4) and (5), it suÆ es to show that there exists a solution SOL
of S su h that


aF SOL + bC SOL



 aF SOLP + bC SOLP :

(6)

Sin e the servi e paths of SOLP are disjoint, we have

aF

SOLP

+ bC

SOLP

=
=
=

X

u2Xk

X

u2Xk

X

u2Xk

af (p(u)) + b

X
j 2Du

(j; (u)) + (p(u))

af (p(u)) + bjDu j  (p(u)) + b


X
j 2Du



(j; (u))



af (p(u)) + bjDu j  (p(u)) + bC1SOLP :

Now we de ne a solution SOL of S by de laring all fa ilities lying on
the paths p((u); jDuj), u 2 Xk , open and by onne ting j to the path
p((u); jDuj) whenever j 2 Du . Then we have




aF SOL + bC SOL =

X

u2Xk
SOLP

aF



af (p((u); jDuj)) + bjDu j  (p((u); jDuj) + bC1SOLP
+ bC SOLP :

The last inequality holds be ause for ea h u 2 Xk , by the onstru tion of
paths p(i1 ; t) in the parameterized path redu tion,

af (p((u); jDuj)) + bjDu j  (p((u); jDuj)  af (p(u)) + bjDu j  (p(u)):
The next subse tion analyzes parti ular values of parameters (a; b) to
establish our nal result.
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2.3 Algorithm

Path Redu tion&Greedy

To solve the instan e S of UFLP we use the greedy algorithm developed
in [11℄ (in the sequel referred to as Greedy). For ompleteness, we sket h
the algorithm GREEDY below, whi h essentially is a ombination of the
algorithms of Jain, Mahdian, and Saberi [9℄ and Guha and Khuller [7℄.

Algorithm Greedy:

Phase 1. Given an instan e S of the UFLP, s ale up the opening osts of all
fa ilities by a fa tor of Æ ( 1) (whi h is a onstant that will be xed later).
Then do the following:

1. At the beginning, all demand sites are un onne ted, all fa ilities are
unopened, and the budget of every ity j , denoted by Bj , is initialized
to 0. At every moment, ea h demand site j o ers some money from its
budget to ea h unopened fa ility i. The amount of this o er is equal to
max(Bj ij ; 0) if j is un onne ted, or max( i0 j ij ; 0) if it is already
onne ted to some other fa ility i0 .
2. While there is an un onne ted demand site, in rease the budget of ea h
un onne ted demand site at the same rate, until one of the following
two events o urs:
(a) For some unopened fa ility i, the total o er that it re eives from
demand sites is equal to the (s aled) ost of opening i. In this
ase, we open fa ility i, and onne t j to i for every demand site
j ( onne ted or un onne ted) whi h has a positive o er to i,
(b) For some un onne ted demand site j , and some fa ility i that is
already open, the budget of j is equal to the onne tion ost ij .
In this event, we onne t j to i.

Phase 2. S ale down the opening osts of fa ilities ba k to their original

values all at the same rate. If at any point during this pro ess, a fa ility
ould be opened without in reasing the total ost (i.e., if the opening ost
of the fa ility equals the total amount that the demand sites an save by
swit hing their \servi e provider" to that fa ility), then we open the fa ility
and onne t ea h demand site to its losest open fa ility.
In the following we only need two results from [11℄.
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Lemma 4 ([11℄). Let f  1 and  = supk fzk g, where zk is the solution of
the following optimization program (whi h we all the fa tor-revealing LP).
Pk

i=1

Maximize

Pk

i

i=1

subje t to:

di

f

f

 i 8 1  i < k;
rj;i rj;i
8 1  j < i < k;
i rj;i + di + dj 8 1  j < i  k;
i

+1

+1

i 1
X

max(rj;i

j =1
j

dj ; 0) +

; dj ; f; rj;i 0

k
X

; max(

i

j =i

dj ; 0)  f

8 1  i  k;

8 1  j  i  k:

Then for any Æ  1, Algorithm Greedy is a ( f +ln Æ; 1+
algorithm for UFLP.

