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1 IntroductionThe minimum cut problem is the problem of partitioning the vertices of an n-node, m-edgeweighted undirected graph into two sets so that the total weight of the set of edges with end-points in di�erent sets is minimized. This problem has many applications, including networkreliability theory [24, 37], information retrieval [4], compilers for parallel languages [5], and asa subroutine in cutting-plane algorithms for the Traveling Salesman problem (TSP) [3].The problem of �nding a minimum capacity cut between two speci�ed vertices, s and t, iscalled the minimum s-t cut problem, and is closely related to the minimum cut problem. Theclassical Gomory-Hu algorithm [20] solves the minimum cut problem using n� 1 minimum s-tcut computations. The fastest current algorithms for the s-t cut problem [1, 6, 7, 18, 28] useow techniques, in particular the push-relabel method [18], and run in !(nm) time. For theminimum cut problem, Hao and Orlin [22, 23] have given an algorithm (ho), based on the push-relabel method, that shows how to perform all n� 1 minimum s-t cuts in time asymptoticallyequal to that needed to perform one s-t minimum cut computation. This algorithm runs inO(nm log(n2=m)) time.Several new algorithms discovered recently are theoretically more e�cient { time boundsfor these algorithms are competitive with or better than the best time bounds for the minimums-t cut problem. The algorithm of Nagamochi and Ibaraki [32] (ni) runs in O(n(m+ n log n))time. The algorithm of Karger and Stein [26] (ks) runs in O(n2 log3 n) expected time. Twoclosely related algorithms of Karger [25] (k) run in O(m log3 n) and O(n2 log n) expected time.These algorithms are based on new techniques which do not use ows. These algorithms donot extend to directed graphs, while the ow based algorithms, including ho, do.Theoretical considerations suggest that some of these new algorithms should be practical,and an experimental study of Nagamochi et al. [33] con�rms this for ni. The question ofpractical performance of the other new algorithms, however, has not been addressed.In this paper we study the practical performance of recent minimum cut algorithms. Themain part of our study is the design of data structures and heuristics for e�cient implemen-tations of these algorithms. This is an iterative process { the implementation performance ismeasured and the data is used to improve the implementations. Our goal is to obtain e�cientimplementations of the new algorithms and to compare them against each other and against agood previous code. In order to perform meaningful comparisons, we develop problem gener-3



ators and test families for evaluating and comparing performance of the minimum cut codes.We also run and analyze our algorithms on data that arises during the TSP algorithm of Ap-plegate and Cook [3]. Our problem families are carefully selected and proved very useful forcomparing and tuning minimum cut codes.Our codes use heuristics that, on some problems, signi�cantly reduce the number of oper-ations performed by the underlying algorithms. On other problems, the heuristics cost timebut do not save enough work to pay for themselves. In order to avoid a situation in whichthe time spent on heuristics dominates the running time, we adopt the following rule: Eithera heuristic takes near-linear time, or its work can be amortized by the work of the underlyingalgorithm. We try to take maximum advantage of the heuristics while making sure that theheuristics do not signi�cantly increase the running time when they fail.The most e�cient implementation of the Gomory-Hu algorithm that we are aware of is dueto Padberg and Rinaldi [35]. In order to reduce the number of maximum ow computationsneeded, which is n� 1 for the Gomory-Hu algorithm, they developed a set of heuristics whichcontract certain edges during the computation and, if successful, reduce the number of max-imum ow computations. These contractions, which we call the PR heuristics, apply in thecontext of other algorithms and often lead to a big improvement in performance.Nagamochi et al. [33] describe an e�cient implementation of ni that uses the PR heuristics.The data of [33] suggests that the hybrid code of Nagamochi et al. is more e�cient than thePadberg-Rinaldi code. The former code seems to be the fastest minimum cut code describedin a paper published prior to our work.A major contribution of this paper are new heuristics for improving practical performanceof the algorithms. We propose a common preprocessing, based on PR heuristic, which takesO(m log n) time and usually is nearly as helpful as the 
(nm) version of Padberg and Rinaldi.We introduce algorithm-speci�c ways of using PR heuristics during execution of main sub-routines of the algorithms. We also develop several new heuristics that signi�cantly improveperformance of our implementations.Implementations using graph contraction are usually di�cult to code (see e.g. [21]) andmay be ine�cient. Our fastest implementations of all the algorithms we study use contraction.Although indeed di�cult to code, these implementations are e�cient because of the graph datastructures we use.We now briey detail the highlights of the implementations of our four codes. Greater4



details will be given in subsequent sections.Our implementation of ni builds on hybrid [33]. However, we use di�erent strategy forapplying the PR heuristics and develop a new technique for graph contraction. As a result,our code is always competitive with hybrid, and sometimes outperforms it by a wide margin.Implementations of the push-relabel method for the maximum ow problem have been well-studied, e.g. [2, 10, 13, 14, 34]. A maximum ow code of Cherkassky and Goldberg [10] wasthe starting point of our implementation, ho. The implementation uses the heuristics globalupdate and gap relabeling heuristics that are used in the maximum ow code. In addition,we use the graph contraction data structures mentioned above, the PR heuristics, and severalnew heuristics. E�cient use of these heuristics often requires a good understanding of theunderlying algorithm and data structures.The Karger-Stein and Karger's algorithms are randomized. For these algorithms, we neededto develop somewhat di�erent strategies for random edge selection than those that appearedin the original papers [25, 26]. These codes also bene�t from the PR heuristics as well as newheuristics.We make signi�cant progress in understanding practical performance of minimum cut al-gorithms and in establishing testing standards for future codes. Our study shows that nosingle algorithm dominates the others. Overall, ho is the best code. It is the fastest on manyproblem instances, sometimes by a signi�cant margin and never looses by a very signi�cantmargin. The second best code is ni.Our implementations of ks and k do not perform as well as the best of ho and ni. Weobserve, however, that for these randomized algorithms the number of trials before �nding theminimum cut can be much lower than the theoretical bound. In fact, our implementation ofk uses a much lower sampling probability than the theory suggests while �nding the correctsolution to every problem instance. We use a theoretical bound for ks, and our data suggeststhat this bound cannot be signi�cantly reduced without missing a minimum cut on someproblem instances.The ks and k algorithms have some advantages. With high probability, they �nd allminimum cuts, which may be useful in some applications, especially the TSP application. Onsome problem classes, they may compute correct answers while performing fewer trials. Thus,on these classes, they can run faster.The push-relabel method has been extensively studied, and our implementations of ho take5



advantage what has been learned in the maximum ow context. Our implementation of ni takesadvantage of performance-improving ideas of [33]. Our implementations of ks and k, however,were developed from scratch. Our study shows how important data structures and heuristicsare for the minimum cut algorithm performance. New ideas may improve performance. Thisis more likely for ks and k, which have been studied less.This paper is organized as follows. Section 2 gives de�nitions and background, including areview of data structures for graph contraction. Section 3 describes the PR heuristic, includingour implementation of it common to all our codes. Sections 4, 5, 6, 7 reviews the four algorithmswe study and describe our implementations; each section is devoted to one of the algorithms.Section 8 describes problem families used in our study and Section 9 describes the experimentalsetup. Experimental results are discussed in Section 10. We give our conclusions in Section11. The last section contains data tables and plots.2 BackgroundIn this section, we de�ne and describe some of the basic techniques and concepts that are usedin our algorithms. In Section 2.1 we give the basic de�nitions of graphs and cuts. In Section2.2 we discuss edge contraction and in Section 2.3 we discuss two di�erent data structures forrepresenting graphs with contractions. In Section 2.4 we give the basic network ow de�nitions.In Section 2.5 we discuss the �rst e�cient minimum cut algorithm, the Gomroy-Hu algorithm,and in Section 2.6 we discuss the di�erence between discovering a cut, verifying a cut andsaving a cut.2.1 Graphs and CutsLet G = (V;E; c) be an undirected graph with vertex set V , edge set E and non-negative realedge capacities c : E ! R+. Let n = jV j andm = jEj. We will denote an undirected edge withendpoints v and w by fv; wg, but use c(v; w) as shorthand for c(fv; wg). A cut is a partitionof the vertices into two nonempty sets A and A. The capacity of a cut c(A;A) is de�ned byc(A;A) = Xu2A;v2A;fu;vg2E c(u; v): (1)We will sometimes unambiguously refer to a cut just by naming one side, and use the shorthandc(A) = c(A;A). Also, if A = fvg, we may use c(v) instead of c(A). The edges included in the6



sum in (1) will be referred to as edges in the cut or edges that cross the cut. The minimumcut is the cut A that minimizes c(A).We will use �(G) to denote the value of the minimum cut of G, and �v;w(G) to denote thevalue of the minimum v-w cut, that is, the minimum cut of G in which v and w are requiredto be on opposite sides of the cut.Although terms node and vertex are often used interchangeably, we make a distinction. Weuse the term node for the base set of a graph potentially created by a contraction operation,and the term vertex otherwise. Nodes correspond to sets of vertices of the input graph.2.2 Edge ContractionGiven a graph G and edge fv; wg 2 E, we de�ne G=fv; wg, the contraction of edge fv; wg, bydeleting w and replacing each edge of the form fw; xg by an edge fv; xg. If this process createsparallel edges, we merge them and add the capacities. We also delete any self-loops.Almost all of our algorithms use edge contraction, either as a fundamental step (ks andni), or as part of the PR heuristics. The basic idea is that if we can identify an edge that isnot in a minimum cut, then we can safely contract that edge (in ks we may actually contractan edge that is in the minimum cut). We give one basic lemma to that e�ect here, we will giveothers later in the paper.Lemma 2.1 Given a network G and an edge fv; wg,�(G=fv; wg) = minf�(G); �v;w(G)gProof. Fix a minimum cut A. If v and w are on the same side of the minimum cut, then�(G=fv; wg) = �(G) since the minimum cut has not been contracted and no new cuts werecreated. If v and w are on opposite sides of the minimum cut A, then �(G=fv; wg) = �v;w(G)by de�nition.2.3 Data Structures for Graph ContractionIn this section we describe the graph data structure used to deal with edge contractions e�-ciently.We represent an undirected graph as a symmetric directed graph using the adjacency listrepresentation. Each vertex has a doubly linked list of edges adjacent to it and pointers to the7
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Figure 1: Compact contraction example: Contracting edge fa; bg. Graphs in the top row arerepresented as shown in the bottom row. If an arc capacity is equal to one, the capacity is notshown.beginning and the end of the list. An edge fu; vg is represented by two arcs, (u; v) and (v; u).These arcs have pointers to each other. An arc (u; v) appears on the adjacency list of u andhas a pointer to v.Suppose we contract an edge fu; vg. One way to implement the contraction is to do compactcontraction as follows.1. For each (v; w) on the adjacency list of v, replace the reverse arc (w; v) by (w; u).2. Append the arc list of v to the arc list of u.3. Delete v from V (G).4. Delete self-loops adjacent to u. 8



before after

a b

cd

a

cd

Figure 2: Set-union contraction example: Contracting edge fa; bg. Graphs in the top row arerepresented as shown in the bottom row. If an arc capacity is equal to one, the capacity is notshown.5. Merge parallel edges adjacent to u.Figure 1 gives an example of this implementation of edge contraction. A careful implementationof compact contraction of fu; vg takes time proportional to the sum of degrees of u and v beforethe contraction.An alternative way to contract an edge fu; vg is to use set-union contraction. In thisimplementation, each node in the current graph corresponds to a set of vertices of the inputgraph. The sets are represented using the disjoint-set union data structure implemented bydisjoint-set forests with path compression; see e.g. [11]. Each set has a distinct representative.Each vertex has a pointer towards (but not necessarily directly to) the representative of its set.Representatives point to themselves. We assume that the reader is familiar with the set-uniondata structure. 9



Suppose u and v are currently di�erent nodes. An edge fu; vg is contracted as follows.1. Form a union of the vertex sets corresponding to u and v.2. Append the adjacency list of v to that of u.A set-union contraction operation takes constant time.The advantage of the set-union contraction is in e�ciency of the contraction operation. Itsdisadvantages come from the parallel arcs and self-loops which remain in the graph and fromthe increased cost of �nding the head node of an arc.Our algorithms will make use of both of these data structures at di�erent times. We willdiscuss this in subsequent sections.2.4 Network FlowsAlthough we study an undirected version of the minimum cut problem in this paper, ows aremore natural in directed graphs. We transform an undirected graph into a directed graph in astandard way: Replace each edge fv; wg of capacity c(v; w) = x by two arcs (v; w) and (w; v)of capacity x each. For any pair of vertices s; t, a cut is a minimum s-t cut in the originalgraph if and only if it is a minimum s-t cut in the transformed graph.Let G = (V;E; c) be a directed graph with two distinguished vertices s (source) and t(sink). A ow is a function f : Ed ! R satisfyingf(v; w) � c(v; w) ; 8(v; w) 2 Ed (2)f(v; w) = �f(w; v) ; 8(v; w) 2 Ed (3)Pv2V f(v; w) = 0 ; 8w 2 V � fs; tg: (4)The value of a ow is the net ow into the sink, i.e.,jf j = Xv2V f(v; t):The maximum ow problem is to determine a ow f for which jf j is maximum. The well-knownmaxow-mincut theorem [16, 15] states that the value of the maximum s-t ow is equal to thevalue of the minimum s-t cut, i.e., jf j = �s;t(G). An s-t maximum ow algorithm can thus beused to �nd an s-t minimum cut, and minimizing over all �n2� possible choices of s and t yieldsa minimum cut. 10



2.5 Gomory-Hu AlgorithmIn 1961, Gomory and Hu [20] showed that �s;t(G) for all �n2� pairs of s and t could actually becomputed using only n�1 maximum ow computations. This immediately yields an algorithmfor computing minimum cuts using only O(n) maximum ow computations. Note that Gomoryand Hu are solving a problem that is more general that the minimum cut problem, and wecan see more directly that O(n) maximum ow computations su�ce to compute a minimumcut. The underlying idea, which is stated in Lemma 2.1, is important for understanding otherminimum cut algorithms. Consider a pair of distinct vertices s and t and a minimum s-t cutA. Then either �s;t(G) = �(G) or s and t are on the same side of every minimum cut.A simple version of the Gomory-Hu algorithm is based on this idea and works as follows.Pick a source s arbitrarily. Then, until s contains all the vertices we repeat the following threesteps. First, we pick a sink t distinct from s and compute a minimum s-t cut. Second, if thevalue of the cut is smaller than smallest previous cut, we save the cut and its value as thesmallest so far. Third, we contract s and t into s. When the loop terminates, we return thesmallest s-t cut found.The above algorithm computes a minimum cut in n� 1 minimum s-t cut computations.2.6 Discovery TimesDiscovery time is the time from the beginning of the computation to �nding the minimum cut.Note that the discovery time may be much less then the total running time of an algorithm.Discovery times are useful for several reasons.One reason concerns saving candidate cuts. Like the Gomory-Hu algorithm, all algorithmswe study produce a sequence of cuts with smaller and smaller values. Although with all ouralgorithms, on all our data, we observed that the number of candidate cuts tends to be small,in principle it is possible to have n� 1 candidate cuts. In this case, it is possible that the workin saving the cuts will dominate the running time.One way to get around this issue is to save the cut values only and compute the minimumcut value ��. If a minimum cut is desired, we repeat the computation and output the �rst cutof value �� found. The discovery time of the �rst computation is the total time taken by thesecond computation (ignoring the time to output the cut). All our codes do not save cuts andmeasure the discovery time as well as the total time.Another use of discovery time is to estimate real-life performance of randomized algorithms.11



Theory gives an upper bound on the number of \trials" required to achieve a desired successprobability. These bounds, however, can be very pessimistic. If discovery time of a randomizedalgorithm is always a tiny fraction of the total time, one may be justi�ed in making a smallernumber of \trials."3 Padberg-Rinaldi HeuristicsIn 1990, Padberg and Rinaldi [35] introduced heuristic improvements to the Gomory-Hu algo-rithm. Recall that the Gomory-Hu algorithm performs a series of maximum ow computations;each maximum ow computation identi�es one edge which can be contracted. The improve-ments of Padberg and Rinaldi are based on additional tests that allow contracting certainnodes without performing any maximum ow computations. In the worst case, the algorithmstill performs n � 1 maximum ow computations. On some problem instances, however, theheuristics allow many nodes to be contracted and reduce the running time signi�cantly.We found the heuristics useful in speeding up all of our codes. The codes used the heuristicsin two di�erent places. First, all codes apply the tests at the beginning of the algorithm. Wecall this PR-preprocessing. All our codes use the same PR preprocessing routine, which consistsof repeatedly executing passes. Each code, however, uses a di�erent rule to decide how manypasses to run. Second, some of the codes apply the PR heuristics internal to the algorithm.Due to the interaction with the algorithms, internal PR heuristics are di�erent for di�erentcodes.The Padberg-Rinaldi heuristics are based on PR tests. In their original paper, Padbergand Rinaldi give a very general class of tests. Some of these tests are, in fact, quite time-consuming and would dominate the time taken by any of our codes. However, four of the testsare inexpensive enough to be incorporated into our code and we describe them below.First we describe two very simple tests:Lemma 3.1 ([35]) Let �̂ be an upper bound on �(G). If v; w 2 V satisfy either one of thefollowing conditions:(PR1) c(v; w) � �̂,(PR2) c(v) � 2c(v; w) or c(w) � 2c(v; w) ,then one of the following conditions must hold:12



1. fvg is a minimum cut,2. fwg is a minimum cut,3. the edge fv; wg forms the unique minimum cut,4. 9 a minimum cut (A;A) with v 2 A and w 2 A.The PR1 test says that if we have an upper bound on the minimum cut �̂ and we �nd anedge fv; wg with c(v; w) � �̂, then either edge fv; wg is a one-edge minimum cut, or it is safeto contract fv; wg, as any cut containing edge fv; wg must have total capacity at least �̂.To understand the PR2 test, consider a cut (A;A) with v 2 A and w 2 A, and assume thatc(w) � 2c(v; w) (the other case is symmetric). Also assume that v and w are not singletoncuts. Let N denote the set of neighbors of w. Then c(w) � 2c(v; w) implies thatXx2N�v c(w; x) � c(v; w): (5)Currently the edges incident to w that are in the cut (A;A) include fv; wg and hence have totalcapacity at least c(v; w). If we move w from A to A, then fv; wg will not be in the cut and sothe edges incidents to w that are in the cut will have total capacity at most Px2N�v c(w; x).By (5) this is at most c(v; w) and thus c(A [ w) � c(A). Therefore, we know that the graphmust have a minimum cut in which v and w are on the same side of the cut, and it is safe tocontract v and w.In general, when a PR2 test passes, it might be the case that v or w is actually the minimumcut. Thus we always check c(v) and c(w) before contracting fv; wg. If either is less than �̂,then we update �̂ appropriately.In all our algorithms, we explicitly maintain node capacities c(v), edge capacities c(v; w),and �̂, an upper bound on the minimum cut, which corresponds to the smallest capacity cutwe have encountered so far. Thus tests PR1 and PR2 can be performed in O(1) time per edge.We always apply the two tests together.A second set of tests are more expensive but still useful in our implementations.Lemma 3.2 ([35]) Let �̂ be an upper bound on �(G). If v; w 2 V satisfy either one of thefollowing conditions:(PR3) 9u such that c(v) � 2fc(v; w) + c(v; u)g and c(w) � 2fc(v; w) + c(w; u)g,13



