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Block-row Hankel Weighted Low Rank
Approximation
Mieke Schuermans*, Philippe Lemmerling, Sabine Van Huffel

Abstract— This paper extends the Weighted Low Rank
Approximation (WLRA) approach towards linearly structured matrices. In the case of Hankel matrices with
a special block structure an equivalent unconstrained
optimization problem is derived and an algorithm for
solving it is proposed.
Index Terms— rank reduction, structured matrices,
weighted norm.

I. I NTRODUCTION
The Structured Weighted Low Rank Approximation
(SWLRA) problem can be formulated as follows :
min
R

k X − R k2W ,

(1)

rank(R)≤r
R ∈Ω

with X, R ∈ Rn×m , n ≥ m (if n < m, replace X by
X T ), Ω the set of all matrices having the same structure
as X and kM k2W ≡ vec(M )T W vec(M ) with W a
positive definite symmetric weighting matrix. Problem
(1) is an extension of the WLRA problem [10] which
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corresponds to (1) where Ω = Rn×m . We define ∆r ≡
m − r.
From this point on we will focus on a specific Ω,
since as will become clear further on, it is not possible
to derive a general algorithm that can deal with any
type of linearly structured matrices. The block-Hankel
structure with blocks equal to row vectors of length
s will be investigated further on. This is the basic
matrix structure in Multiple-Input Single-Output (MISO)
system identification. Due to the applications in this
field, we will work with block-row Hankel matrices of
which the elements are Markov parameters. As a result
also block-row Toeplitz matrices are dealt with since
they can be converted into block-row Hankel matrices
by a simple permutation of the rows. The solution of
the corresponding SWLRA problem can be found by
applying the same permutation to the solution of the
Hankel case.
The aim of the paper is the extension of the concept
and the algorithm presented in [10] to linearly structured
matrices. In [13] the SWLRA for a particular structure,
namely the scalar Hankel structure was presented. The
main contribution of this paper is the extension to
matrices with a specific block-row Hankel structure.
Problem (1) can also be interpreted as an extension
of the Structured Total Least Squares (STLS) problems
described in [4], [5], [6], [7] since (1) is not limited to
∆r = 1.
The paper is structured as follows. The exact problem
formulation is given in section II. In section III a solution
is derived for the SWLRA problem involving blockrow Hankel matrices. Section IV introduces an algorithm
for solving problem (1) and in the last section some
numerical results are presented to compare the SWLRA
with the TLS-ESPRIT like algorithm HTLSstack described in [15], [16]. By fitting the Markov parameters
(elements of a Hankel/Toeplitz matrix) to an exponential
data model of order r , HTLSstack finds a suboptimal
Hankel/Toeplitz matrix approximation of rank r by filling in the fitted elements instead of the original ones.
Whereas HTLS [2] only applies to scalar Hankel/Toeplitz
matrices, HTLSstack [15], [16] extends the HTLS algorithm to block-row Hankel/Toeplitz matrices.
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The difference between HTLS(stack) and TLS-ESPRIT
[14] is that HTLS(stack) only applies to (block-row)
Hankel/Toeplitz structured matrices and makes use of the
Singular Value Decomposition (SVD) of the data matrix
X instead of the eigendecomposition of the sample
covariance matrix. In [15] it is shown that HTLS(stack)
in fact correspond to TLS-ESPRIT, because the sample
covariance matrix can be written as cXX ∗ , where c
is some multiplication factor and X ∗ represents the
conjugate transpose of the matrix X .
II. P ROBLEM

min

kX − Rk2W ,

(2)

with kAk2W ≡ vec2 (A)T W vec2 (A), where vec2 (A) is a
minimal vector representation of the linearly structured
matrix A. E.g., when Ω represents the set of block-row
Hankel matrices A ∈ Rn×st of the form


a1 a2 a3 . . .
at

 a2 a3 . . .



 a3 . . .
A=


 ..
..