 1

Æ

)-approximation

For any given f , one an solve the above linear program to ompute  .
However, sin e the number of variables here is unbounded, it is unlikely to be
omputable exa tly. In [11℄, the problem is solved by onstru ting a feasible
solution to the dual of this linear program, whi h provides an upper bound
on  .
The ru ial result of [11℄ is the following
Lemma 5 ([11℄). If  = 1:11, then = 1:78 is an upper bound on  .
f

Let f (Æ ) = f + ln Æ and (Æ ) = 1 +
By Lemmas 4 and 5, we have the following

Æ

1

where

f

= 1:11,

= 1:78.

Lemma 6. Algorithm Greedy is an ( f (Æ ); (Æ ))-approximation algorithm
for any Æ  1.
By this lemma, the path redu tion algorithm produ es a ( f (Æ ); 3 (Æ ))approximation algorithm for k-LFLP where Æ is an arbitrary number  1.
By taking Æ = 8:67, one an see that our algorithm, whi h we will further
refer to as Path Redu tion&Greedy, nds a solution within a fa tor of
3:27 of the minimal ost.
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Note that the paths p(i1 ; t) in the parameterized path redu tion an be
omputed in O(m2 n) time. On the other hand, the total number of demand
sites and fa ilities in the redu ed S is n + m1 n and thus Greedy requires
O(m31 n3 ) time to solve it. Therefore, the overall running time of Path Redu tion&Greedy is O(m31n3 + m2n).
We remark that the bound 3:27 annot be improved mu h by just using
Corollary 1 as a tool box. It is known [7℄ that for any x  1, the existen e
of (x; 1 + 2e x )-approximation algorithm for UFLP would imply P = NP .
Therefore, the best we ould get by using Corollary 1 is 3:236 sin e x + 3(1 +
2e x )  6:472 for any x  1.

3 The re ursive path redu tion algorithm
A drawba k of algorithm Path Redu tion&Greedy is that the approx-

imation fa tor of 3:27 it provides does not depend on the number of levels
k, whereas 1-LFLP admits a 1:52-approximation and the intuition suggests
that k-LFLP for small values of k must be mu h better approximable than

the general problem.
In this se tion, we present an improved ombinatorial algorithm for kLFLP, whi h we refer to as Split&Re ursion. It is based on a ombination
of Path Redu tion&Greedy and a re ursive redu tion of k-LFLP to (k
1)-LFLP and UFLP. Algorithm Split&Re ursion runs in time O(km31 n3 +
km2 n) and a hieves an approximation fa tor h(k), where h(k) < 3:27 for
any k  1 and tends to 3:27 as k tends to 1. The values of h(k) an be
easily omputed with an arbitrary a ura y. In parti ular, h(2)  2:4211,
h(3)  2:8446, h(4)  3:0565, h(5)  3:1678.

3.1 De nitions and high level des ription
We rst give a few de nitions.
For any instan e M of k-LFLP, we de ne an instan e Mk 1 of (k
LFLP and an instan e S of UFLP (1-LFLP) in the following way:
1.

Mk

1)-

is obtained from M by deleting all fa ilities on level 1 (or, by
opening for free all fa ilities on level 1). Thus, in Mk 1 the set of
fa ilities lying on level r is Fr+1 , and the onne tion ost between j 2 D
1
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and i2 2 F2 is

minf (j; v ) + (v; i2 )g:

v2F1

2.

S is obtained from M by deleting all fa ilities on levels greater than
1 (and all edges in ident with these fa ilities), and by doubling all the
edge osts between D and F1 .