(PR4) c(v; w) +Pumin(c(v; u); c(w; u)) � �̂then one of the following conditions must hold:1. fvg is a minimum cut,2. fwg is a minimum cut,3. there exists a minimum cut (A;A) with v 2 A and w 2 A.For a �xed pair v; w, PR3 and PR4 can be checked in O(n) time. We always apply the two teststogether, and compute the sum for PR4 while doing PR3.Condition PR3 is similar to PR2. Condition PR4 says that if the ow between v and walong one- and two-edge paths is at least �̂ and we know a cut achieving �̂, v and w can becontracted.3.1 Previous PR Heuristic ImplementationsPadberg and Rinaldi suggested two ways of applying PR tests in the context of the Gomory-Hu algorithm. The �rst way, which we call exhaustive PR heuristic, is described in [35]. Thesecond way, which we call source PR heuristic, is described in [33] and is similar to anotherheuristic of Padberg and Rinaldi.The exhaustive PR heuristic applies all four tests PR1 { PR4 until no edge can be contractedusing these tests. The exhaustive heuristic takes O(nm) time [35]. The heuristic was developedin the context of the Gomory-Hu algorithm, which had a worst case running time of !(n2m).Since, we study more e�cient algorithms, this heuristic is too expensive for our purposes.The source PR heuristic works as follows. Let x be the node created by the last contractionof the algorithm. (In the Gomory-Hu algorithm, x is created by contracting the source and thesink.) The heuristic examines edges adjacent to x starting from the beginning of the edge list,and applies tests PR1 { PR4 to the �rst \large capacity" edge fx; yg found. If a test succeeds,x and y are contracted using compact contraction, and edges of the newly formed node arescanned again from the beginning of the edge list. If the test fails, the heuristic terminates. In[33], an edge fx; yg if is considered to have large capacity c(x; y) � 0:7c(x)=n0, where n0 is thecurrent number of nodes.The above source PR heuristic is from [33]. The hybrid code we obtained from the authors,however, implements a somewhat di�erent version of this heuristic.14



3.2 PR PassesWe introduce the idea of PR passes. All our codes that use the PR heuristics apply thesepasses as preprocessing; ni also applies the passes internally. Each pass takes linear time.Pass-1-2 combines tests PR1 and PR2 and pass-3-4 combines tests PR3 and PR4.Intuitively, pass-1-2 applies the two tests to every edge and every node of the graph. Thisis not precise, however, because edge contractions change the graph. Our implementation hasthe invariant that if an edge fu; vg was not contracted, and did not become a self-loop (anddeleted) during the pass, then the PR tests failed on fu; vg at some point during a pass. Wealso ensure that the work done by the pass is either amortized against other work done by thealgorithm, or the pass decreases the number of nodes in the graph by a constant fraction.To facilitate implementation, we maintain the capacity for every node in the current graph.When node capacities are computed initially or updated after a contraction, we check if thecorresponding cut is smaller than the best cut seen so far. We apply the PR heuristic to thecompact graph data structure, and use compact contraction on edges that pass the PR tests.The implementation is nontrivial because we want to assure linear running time of a PR pass.We assume that nodes of the current graph are linearly ordered (for example, by their ids).During a pass, we scan the current nodes in order. When scanning a node u, we go throughits adjacency list. Let (u; v) be the current arc being examined. If u > v, we proceed tothe next arc on the list. Otherwise we apply the PR tests to fu; vg. The tests take constanttime because we maintain the node capacities. If one of the tests succeeds, we contract fu; vgusing compact contraction and proceed to the next arc on the list. (Note that in this case theadjacency list of v is appended to the list of u.) One can implement the scan so that the totaltime to process a node is proportional to the number of arcs adjacent to the nodes contractedduring the scan.Consider a node u before a pass. If we contract an edge adjacent to u, we delete u fromthe graph and never scan it. If we scan u, the nodes scanned after that are greater than u, sou will not be contracted from the end of the scan of u to the end of the pass. Thus a PR passtakes linear time. Suppose an edge fu; vg was not contracted, and did not become a self-loopand deleted during the pass. Assume, without loss of generality, that u < v. Then the edgefu; vg was examined during the scan of u or the scan of a node that u was contracted into,and the edge failed the PR tests at that time.Remark. It is possible that an edge fu; vg passes a PR test after a pass. For example, after u15



has been scanned, v may be contracted and the capacity of the resulting node may be smallerthan the capacity of v during the previous PR tests of fu; vg.Next we describe pass-3-4. Intuitively, such a pass applies PR3 and PR4 to as many nodesas possible while scanning each node at most twice. To maintain this invariant, we sometimesapply a weaker version of PR4 by taking the sum over a subset of neighbors of v. Pass-3-4 workas follows.First all nodes are marked as unscanned. Then we pick an unscanned node v and applytests 3 and 4 to its adjacent edges as discussed below. In the process, we mark v and neighborsof v (including new neighbors created by contractions) as scanned. The pass terminates whenall nodes are scanned.The choice of the next unscanned node is important. We experimented with a number ofstrategies: highest degree, highest capacity, highest average capacity, least recently scanned,etc. We use the following strategy: assign an age to every node. The age set to zero initiallyand is reset to zero every time the node is picked during a PR pass. The age of v is increasedby one for every node contracted into v. The age is also increased by two every time a node isscanned as a neighbor of a picked node in pass-3-4 (and the tests are not applied to the nodeduring this pass). This strategy tends to pick the least recently scanned nodes and the nodesthat have been successful in contracting with other nodes.After we pick an unscanned node v, we scan it as follows. First we mark all neighbors w ofv as scanned. Then for every neighbor w of v, if w is unscanned, we mark it scanned, examineits neighbors x, and apply PR3 to fv; wg if x is a neighbor of v. While scanning the neighborsof w, we also compute the sum needed for the PR4 test. When the scanning of w's neighborsis complete, we apply the test. If a test succeeds, we contract fv; wg and continue.Note that v is scanned twice, once to mark its neighbors and once to apply the tests.Neighbors of v are scanned once. The scanned nodes are not rescanned during the currentpass. Thus pass-3-4 takes linear time.3.3 Common PreprocessingOn some instances, in particular the TSP instances, the problem size can be substantiallyreduced using PR tests on the input problem. For this reason, we use the following prepro-cessing algorithm. We start by �nding the minimum single-vertex cut in order to get an upperbound on the minimum cut. Then we repeatedly apply pass-1-2 as long as a pass decreases16



the number of nodes by at least a factor of 1� . After that we repeatedly apply pass-3-4 aslong as a pass decreases the number of nodes by at least a factor of 1 � . Finally, if eitherpass-1-2 was executed more than once or pass-3-4 was executed more than once or if pass-1-2followed by pass-3-4 reduces the number of nodes by at least a factor of 1 � �, we repeat thepass. The bail-out parameters � and  are algorithm-speci�c, and we always choose � � .For all our codes,  = 0:5. The value of � is higher for algorithms that use PR tests internallyand lower for other algorithms. Note that the preprocessing runs in O(m log n) time.4 Nagamochi-Ibaraki Algorithm4.1 Review of the AlgorithmWe begin by briey reviewing the Nagamochi-Ibaraki algorithm. The algorithm proceeds inphases and maintains a value �̂, which is the capacity of the capacity cut seen so far. In eachphase, the algorithm identi�es one edge fv; wg such that �v;w(G) � �̂. Once such an edge isfound, then by Lemma 2.1, we know that the edge is safe to contract. Repeating this n � 2times, the minimum cut is found. Assuming a routine called ContractSafe that contracts thesafe edge and returns the contracted graph along with a new minimum cut estimate, we getthe following high-level pseudocode:Algorithm niinput: graph Goutput: minimum cut value ��̂ = minfc(v) : v 2 V gwhile jV j � 2(G; �̂) ContractSafe(G; �̂)return �̂The original Nagamochi-Ibaraki algorithm [32] implements ContractSafe via a graphsearch. Initially, all edges are unscanned and all nodes are unvisited. The algorithm maintainsvariables r(v) for each node v and q(e) for each edge e, where r(v) is the sum of the capacitiesof the edges between v and nodes already visited, and q(e), for e = fv; wg, is the value ofr(w) when e is scanned, starting at v. The search always chooses the unvisited node v with17



maximum r(v) and scans all its outgoing edges. Let x; y be the next-to-last and last nodevisited during the search, respectively. As is shown in [32], the trivial cut fyg is a minimumx-y cut, so one can update �̂ updated to be the minimum of �̂ and c(y), and contract x and y.Thus each phase contracts at least one edge, and there are at most n � 3 phases to contractdown to two nodes.The implementation of [33] incorporates two additional heuristics which we use as well.The �rst may directly contract additional edges, while the second may decrease the estimateon �̂. For complete justi�cation of these heuristics, see [33].The �rst heuristic is to contract any edge e = fv; wg with q(e) � �̂, as q(e) is actually alower bound on �v;w(G). This observation greatly speeds up the algorithm, as every additionaledge contracted reduces the number of phases by one. Further, since we compute the q valuesanyway, the heuristic is essentially free. The code for this heuristic appears in the loop startingat line (**) below.The second heuristic is based on the observation that whenever we are scanning a node v,we have already visited a connected set of nodes V 0. We can keep track of the cut de�ned byeach V 0 and if c(V 0) happens to be less than �̂, we can update �̂ accordingly. The code forthis heuristic, often called the �-heuristic, appears at line (*) below.The pseudocode appears below:Procedure ContractSafeinput: graph G, upper bound on cut �̂output: contracted graph G, new upper bound �̂For all v 2 Vr(v) 0mark v unvisitedFor all e 2 Emark w unscannedwhile there is an unscanned nodev is the unscanned node with largest r(v)(*) � �+ c(v)� 2r(v)�̂ minf�; �̂gfor each unscanned e = fv; wgr(w) r(w) + c(v; w) 18



q(e) r(y)Mark e scannedMark v visited(**) for all e = fv; wg with q(e) � �̂G G=(v; w) with new node v0�̂ = minfc(v0); �̂greturn �̂4.2 Data StructuresWe implemented ni using both compact contraction and set-union contraction. Preliminaryexperiments showed that the two data structures are incomparable in practice: Each wassigni�cantly faster on some problems and signi�cantly slower on others.We use amortization techniques to combine the two data structures in a way that, bydesign, assures that the combination never takes much more time than the best of the two. Thestructure of the Nagamochi-Ibaraki algorithm makes this possible. Recall that the algorithmoperates in phases. A sequence of edge contractions takes place after each phase. Each phasetakes linear time in the current graph size, plus some priority queue operations.We combine the two data structures as follows. At the beginning of every phase, wecompact the graph by deleting self-loops, merging parallel arcs, and making every arc headpoint directly to the set representative. We use the compact representation during a phase.During the edge contraction sequence after the phase, we use the set-union data structure. Thiscombination is e�cient because the more e�cient data structure is used in an appropriate partof the computation. Graph compaction is the additional overhead of the combination scheme,but the compaction takes linear time { usually less time than the preceding phase.4.3 Incorporating the Padberg-Rinaldi HeuristicNagamochi et al. [33] show that the Nagamochi-Ibaraki algorithm can bene�t from the PRheuristics. They incorporate a variant of the source version of the heuristic (see Section 3):At the end of every phase, they take a node created by the last contraction of the phase andapply the heuristic to it. This is the strategy used in their code hybrid.Although in some cases this strategy works well, it has several disadvantages. First, there19



is no preprocessing stage. Second, the tests are applied only to one node after every phase.Third, the tests may be expensive because we may end up doing 
(n2) work.We incorporate PR heuristics into ni as follows. We use PR preprocessing on the inputgraph and, after every k-th phase, we apply pass-1-2 and pass-3-4. (We set k = 2 for ourtests.) We use node ages for pass-3-4 selection. We set node ages to zero at the beginning ofevery phase, so before pass-3-4, age of a node is the number of nodes contracted into it duringthe phase and the preceding pass-1-2. (Several di�erent node selection rules we tried were lesse�ective on some problems.)The total cost of our PR heuristic is well-behaved. Preprocessing takes O(m log n) time.Since the cost of each PR pass is linear, it is amortized by the cost of the preceding phase.As we shall see, the PR heuristic is crucial to ni's e�ciency.5 Hao-Orlin Algorithm5.1 Push-Relabel MethodFirst we review the push-relabel method [19] for �nding minimum s-t cuts (as well as maximumows) in directed graphs. We omit many details of the push-relabel methods, as they arenot directly related to our implementation of the Hao-Orlin algorithm, ho. For a detaileddescription of the push-relabel method, see [19], and for details of an e�cient implementationof the push-relabel algorithm for the maximum ow problem, see [10]. Our code ho is in manyrespects similar to that maximum ow code.We begin with some additional de�nitions. Our algorithm maintains a preow, which is arelaxed version of a ow. A preow satis�es conditions (2) and (3), and the following relaxationof condition (4): Xv2V f(v; w) � 0 ;8w 2 V � fs; tg: (6)Given a preow f , we de�ne the excess at vertex v with respect to preow f by ef (w) =Pv2V f(v; w). We de�ne the residual capacity cf (v; w) of an edge (v; w) to be cf (v; w) = u(v; w)�f(v; w). The residual network Gf = (V;Ef ) is the network induced by the edges that havepositive residual capacity.A distance labeling is a function d : V ! N that satis�es d(v) � d(w) + 1 for every(v; w) 2 Ef and d(s) � d(t) � n. Intuitively, a distance labeling gives a \locally consistent"estimate on the distance to the sink. The second condition, d(s) � d(t) � n, implies that if20



d(v) � d(t) + n, then t is not reachable from v in Gf . In particular, the sink is not reachablefrom the source. An arc (v; w) 2 Ef is admissible if d(v) > d(w). We say that a vertex v isactive if ef (v) > 0 and d(v) < d(t) + n.Given a preow f and a distance labeling d, we de�ne push and relabel operations, whichupdate f and d, respectively, as follows. The push operation applies to an admissible arc (v; w)such that v is active, increases ow on (v; w) by as much as possible: min(cf (v; w); ef (v)). Therelabel operation applies to an active vertex v with no outgoing admissible arcs, and sets d(v)to the highest value allowed by the distance labeling constraints: one plus the smallest distancelabel of a vertex reachable from v via a residual arc.Lemma 5.1 [19] The relabel operation increases d(v).We assume that a relabel operation always uses the gap relabeling heuristic [9, 13]. Justbefore relabeling v, the heuristic checks if any other vertex has a label of d(v). If the answeris yes, then v is relabeled. Otherwise, the heuristic deletes all vertices with distance labelsd(v) or greater from the graph, as the sink is not reachable from these vertices. This heuristicoften speeds up push-relabel algorithms for the maximum ow problem [2, 10, 13, 34] and isessential for the analysis of the Hao-Orlin algorithm.We use a standard implementation of gap relabeling that maintains an array of buckets,B[0 : : : 2n � 1], with bucket B[i] containing a doubly linked list of all vertices with distancelabels equal to i. To check if v is the only vertex with distance label d(v), we check if it is theonly vertex in the bucket B[d(v)]. To �nd all vertices with distance label d(v) or greater, weexamine the buckets starting from B[d(v)].The generic push-relabel algorithm for �nding a minimum s-t cut starts by setting alldistance labels to zero. Then the algorithm sets d(s) = 2n� 1 1 and saturates all arcs out ofs. This gives the initial preow and distance labeling. The the algorithm applies push andrelabel operations in an arbitrary order. When no operation applies, the algorithm terminates.Theorem 5.2 [19] When the generic algorithm terminates, the set of vertices that can reacht in Gf de�nes a minimum cut, and ef (t) is the minimum s-t cut value.Theorem 5.3 [19] The number of relabel operations in the generic algorithm is O(n2). Thenumber of push operations is O(n2m).1For an s-t cut computation, we can set d(s) = n; the higher value is needed for the Hao-Orlin algorithm.21



The discharge operation combines the push and relabel operations at a low level. Thedischarge operation applies to an active vertex v. The operation applies push operations toarcs out of v and relabel operations to v until v is no longer active.At the high level, push-relabel algorithms di�er by the strategy for selecting the next activevertex to discharge. We used the highest label (HL) strategy: discharge an active vertex withthe highest distance label. This strategy, in combination with appropriate heuristics, seems togive the best results in practice [10]. This strategy also reduces the number of push operations.Theorem 5.4 [8] The push-relabel algorithm with the highest label selection performs O(n2pm)push operations and runs in O(n2pm) time.Sophisticated data structures, such as dynamic trees, improve running times of the push-relabel algorithm in the worst case [19]. However, these data structures do not seem to help inpractice, at least in the maximum ow context. We did not use sophisticated data structuresin our implementation, except for the data structures used for graph contraction.5.2 Hao-Orlin AlgorithmRecall that the Gomory-Hu minimum cut algorithm solves the minimum cut problem in n� 1minimum s-t cut computations. The Hao-Orlin algorithm is an implementation of the Gomory-Hu algorithm that is based on the push-relabel method; it uses the preow and the distancelabeling from the previous s-t cut computation to obtain an initial preow and distance labelingfor the current one. This allows us to amortize work of the (n� 1) s-t cut computations, andto obtain worst-case time bounds that are the same as those to perform one maximum owcomputation. We give a brief description of this algorithm below. See [23] for details.A key concept of the Hao-Orlin algorithm is that of a frozen layer of vertices. A frozenlayer is a set of vertices; di�erent layers are distinct. A vertex is frozen if it belongs to afrozen layer and alive otherwise. We denote the set of frozen vertices by F and the set of alivevertices by A. Initially all vertices are alive. When gap relabeling discovers a set of verticesdisconnected from the sink, these vertices form a new frozen layer. This layer is deleted fromthe graph and put on a stack of layers. When a layer of vertices is frozen, the values of thevertex distance labels are the same as they were just before the relabeling operation duringwhich the layer was discovered. At some point of the algorithm, the top layer will be poppedfrom the stack and the vertices of this layer will become alive.22