 .
.
an . . .
an+t−1
with ai a row vector of length s for i = 1, . . . , n + t − 1,
vec2 (A) = [a1 . . . an+t−1 ]T . Note that due to the oneto-one relation between A and vec2 (A) the condition
R ∈ Ω no longer appears in (2).
As in [10] problem (2) can be reformulated as the
following equivalent double minimization problem:
min

N ∈Rst×(st−r)
N T N =I

ψ(L, R) = vec2 (X − R)T W vec2 (X − R)
−vec(L)T (N T ⊗ I)vec(R),

( min
kX − Rk2W ).
n×st

(3)

R∈R
RN =0

III. D ERIVATION

vec(R) = Hvec2 (R),

where H ∈ Rnst×q and q is the number of different
elements in R. E.g., in the case of a block-row Hankel
matrix with rows of length s, q = s(n + t − 1)
and vec2 (R) can be constructed from the elements of
the different blocks of R. Substituting (6) in (5), the
following expression is obtained for the Lagrangian:
ψ(L, R) = vec2 (X − R)T W vec2 (X − R)
−vec(L)T (N T ⊗ In )Hvec2 (R). (7)

Setting the derivatives of ψ w.r.t. vec2 (R) and L equal
to 0 yields the following set of equations:



vec2 (R)
2W
−H T (N ⊗ In )
=
vec(L)
(N T ⊗ In )H
0


2W vec2 (X)
.
(8)
0
Using the fact that
−1

A −B
=
BT
0

 −1
A − A−1 B(B T A−1 B)−1 B T A−1 ∗
, (9)
−(B T A−1 B)−1 B T A−1
∗

vec2 (R) = (Iq − W −1 H T (N ⊗ In )[(N ⊗ In )T H
W −1 H T (N ⊗ In )]−1 (N ⊗ In )T H)vec2 (X) ⇒
vec2 (X − R) = W −1 H T (N ⊗ In )[(N ⊗ In )T H
W −1 H T (N ⊗ In )]−1 (N ⊗ In )T Hvec2 (X) (10)

T

ψ(L, R) = vec2 (X − R) W vec2 (X − R)

(4)

where tr(A) stands for the trace of matrix A and L is
the matrix of Lagrange multipliers. Using the equalities
vec(A)T vec(B) = tr(AT B),
vec(ABC) = (C T ⊗ A)vec(B),

(6)

it follows from (8) that

The first step in the derivation consists of finding a
closed form expression f (N ) for the solution of the inner
minimization of (3). This is obtained as follows [10]:
applying the technique of Lagrange multipliers to the
inner minimization of (3) yields the Lagrangian
−tr(LT (RN )),

(5)

where ⊗ denotes the Kronecker product and vec(A)
stands for the vectorized form of A, i.e. a vector constructed by stacking the consecutive columns of A in one
vector. Note that when R is a linearly structured matrix
it is straightforward to write down a relation between
vec(R) and its minimal vector representation vec2 (R) :

FORMULATION

From a statistical point of view it only makes sense
to treat identical elements in an identical way. Therefore
(1) is reformulated as:
vec2 (R)
rank(R)≤r

(4) becomes

As a result, the double minimization problem (3) can be
written as the following optimization problem:
min

N ∈Rst×(st−r)
N T N =I

vec2 (X)T H2T (H2 W −1 H2T )−1 H2 vec2 (X), (11)

with H2 ≡ (N ⊗ In )T H .