We are now ready to pro eed to a high level des ription of the algorithm.
In the ase k = 2, M1 and S are both instan es of UFLP and we solve
them by Greedy. Note that ea h j 2 D is assigned to a fa ility i2 (j ) 2 F2
by the solution for M1 and to a fa ility i1 (j ) 2 F1 by the solution for S .
On the basis of these solutions we onstru t a solution for M, denoted by
SOLMS , by onne ting ea h j to the path (i1 (j ); i2 (j )).
Note that the straightforward variant of the above onstru tion where the
onne tion osts oin ide with the original ones in both instan es of UFLP
yields a simple fa tor 3 redu tion of 2-LFLP to UFLP. This redu tion was
rst observed by Gimadi [5℄.
When k  3 our algorithm solves S by applying Greedy and alls itself
to solve Mk 1. Now we have that the solution of S assigns ea h j 2 D to a
fa ility i1 (j ) 2 F1 while the solution to Mk 1 assigns ea h j 2 D to a path
(i2 (j ) 2 F2 ; : : : ; ik (j ) 2 Fk ). In this ase the solution SOLMS for M is onstru ted by onne ting ea h j to the omposite path (i1 (j ); i2 (j ); : : : ; ik (j )).
However, the onstru ted solution SOLMS is not yet the output of the
algorithm. In addition, we nd another solution SOLP G for M by applying
Path Redu tion&Greedy and nally output a solution having lower ost
among the two.
By unfolding this re ursive des ription one an easily obtain a onventional implementation as follows. The algorithm applies Greedy to solve
k instan es of UFLP obtained from the original instan e M by deleting the
fa ilities on all levels ex ept a xed one. It then applies Path Redu tion&Greedy to solve k 1 instan es of k-LFLP obtained from M by
deleting the fa ilities on all levels smaller than a xed one. Finally, in k 1
steps, on the basis of the retrieved solutions, it onstru ts an output solution.
From the above implementation it is lear that Split&Re ursion an
be implemented in O(k(m31 n3 + m2 n)) time.
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3.2 Algorithm

Split&Re ursion

Now we pro eed to a formal des ription and analysis of the algorithm.

Algorithm Split&Re ursion:
Input: An instan e M of k-LFLP.
Output: A solution SOL for M.
if k = 1 then
SOL := the solution obtained by applying Greedy to M;
endif
if k  2 then

Apply Split&Re ursion to nd a solution SOLM for Mk 1 and Greedy
to nd a solution SOLS for S ;
Constru t a solution SOLMS for Mk 1 by onne ting ea h j 2 D to the
path (i1 (j ); i2 (j ) : : : ; ik (j )) whenever j onne ts to i1 (j ) in SOLS and to the
path (i2 (j ); : : : ; ik (j )) in SOLM ;
Apply Path Redu tion&Greedy to nd a solution SOLP G of M;
SOL := a solution having lower ost among SOLMS and SOLP G.
endif

The following theorem is the main result of this se tion.
Theorem 2. Let k  2. For any solution SOL of M and any Æ
solution SOL retrieved by Split&Re ursion satis es

F SOL + C SOL  f (Æ )F SOL + (k) (Æ )C SOL


where



(k) = 3 1



1

2k

2

+

1

2k

3



 1, the
(7)

:

Sin e f (Æ ) is a stri tly in reasing fun tion of Æ on the interval [1; 1)
whereas (k) (Æ ) is stri tly de reasing, the minimum value of

k (Æ ) = max( f (Æ ); (k) (Æ ))
is attained at a unique root Æk of the trans endent equation

Æ ) = (k) (Æ ):

f(

Thus we derive
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Corollary 2.
k-LFLP.