The Hao-Orlin algorithm starts as follows. The �rst source and sink pair is selectedarbitrarily.2 We set the distance label of the source to 2n � 1 and saturate all arcs out ofthe source. Distance labels of all other vertices are set to zero. Then we start the �rst s-t cutcomputation.After an s-t cut computation terminates, we examine the cut it �nds and remember thecut if its capacity is smaller than that of the best cut we have seen so far. Then we start thenext computation as follows.First we contract the source and the sink; the contracted vertex s becomes the source ofthe next cut computation. Next we select the sink t of the new computation. If A� fsg = ;,we unfreeze the top frozen layer if F is not empty and halt if F is empty. Assuming that Fis not empty, we pick the vertex in A � fsg with the smallest distance label as the new sink.Finally we set the distance label of the new source to 2n� 1 and saturate all arcs going fromthe source to alive vertices. Then the next cut computation begins.One can show that at every s-t cut computation except for the �rst one, the distance labelof the new sink does not exceed the distance label of the old sink by more than one. Thuswhen we start a new s-t cut computation, the distance labels are valid, which implies thecorrectness of the algorithm. The running time of the algorithm is related to the total numberof relabelings done. The total number of relabels over all s-t cut computations can be boundby O(n2), the same as the bound for one s-t cut computation done in isolation. Results of[8, 23] then imply the following theorem.Theorem 5.5 [8] The Hao-Orlin algorithm with the highest label selection runs in O(n2pm)time.5.3 Implementation DetailsIn this section we describe implementation details of the ho code. We describe general imple-mentation issues and heuristics used. The internal PR heuristic for ho is described in 5.4.1.Graph representation. With no PR heuristics, the algorithm can be implemented withoutgraph contraction. Instead of contracting the source and the sink at the end of an s-t cutcomputation, we declare the sink to be another source. The PR heuristics, however, are very2On some problem families, the algorithm is sensitive to this choice. We use a heuristic to make a betterchoice of the �rst source-sink pair. See Section 5.3. 23



e�ective on some problem classes. To support these heuristics, we use graph data structuressimilar to those used in ni, with additional �elds to support variables needed by the push-relabel method, such as ow values on edges and distance labels and excess at nodes. Whenusing PR heuristics, we contract the source and the sink at the end of every s-t cut computation.Highest label selection. We use the array of buckets B[0 : : : 2n� 1] to implement highestlabel selection in addition to gap relabeling. A bucket B[i] contains a list of all alive verticesv with d(v) = i and a list of all alive and active vertices with d(v) = i. We also maintain anindex b into the array such that for b < j � 2n� 1, B[j] does not contain any active vertices.To select the next active vertex to scan, we remove a vertex from the active list of B[b] if thelist is not empty; otherwise we decrement b until the list is nonempty. If no active vertex isalive, the current s-t cut computation terminates.Global updates. As in the maximum ow context, global updates, i.e., computing exactdistances to the sink, are useful for many problem classes. In the minimum cut context, thereare several natural modi�cations.� The sink's distance label is nonzero, so the computation is done using backwards breadth-�rst search with the sink distance set to the sink's distance label.� The computation is done only on the nonfrozen graph.� Vertices not reachable by the breadth-�rst search computation are frozen without chang-ing their distance labels. (The sink is not reachable from these vertices.)We use an amortization strategy to determine when to perform a global update: A globalupdate is performed as soon as the number of relabeling from the beginning of the computationor from the last global update exceeds � times the number of nonfrozen vertices. In ourimplementation, � = 2.Global updates do not always improve the running time; on some problem families, suchas NOI families, the running time becomes worse. However, the running times never becomemuch worse in our tests, and sometimes are much better than without global updates.Source and sink selection. On some problem classes, the algorithm is sensitive to the waythe �rst source-sink pair is chosen. We chose a vertex with the largest capacity as the �rst24



source and a neighbor of this vertex as the �rst sink.Single node layers. Suppose a frozen layer consists of a single node v and the node wasfrozen and let x be the time immediately after freezing x. Then when v is unfrozen at time y,there are two regular nodes: v and s, and v becomes the sink. All vertices contained in regularnodes at time x are contained in s at time y. Instead of computing the s-v minimum cut attime y, we can compute it at time x: it is equal to the excess at v is all arcs from active nodesinto v are saturated.Instead of freezing v, we compute the cut value and update the currently best minimumcut if needed. Then we saturate all arcs out of v and contract v into s.This earlier contraction of v increases the chances of success for the internal PR heuristic.5.4 HeuristicsFor ho we used two di�erent types of heuristics. First, as in all the other algorithms, we usedthe PR heuristics. Second, we introduced a new heuristic, which we call excess contractions.5.4.1 Padberg-Rinaldi HeuristicsAs in all our algorithms, we apply PR preprocessing at the beginning. Our internal PRheuristic is based on the following fact that is easy to prove using [23]: If s is the source andthe edge fs; wg passes one of the tests PR1, : : :, PR4, then we can saturate all arcs out of w,contract the edge, and continue.We use amortization to decide when to apply PR1 and PR2 to the source. When thealgorithm performs enough work to amortize the tests previous, we apply the tests again. Weuse similar strategy to apply the PR3 and PR4 tests.The internal tests in ho are not as helpful as those in ni. Either the way ho works does notcreate as may opportunities for the tests as in the case of ni, or a better internal PR heuristicexists, but we did not �nd it.Remark. It is possible to use PR tests to contract edges not adjacent to the source. Forexample, if v and w are regular nodes distinct from s and t and fv; wg passes a PR tests,we can contract fv; wg, provided that we perform a global update immediately afterwards torestore the guarantee that the distance label is valid. In our experience, such non-source PR25



tests usually slowed down the code, and we decided against using these tests. It would beinteresting to �nd a more e�ective implementation of these internal tests.5.5 Excess contractions.We introduce a simple heuristic that often allows us to contract a vertex in the middle of aow computation. The general results on the push-relabel method [19] imply that the excessat a vertex v is a lower bound on the capacity of the minimum s-v cut. Thus, if at some pointduring an s-t cut computation the excess at v becomes greater or equal to the capacity of theminimum cut we have seen so far, we contract v into the source and saturate arcs going outof v. Note that v can be either regular or frozen. The correctness proof for this heuristic isstraight-forward. We call this heuristic excess detection.A special case of the excess detection heuristic occurs when v is the sink. In this case westop the current s-t cut computation and, if not all vertices are contracted into the source, westart the next s-t cut computation.Excess detection is inexpensive and on some problems, it reduces the number of s-t cutcomputations signi�cantly. One needs to be careful when implementing excess detection be-cause of the hidden recursion: Suppose excess at v becomes large and v is contracted into thesource. When v's outgoing arcs are saturated, excess at some of v's neighbors may becomelarge, and these neighbours are contracted as well. This greatly complicates the code as wenow need code to compute a maximum ow on a graph that is changing during the course ofthe ow computation.6 Karger-Stein Algorithm6.1 Review of algorithmWe begin by reviewing, at a high level, the recursive contraction algorithm of Karger and Stein[26]. Similar to the Nagamochi-Ibaraki algorithm, this algorithm repeatedly contracts edges.In contrast to NI, this algorithm will sometimes contract an edge that is in the minimum cut.In particular, the algorithm repeatedly chooses edges at random to contract. The key insightis that in an m-edge graph, the probability that a randomly chosen edge is in the minimumcut is at most 2=m, and thus a randomly chosen edge is actually not very likely to be in thecut. Thus it is possible to contract a large number of edges and still have a reasonably good26



chance of not having contracted the minimum cut. In particular, if one contracted the edgesof the graph one at a time, the min-cut would survive with probability 
(n�2). Throughthe use of recursion, we are able to run a series of edge contractions for which the minimumcut survives with probability 
(1= log n). Repeating the algorithm O(log2 n) times yields analgorithm which �nds the minimum cut with high probability.We give a high level description of algorithm KS:Algorithm KS(G)input A graph G of size n.if G has 2 nodesthen return the weight of the cut in Gelse repeat twiceLet W be an upper bound on the minimum cut.mark each edge (u; v) with probability 1� 2�w(u;v)=W (*)Let G0 be the result of contracting all marked edges in Grecursively call ks(G)return the smaller of the two resulting values.This di�ers slightly from the recursive contraction algorithm described in [26]. In thatalgorithm, rather than implementing the line marked (*), we repeatedly select and contractone edge at a time until the number of graph nodes is reduced to n=p2. It is shown therethat such a sequence of contractions preserves the minimum cut with probability at least 1=2.Relying on this fact it is shown that the overall algorithm returns the minimum cut withprobability 
(1= log n).Our new algorithm's contraction phase (*) also preserves the minimum cut with probabilityat least 1=2. For if the edges of the minimum cut have weights w1; : : : ; wk such that Pwi = c,then the probability that no minimum cut edge is contracted isY 2�wi=W = 2�c=W� 1=2:27



We chose to modify the algorithm as described above for the following reason. The originalcontraction algorithm made the pessimistic assumption that the total edge weight when nnodes remained was nc=2. Under this assumption, contraction to less than n=p2 nodes mightnot preserve the minimum cut with probability at least 1=2. Consider, however, the case of twocliques joined by a single edge. In this case, the original algorithm is being overly conservativein contracting to only n=p2 nodes. It could in fact contract to a far smaller graph while stillpreserving the minimum cut with reasonable probability. Suppose, on the other hand, thatwe use our new algorithm with an upper bound W that is close to c. In this case, we get farmore contraction than the original algorithm does. This reduces the recursion depth of thealgorithm, which reduces the number of leaves in the recursion tree. Since (at least for sparsegraphs) the running time of the algorithm is dominated by the leaves of the recursion, we getimproved performance.We have introduced a new parameter W which must be handled carefully. Initially, wehave no upper bound on the minimum cut value. If W is extremely large relative to c thenthe probability of edge contraction is extremely small, which could make the recursion depthand running time arbitrarily large. However, we have a convenient upper bound on c in theform of the minimum degree of the input graph. It is easy to prove that if we use this upperbound, with high probability the size of the graph is reduced by a constant fraction at eachiteration. This su�ces to prove a time bound which is polynomial, though not quite as good asthe original algorithm's. We conjecture that the new algorithm's performance is in fact equalto that of the old one's, but this remains to be proved. In practice, experience has shown thatwe usually stumble across a minimum cut almost immediately. Once this happens, W is setto c for the remainder of the execution and we get good performance.In order to implement the algorithm most e�ciently we need to address several issues.These include the graph data structure, random edge selection, and the use of PR tests. Wediscuss these issues below.6.2 Depth AnalysisOur new implementation requires an analysis somewhat di�erent from that of [26]. The anal-ysis of the Recursive Contraction Algorithm involved two parts. The �rst was a recurrencefor the time taken to run a single iteration of the Recursive Contraction Algorithm. Ournew implementation no longer satis�es this recurrence, since we do not guarantee a speci�c28



reduction in the number of nodes in a recursive call. However, we have observed that thisimplementation is faster in practice. The second important part of [26] was an analysis of thesuccess probability of a single iteration, which determined the number of iterations needed togive a high probability of success. In order to guarantee a certain overall success probabilityfor our new implementation, we must determine the success probability of a single iteration ofour new algorithm.The success probability of the original RCA was determined by a recurrence that applies toour new algorithm as well. This recurrence relied only on the fact that each of the two recursivecalls involved contractions with a 1=2 chance of preserving the minimum cut. Since our newalgorithm has this property as well, the same recurrence applies. We slightly reformulate themain lemma proven there.Lemma 6.1 The probability that the minimum cut survives at some recursion node at depthd in the (new) RCA is at least 47=2+d+ln(d+2) .In the original RCA, the depth of the recursion tree was known to be 2 log n and the
(1= log n) probability of �nding the minimum cut followed immediately. We remark that ourbase case is somewhat di�erent and simpler, since we do not need to terminate the algorithmwhen 7 nodes remain. On the other hand, there is an important detail that is missing. In theoriginal algorithm, it was known that at depth 2 log n there were exactly 2 nodes remaining,so that if the minimum cut survived, it was also discovered. In our new implementation, thenumber of nodes in subproblems is a random variable, so we cannot guarantee contraction to2 nodes at a given depth. We will therefore have to do some additional work to prove thatwhen the minimum cut survives, it is actually found. We begin by assuming that the upperbound W has been set to c. At the end of this section, we justify our assumption.Our analysis is based on a network reliability analysis from [24]. That paper considersa graph in which each edge fails with probability p, and determines the probability that thegraph remains connected. This is related to our objective as follows. Our goal is to showthat at a certain recursion depth, the recursion has terminated because our graph has beencontracted to a single node. That is, we want the set of contracted edges to span (connect)all of G. Inverting this objective, we can consider deleting the set of edges that were notcontracted, and require that deleting these edges not disconnect the graph.Now consider a particular recursion node at depth d. The graph at this node is the outcome29



of a series of independent \contraction phases" in which each edge is contracted with probability1 � 2�1=c (by our assumption that W = c). That is, the probability of not being contractedis 2�1=c. It follows that at depth d, the probability that any edge is not contracted is 2�d=c.We now invert our perspective as in the previous paragraph. We ask whether deleting theuncontracted edges leaves us with a single component. In other words: we consider deletingevery edge of G with probability 2�d=c, and ask whether the remaining (contracted) edgesconnected G.The following is proven in [30] (see also [24]), using the fact that among all graph withminimum cut c, the graph most likely to become disconnected under random edge failures isa cycle:Lemma 6.2 Let G have n edges and minimum cut c. Then the probability that G is notconnected after edge failures is at most n2pc.We might hope to apply this lemma as follows.Corollary 6.3 At recursion depth k log n, for k > 2, the probability that G has not beencontracted to a single node is at most n2�k.Proof. At depth d log n, the (cumulative) probability of non-contraction is p = 2�(k log n)=c =n�k=c. Plugging into Lemma 6.2, we �nd that � = k � 2. Now apply Lemma 6.2.Unfortunately, this is not su�cient to prove what we want. At depth 3 log n in the recursiontree, there are n3 recursion nodes. Although each one has a 1=n chance of not being a leaf,there is a reasonable chance that not all are leaves. We must therefore perform a more carefulanalysis.We evaluate the probability of success as the product of two quantities: the probabilitythat the minimum cut survives contraction to the given depth and the probability that theminimum cut is found by our algorithm given that it survives. Conditioning on the survival ofthe minimum cut makes our analysis somewhat complicated.Given the conditioning event, there is some node at depth k log n in which the minimumcut has survived. We would like to claim that this node has been contracted to two nodes.Unfortunately, conditioning on the survival of the minimum cut means that no minimum cutedge has been contracted, a condition that breaks our reliability model.30



To deal with this problem, we rely on the fact that our new algorithm examines the degreesof the nodes in its inputs. It therefore su�ces to show that at least one side of the minimumcut is contracted to a single node, since this single node will be examined by the algorithm.We will in fact argue that both sides will be contracted to a single node. Another way to saythis is that the edges failures break G into exactly two connected components.Lemma 6.4 Conditioned on the fact that a minimum cut has failed, the cycle is the mostlikely graph to partition into more than two pieces under random edge failures.Proof. A straightforward modi�cation of [30].Corollary 6.5 Conditioned on the fact that a minimum cut has failed, the probability a graphpartitions into 3 or more pieces is at most npc=2The following lemma is an immediate corollary.Lemma 6.6 Conditioned on that fact that the minimum cut survives at some node of depthk log n, the RCA �nds the minimum cut with probability at leastf(k; n) = 1� n1�k=2:Proof. Consider the depth k log n recursion node at which the minimum cut survives. Atthis depth, the probability of edge \failure" is n�k=c. From the previous Lemma, f(k; n) is theprobability that the contracted edges at this recursion node reduce the graph to two nodes,implying we �nd the minimum cut.Lemma 6.7 For any k, at depth k log n, the new RCA �nds the minimum cut with probabilityat least 47=2 + k logn+ ln(2 + k log n)f(k; n):Proof. From Lemma 6.4 we �nd that the probability that the minimum cut survives in somerecursion node at depth d = k log n is at least 47=2+d+ln(2+d) . We now condition on the eventhaving taken place and apply Lemma 6.6 to �nd the probability of success f(k; n) given thisevent. The overall probability is the product of these two quantities.31