BLOCK-ROW HANKEL WEIGHTED LOW RANK APPROXIMATION

IV. A LGORITHM
The straightforward approach for solving (3) would
be to apply a nonlinear least squares (NLLS) solver to
(11). For ∆r = 1 this works fine but when ∆r > 1
this approach always breaks down by yielding the trivial
solution R = 0. This can easily be understood by considering (3) with W equal to the identity matrix. In this
case, as can be seen from (10), the inner minimization of
(3) corresponds to an orthogonal projection of vec2 (X)
on the orthogonal complement of the column space of
H2T ∈ Rs(n+t−1)×n∆r . Therefore it is clear that for
∆r = 1 the orthogonal complement of the column space
of H2T will never be empty but for ∆r > 1 the latter
orthogonal complement can be empty since n ≥ t (e.g.
in the scalar case for s = 1). As a result the projection
will yield R = 0. The problem obviously lies in an
overparametrization of H2T (as explained in [13]).
To avoid this problem, a problem formulation equivalent
to (3) is derived simply by replacing X with X̃ ∈
Rs(n+t−r−1)×(r+1) and by setting ∆r = 1:

3

A formulation of the vectorized form of R̃ is equal to:
vec2 (R̃) = (Iq − W −1 H̃2T [H̃2 W −1 H̃2T ]−1 H̃2 )
vec2 (X̃)

(13)

The algorithm for solving the SWLRA for block-row
Hankel matrices can be summarized as follows:
Algorithm block-row SWLRA

Input: block-row Hankel matrix X ∈ Rn×st with
blocks=row vectors a1 , a2 , . . . , an+t−1 of length s, rank
r and weighting matrix W .
Output: block-row Hankel matrix R of rank ≤ r , such
that R is as close as possible to X in k.kW -sense.
Begin
Step 1 Construct matrix X̃ by rearranging the elements of matrix X such that
X̃ ∈ Rs(n+t−r−1)×(r+1) is a block Hankel matrix with blocks=column vectors
aT1 , . . . , aTn+t−1 (see (∗)).
Step 2 Compute SVD of X̃ : X̃ = U ΣV T .

T
Step 3 Initialize p0 with the right singular vector
a1
a2 a3 . . . at . . . an+t−r−1
of X̃ corresponding to its (r + 1)th singular
 a2

a3 . . .


value.


X̃ =  a3 . . .
 (∗)
Step 4 Minimize the cost function in (12).
 ..

..
 .