Split&Re ursion is a k (Æk )-approximation algorithm for

By using a binary sear h, it is easy to ompute Æk approximately for every

k. This gives

2 (Æ2 )  2 (3:71) < 2:4211;
3 (Æ3 )  3 (5:66) < 2:8446;
4 (Æ4 )  4 (7:0) < 3:0565;
5 (Æ5 )  5 (7:66) < 3:1678:

One an also see that as k ! 1, (k) tends to 3 and the performan e fa tor
tends to 3:27 as in algorithm Path Redu tion&Greedy.
Proof of Theorem 2. We pro eed by indu tion on k. Let SOL be any solution of M. Then, by Theorem 1,

F SOLP G + C SOLP G  f (Æ )F SOL + (Æ )C1SOL + 3 (Æ )




k
X
t=2



CtSOL :

(8)

Observe that SOL indu es a solution, SOLS  , to S and a solution,
SOLM  , to Mk 1; as SOL assigns every demand site j to a fa ility, say
it (j ) 2 Ft for ea h t = 1; :::; k. That is, j in SOLS  is assigned to i1 (j ) of S
with onne tion ost (j; i1 (j )), and j in SOLM  is assigned to (i2 (j ); : : : ; ik (j ))
in Mk 1 with onne tion ost at most
(j; i (j )) + (i (j ); i (j )) + ((i (j ); : : : ; i (j )))
1

1

2

2

k

from the onstru tion of the onne tion osts, see (1).
Re all that the onne tions osts in S are doubled from the edge osts
between D and F1 in M. Hen e, by Lemma 6, we have

F SOLS + C SOLS 



Æ )F SOLS + 2 (Æ )C SOLS


= f (Æ )F1SOL + 2 (Æ )C1SOL
f(



(9)

Assume now that k = 2. In this ase Mk 1 is an instan e of UFLP and
thus by Lemma 6 and the de nition of Mk 1,

F SOLM + C SOLM








Æ )F SOLM + (Æ )C SOLM


SOL
+ (Æ )(C1SOL + C2SOL ):
f (Æ )F2

f(
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(10)

By the onstru tion of SOLMS and the triangle inequality,
1
2

F SOLMS + C SOLMS = F SOLS + F SOLM + C SOLS +

X
j 2D

(i1 (j ); i2 (j ))



1
1
F
+F
+ C SOLS + C SOLS + C SOLM
2
2
SOLS
SOLS
SOLM
SOLM
=F
+C
+F
+C
;
SOLS

SOLM



and thus, by (9) and (10), we have

F SOLMS + C SOLMS 







Æ )F SOL + 3 (Æ )C1SOL + (Æ )C2SOL :

f(

Sin e the ost of SOL is at most half as great as the sum of osts of SOLMS
and SOLP G (8),

F SOL + C SOL 







Æ )F SOL + 2 (Æ )C1SOL + 2 (Æ )C2SOL ;

f(

whi h is nothing but (7) for k = 2.
Now, assume that (7) is true for ea h number of levels smaller than k.
By applying to Mk 1 , whi h is an instan e of (k 1)-LFLP, the indu tion
hypothesis we obtain that

F

SOLM

+C

SOLM

 f (Æ)
(k

k
X
t=2





FtSOL + (k

1) (Æ )

k
X
t=3



1) (Æ )(C1SOL + C2SOL )+


CtSOL :

(11)

Again, by the onstru tion of SOLMS and the triangle inequality,

F SOLMS + C SOLMS  F SOLS + C SOLS + F SOLM + C SOLM ;
and thus, by (9) and (11),

F SOLMS + C SOLMS  f (Æ )F SOL + (k 1) + 2


(k

1) (Æ )

k
X
t=2
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CtSOL :





(Æ )C1SOL +

Together with (8), this yields

F SOL + C SOL  f (Æ )F SOL +


Sin e

(k) =

(k

(7) follows.

(k

1) + 3

(Æ )C SOL :
2

1) + 3
;
2

Finally, we remark that the approximation fa tors of our algorithms seem
to be insensitive to the parti ular hoi e of ( f ; ) = (1:11; 1:78) used in the
above analysis. For example, if one makes use of the pair ( f ; ) = (1; 2)
(whose orre tness was proved for the algorithm presented by Jain et al.
[9, 10℄), then h(k) is stri tly less than 3:301 for any k  1 and tends to 3:301
as k tends to 1. In parti ular, h(2)  2:462, h(3)  2:882, h(4)  3:091,
h(5)  3:197.
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