Corollary 6.8 The probability that a single iteration �nds the minimum cut is at least47=2 + 2 log n+ 2 log log n+ ln(2 + 2 log n+ 2 log log n)(1� 1logn)Proof. Set k = 2 + 2 log log nlog n in Lemma 6.7From this analysis of the success probability of a single iteration, it is easy to compute thenumber of iterations needed to achieve a speci�ed success probability.6.3 Implementation DetailsWe use a simple data structure for storing the graphs. We maintain an array of edges, whereeach edge stores its endpoints and weight. We also maintain an array of nodes, where eachnode maintains the sum of the weight of its incident edges, its name, and several auxiliary�elds. Note that each node does not maintain a list of its incident edges, as this was notnecessary in our implementation. An advantage of this representation is that edge lists arestored without a linked-list data structure overlay; this improves performance by making thedata structure smaller and increasing memory reference locality as we traverse the edge list.We found that it is much wiser to randomly choose and contract sets of edges, as describedabove, rather than choosing and contracting the edges one by one, as is done in [26]. Weneeded to use an exponential distribution to sample each edge with probability exponentialin its weight. Though we were initially concerned by the resulting large number of calls toexponential/logarithm functions, we found that in practice the generation of these randomnumbers was not a signi�cant part of the running time.It should be noted that our algorithm as stated makes no use of adjacency lists. Thereis no need to maintain a list of edges incident on each node; rather, each edge is processedindependently. However, we still found it useful to sort edges according to their endpoints.One reason is that contracting nodes tends to create parallel edges. By merging these paralleledges, we reduce the number of edges the algorithm must consider for contraction in lateriterations.As edges are contracted, we use a set union data structure to maintain the nodes of thegraph. Besides letting us determine the structure of the minimum cut we �nd, this also letsus sort the edges. After a pass through the edges, we use the set-union structure to constructthe contracted graph. We assign node numbers to the new nodes, update the edges to reect32



the new node numbers, and bucket-sort the edges to their corresponding nodes. This gives usa sorted list from which it is easy to remove duplicates and on which it is easy to perform PRtests.6.4 PR testsWe incorporated PR tests into the code in two places. As in the other algorithms, we incor-porated PR tests in the beginning of the algorithm, immediately after reading in the inputgraph. For this algorithm, these initial PR tests are particularly important, as they occurbefore beginning the randomized portion of the algorithm. Since the number of independentruns of the algorithm needed increases with n, we can decrease the number of independentruns needed. Thus we continue to iterate PR tests over all edges as long as the number ofnodes decreases by at least 5%.6.4.1 PR1 and PR2 TestsPR1 and PR2 tests in ks were quite easy to implement. These tests compare the weight of anedge to either a global upper bound on the minimum cut or to the weights (total incident edgeweight) of the edge's endpoints. As described above, in each iteration of the algorithm, eachedge is marked contractible with some probability. Since a successful PR test also results indetermining that an edge is contractible, each time we sample an edge, we can apply PR teststo that edge. Thus we actually mark an edge as contractible if it passes either of the PR testsor if we choose it randomly. This clearly adds only a small overhead. In order to implementthe PR2 tests, we need to compute edge weights. This simply involves an additional traversalof the edge array prior to the contraction traversal.There are additional complications associated with using PR tests in the KS algorithm.These complications arise for two reasons. The �rst reason is that the algorithm does notstore candidate minimum cuts as it progresses. It waits until the graph is contracted down to2 nodes, and then inspects the minimum cut. However, Lemma 3.1 states that when the PRtests apply to edge (v; w), either it is safe to contract edge (v; w) or v or w or (v; w) is thetrivial minimum cut. Therefore, we must modify the algorithm to check for trivial cuts. Inparticular, when PR1 is satis�ed with equality, it is possible that edge (v; w) is the minimumcut. Thus we must save the value of edge (v; w) as a possible cut value. Also, when executingPR2, we must save the trivial minimum cuts. Note that if we only care about the value of the33



cut, this modi�cation is not necessary.The second, and more serious, complication arises because we are contracting many edgessimultaneously. It is possible to mark and contract a set of edges and thereby \miss" theminimum cut. This particular problem only arises from PR2 tests that are met with equality.To avoid this problem, we modify the algorithm so that in any iteration, for each node, atmost one incident edge is contracted because of a PR2 test that is met with equality.6.4.2 PR3 and PR4 TestsAs with the other codes, PR3 and PR4 tests signi�cantly improved the performance of ouralgorithm. However, our experience has shown that these tests had almost no e�ect afterthe preprocessing phase of the implementation. A possible explanation for this e�ect is thefollowing (we focus on the PR4 case; a similar arguments applies for the PR3 test). ThePR4 test applies when the sum of capacities of length-one and length-two paths exceeds c,where the capacity of a length-two path is the smaller of its edge's capacities. Consider arandomized contraction phase and its impact on such a PR4 sructure. The total weight ofedges in the PR4 structure is 2c, implying that the probability some edge in the structure iscontracted exceeds 3=4. Especially over multiple levels of recursion, this accumulates muchfaster than the 1=2 chance that a minimum cut edge will be contracted. Once we contractan edges in PR4 structure, the PR4 test will no longer apply. In other words, in an intuitivesense, randomized contraction is taking care of the PR3 and PR4 tests before we have time toapply them explicitly.Consequently, we decided not to use PR3 and PR4 tests at all after preprocessing. Sincewe could not think of an e�cient implementation of these tests without using adjacency lists,we use the the data structures and code of ni to do the PR preprocessing, and then switch tothe simpler and more compact data structure described above after the preprocessing.7 Karger's AlgorithmKarger's algorithm [25] is based on the following two observations:� Any undirected graph with minimum cut c has a packing of c spanning trees that useseach edge at most twice [17]. 34



� Given any packing of c spanning trees that uses each edge at most twice, at least someof the trees only cross the minimum cut twice.The second fact follows from a simple averaging argument: there are at most 2c \halfedges" crossing the minimum cut which must be shared among c trees. So some trees only get2 edges. This motivates the following de�nition:De�nition 7.1 Let T be a spanning tree of G. We say that a cut in G k-respects T if it cutsat most k edges of T . We say that T k-constrains the cut in G.Karger's algorithm works as follows. First it �nds a packing of spanning trees; then itexamines the trees in the packing and for each tree �nds the smallest cut that 1- or 2-respectsthe tree. The following is shown in [25]Lemma 7.2 The smallest cut that 1-respects a given tree can be found in �(m+n) time. Thesmallest cut that 2-respects a given tree can be found in �(n2) time.The only operations used in the algorithm are least common ancestor computations andarray sums. Thus, the constants hidden by the �-notation are quite small. On the other hand,the 2-respects construction involves explicitly computing a set of �n2� values (one for each pairof tree edges). Therefore, unlike the other algorithms we examine, this one is guaranteed totake 
(n2) time regardless of the input.A related algorithm of [25] has a better time bound of O(m log3 n). This algorithm, however,is more complicated and the constant factors of its implementations are likely to be large.Because of this and our experience with the simpler algorithm, we think that the theoreticallyfaster algorithm is unlikely to be competitive with the best codes on the problems in our study.7.1 Packing spanning treesIt remains only to �nd a tree that constrains the minimum cut. We do so by �nding a treepacking and considering the trees in it; some of them appropriately constrain the minimumcut. To �nd the packing of spanning trees, we use Gabow's Algorithm [17]. On an unweightedgraph, this algorithm �nds a packing of c trees in O(mc logm=n) time. This is �ne for smallvalues of c but expensive for large values. To ensure a small value of c, we use random sampling:Lemma 7.3 ([27]) Given any graph G, in linear time we can construct a skeleton graph Hon the same vertices with the following properties:35



� H has m0 = O(��2n logn) edges,� the minimum cut of H is c0 = O(��2 log n),� the minimum cut in G corresponds (under the same vertex partition) to a (1+�)-minimumcut of H.Corollary 7.4 Let � = 1=6. If we pack c0 trees in H, then either� some tree 1-constrains the minimum cut of G, or� 1=5 of the trees 2-constrain the minimum cut of GThis corollary suggests a natural theoretical implementation of the algorithm. Constructthe skeleton with � = 1=6 and pack the trees in the skeleton using Gabow's Algorithm. For eachtree, �nd the minimum cut that 1-respects it. Then, for a small random subset of the trees,�nd the minimum cut that 2-respects each tree in the sample. Since checking for 1-respectedcuts is much easier than checking for 2-respected cuts, it makes sense to avoid performing the2-respects test for every tree. Since, if the 1-respects test fails, many trees must 2-constrainthe minimum cut, testing a random sample of them is su�cient.7.2 Implementation DetailsKarger's algorithm, k, leaves open many implementation options. We discuss the major onesbelow.Checking trees for 2-respecting cuts. Karger gives two di�erent ways to check for 2-respecting cuts: a relatively simple dynamic programming method that takes O(n2) time pertree, and more elaborate method that uses dynamic trees, but takes only O(m log2 n) pertree. We believe that the constant factor hidden in the O of the latter is large, so we onlyimplemented the former.Packing spanning trees. Karger suggests two entirely di�erent ways to pack spanningtrees. We chose to use Gabow's algorithm [17]. It would be interesting to try the alternative([36]) too.We tried checking to see if the tree packing contained multiple copies of the same tree, butthis did not appear to help unless our sampling probability was too high, so we disabled it.36



It would be interesting try to use scaling in the implementation of Gabow's algorithm. Thiscould potentially run faster and return fewer distinct trees on some graphs.Estimating the Minimum Cut In order to perform the sampling step correctly, the algo-rithm needs to know the value of the minimum cut. In [27] Karger gives two ways to resolvethis problem. The �rst is to run Matula's ([31]) linear time 3-approximation algorithm; usingthat value divided by 3 gives a probability that doesn't a�ect correctness and at worst mul-tiplies the number of edges in the sample by 3. The other option starts by getting a crudeapproximation and then samples the edges, �nds a tree packing, and doubles the probabilityand repeats if the number of trees in the packing is smaller than expected. Since doubling theprobability doubles the number of trees, �nding the �nal tree packing dominates the time of�nding all the others. If the crude approximation was within a factor of n, then the time spentsampling is at most O(m logn).We chose to implement the latter method because of its simplicity. We used the minimumtrivial cut as the crude starting approximation. This is perfectly good for an unweighted graph,but it can do very badly on a weighted graph. So after �nding a tree packing we compute thevalue of the cut in the graph de�ned by the minimum cut in the sampled graph. This will getus a much better estimate when the starting point is very bad.Sampling from Weighted Graphs A major concern is weighted graphs. The theoreticalversion says to pick each edge independently with probability 6�2 log n=c. We can treat agraph with integer weights as an unweighted graph with multiple edges, but we don't wantto ip a coin w times for an edge of weight w, and this still doesn't cover real weights. Sofor integer weight edges, what we want is to pick a number from 0 to w according to thebinomial distribution. Notice that if we were to multiply all the edge weights by some largefactor the minimum cut would go up by that factor, so the probability would go down and themean of the distribution would stay the same. Therefore we can approximate with the Poissondistribution, which is very close to the binomial for large numbers and small mean. It is lessdi�cult to pick a number according to the Poisson distribution, and since it is a continuousdistribution it solves the problem of real edge weights.Picking � Another problem is picking the � used to compute the sampling probability. Inorder to have high probability of some tree 2-constraining, the expected number of trees has37



to be 150 log n. With 216 log n trees, if none 1-constrain at least 1=5 of them 2-constrain, sowe could check fewer than 150 log n trees for 2-constraining at the cost of having found moretrees in the �rst place. Unfortunately, in either case, we found that the time spent �ndingthat many trees was so expensive as to make the running time several orders of magnitudeworse than the other algorithms. We discovered, however, that on our test examples, �ndingonly 6 log n trees and checking only 10 of them for 2-constraining gave the right answer all thetime. On the theory side, there is reason to believe that the analysis is not tight, but since wehaven't been able to tighten it this implementation must be considered heuristic. There is noproof that it will be correct with high probability in all cases. Note that 6 log n trees causesall cuts to be within � = 1 of their expected values with probability 1 � O(1=n) according tothe theoretical analysis.Graph Representation The graph itself is represented as in ho and ni, but we also had torepresent the sampled graph and the tree packing, so there are some further issues.Gabow's algorithm is intended for unweighted graphs, so each weighted graph edge can bein many trees. It is impractical to take the sampled graph and make it unweighted by makingcopies of edges. Instead we represent the sampled graph as the original and make and deleteunweighted copies as needed during the algorithm. Therefore the tree edges are necessarilya di�erent edge structure. They are stored in doubly linked edge lists, and each tree edgemaintains a pointer to the corresponding graph edge.Adding the PR Heuristics We use the same PR preprocessing as ho and ni. Sincethe algorithm doesn't do any other contractions, the only way the PR heuristics could helpinternally is if we discover a new upper bound on the minimum cut before we get a good treepacking. We implicitly get a new upper bound when we are doubling probabilities, but it is notsafe to run PR tests based on an expected upper bound. Nevertheless, as mentioned above,we check the cut de�ned by the minimum cut in the sample to update our upper bound ifpossible, so when an update occurs that reduces the lower bound by more than 5% we run thePR tests again.We also tried checking 1-respecting cuts after each tree packing step, in the hope that wemight get a better estimate and be able to run PR tests again. It turned out that on our testdata our initial estimates of the minimum cut were never too bad, so there wasn't much to be38



gained by trying to tighten the estimate.Gabow's Algorithm on Small Cut Graphs Observe that when we sample the graph,we create a graph with minimum cut O(logn) on which to run Gabow's algorithm. If theminimum cut of the original graph was O(log n), sampling is unnecessary. In this case we canjust use Gabow's algorithm directly to determine the minimum cut.8 Problem FamiliesGenerator Class name Brief descriptionnoigen NOI1{NOI6 Random graphs with \heavy" componentsreggen REG1{REG4 Unions of random cyclesrandomgen RAND1{RAND2 Regular random graphsbikewheelgen BIKEWHE Bicycle wheel graphsTSP TSP problem instancesPRETSP Preprocessed TSP instancesprgen PR1{PR8 Two components with a mincut between themTable 1: Summary of problem families.After experimenting with many problem generators and families, we restricted our attentionto the most interesting ones. In our �nal experiment, we used �ve di�erent problem generators,and for each one we generated several di�erent problem families, for a total of 21 di�erentfamilies. We describe each family individually below. We also did experiments on minimumcut problems that arise in the solution of large TSP problems via cutting plane algorithms [3].One of our generators, noigen, is an implementation of the generator of [33], and another one,prgen, is an implementation of the generator from [35]. The remaining generators are original.One of the contributions of our work is to introduce this useful collection of generators thancan be used by others to test minimum cut algorithms.A brief summary of our problem families appears in Table 1. A detained description ofgenerators and families follows. For the remainder of this section, when we say something ischosen at random from a given range, we mean an integer chosen uniformly at random in thegiven range. 39



8.1 noigen generatorOur noigen generator is an implementation of a generator of Nagamochi et al. [33]. Thegenerator produces a graph consisting of several heavily connected components. With properlychosen parameters, vertices of each component are on the same side of any minimum cut.The generator takes the following parameters:� n - the number of vertices in the graph,� d - the density of edges as a percentage, i.e., m = n(n� 1)(d=200),� k - the number of tight components,� P - the scale between intercomponent and intracomponent edges.The generator works as follows. We �rst compute m from n and d. Next the vertices arerandomly colored with k di�erent colors. We then add m edges to graph, at random. If thetwo endpoints of an edge have the di�erent colors, the edge weight is chosen at random fromthe range [1; 100], while if the two endpoints have the same color, the edge weight is chosen atrandom from the range [1; 100 � P ]. The desired e�ect is that, for large enough P , the graphwill have k components and the minimum cut will consist solely of edges with endpoints indi�erent components.Following [33], we generated 6 di�erent problem families. Our families are similar to thoseof [33]. However, we use larger problem sizes because our algorithms and hardware are faster.Based on experimental feedback, we place additional data points with \interesting" places.
40



Family n d k PNOI1 300,400,500,600 50 1 300,400,500,600,700,800,900,1000 700,800,900,1000NOI2 300,400,500,600 50 2 300,400,500,600,700,800,900,1000 700,800,900,1000NOI3 1000 5,10,25,50,75,100 1 1000NOI4 1000 5,10,25,50,75,100 2 1000NOI5 1000 50 1,2,3,5,7,10,20,30,33,35 100040,50,100,200,300,400,500NOI6 1000 50 2 5000,2000,1000,500250,100,50,10,1Families NOI1 and NOI2 study the a�ect of varying the number of vertices. Families NOI3and NOI4 study the a�ect of varying the density of the graph. Family NOI5 studies the a�ectof varying the number of components, and family NOI6 studies the a�ect of varying the ratiobetween the weights of the intercomponent and intracomponent edges.8.2 reggen generatorThe reggen generator produces unions of random cycles. It takes the following parameters:� n - the number of vertices,� d - the number of random cycles.All edges have weight 1, and the cycles are not necessarily edge-disjoint. We generated twofamilies of graphs:
Family n dREG1 1001 1,3,10,33,100,333,1000REG2 50,100,200,400,800 50REG3 256,512,1024,2048,4096,8192,16384 2REG4 128,256,512,1024,2048 8,16,32,64,128
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REG1 tests the a�ect of increasing the number of random cycles, while REG2 tests thea�ect of increasing the number of vertices. REG3 looks at the union of two random cycles,a problem that is hard for all of our codes, and REG4 looks at the case when the number ofvertices and cycles increase simultaneously.8.3 randomgen generatorThe randomgen generator generates a random regular graph, that is, a graph in which eachvertex has the same degree. It takes the following parameters:� n - the number of vertices� d - the degreeIt generates a graph with n vertices and nd=2 edges in which each vertex has degree d. It doesthis by generating a list of length nd which contains each vertex d times and then randomlypicking pairs from this list (without replacement) to get edges. The graph formed may haveself-loops.We generated the following families:Family n dRAND1 1000 16,32,64,125,250,500,999RAND2 500,708,1000,1414,2000,2828,4000,5658,8000 50In RAND1, we hold the number of vertices constant and test the a�ect of varying thedegree. In RAND2, we hold the degree constant, and test the a�ect of varying the number ofvertices. The number of vertices in each instance is roughly p2 times the number of verticesin the previous instance.8.4 bikewheelgen generatorThe bikewheelgen generator produces a graph that looks like a bicycle wheel. It takesa parameter n and generates an n-vertex, (2n � 3)-edge graph consisting of a \rim" cycle onvertices 1; : : : n� 2 plus two additional vertices, n� 1 and n. There are n� 1 \spoke" edges of42



Figure 3: A 10-vertex bicycle wheel graph.the form f1; n� 1g; f2; ng; f3; n � 1g : : : ; fn� 2; ng. There is also an \axis" edge fn� 1; ng.If you draw vertices n�1 and n in the middle of the cycle, the graph looks like a bicycle wheel(see Figure 3). The capacity of each rim edge is n � 1, the capacity of each spoke edge is 2,and the capacity of the axis edge is also 2. These instances have n trivial minimum cuts ofvalue 2(n � 2). However, because of their uniform structure, these problems are hard for allcodes in our study.The values used are:
Family nBIKEWHE 210; 211; 212; 213

8.5 TSP and PRETSP instancesThe TSP instances are subproblems generated by the TSP code of Applegate and Cook [3].This is the state-of-the-art code for solving TSP problems exactly, and is based on the techniqueof cutting planes. The set of feasible traveling salesman tours in a given graph induces a convexpolytope in a high-dimensional vector space. Cutting plane algorithms �nd the optimum tourby repeatedly solving a linear relaxation of an integer programming formulation of TSP and43



adding linear inequalities that cut o� undesirable parts of the polytope until the optimumsolution to the relaxed problem is integral. The inequalities that have been very useful aresubtour elimination constraints, �rst introduced by Dantzig, Fulkerson and Johnson [12]. Theproblem of identifying a subtour elimination constraint can be rephrased as the problem of�nding a minimum cut in a graph with real-valued edge weights. Thus, cutting plane algorithmsfor the traveling salesman problemmust solve a large number of minimum cut problems (see [29]for a survey of the area). We obtained some of the minimum cut instances that were solvedby Applegate and Cook. Table 2 gives a summary of these instances, including their \names"which correspond to the original TSP problems.The Padberg-Rinaldi tests are extremely e�ective of the TSP instances, and so is our PRpreprocessing. To study preprocessing e�ects, we introduce the PRETSP family. A problemof this family is obtained by taking a TSP problem and applying PR preprocessing with � = 0(i.e.,, the PR passes are applied until no PR tests succeeds. PRETSP problem size is a lowerbound on the size of the corresponding TSP problems after PR preprocessing, and this boundis usually close to the real size.Remark. Given a TSP problem, the resulting PRETSP problem may depend on the orderingof the TSP problem nodes and edges and on implementation details of the PR passes.Table 2 gives summary of the PRETSP instances. One can see how e�ective the PR testsare. The PRETSP problems are drastically smaller than the corresponding TSP problems; inseveral cases, the problem is completely solved by the tests.The absence of PR preprocessing in an algorithm is a big disadvantage on TSP problems,and PRETSP problems compensate for this.The TSP, and especially the PRETSP problem size is smaller than we would have liked andhence running times of the best algorithms are small. Unfortunately we were unable to obtainbigger TSP instances. The Traveling Salesman Problem is much harder than the minimum cutproblem, and the size of problems that can be solved by the current cutting plane algorithmsis limited.8.6 prgen generatorOur prgen generator is an implementation of the generator used by Padberg and Rinaldi[35]. This generator produces two di�erent types of graphs. The �rst type is a randomgraph with an expected density d. The second type is a random graph that consists of two44