.
Step 5 Compute R̃ using (13).
ar+1 . . .
. . . an+t−1
Step 6 Rearrange the elements of R̃ into a matrix R
such that R ∈ Rn×st and
with ai a row vector of length s for i = 1, . . . , n + t − 1.
R has the same structure as X (i.e. similar
The equivalency of this reformulated problem becomes
rearrangement as going from X̃ to X in (∗)).
clear as follows: because the elements of the block-row
End
Hankel matrices that we work with in this paper are
Markov parameters, every block-row ai of the matrix
In step 4 a standard NLLS (Matlab’s lsqnonlin) is
X̃ can be parameterized by means of the state space
used. In order to use a NLLS routine, the cost function
representative matrices:
has to be casted in the form f T f and in order to do so
ai = CAi−1 B for i = 1, . . . , n + t − 1.
the Cholesky decomposition of H̃2T (H̃2 W −1 H̃2T )−1 H̃2
The same parameterization holds for problem (3) behas to be computed. This can be done by means of a
cause the same block-rows ai appear in the matrix X .
QR factorisation of W −1/2 H̃2T . The computationally
The only difference is that in this case, after rearranging,
most expensive step is step 4.
the system only needs a rank reduction by one to come
up with matrices Ai−1 of rank r, instead of a rank
V. N UMERICAL RESULTS
reduction by st − r .
In this section we compare the statistical accuracy of
For this equivalent problem formulations (11) and (10)
algorithm
block-row SWLRA and the TLS-ESPRIT like
thus become:
algorithm HTLSstack proposed in [15]. We expect that
T T
−1 T −1
the block-row SWLRA algorithm will perform better
vec
(
X̃)
H̃
(
H̃
W
H̃
)
H̃
vec
(
X̃),
(12)
min
2
2
2
2
2
2
p∈Rr+1
T
than the TLS-ESPRIT like algorithm HTLSstack. Inp p=1
deed, SWLRA seeks for the closest lower-rank Hanwith H̃2 ≡ (p ⊗ I)T H̃ ∈ Rs(n+t−r−1)×s(n+t−1) and I kel/Toeplitz matrix by solving (12), while HTLSstack
the identity matrix of size s(n + t − r − 1), where N is only computes a suboptimal Hankel/Toeplitz matrix esreplaced by p, to indicate that it is a column vector i.o. timate by exploiting the shift-invariant structure of the
block-row Hankel matrix.
a matrix.
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For comparison, we perform Monte-Carlo simulations.
In table I, the results for a 25 × 12 block-row Hankel
matrix X are presented with blocks of length 2, whereas
table II contains the results for a 50 × 24 block-row
Hankel matrix with blocks of length 4. The Monte-Carlo
simulations are performed as follows. A block-row Hankel matrix of the required rank r is constructed. The latter
matrix is perturbed by a block-row Hankel matrix that
is constructed using a vector containing i.i.d. Gaussian
noise of standard deviation σ . Finally, the SWLRA and
the TLS-ESPRIT like algorithm HTLSstack are applied
to this perturbed block-row Hankel matrix. Each MonteCarlo simulation consists of 100 runs, i.e. considers 100
noisy realizations, for every considered σ and r . For both
F
is presented. The
algorithms the relative error kX−Rk
kXkF
presented results are averaged over the runs and obtained
by implementing both algorithms in Matlab (version 6.1)
on a PC i686 with 800 MHz and 256 MB memory.
From both tables we can conclude the following. As
expected, the SWLRA algorithm performs better than the
TLS-ESPRIT like algorithm HTLSstack for any choice
of r .
VI. C ONCLUSIONS
In this paper we have developed an extension of the
Weighted Low Rank Approximation introduced by Manton et al. [10] towards linearly structured matrices. For
a particular type of structure, namely the block-Hankel
structure with blocks equal to rows, an algorithm was
developed. Simulation experiments confirm the improved
statistical accuracy of the latter algorithm compared to
that of the TLS-ESPRIT like algorithm HTLSstack.
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TABLE I
A PPROXIMATION OF A 25 × 12 BLOCK -H ANKEL MATRIX X WITH
BLOCKS 1 × 2 BY A MATRIX R OF RANK r. C OMPARISON OF THE
RELATIVE NORM

kX−RkF
kXkF

BLOCK - ROW

COMPUTED VIA THE ALGORITHMS

SWLRA AND HTLS STACK .

r

σ

SWLRA

HTLSstack

2

10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0

0.00095
0.00941
0.11534
0.63870
0.00105
0.00932
0.10341
0.58715
0.00091
0.00929
0.07790
0.55468
0.00088
0.00652
0.07417
0.54678
0.00069
0.00781
0.07522
0.52649

0.00096
0.00950
0.11622
0.64713
0.00107
0.00936
0.10452
0.59550
0.00093
0.00965
0.08497
0.59148
0.00090
0.00712
0.07476
0.67650
0.00075
0.00873
0.08262
0.71059

4

6

8

10

TABLE II
A PPROXIMATION OF A 50 × 24 BLOCK -H ANKEL MATRIX X WITH
BLOCKS 1 × 4 BY A MATRIX R OF RANK r. C OMPARISON OF THE
RELATIVE NORM

kX−RkF
kXkF

BLOCK - ROW

COMPUTED VIA THE ALGORITHMS

SWLRA AND HTLS STACK .

r

σ

SWLRA

HTLSstack

4

10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0
10−3
10−2
0.1
1.0

0.00092
0.00917
0.09080
0.63603
0.00087
0.00872
0.08645
0.60860
0.00080
0.00801
0.07879
0.57914
0.00082
0.00820
0.08079
0.54452
0.00077
0.00690
0.06773
0.48384

0.00093
0.00929
0.09201
0.64525
0.00091
0.00909
0.08935
0.69709
0.00085
0.00852
0.08337
0.68251
0.00091
0.00902
0.09395
0.77840
0.00120
0.00810
0.07665
0.69717
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