Problem number Problem name n m n0 m01 tsp.att532.x.1 532 787 20 382 tsp.d1291.x.1 1291 1942 88 1853 tsp.1400.x.1 1400 2231 148 3004 tsp.pr76.x.2 76 90 2 15 tsp.r15934.x.1 5934 7287 150 2926 tsp.r15934.x.2 5934 7627 261 5177 tsp.rl1323.x.1 1323 2169 113 2218 tsp.rl1323.x.2 1323 2195 106 2089 tsp.vm1084.x.1 1084 1252 19 3610 tsp.vm1748.x.1 1748 2336 77 13111 d15112.xo.19057 15112 19057 605 116212 pla33810.xo.38600 33810 38600 2 113 pla33810.xo.39367 33810 39367 2 114 pla33810.xo.39456 33810 39456 2 115 pla85900.xo.102596 85900 102596 2 116 pla85900.xo.102934 85900 102934 2 117 pla85900.xo.102988 85900 102988 52 9018 usa13509.xo.15631 13509 15631 325 56119 usa13509.xo.17048 13509 17048 477 92020 usa13509.xo.17079 13509 17079 449 86121 usa13509.xo.17111 13509 17111 454 88622 usa13509.xo.17130 13509 17130 403 78623 usa13509.xo.17156 13509 17156 532 102924 usa13509.xo.17156a 13509 17156 501 95025 usa13509.xo.17183 13509 17183 492 94626 usa13509.xo.17193 13509 17193 549 107227 usa13509.xo.17210 13509 17210 465 92628 usa13509.xo.17303 13509 17303 542 106429 usa13509.xo.17358 13509 17358 573 110430 usa13509.xo.17375 13509 17375 476 94531 usa13509.xo.17386 13509 17386 607 115032 usa13509.xo.17390 13509 17390 557 109133 usa13509.xo.17494 13509 17494 505 971Table 2: Summary of TSP and PRETSP instances. n and n0 is the number of nodes in theTSP and PRETSP instances, respectively. m and m0 are the corresponding numbers of edges.45



Family n d cPR1 100,200,300,400 2 1PR2 100,200,300,400 10 1PR3 100,200,300,400 50 1PR4 100,200,300,400 100 1PR5 100,200,300,400,500,1000,1500,2000 2 2PR6 100,200,300,400 10 2PR7 100,200,300,400 50 2PR8 100,200,300,400 100 2Table 3: PR families.components connected by \heavy" edges, with \light" edges going between the components,thus the minimum cut is very likely to separate the two components. The generator takesthree parameters� n - the number of vertices,� d - the density (as a percentage),� c - the type of graph to generate (1 or 2).If c = 1, for each pair of vertices, with probability d, we include an edge with weight uniformlydistributed in [1; 100]. If c = 2, we split the graph into two components, one containingvertices 1 through n=2 and the other containting vertices n=2 + 1 through n. Again, foreach pair of vertices, we include an edge with probability d. If the two vertices are in thesame component, the edge weight is chosen uniformly from [1; 100n], but if the vertices are indi�erent components, the edge weight is chosen uniformly from [1; 100].We used eight families, PR1{PR8, with parameter values given in Table 3. These valuesare precisely those used by Padberg and Rinaldi in their paper [35]. We use these problemfamilies to compare heuristics in ho with those in the Padber-Rinaldi code. See Section 10.3.We note that noigen is a generalization of prgen, but we implement prgen to ensure thatthe graphs we generate are as similar as possible to those generated by Padberg and Rinaldi.46



9 Experimental SetupOur experiments were conducted on a DEC 2100 server with two 175-MHz Alpha processors,320M of shared memory and 1M of cache per processor. Our codes, however, only made useof one processor. Our codes are written in C and compiled with the UNIX gcc compiler usingthe O4 optimization option.All our problem generators use random numbers, hence for each setting of the parametersfor each generator, we actually generated 5 graphs. Our numbers for running time, etc. areall averages taken over those 5 inputs. We also report standard deviations sometimes.Our timer resolution is 1=60 seconds. The reader should keep this in mind, especially whenconsidering times that are close to this value.As mentioned in Section 2.6, our algorithms do not actually output the minimum cut, orsave the minimum cut in any special data structure. However, at the time the minimum cut isencountered they do have the minimum cut stored in some internal data structure from whichit could easily be extracted.For all codes, we keep track of the following quantities:� total running time� discovery time - the time at which the algorithm �rst encountered the minimum cut.� edge scans - the number of times an edge was scanned. This is a basic unit of work thatis common to all of the codes.For those codes that perform PR tests, we also keep track of:� preprocessing time - the time spent in the initial PR tests.� initial PR - the number of initial PR tests that were succesful.� internal PR - the number of internal PR tests that were succesful.For each individual code, we keep track of problem speci�c quantities also.For the ni family, we keep track of the following additional quantity:� phases - the number of phases of the algorithm.For the ho family, we keed track of the following additional quantities:47



� st cuts - the number of s-t cut (max ow) computations performed.� avg. size - the average number of vertices in an s-t cut problem� 1 node layers - the number of times a frozen layer has exactly one node.� excess contr - the number of excess contractions performed.10 Experimental ResultsIn this section we present our experimental results. We study the following codes:� NI implementations.{ hybrid, the Nagamochi et al. [33] implementation of the Nagamochi-Ibaraki algo-rithm with a PR heuristic,{ ni, our implementation of the Nagamochi-Ibaraki algorithm with all heuristicsturned on.{ ni-nopr, same as ni but with the PR heuristic turned o�.� HO implementations.{ ho, our implementation of the Hao-Orlin algorithm with all heuristics turned on.{ ho-noprxs, same as ho but with all heuristics turned o�.{ ho-noxs, same as ho but with excess detection turned o�.{ ho-nopr, same as ho but with the PR heuristic turned o�.� KS implementations.{ ks, our implementation of the Karger-Stein algorithm with all heuristics turned on.{ ks-nopr, same as ks but with PR heuristic turned o�.� K implementations{ k, our heuristic implementation of the O(n2 logn) version of Kargr's algorithm withPR heuristic. 48



For the last code, we use the version that picks 6 log n trees, which is well below the theoreticalbound. (See Section 7.) The theoretically justi�ed version, however, was very slow, and kalways produced correct answers in our tests.First we study relative performance of the best previous code, hybrid, and our best imple-mentations of the four algorithms, ni, ho, ks, and k. Next we study individual algorithms. Foreach algorithm, we compare our best code with implementations of the same algorithm withfewer or di�erent heuristics. We use running times and operation counts to explain algorithmperformance and to study performance e�ects of heuristics and data structures.To get a better perspective on e�ectiveness of ho's internal PR heuristic, we use the datafrom [35] to indirectly compare ho and ho-noxs with the Padberg-Rinaldi code pr [35]. Seethe end of Section 10.3 for details.10.1 Relative PerformanceThe most robust code in our study is ho, but it does not dominate all other algorithms. Thesecond best code is ni.On NOI families, ni is the fastest code, with ho and hybrid slower by about a factor oftwo. The other two codes, ks and k, are slower, usually by at least an order of magnitude.The latter code is usually, but not always, faster than the former. See Tables 4 through 10and Figures 4 through 9 for a more detailed comparison.On RAND families, ni is the best overall, with ho close second. The other codes performsigni�cantly worse. Usually hybrid is faster than k, but on dense problems the latter code isfaster. The slowest code, ks, loses to the fastest codes by over an order of magnitude. SeeTables 11 and 12 and Figures 10 and 11 for more information.The REG1 family data is interesting. (See Table 13 and Figure 12). PR preprocessing solvesthe smallest problem quickly, and all our codes are fast on this problem (a unit weight cycle).The problem, however, is nontrivial for hybrid which does no PR preprocessing. Performanceof ni is nonmonotone in graph density. On dense problems, internal PR tests become verye�ective, and ni is the fastest, although ho is very close. On sparse problems, ni performspoorly. On these problems, ho is the fastest, in some cases by over an order of magnitude.Performance of hybrid is the worst overall. The second-worst performance is exhibited by ks.On sparse problems, k is the second best; on dense problems, it is the third best.On REG2 and REG4 problems, ho is clearly the fastest, with other algorithms asymptoti-49



cally slower. On REG4 ni shows its worst case O(nm) = O(n3) behavior. See Tables 12 and16 and Figures 11 and 15 for more information.Recall that REG3 problems are unions of two random cycles. On these problems, k workslike Gabow's algorithm and its running time is almost linear. For ks the constant factorsare large, but the asymptotic performance is the second best. Even on the largest problem,however, ks is signi�cantly slower than ho. Other codes, ho, ni, and hybrid, exhibit growththat is at least quadratic in the problem's size. However, ho has very small constants and isthe fastest on all problems except for the largest, where it is slower than k. The worst codesare ni and hybrid. The data appears in Table 15 and Figure 14.The BIKEWHE problems (see Table 17 and Figure 16) are hard for all codes, which exhibita roughly quadratic time growth. The constants are signi�cantly smaller for ho and the worstfor k. The latter code also did not run on larger problems because of excessive memoryrequirements.On TSP problems, ho and ni are the fastest, as is shown in Tables 18, 19 and 20 and Figures17, 18 and 19. PR preprocessing is very e�ective on these problems and takes signi�cant portionof time for these codes. On PRETSP problems, however, ho is usually faster than ni; see Tables21, 22, and 23 and Figures 20 and 21. The other codes are signi�cantly slower on this family.The more e�ective internal PR tests of ni are the reason why this algorithm is as fast as hoon the TSP family and slower on the PRETSP family. Because the preprocessing terminateswhile a relatively large number of PR tests may apply, the internal tests are likely to succeed.10.2 Nagamochi-Ibaraki AlgorithmIn this section we study implementations of the Nagamochi-Ibaraki algorithm. The correspond-ing data appears in Tables 52 through 71 and Figures 40 through 57. In general, the numberof phases is the key to performance of this algorithm. PR heuristics are important becausethey reduce the number of phases. Data structures are important because time to execute aphase depends on them. When a small number of contractions take place in a phase (and thenumber of phases is large), our data structure are somewhat slower that hybrid's because weneed to examine and compact the whole graph after a phase. This work, however, is amortizedby the phase and cannot cost too much. When the number of contractions during a phaseis large, using compact contraction can take �(n2) time, and our data structures guarantees�(m) time. Our data structure can be signi�cantly faster on sparse graphs.50



First we compare hybrid, the previous implementation of the Nagamochi-Ibaraki algorithmthat was a starting point of our implementation, and our implementation ni. The two codesdi�er in data structures and PR heuristics. Recall that our code uses a combination of set-union and compact contraction, PR preprocessing, a version of source PR heuristic, and PRpasses between phases. In contrast, hybrid uses compact contraction and a variant of thesource PR heuristic (see Section 3). Note also that the two codes are written in di�erentlanguages and in di�erent programming styles.Our code ni is more robust than hybrid. The former code is never signi�cantly slower butsometimes it is signi�cantly faster.On NOI families, the two codes perform similarly, with ni faster by roughly a factor oftwo. These problems are easy for the Nagamochi-Ibaraki algorithm and the number of phasesis small. Although ni usually has fewer phases than hybrid because of the PR heuristic, thetime di�erence is not drastic. See Tables 52 through 58 and Figures 40 through 45 for moredata.On RAND families, ni is signi�cantly faster, especially on dense RAND1 problems, wherethe di�erence is over an order of magnitude. The number of phases of ni is signi�cantly smaller,as is shown in Table 59 and Figure 46.Data for the REG1 family is shows several big distinctions between the two codes. The�rst problem is a unit-weight cycle. This problem is hard for hybrid, but easy for ni, wherePR preprocessing solves the problem. On problems of moderate density, the two codes performsimilarly. On dense problems, however, ni is faster by over an order of magnitude because ofthe use of the more e�ective PR heuristic. See Table 61 and Figure 48.On small REG2 problems, PR tests of ni are much more e�ective and the code is faster.(See Table 62 and Figure 49.) For larger problems, the number of phases of ni is not muchless then the that of hybrid, and the latter algorithm is somewhat faster.On REG3 and REG4 problems the two codes behave similarly, as is shown in Tables 63and 64 and Figures 50 and 51.On BIKEWHE problems, the number of phases is large for both codes, although ni hasfewer phases and performs somewhat better, as is shown in Table 65 and Figure 52.Finally we consider TSP and PRETSP families. On TSP problems, ni is much faster{ sometimes by over two orders of magnitude. PR preprocessing on TSP instances is verye�ective and responsible for a big fraction of the speedup. The PRETSP data shows that51



internal PR tests in ni are also e�ective. Small sizes of the PRETSP problems make it hardto determine how e�ective the internal tests are. See the data in Tables 66 through 71 andFigures 53 through 57.Next we compare ni and ni-nopr and study the value of the ni's PR heuristic.On NOI families, the two codes perform similarly. The number of phases is small forni-nopr, and even though the PR tests reduce the number of phases, the work involved in thetests is about the same as the work saved.On RAND problems, PR tests are very helpful, and ni is faster than ni-nopr, especiallyon dense graphs. Preprocessing PR tests fail, but the internal tests are highly successful.On REG1 problems, PR tests help for the �rst problem, where the preprocessing tests solvethe problem, and on dense problems, where the internal tests drastically reduce the number ofphases. On problems of moderate density, the tests are not as helpful, and ni is a little slowerthan ni-nopr.On small REG2 problems, the PR tests are e�ective, but on large problems they are muchless e�ective; ni is faster on the former and a little slower on the latter.On REG3 and REG4 problems, the tests are not very e�ective, and ni is a little slower.On BIKEWHE problems, PR tests reduce the number of phases, but only by a factor of aboutthree, and ni is a little faster.On TSP problems, the PR heuristic is extremely e�ective and ni is much faster { sometimesby over two orders of magnitude. PR preprocessing on TSP instances is very e�ective andresponsible for a big fraction of the speedup. The PRETSP data shows that internal PR testsin ni are also e�ective.10.3 Hao-Orlin AlgorithmIn this section we study performance of ho heuristics. The corresponding data appears inTables 24 through 43 and Figures 22 through 39 First consider excess detection. This heuristicusually helps, but not drastically { the running times of ho and ho-nopr are usually better thanthe corresponding times for the variants with no excess detection, but usually the times arewithin a factor of two. The data suggests that excess contractions tend to increase the numberof internal PR contractions. However, many more single-node layers occur in the absence ofexcess contractions, and the number of s-t cut computations does not increase too much. Inaddition, the average problem size decreases. A similar phenomena occurs with ho-nopr vs.52



ho-noprxs: one-node layers replace most of excess contractions.Next we study the PR heuristics by comparing ho and ho-nopr. On NOI (except NOI5),RAND, REG, and BIKEWHE families the algorithms perform in a similar way. For large k inNOI5 problems, where PR preprocessing solves the problem, ho is somewhat faster.Note that the REG3 data exhibits a large time variation.On TSP problems, ho is signi�cantly faster, often by over an order of magnitude. OnPRETSP, the algorithm is a little slower, mostly because of the time spent on preprocessing,which is pointless on these problems.Although the PR heuristic makes HO more robust, this is mostly due to its preprocessingphase. The value of our internal PR heuristic is less clear. Sometimes it helps, and sometimeshurts, although never by more then a factor of two in our tests. One of the reasons forthis phenomena is the fact that the source PR tests are relatively expensive and because ofamortization they are rarely applied.A more e�ective strategy for internal PR tests may improve ho's performance. To betterunderstand these tests, we compare ho and ho-noxs with the Padberg-Rinaldi code pr, whichimplements the Gomory-Hu algorithm and performs exhaustive PR tests after every maximumow computation. We use the data from [35] and compare the number of heuristic contractionoperations only.We would like to make a few remarks on this experiment. First, the comparison is indirect.We compare the data from [35] with the results we obtained by implementing the generatordescribed in that paper and using the same parameter values as in the paper. Our instancesare probably not the same as [35], but the variances are low, making the operation countcomparison valid. Second, comparing the running times in this context is meaningless. Ourtimes are hundreds of times smaller. However, we think that the pr code would be much fasterif its maximum ow subroutine (which is an implementation of the Sleator-Tarjan algorithm[38]) is replaced by a good implementation if the push-relabel method, such as that of [10].Also, our hardware is faster than that used by Padberg and Rinaldi.Tables 44|51 give data for the PR1{PR8 families. Recall that the number of s-t cutcomputations for ho and ho-noxs is n� 1 minus the sum of the numbers contractions due toPR, excess detection, and single node layer heuristics.The number of PR contractions in ho is less than or equal to that of pr; the only exception isthe �rst problem in the PR1 family, where the di�erence is small (98 vs. 96). The PR heuristic53



of pr often seems to be much more e�ective than that of ho. However, ho has other heuristics,excess detection and single node layer heuristic, which are very e�ective. The combination ofho heuristics is often more e�ective than the pr heuristics.To measure the e�ect of excess contraction, we compare ho and pr to ho-noxs. The latterusually performs signi�cantly more s-t cut computations than the former. Also, most of thetime, ho-noxs performs more s-t cut computations that pr, but not always and the di�erenceis not as big.Experiments with PR1|PR8 families give insight into the e�ectiveness of ho's internal PRtests, but the question of whether the tests can be improved remains open. The data for pr sug-gests that the internal tests can be more e�ective and increase the number of PR contractions.However, this may come at the expense of excess and single node layer contractions.Remark. If we use a push-relabel maximum ow subroutine in pr, we can use excess detectionand improve performance.10.4 Karger-Stein AlgorithmFor the ks family, we developed two codes, ks-nopr, which does not use the PR heuristics, andks which uses the heuristics. We found that in spite of the randomization in the algorithm,ks-nopr actually had a very predictable running time of O(n2). This is not surprising, as thealgorithm, in order to output the minimum cut with high enough probability, must examineO(n2) cuts. For dense graphs this would be a competitive running time, but for sparse problemsthis is usually orders of magnitude slower than ho or ni. Thus we do not report the runningtimes for ks-nopr.We now focus on the performance of ks. We note that the tables show that ks performsmany more PR tests than any of the algorithms, in fact it usually performs more PR teststhan the number of nodes in the graph. This is not a paradox, it happens only because thealgorithm does repeated trials and examines many cuts. As was mentioned in Section 6, wedo not see much correlation between the number of internal PR tests and the running time ofthe algorithms. However, the initial PR tests are a tremendous help, as a reduction from n0nodes to n1 nodes takes at most n0 log n0 time, but reduces the remaining running time fromO(n20) to O(n21). One can see this advantage throughout Tables 4 through 23 and Figures 4through 21.One particularly interesting item to look at is discovery times. In many cases ks, despite54



being signi�cantly slower than ho or ni, has discovery times that are similar to those of thefaster codes. However, there are cases where the discovery time of ks is larger than the runtime of ni, and also is a large fraction of the total run time. For example, in the second to lastproblem of the NOI2 family, ks has a discovery time that is more than a �fth of its total timeand almost 4 times worse than ni's total time. Thus on some problems it would be impossibleto reduce the number of trials enough to beat the fastest codes without missing the minimumcut.10.5 Karger's AlgorithmIt is clear that our implementation k of Karger's algorithm would not be a wise choice formost applications. Recall, however, that Karger's algorithm consists of two main parts |�nding a tree packing and �nding the minimum cut that 2-respects a tree | and both couldbe implemented in dramatically di�erent ways, so it is valuable to try to establish whetherthere is hope for a better implementation.k's primary misfortune is that it always runs in its worst-case �(n2 log n) time bound.Even worse, it uses 
(n2) space, so it can't handle very large problems. The only exceptionto these misfortunes is the special case of unweighted graphs with small minimum cut wherek turns into Gabow's O(cm log n) time algorithm. This special case accounts for many of thecases where performance is reasonable, most notably the REG3 family, but also RAND2 andthe �rst few problems of RAND1, REG1, and REG4. The switchover can be seen in RAND1and REG1, where times increase sharply as m increases, and then the rate of increase slowsdramatically when the runtime becomes dependent primarily on the �xed n. Note that this isreally a special case; simply multiplying all edge weights by n would be su�cient to destroyk's good performance on REG3 and in general force it to always use �(n2 logn) time.Naturally, the other place where k's performance is reasonable is on dense graphs, be-cause there 
(n2) time is required. Unfortunately, except when ni shows its worst-case O(n3)performance in REG4, k continues to lose to both ho and ni because of inferior constants.So one avenue of improvement is to implement the more complicated O(m log2 n) algorithmto �nd the minimum cut that 2-respects a tree. At least for large sparse graphs, this shouldsigni�cantly improve k's running time. In particular, the BIKEWHE family has O(n) edgesbut causes O(n2) behavior in ho and ni. Even with bad constants O(n log3 n) should quicklyovercome O(n2) as n grows. Even on moderate density graphs it may help just because it55



doesn't use 
(n2) space.It may also be pro�table to replace Gabow's algorithm with the packing algorithm of [36].There are two reasons for this. First, as implemented Gabow's algorithm doesn't have goodconstants. ho beats Gabow's algorithm until the largest of the REG3 problems, even thoughthey are a great case for the latter. Also, on many NOI family problems, ni takes less timetotal that the tree packing step in k. Most of the time the tree packing is not the bottleneck,but as much as half the time is spent there on some TSP problems, and the alternative packingalgorithm also has the potential to give a tree that the minimum cut 1-respects. If it turns outthat this happens often in practice, k would perform much better.11 Concluding RemarksOur study produced several e�cient codes which improve previous state of the art. Some ofthe algorithms in our study have not been implemented before. We also introduce new orimproved heuristics that substantially improve performance.Our results con�rm practical importance of the Padberg-Rinaldi heuristics. We introducePR passes and show that they are an e�ective way to apply PR tests in the preprocessingstage of all the algorithms. The passes are also an important component of our internal PRheuristic for ni.The combination of improved data structures, PR heuristics, and the previous work ofNagamochi et al. lead to an e�cient implementation of the Nagamochi-Ibaraki algorithm.This implementation, ni, is more robust than the previous implementation hybrid.The implementation ho of the Hao-Orlin algorithm is the most robust in our tests. This isdue in part to previous work on implementations of push-relabel algorithms for the maximumow problem. Even a simple implementation of the algorithm, ho-noprxs, can perform quitewell with the addition of PR preprocessing. This makes ho-noprxs hard to improve upon.Our excess detection heuristic succeeds in improving upon ho-noprxs; the improvement isnoticeable and consistent but not dramatic. The e�ectiveness of our internal PR heuristic isless clear. We leave open the question of weather it is possible to have a better internal PRheuristic for the Hao-Orlin algorithm.Performance of k shows that this algorithm needs to be investigated further. The versionwe used is a heuristic because the number of trees used is far below the theoretical bound.Since k found the optimal solution in all our tests, it may be possible to improve the bound.56



The implementation may also bene�t from sophisticated data structures and a di�erent tree-packing subroutine.Our implementation of the Karger-Stein algorithm does not perform as well as the bestcodes, but its performance is not bad when compared to the previous codes. This implemen-tation may be useful in some contexts, for example if one would like to �nd all minimumcuts.ni outperforms ho if the number of ni phases is very small, i.e., when a phase contractsmany nodes. This suggests a hybrid algorithm that, after the preprocessing, applies ni phases(with internal PR tests) while the number of nodes decreases by a constant factor after eachphase, and then switches to ho. We tested this hybrid algorithm, and it proved to be morerobust than ni and ho. In fact, this is the most robust implementation we currently have.This and other hybrid algorithms deserve further study.12 Tables and Plots12.1 Tables comparing di�erent codes
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 300 22425 0.31 0.07 | | | | | | 3 0.51 | |ho 300 22425 0.32 0.05 0.04 0.33 0.05 0.25 0 0.00 165 0.11 384908 0.08ni 300 22425 0.18 0.02 0.03 0.57 0.04 0.26 0 0.00 240 0.04 202990 0.03k 300 22425 3.03 0.04 0.03 0.38 0.05 0.17 0 0.00 0 0.00 1049549 0.07ks 300 22425 5.12 0.06 0.03 0.32 0.04 0.22 0 0.00 2961 0.04 1051651 0.04hybrid 400 39900 0.60 0.02 | | | | | | 3 0.76 | |ho 400 39900 0.65 0.03 0.07 0.16 0.10 0.08 0 0.00 250 0.03 676746 0.01ni 400 39900 0.39 0.03 0.05 0.42 0.10 0.08 0 0.00 326 0.04 362615 0.04k 400 39900 5.78 0.03 0.06 0.29 0.09 0.11 0 0.00 0 0.00 1887817 0.07ks 400 39900 10.28 0.03 0.05 0.34 0.10 0.08 0 0.00 3971 0.04 1921294 0.03hybrid 500 62375 1.02 0.05 | | | | | | 4 0.36 | |ho 500 62375 1.05 0.01 0.05 0.62 0.17 0.05 0 0.00 325 0.06 1028294 0.01ni 500 62375 0.66 0.04 0.06 0.65 0.15 0.05 0 0.00 407 0.05 553674 0.02k 500 62375 9.66 0.03 0.06 0.64 0.14 0.08 0 0.00 0 0.00 3017636 0.09ks 500 62375 18.15 0.06 0.05 0.65 0.16 0.06 0 0.00 5252 0.07 3129604 0.05hybrid 600 89850 1.61 0.05 | | | | | | 5 0.28 | |ho 600 89850 1.60 0.01 0.15 0.45 0.25 0.05 0 0.00 406 0.03 1525886 0.02ni 600 89850 0.97 0.01 0.14 0.42 0.23 0.02 0 0.00 507 0.03 802661 0.02k 600 89850 14.51 0.10 0.14 0.46 0.21 0.04 0 0.00 0 0.00 4561222 0.23ks 600 89850 30.53 0.03 0.13 0.48 0.23 0.02 0 0.00 6871 0.05 4868725 0.03hybrid 700 122325 2.54 0.06 | | | | | | 5 0.25 | |ho 700 122325 2.27 0.01 0.23 0.30 0.35 0.02 0 0.00 506 0.02 2101482 0.01ni 700 122325 1.41 0.02 0.24 0.28 0.31 0.03 0 0.00 620 0.02 1132793 0.03k 700 122325 19.78 0.02 0.23 0.24 0.29 0.03 0 0.00 0 0.00 5726697 0.07ks 700 122325 45.04 0.02 0.20 0.25 0.32 0.02 0 0.00 8665 0.03 6915953 0.02hybrid 800 159800 3.26 0.07 | | | | | | 7 0.31 | |ho 800 159800 3.02 0.01 0.22 0.73 0.46 0.02 0 0.00 570 0.05 2729953 0.01ni 800 159800 1.83 0.04 0.21 0.72 0.42 0.01 0 0.00 686 0.04 1448069 0.03k 800 159800 26.47 0.03 0.21 0.72 0.39 0.02 0 0.00 0 0.00 8006861 0.09ks 800 159800 59.34 0.04 0.19 0.75 0.41 0.02 0 0.00 9476 0.06 8831240 0.04hybrid 900 202275 4.54 0.05 | | | | | | 7 0.09 | |ho 900 202275 3.91 0.01 0.28 0.71 0.58 0.01 0 0.00 664 0.02 3483609 0.01ni 900 202275 2.36 0.02 0.28 0.65 0.53 0.01 0 0.00 802 0.02 1847438 0.01k 900 202275 34.42 0.11 0.28 0.66 0.50 0.02 0 0.00 0 0.00 10396242 0.25ks 900 202275 79.20 0.02 0.25 0.68 0.53 0.02 0 0.00 11206 0.04 11478872 0.02hybrid 1000 249750 5.94 0.03 | | | | | | 5 0.37 | |ho 1000 249750 4.93 0.01 0.30 0.60 0.73 0.01 0 0.00 759 0.01 4284685 0.01ni 1000 249750 3.02 0.01 0.29 0.61 0.66 0.01 0 0.00 902 0.01 2355983 0.01k 1000 249750 42.30 0.02 0.30 0.57 0.62 0.01 0 0.00 0 0.00 12173350 0.06ks 1000 249750 104.34 0.01 0.26 0.60 0.66 0.02 0 0.00 13227 0.01 14845424 0.01Table 4: NOI1 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 300 22425 0.27 0.03 | | | | | | 13 1.20 | |ho 300 22425 0.26 0.09 0.21 0.11 0.05 0.17 0 0.00 72 0.23 316490 0.12ni 300 22425 0.17 0.00 0.10 0.00 0.05 0.00 0 0.00 166 0.08 184785 0.01k 300 22425 3.78 0.33 1.11 0.43 0.05 0.16 0 0.00 0 0.00 1154448 0.27ks 300 22425 2.76 0.06 0.44 0.42 0.04 0.24 0 0.00 2499 0.04 606378 0.03hybrid 400 39900 0.53 0.02 | | | | | | 22 0.85 | |ho 400 39900 0.56 0.13 0.48 0.16 0.10 0.08 0 0.00 87 0.24 563229 0.17ni 400 39900 0.38 0.05 0.23 0.09 0.10 0.16 0 0.00 230 0.06 329887 0.01k 400 39900 6.51 0.07 1.91 0.24 0.08 0.10 0 0.00 0 0.00 1965190 0.11ks 400 39900 5.59 0.05 0.91 0.58 0.10 0.09 0 0.00 3324 0.02 1089172 0.04hybrid 500 62375 0.92 0.03 | | | | | | 35 0.84 | |ho 500 62375 1.06 0.12 0.72 0.07 0.16 0.08 0 0.00 125 0.27 1015152 0.14ni 500 62375 0.63 0.04 0.36 0.05 0.15 0.05 0 0.00 302 0.05 521470 0.01k 500 62375 10.65 0.07 2.78 0.32 0.14 0.07 0 0.00 0 0.00 3100515 0.09ks 500 62375 9.98 0.05 1.68 0.60 0.15 0.05 0 0.00 4286 0.03 1760832 0.05hybrid 600 89850 1.37 0.02 | | | | | | 28 0.64 | |ho 600 89850 1.62 0.05 1.20 0.16 0.25 0.00 0 0.00 163 0.28 1518734 0.05ni 600 89850 0.92 0.02 0.53 0.02 0.22 0.02 0 0.00 357 0.03 745424 0.00k 600 89850 16.01 0.08 3.33 0.33 0.21 0.05 0 0.00 0 0.00 4588094 0.10ks 600 89850 15.70 0.03 2.21 0.46 0.23 0.02 0 0.00 5283 0.02 2578238 0.03hybrid 700 122325 2.01 0.02 | | | | | | 71 0.21 | |ho 700 122325 2.21 0.04 1.70 0.13 0.35 0.00 0 0.00 227 0.21 2011692 0.05ni 700 122325 1.31 0.02 0.75 0.03 0.31 0.04 0 0.00 436 0.02 1021707 0.01k 700 122325 22.81 0.13 4.55 0.32 0.29 0.04 0 0.00 0 0.00 6413031 0.20ks 700 122325 22.65 0.06 3.92 0.67 0.32 0.02 0 0.00 6151 0.02 3595053 0.05hybrid 800 159800 2.73 0.01 | | | | | | 90 0.13 | |ho 800 159800 3.41 0.07 2.64 0.19 0.46 0.03 0 0.00 183 0.33 3068408 0.08ni 800 159800 1.73 0.01 0.97 0.02 0.42 0.03 0 0.00 506 0.01 1339026 0.00k 800 159800 28.28 0.06 5.86 0.29 0.38 0.02 0 0.00 0 0.00 8001240 0.09ks 800 159800 30.37 0.05 5.45 0.63 0.42 0.02 0 0.00 6982 0.02 4701328 0.05hybrid 900 202275 3.59 0.02 | | | | | | 115 0.11 | |ho 900 202275 3.91 0.06 2.87 0.11 0.58 0.02 0 0.00 311 0.21 3399594 0.08ni 900 202275 2.24 0.02 1.24 0.02 0.54 0.04 0 0.00 582 0.03 1702206 0.01k 900 202275 37.98 0.12 7.57 0.36 0.50 0.01 0 0.00 0 0.00 10639215 0.20ks 900 202275 39.71 0.05 8.44 0.43 0.53 0.03 0 0.00 8035 0.02 6081654 0.04hybrid 1000 249750 4.58 0.02 | | | | | | 132 0.07 | |ho 1000 249750 5.66 0.08 3.81 0.17 0.73 0.01 0 0.00 238 0.31 4855050 0.09ni 1000 249750 2.77 0.01 1.54 0.01 0.66 0.03 0 0.00 652 0.02 2102361 0.00k 1000 249750 49.50 0.22 9.47 0.40 0.63 0.01 0 0.00 0 0.00 14227165 0.32ks 1000 249750 50.02 0.05 7.75 0.67 0.66 0.02 0 0.00 9226 0.02 7575644 0.05Table 5: NOI2 family
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Figure 5: Di�erent algorithms on NOI2 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1000 24975 0.85 0.03 | | | | | | 0 2.00 | |ho 1000 24975 0.43 0.05 0.02 0.73 0.08 0.05 0 0.00 309 0.05 505140 0.05ni 1000 24975 0.24 0.04 0.02 0.85 0.07 0.00 0 0.00 490 0.08 249472 0.01k 1000 24975 33.42 0.02 0.02 0.66 0.07 0.06 0 0.00 0 0.00 1933383 0.09ks 1000 24975 4.82 0.08 0.02 0.86 0.07 0.05 0 0.00 10003 0.06 1039062 0.07hybrid 1000 49950 1.36 0.02 | | | | | | 1 0.31 | |ho 1000 49950 1.02 0.12 0.07 0.07 0.16 0.06 0 0.00 386 0.50 1113648 0.13ni 1000 49950 0.55 0.03 0.08 0.12 0.15 0.05 0 0.00 667 0.06 504398 0.01k 1000 49950 34.96 0.02 0.07 0.07 0.14 0.07 0 0.00 0 0.00 3524085 0.09ks 1000 49950 16.80 0.12 0.07 0.06 0.14 0.06 0 0.00 9812 0.05 2997651 0.10hybrid 1000 124875 3.02 0.03 | | | | | | 4 0.37 | |ho 1000 124875 3.24 0.02 0.10 0.67 0.38 0.02 0 0.00 590 0.03 3261326 0.01ni 1000 124875 1.50 0.02 0.12 0.59 0.35 0.00 0 0.00 821 0.02 1238518 0.02k 1000 124875 38.15 0.02 0.11 0.63 0.33 0.02 0 0.00 0 0.00 7487131 0.05ks 1000 124875 56.57 0.02 0.09 0.66 0.35 0.02 0 0.00 11361 0.02 8492396 0.01hybrid 1000 249750 5.96 0.03 | | | | | | 5 0.37 | |ho 1000 249750 4.95 0.02 0.31 0.54 0.73 0.01 0 0.00 759 0.01 4284685 0.01ni 1000 249750 3.04 0.01 0.29 0.61 0.66 0.03 0 0.00 902 0.01 2355983 0.01k 1000 249750 42.33 0.02 0.30 0.56 0.62 0.01 0 0.00 0 0.00 12173350 0.06ks 1000 249750 104.91 0.01 0.27 0.60 0.66 0.02 0 0.00 13227 0.01 14845424 0.01hybrid 1000 374625 8.74 0.03 | | | | | | 6 0.43 | |ho 1000 374625 7.93 0.04 0.73 0.30 1.02 0.01 0 0.00 794 0.01 6706222 0.06ni 1000 374625 4.36 0.01 0.70 0.28 0.94 0.02 0 0.00 931 0.01 3128006 0.00k 1000 374625 46.44 0.02 0.74 0.28 0.88 0.01 0 0.00 0 0.00 16330860 0.05ks 1000 374625 138.11 0.01 0.63 0.30 0.93 0.01 0 0.00 14135 0.01 19416647 0.01hybrid 1000 499500 11.46 0.06 | | | | | | 10 0.19 | |ho 1000 499500 10.45 0.01 0.43 0.65 1.29 0.02 0 0.00 818 0.01 8340469 0.01ni 1000 499500 5.69 0.02 0.41 0.66 1.17 0.01 0 0.00 945 0.01 3917042 0.02k 1000 499500 49.06 0.02 0.45 0.66 1.09 0.01 0 0.00 0 0.00 19064714 0.06ks 1000 499500 165.94 0.01 0.37 0.67 1.16 0.01 0 0.00 14568 0.01 22795939 0.01Table 6: NOI3 family
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Figure 6: Di�erent algorithms on NOI3 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1000 24975 0.83 0.03 | | | | | | 0 2.00 | |ho 1000 24975 0.38 0.03 0.03 0.92 0.08 0.05 0 0.00 63 0.25 419805 0.05ni 1000 24975 0.23 0.03 0.03 0.86 0.07 0.06 0 0.00 220 0.23 237406 0.01k 1000 24975 36.23 0.04 0.03 0.55 0.07 0.06 0 0.00 0 0.00 2087650 0.11ks 1000 24975 3.76 0.05 0.03 0.62 0.07 0.06 0 0.00 5319 0.23 809563 0.03hybrid 1000 49950 1.28 0.01 | | | | | | 0 0.50 | |ho 1000 49950 1.00 0.04 0.52 0.72 0.16 0.06 0 0.00 141 0.08 1010936 0.02ni 1000 49950 0.52 0.01 0.19 0.63 0.13 0.06 0 0.00 429 0.09 476370 0.01k 1000 49950 39.32 0.04 6.64 0.94 0.14 0.07 0 0.00 0 0.00 3982094 0.11ks 1000 49950 9.96 0.05 0.91 1.03 0.14 0.07 0 0.00 8815 0.09 1793567 0.04hybrid 1000 124875 2.70 0.04 | | | | | | 4 0.40 | |ho 1000 124875 2.77 0.12 1.91 0.14 0.38 0.01 0 0.00 217 0.58 2589176 0.14ni 1000 124875 1.42 0.02 0.77 0.03 0.35 0.00 0 0.00 589 0.06 1150995 0.01k 1000 124875 41.66 0.07 8.07 0.39 0.33 0.02 0 0.00 0 0.00 7479035 0.11ks 1000 124875 27.17 0.04 4.01 0.50 0.35 0.02 0 0.00 9247 0.02 4308804 0.03hybrid 1000 249750 4.58 0.02 | | | | | | 132 0.07 | |ho 1000 249750 5.75 0.07 3.88 0.17 0.74 0.02 0 0.00 238 0.31 4855050 0.09ni 1000 249750 2.80 0.02 1.55 0.01 0.68 0.03 0 0.00 652 0.02 2102361 0.00k 1000 249750 49.41 0.22 9.46 0.40 0.62 0.01 0 0.00 0 0.00 14227165 0.32ks 1000 249750 50.07 0.05 7.77 0.67 0.66 0.01 0 0.00 9226 0.02 7575644 0.05hybrid 1000 374625 6.17 0.01 | | | | | | 0 1.46 | |ho 1000 374625 8.18 0.05 5.47 0.27 1.04 0.02 0 0.00 370 0.10 6626486 0.07ni 1000 374625 4.09 0.01 2.31 0.01 0.94 0.02 0 0.00 687 0.00 2889799 0.00k 1000 374625 52.83 0.17 10.98 0.44 0.87 0.01 0 0.00 0 0.00 18183977 0.27ks 1000 374625 67.73 0.05 11.66 0.58 0.93 0.01 0 0.00 9305 0.02 10092219 0.05hybrid 1000 499500 7.19 0.01 | | | | | | 0 0.00 | |ho 1000 499500 10.53 0.07 7.45 0.24 1.29 0.02 0 0.00 282 0.34 8181626 0.08ni 1000 499500 5.26 0.01 3.07 0.01 1.17 0.01 0 0.00 691 0.01 3519347 0.00k 1000 499500 51.88 0.24 13.20 0.30 1.10 0.01 0 0.00 60 2.71 19610160 0.28ks 1000 499500 81.76 0.08 13.70 0.91 1.17 0.01 0 0.00 9244 0.03 11924189 0.07Table 7: NOI4 family
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Figure 7: Di�erent algorithms on NOI4 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1000 249750 5.95 0.03 | | | | | | 5 0.37 | |ho 1000 249750 4.88 0.01 0.29 0.56 0.72 0.01 0 0.00 759 0.01 4284685 0.01ni 1000 249750 3.02 0.01 0.28 0.62 0.66 0.01 0 0.00 902 0.01 2355983 0.01k 1000 249750 42.30 0.02 0.30 0.57 0.62 0.01 0 0.00 0 0.00 12173350 0.06ks 1000 249750 104.82 0.01 0.26 0.60 0.66 0.02 0 0.00 13227 0.01 14845424 0.01hybrid 1000 249750 4.55 0.02 | | | | | | 132 0.07 | |ho 1000 249750 5.60 0.08 3.77 0.17 0.72 0.01 0 0.00 238 0.31 4855050 0.09ni 1000 249750 2.76 0.01 1.53 0.00 0.66 0.01 0 0.00 652 0.02 2102361 0.00k 1000 249750 49.42 0.22 9.45 0.40 0.62 0.01 0 0.00 0 0.00 14227165 0.32ks 1000 249750 50.10 0.05 7.78 0.67 0.66 0.02 0 0.00 9226 0.02 7575644 0.05hybrid 1000 249750 4.45 0.03 | | | | | | 18 1.92 | |ho 1000 249750 5.60 0.15 3.38 0.51 0.73 0.01 0 0.00 198 0.57 4817520 0.18ni 1000 249750 3.10 0.02 2.08 0.54 0.67 0.02 0 0.00 430 0.12 2344959 0.02k 1000 249750 47.13 0.05 9.81 0.63 0.62 0.01 0 0.00 0 0.00 14280450 0.10ks 1000 249750 64.32 0.07 6.52 0.85 0.66 0.01 0 0.00 11388 0.04 9756063 0.07hybrid 1000 249750 4.41 0.02 | | | | | | 0 0.00 | |ho 1000 249750 6.93 0.03 0.47 0.35 0.73 0.02 0 0.00 134 0.24 6065805 0.04ni 1000 249750 3.12 0.02 0.45 0.38 0.67 0.03 0 0.00 245 0.07 2356937 0.02k 1000 249750 48.68 0.04 0.45 0.34 0.63 0.01 0 0.00 0 0.00 14923220 0.06ks 1000 249750 59.54 0.04 0.41 0.36 0.66 0.02 0 0.00 11920 0.02 9116181 0.04hybrid 1000 249750 4.37 0.02 | | | | | | 9 1.26 | |ho 1000 249750 7.78 0.06 0.33 0.43 0.73 0.02 0 0.00 106 0.39 6902801 0.06ni 1000 249750 3.02 0.04 0.32 0.45 0.65 0.01 0 0.00 325 0.50 2276407 0.06k 1000 249750 48.50 0.06 0.33 0.43 0.62 0.01 0 0.00 0 0.00 14749085 0.10ks 1000 249750 55.93 0.05 0.29 0.47 0.67 0.01 0 0.00 11281 0.06 8458768 0.06hybrid 1000 249750 4.18 0.01 | | | | | | 6 1.54 | |ho 1000 249750 7.09 0.18 0.41 0.41 0.83 0.09 47 0.58 85 0.43 6134482 0.21ni 1000 249750 2.58 0.02 0.39 0.44 0.75 0.08 47 0.58 355 0.15 1875425 0.03k 1000 249750 44.43 0.11 0.40 0.40 1.08 0.48 58 0.62 0 0.00 14440045 0.09ks 1000 249750 41.77 0.11 0.36 0.43 1.13 0.48 58 0.62 7547 0.19 6601313 0.07hybrid 1000 249750 4.18 0.03 | | | | | | 3 0.65 | |ho 1000 249750 5.78 0.50 0.32 0.79 0.92 0.05 235 1.62 28 0.81 4658492 0.61ni 1000 249750 2.36 0.18 0.30 0.77 0.80 0.04 235 1.62 119 0.59 1588310 0.27k 1000 249750 35.99 0.49 0.31 0.77 0.81 0.10 235 1.62 0 0.00 12226921 0.49ks 1000 249750 29.15 0.49 0.28 0.79 0.81 0.05 235 1.62 4576 0.45 4746895 0.47hybrid 1000 249750 4.20 0.01 | | | | | | 1 0.85 | |ho 1000 249750 4.77 0.35 0.45 0.48 0.93 0.05 276 1.31 16 0.80 3574562 0.44ni 1000 249750 2.29 0.17 0.42 0.47 0.82 0.05 276 1.31 66 0.52 1505651 0.26k 1000 249750 28.83 0.52 0.43 0.48 1.71 0.27 335 1.01 0 0.00 10267490 0.49ks 1000 249750 21.93 0.51 0.38 0.48 1.78 0.30 335 1.01 2671 0.04 4602031 0.48hybrid 1000 249750 4.24 0.02 | | | | | | 0 0.94 | |ho 1000 249750 2.75 0.71 0.25 0.51 1.05 0.10 810 0.46 12 2.00 1760322 1.07ni 1000 249750 1.81 0.23 0.25 0.51 0.93 0.06 810 0.46 27 2.00 1012838 0.38k 1000 249750 9.49 1.65 0.25 0.49 1.12 0.15 816 0.44 0 0.00 3404606 1.53ks 1000 249750 8.45 1.64 0.22 0.51 1.06 0.21 816 0.44 4146 0.17 1520518 1.50hybrid 1000 249750 4.21 0.01 | | | | | | 0 1.22 | |ho 1000 249750 1.84 0.12 0.42 0.47 1.17 0.20 998 0.00 0 0.00 890688 0.25ni 1000 249750 1.66 0.12 0.40 0.47 1.02 0.20 998 0.00 0 0.00 890687 0.25k 1000 249750 1.76 0.11 0.41 0.46 1.12 0.17 998 0.00 0 0.00 890687 0.25ks 1000 249750 1.61 0.13 0.37 0.48 1.02 0.20 998 0.00 4483 0.00 444391 0.51hybrid 1000 249750 4.22 0.01 | | | | | | 0 0.00 | |ho 1000 249750 1.69 0.01 0.25 0.34 1.01 0.02 998 0.00 0 0.00 748225 0.01ni 1000 249750 1.55 0.01 0.24 0.34 0.89 0.02 998 0.00 0 0.00 748224 0.01k 1000 249750 1.63 0.01 0.25 0.33 1.00 0.02 998 0.00 0 0.00 748224 0.01ks 1000 249750 1.48 0.01 0.22 0.35 0.90 0.01 998 0.00 4483 0.00 301929 0.02Table 8: NOI5 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1000 249750 4.24 0.01 | | | | | | 0 0.00 | |ho 1000 249750 1.68 0.01 0.49 0.21 1.02 0.00 998 0.00 0 0.00 758572 0.00ni 1000 249750 1.55 0.01 0.48 0.21 0.91 0.01 998 0.00 0 0.00 758571 0.00k 1000 249750 1.64 0.01 0.48 0.20 1.01 0.02 998 0.00 0 0.00 758571 0.00ks 1000 249750 1.49 0.01 0.44 0.22 0.91 0.01 998 0.00 0 0.00 312275 0.01hybrid 1000 249750 4.47 0.01 | | | | | | 6 0.48 | |ho 1000 249750 1.77 0.00 0.31 0.43 1.11 0.01 998 0.00 0 0.00 872233 0.00ni 1000 249750 1.63 0.01 0.30 0.47 0.99 0.02 998 0.00 0 0.00 872232 0.00k 1000 249750 1.72 0.01 0.31 0.44 1.08 0.02 998 0.00 0 0.00 872232 0.00ks 1000 249750 1.57 0.01 0.27 0.45 0.98 0.01 998 0.00 0 0.00 425936 0.01hybrid 1000 249750 4.73 0.02 | | | | | | 74 0.82 | |ho 1000 249750 1.97 0.01 0.34 0.49 1.32 0.01 998 0.00 0 0.00 1131721 0.01ni 1000 249750 1.83 0.02 0.33 0.47 1.18 0.02 998 0.00 0 0.00 1131720 0.01k 1000 249750 1.89 0.01 0.34 0.48 1.26 0.02 998 0.00 0 0.00 1131720 0.01ks 1000 249750 1.76 0.01 0.30 0.49 1.17 0.01 998 0.00 0 0.00 685425 0.02hybrid 1000 249750 4.93 0.01 | | | | | | 0 2.00 | |ho 1000 249750 1.97 0.01 0.39 0.16 1.31 0.01 998 0.00 0 0.00 1128305 0.01ni 1000 249750 1.80 0.00 0.39 0.14 1.15 0.00 998 0.00 0 0.00 1128304 0.01k 1000 249750 1.90 0.01 0.40 0.14 1.26 0.01 998 0.00 0 0.00 1128304 0.01ks 1000 249750 1.75 0.01 0.36 0.15 1.16 0.01 998 0.00 0 0.00 682009 0.01hybrid 1000 249750 5.00 0.01 | | | | | | 5 0.74 | |ho 1000 249750 2.01 0.01 0.48 0.16 1.34 0.01 998 0.00 0 0.00 1183977 0.01ni 1000 249750 1.82 0.00 0.45 0.17 1.18 0.01 998 0.00 0 0.00 1183976 0.01k 1000 249750 1.94 0.01 0.47 0.14 1.30 0.01 998 0.00 0 0.00 1183976 0.01ks 1000 249750 1.78 0.01 0.41 0.16 1.19 0.01 998 0.00 0 0.00 737680 0.01hybrid 1000 249750 5.14 0.03 | | | | | | 10 0.70 | |ho 1000 249750 2.03 0.01 0.34 0.60 1.37 0.01 998 0.00 0 0.00 1215232 0.00ni 1000 249750 1.84 0.01 0.34 0.56 1.20 0.00 998 0.00 0 0.00 1215231 0.00k 1000 249750 1.95 0.01 0.34 0.57 1.31 0.01 998 0.00 0 0.00 1215231 0.00ks 1000 249750 1.80 0.01 0.31 0.59 1.21 0.01 998 0.00 0 0.00 768936 0.01Table 9: NOI5 family (continued)
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Figure 8: Di�erent algorithms on NOI5 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1000 249750 4.02 0.01 | | | | | | 393 0.04 | |ho 1000 249750 4.90 0.09 4.04 0.14 0.72 0.01 0 0.00 25 0.05 4340237 0.09ni 1000 249750 2.57 0.01 1.52 0.00 0.66 0.01 0 0.00 423 0.03 1954265 0.00k 1000 249750 11.98 0.53 4.09 0.60 0.63 0.01 0 0.00 694 0.36 4604713 0.39ks 1000 249750 32.94 0.02 4.91 0.14 0.66 0.02 0 0.00 254 0.47 6232298 0.01hybrid 1000 249750 4.48 0.01 | | | | | | 11 1.19 | |ho 1000 249750 4.74 0.07 3.69 0.11 0.72 0.01 0 0.00 117 0.23 4193474 0.08ni 1000 249750 2.65 0.01 1.53 0.01 0.67 0.03 0 0.00 512 0.03 1999281 0.01k 1000 249750 20.35 0.73 7.37 0.49 0.62 0.01 0 0.00 576 0.63 6173240 0.59ks 1000 249750 36.84 0.05 6.18 0.38 0.67 0.01 0 0.00 2294 0.10 6497669 0.03hybrid 1000 249750 4.57 0.01 | | | | | | 132 0.07 | |ho 1000 249750 5.61 0.09 3.79 0.17 0.72 0.01 0 0.00 238 0.31 4855050 0.09ni 1000 249750 2.77 0.02 1.53 0.01 0.68 0.02 0 0.00 652 0.02 2102361 0.00k 1000 249750 49.41 0.22 9.46 0.40 0.62 0.01 0 0.00 0 0.00 14227165 0.32ks 1000 249750 49.96 0.05 7.74 0.66 0.66 0.01 0 0.00 9226 0.02 7575644 0.05hybrid 1000 249750 5.19 0.05 | | | | | | 59 1.13 | |ho 1000 249750 6.64 0.13 0.35 0.55 0.73 0.02 0 0.00 265 0.23 6058229 0.17ni 1000 249750 3.03 0.02 0.33 0.53 0.65 0.00 0 0.00 838 0.04 2326294 0.03k 1000 249750 44.76 0.03 0.34 0.51 0.62 0.01 0 0.00 0 0.00 12979289 0.08ks 1000 249750 97.33 0.03 0.31 0.51 0.66 0.02 0 0.00 11532 0.05 13775438 0.03hybrid 1000 249750 5.23 0.06 | | | | | | 76 0.82 | |ho 1000 249750 5.71 0.07 0.33 0.45 0.73 0.00 0 0.00 479 0.08 4980880 0.08ni 1000 249750 3.02 0.02 0.31 0.46 0.66 0.01 0 0.00 848 0.04 2312736 0.02k 1000 249750 44.15 0.02 0.33 0.44 0.62 0.01 0 0.00 0 0.00 12663329 0.06ks 1000 249750 97.33 0.03 0.29 0.45 0.66 0.01 0 0.00 11729 0.05 13887649 0.03hybrid 1000 249750 4.98 0.03 | | | | | | 3 0.67 | |ho 1000 249750 5.17 0.09 0.35 0.60 0.73 0.01 0 0.00 628 0.06 4387209 0.09ni 1000 249750 2.94 0.01 0.34 0.60 0.66 0.01 0 0.00 808 0.03 2246478 0.01k 1000 249750 44.60 0.02 0.34 0.59 0.62 0.01 0 0.00 0 0.00 13390353 0.05ks 1000 249750 93.03 0.03 0.31 0.61 0.66 0.02 0 0.00 11008 0.05 13387199 0.03hybrid 1000 249750 5.12 0.03 | | | | | | 3 0.47 | |ho 1000 249750 4.93 0.03 0.31 0.61 0.74 0.01 0 0.00 655 0.02 4155937 0.04ni 1000 249750 2.94 0.01 0.29 0.59 0.66 0.03 0 0.00 832 0.02 2226590 0.01k 1000 249750 43.66 0.03 0.30 0.57 0.62 0.01 0 0.00 0 0.00 12789773 0.09ks 1000 249750 95.45 0.02 0.27 0.59 0.66 0.02 0 0.00 11343 0.04 13677285 0.02hybrid 1000 249750 5.91 0.07 | | | | | | 5 0.43 | |ho 1000 249750 4.92 0.02 0.44 0.37 0.72 0.02 0 0.00 677 0.03 4304370 0.02ni 1000 249750 2.99 0.02 0.42 0.40 0.66 0.01 0 0.00 909 0.02 2325945 0.02k 1000 249750 43.24 0.02 0.44 0.37 0.62 0.01 0 0.00 0 0.00 12916102 0.05ks 1000 249750 98.38 0.02 0.39 0.38 0.66 0.02 0 0.00 11867 0.04 14057911 0.02hybrid 1000 249750 5.85 0.05 | | | | | | 7 0.42 | |ho 1000 249750 4.91 0.02 0.37 0.29 0.72 0.02 0 0.00 754 0.02 4287080 0.01ni 1000 249750 2.96 0.02 0.36 0.26 0.67 0.03 0 0.00 892 0.02 2279187 0.02k 1000 249750 42.45 0.03 0.37 0.26 0.62 0.01 0 0.00 0 0.00 12378874 0.08ks 1000 249750 103.89 0.01 0.33 0.26 0.66 0.02 0 0.00 13089 0.03 14783121 0.01Table 10: NOI6 family
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Figure 9: Di�erent algorithms on NOI6 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1000 8000 0.62 0.04 | | | | | | 8 0.10 | |ho 1000 8000 0.18 0.06 0.00 0.00 0.01 1.22 0 0.00 226 0.77 351789 0.12ni 1000 8000 0.13 0.00 0.01 1.22 0.01 0.82 0 0.00 867 0.01 223903 0.01k 1000 8000 0.90 0.07 0.00 3.39 0.01 0.75 0 0.00 0 0.00 50277 0.00ks 1000 8000 4.32 0.01 0.00 4.90 0.02 0.44 0 0.00 14769 0.01 924373 0.01hybrid 1000 16000 1.82 0.35 | | | | | | 15 0.10 | |ho 1000 16000 0.45 0.12 0.00 2.00 0.03 0.24 0 0.00 583 0.22 714757 0.13ni 1000 16000 0.36 0.44 0.00 2.00 0.03 0.00 0 0.00 921 0.04 514597 0.47k 1000 16000 3.16 0.13 0.01 1.22 0.05 0.14 0 0.00 0 0.00 97862 0.00ks 1000 16000 8.87 0.02 0.01 1.60 0.03 0.07 0 0.00 15683 0.05 1797610 0.02hybrid 1000 32000 6.51 0.48 | | | | | | 29 0.13 | |ho 1000 32000 1.04 0.11 0.01 1.22 0.10 0.08 0 0.00 734 0.22 1293980 0.12ni 1000 32000 1.22 0.49 0.01 1.22 0.09 0.11 0 0.00 962 0.01 1357742 0.52k 1000 32000 12.95 0.12 0.01 1.37 0.09 0.11 0 0.00 0 0.00 190884 0.00ks 1000 32000 18.81 0.01 0.01 1.36 0.09 0.11 0 0.00 16480 0.03 3422863 0.02hybrid 1000 62500 10.26 0.37 | | | | | | 42 0.17 | |ho 1000 62500 2.10 0.15 0.05 0.67 0.20 0.04 0 0.00 863 0.03 2413652 0.16ni 1000 62500 1.63 0.17 0.06 0.56 0.18 0.02 0 0.00 973 0.01 1605205 0.19k 1000 62500 34.21 0.07 0.05 0.52 0.17 0.02 0 0.00 0 0.00 3192230 0.18ks 1000 62500 37.92 0.01 0.05 0.60 0.18 0.03 0 0.00 16737 0.02 6109943 0.01hybrid 1000 125000 40.45 0.02 | | | | | | 73 0.07 | |ho 1000 125000 3.98 0.27 0.06 0.52 0.38 0.01 0 0.00 898 0.06 4166085 0.30ni 1000 125000 3.58 0.09 0.07 0.66 0.35 0.04 0 0.00 987 0.00 3317215 0.09k 1000 125000 37.26 0.10 0.06 0.52 0.34 0.03 0 0.00 0 0.00 6653209 0.32ks 1000 125000 72.32 0.01 0.05 0.52 0.35 0.02 0 0.00 17251 0.00 10730693 0.01hybrid 1000 250000 72.80 0.01 | | | | | | 87 0.04 | |ho 1000 250000 7.82 0.25 0.24 0.50 0.73 0.02 0 0.00 767 0.19 7375673 0.30ni 1000 250000 5.35 0.19 0.24 0.46 0.69 0.02 0 0.00 990 0.00 4412996 0.22k 1000 250000 42.13 0.11 0.25 0.46 0.62 0.01 0 0.00 0 0.00 11799446 0.30ks 1000 250000 121.55 0.01 0.22 0.48 0.66 0.02 0 0.00 17306 0.01 17369038 0.01hybrid 1000 499500 149.77 0.26 | | | | | | 95 0.13 | |ho 1000 499500 11.41 0.14 0.40 0.92 1.28 0.01 0 0.00 972 0.01 9394579 0.19ni 1000 499500 8.61 0.24 0.39 0.92 1.23 0.02 0 0.00 992 0.00 6151137 0.27k 1000 499500 49.17 0.14 0.42 0.93 1.09 0.01 0 0.00 0 0.00 18850629 0.32ks 1000 499500 183.88 0.01 0.35 0.93 1.17 0.01 0 0.00 17422 0.01 25494079 0.01Table 11: RAND1 family
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Figure 10: Di�erent algorithms on RAND1 family67



nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 500 12500 1.79 0.32 | | | | | | 16 0.08 | |ho 500 12500 0.24 0.11 0.00 2.00 0.02 0.18 0 0.00 361 0.10 519648 0.13ni 500 12500 0.33 0.42 0.00 0.00 0.02 0.00 0 0.00 466 0.02 711803 0.43k 500 12500 3.32 0.08 0.00 2.29 0.03 0.13 0 0.00 0 0.00 73782 0.00ks 500 12500 5.56 0.01 0.00 2.71 0.02 0.38 0 0.00 7638 0.03 1185523 0.02hybrid 708 17700 2.59 0.46 | | | | | | 17 0.06 | |ho 708 17700 0.51 0.18 0.01 1.26 0.04 0.23 0 0.00 481 0.21 794567 0.18ni 708 17700 0.48 0.52 0.02 0.50 0.03 0.00 0 0.00 674 0.01 664953 0.53k 708 17700 4.28 0.14 0.01 1.13 0.05 0.19 0 0.00 0 0.00 105706 0.00ks 708 17700 8.90 0.02 0.01 1.46 0.03 0.25 0 0.00 11074 0.03 1801538 0.02hybrid 1000 25000 4.95 0.23 | | | | | | 25 0.08 | |ho 1000 25000 0.80 0.17 0.01 1.22 0.07 0.00 0 0.00 695 0.16 1086410 0.18ni 1000 25000 1.04 0.29 0.01 2.00 0.07 0.06 0 0.00 954 0.01 1218246 0.31k 1000 25000 7.80 0.07 0.01 1.81 0.07 0.06 0 0.00 0 0.00 150505 0.00ks 1000 25000 14.61 0.01 0.01 1.38 0.07 0.05 0 0.00 16551 0.02 2762359 0.01hybrid 1414 35350 5.90 0.43 | | | | | | 27 0.14 | |ho 1414 35350 1.40 0.15 0.01 0.86 0.11 0.09 0 0.00 989 0.11 1718330 0.15ni 1414 35350 1.13 0.38 0.01 0.86 0.11 0.09 0 0.00 1353 0.01 1164292 0.41k 1414 35350 11.00 0.06 0.02 0.66 0.10 0.08 0 0.00 0 0.00 214170 0.00ks 1414 35350 23.62 0.01 0.02 0.58 0.10 0.07 0 0.00 23780 0.03 4108212 0.02hybrid 2000 50000 11.44 0.40 | | | | | | 33 0.19 | |ho 2000 50000 2.23 0.11 0.03 0.83 0.17 0.03 0 0.00 1366 0.13 2572105 0.11ni 2000 50000 2.16 0.42 0.03 1.13 0.16 0.06 0 0.00 1900 0.01 2140653 0.45k 2000 50000 18.03 0.10 0.02 1.29 0.16 0.06 0 0.00 0 0.00 304643 0.00ks 2000 50000 37.22 0.01 0.02 1.31 0.16 0.06 0 0.00 34042 0.03 5985431 0.02hybrid 2828 70700 23.94 0.02 | | | | | | 44 0.06 | |ho 2828 70700 3.25 0.10 0.01 0.86 0.25 0.00 0 0.00 2090 0.11 3534336 0.11ni 2828 70700 3.75 0.11 0.00 2.00 0.23 0.00 0 0.00 2707 0.01 3529980 0.12k 2828 70700 28.62 0.07 0.01 1.36 0.23 0.00 0 0.00 0 0.00 431752 0.00ks 2828 70700 60.33 0.01 0.00 2.00 0.23 0.01 0 0.00 50877 0.01 8985335 0.00hybrid 4000 100000 33.40 0.30 | | | | | | 49 0.27 | |ho 4000 100000 5.73 0.12 0.01 1.22 0.38 0.03 0 0.00 2743 0.13 5582265 0.12ni 4000 100000 5.66 0.44 0.01 1.22 0.34 0.03 0 0.00 3798 0.02 5063980 0.47k 4000 100000 42.27 0.08 0.01 0.89 0.34 0.03 0 0.00 0 0.00 611757 0.00ks 4000 100000 93.58 0.01 0.01 1.13 0.34 0.03 0 0.00 73382 0.03 13232213 0.01hybrid 5656 141400 52.90 0.22 | | | | | | 58 0.18 | |ho 5656 141400 7.45 0.14 0.05 0.84 0.58 0.01 0 0.00 4405 0.08 6921169 0.14ni 5656 141400 8.04 0.17 0.05 0.89 0.51 0.02 0 0.00 5419 0.01 6404503 0.18k 5656 141400 66.55 0.08 0.04 0.88 0.52 0.01 0 0.00 0 0.00 866665 0.00ks 5656 141400 142.90 0.01 0.04 0.92 0.52 0.01 0 0.00 108172 0.01 19593647 0.01hybrid 8000 200000 95.02 0.01 | | | | | | 70 0.03 | |ho 8000 200000 13.43 0.14 0.03 0.19 0.84 0.01 0 0.00 6289 0.06 11742261 0.14ni 8000 200000 13.29 0.04 0.02 0.20 0.77 0.01 0 0.00 7699 0.00 9785313 0.04k FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAILks 8000 200000 218.69 0.00 0.02 0.49 0.77 0.01 0 0.00 158969 0.00 28870838 0.00Table 12: RAND2 family
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Figure 11: Di�erent algorithms on RAND2 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1001 1001 1.54 0.02 | | | | | | 300 0.00 | |ho 1001 1001 0.00 0.00 0.00 0.00 0.00 0.00 999 0.00 0 0.00 5002 0.00ni 1001 1001 0.01 1.22 0.00 0.00 0.00 0.00 999 0.00 0 0.00 5001 0.00k 1001 1001 0.00 0.00 0.00 0.00 0.00 0.00 999 0.00 0 0.00 5001 0.00ks 1001 1001 0.01 1.60 0.00 0.00 0.00 2.71 999 0.00 0 0.00 2999 0.00hybrid 1001 3003 3.28 0.02 | | | | | | 3 0.54 | |ho 1001 3003 0.14 0.13 0.00 0.00 0.02 0.50 0 0.00 635 0.05 205983 0.15ni 1001 3003 3.04 0.02 0.00 0.00 0.00 2.00 0 0.00 411 0.16 4456979 0.02k 1001 3003 0.35 0.10 0.00 0.00 0.01 1.13 0 0.00 0 0.00 19627 0.00ks 1001 3003 2.55 0.03 0.00 0.00 0.00 2.00 0 0.00 17955 0.02 582574 0.02hybrid 1001 10010 12.91 0.02 | | | | | | 77 0.06 | |ho 1001 10010 0.38 0.14 0.00 0.00 0.02 0.00 0 0.00 617 0.12 809440 0.14ni 1001 10010 10.02 0.02 0.00 0.00 0.02 0.50 0 0.00 594 0.12 19899570 0.02k 1001 10010 1.93 0.10 0.00 0.00 0.02 0.15 0 0.00 0 0.00 62370 0.00ks 1001 10010 5.94 0.03 0.00 0.00 0.02 0.38 0 0.00 18154 0.01 1296561 0.01hybrid 1001 33033 37.21 0.02 | | | | | | 156 0.02 | |ho 1001 33033 1.65 0.09 0.00 2.00 0.10 0.00 0 0.00 706 0.24 2192055 0.10ni 1001 33033 51.66 0.01 0.00 0.00 0.08 0.10 0 0.00 681 0.01 61711219 0.01k 1001 33033 16.23 0.07 0.00 4.90 0.09 0.11 0 0.00 0 0.00 196988 0.00ks 1001 33033 20.51 0.01 0.00 0.00 0.09 0.11 0 0.00 17635 0.01 3697457 0.01hybrid 1001 100100 111.02 0.01 | | | | | | 195 0.01 | |ho 1001 100100 4.29 0.12 0.00 2.00 0.31 0.03 0 0.00 629 0.37 4790970 0.11ni 1001 100100 151.94 0.00 0.00 0.00 0.28 0.00 0 0.00 710 0.00 166466428 0.00k 1001 100100 46.46 0.68 0.00 4.90 0.27 0.02 0 0.00 0 0.00 4320291 0.32ks 1001 100100 61.81 0.01 0.00 4.90 0.28 0.01 0 0.00 17761 0.01 9307883 0.01hybrid 1001 333333 289.28 0.01 | | | | | | 196 0.01 | |ho 1001 333333 12.26 0.07 0.00 0.00 0.95 0.02 0 0.00 883 0.22 11752797 0.07ni 1001 333333 12.65 0.07 0.00 0.00 0.85 0.01 0 0.00 993 0.00 11099620 0.07k 1001 333333 47.28 0.18 0.00 2.71 0.80 0.01 0 0.00 0 0.00 16383614 0.41ks 1001 333333 148.00 0.01 0.00 4.90 0.85 0.01 0 0.00 17667 0.01 20992191 0.01hybrid 1001 1001000 442.91 0.01 | | | | | | 404 0.06 | |ho 1001 1001000 21.25 0.25 0.01 1.22 2.00 0.01 0 0.00 989 0.01 15623660 0.31ni 1001 1001000 18.14 0.02 0.01 1.22 1.79 0.01 0 0.00 996 0.00 12777462 0.02k FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAILks 1001 1001000 238.84 0.01 0.01 1.22 1.79 0.01 0 0.00 17538 0.01 32812382 0.01Table 13: REG1 family
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Figure 12: Di�erent algorithms on REG1 family70



nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 50 2500 0.04 0.19 | | | | | | 10 0.07 | |ho 50 2500 0.02 0.00 0.00 0.00 0.00 2.00 0 0.00 42 0.02 30955 0.05ni 50 2500 0.02 0.00 0.00 0.00 0.00 2.00 0 0.00 46 0.00 20664 0.01k 50 2500 0.13 1.05 0.00 0.00 0.00 2.29 0 0.00 0 0.00 38170 0.29ks 50 2500 0.26 0.07 0.00 0.00 0.00 0.00 0 0.00 561 0.05 61049 0.04hybrid 100 5000 0.25 0.03 | | | | | | 14 0.07 | |ho 100 5000 0.05 0.36 0.00 0.00 0.01 1.22 0 0.00 72 0.21 112675 0.21ni 100 5000 0.05 0.17 0.00 0.00 0.00 2.00 0 0.00 95 0.00 89037 0.03k 100 5000 0.52 0.81 0.00 0.00 0.00 2.71 0 0.00 0 0.00 106738 0.44ks 100 5000 0.92 0.04 0.00 0.00 0.01 1.60 0 0.00 1318 0.03 213474 0.04hybrid 200 10000 1.34 0.05 | | | | | | 32 0.03 | |ho 200 10000 0.17 0.11 0.00 0.00 0.02 0.50 0 0.00 154 0.19 354763 0.10ni 200 10000 0.17 0.15 0.00 0.00 0.00 2.00 0 0.00 191 0.01 376816 0.17k 200 10000 1.23 0.35 0.00 0.00 0.01 0.62 0 0.00 0 0.00 353150 0.18ks 200 10000 2.80 0.03 0.00 4.90 0.01 1.06 0 0.00 2936 0.02 627613 0.02hybrid 400 20000 6.64 0.03 | | | | | | 66 0.01 | |ho 400 20000 0.56 0.11 0.00 0.00 0.05 0.15 0 0.00 291 0.17 872105 0.13ni 400 20000 9.06 0.02 0.00 0.00 0.04 0.26 0 0.00 277 0.01 13649236 0.02k 400 20000 4.93 0.16 0.00 3.39 0.04 0.23 0 0.00 0 0.00 865319 0.18ks 400 20000 7.80 0.02 0.00 0.00 0.04 0.24 0 0.00 6205 0.02 1597809 0.02hybrid 800 40000 33.25 0.03 | | | | | | 139 0.02 | |ho 800 40000 2.00 0.17 0.00 0.00 0.12 0.03 0 0.00 646 0.08 2556624 0.18ni 800 40000 48.19 0.01 0.00 0.00 0.10 0.00 0 0.00 557 0.00 56706079 0.01k 800 40000 26.04 0.07 0.00 4.90 0.11 0.09 0 0.00 0 0.00 231376 0.00ks 800 40000 22.34 0.01 0.00 0.00 0.11 0.09 0 0.00 13606 0.01 3931687 0.01Table 14: REG2 family
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Figure 13: Di�erent algorithms on REG2 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 256 512 0.13 0.11 | | | | | | 1 0.73 | |ho 256 512 0.02 0.50 0.00 0.00 0.00 0.00 4 0.44 139 0.08 20739 0.16ni 256 512 0.10 0.13 0.00 0.00 0.00 0.00 4 0.44 125 0.22 142274 0.07k 256 512 0.04 0.24 0.00 0.00 0.00 0.00 4 0.44 0 0.00 3407 0.00ks 256 512 0.38 0.06 0.00 0.00 0.00 0.00 4 0.44 4476 0.02 97943 0.04hybrid 512 1024 0.45 0.04 | | | | | | 2 0.42 | |ho 512 1024 0.04 0.26 0.00 0.00 0.00 0.00 4 0.27 318 0.13 51902 0.11ni 512 1024 0.39 0.07 0.00 2.00 0.00 0.00 4 0.27 231 0.12 529756 0.08k 512 1024 0.08 0.16 0.00 0.00 0.00 2.71 4 0.27 0 0.00 6831 0.00ks 512 1024 0.91 0.04 0.00 0.00 0.00 2.29 4 0.27 9855 0.02 220931 0.02hybrid 1024 2048 1.80 0.03 | | | | | | 4 0.42 | |ho 1024 2048 0.09 0.23 0.00 0.00 0.01 0.82 6 0.32 651 0.03 124559 0.11ni 1024 2048 1.46 0.05 0.00 0.00 0.00 0.00 6 0.32 358 0.22 1954614 0.05k 1024 2048 0.22 0.13 0.00 0.00 0.00 4.90 6 0.32 0 0.00 13666 0.00ks 1024 2048 2.18 0.02 0.00 0.00 0.01 0.69 6 0.32 21221 0.02 486707 0.01hybrid 2048 4096 8.62 0.04 | | | | | | 2 0.50 | |ho 2048 4096 0.31 0.29 0.00 0.00 0.01 0.82 6 0.30 1291 0.02 401943 0.30ni 2048 4096 5.95 0.03 0.00 0.00 0.01 1.22 6 0.30 626 0.35 7326869 0.03k 2048 4096 0.57 0.07 0.00 0.00 0.01 0.62 6 0.30 0 0.00 27313 0.00ks 2048 4096 4.84 0.02 0.00 0.00 0.01 1.33 6 0.30 45040 0.01 1032079 0.00hybrid 4096 8192 39.82 0.02 | | | | | | 2 0.42 | |ho 4096 8192 1.04 0.16 0.00 0.00 0.03 0.14 5 0.36 2674 0.04 1177472 0.15ni 4096 8192 26.06 0.02 0.00 0.00 0.03 0.00 5 0.36 972 0.32 28309175 0.03k 4096 8192 1.62 0.05 0.00 0.00 0.03 0.00 5 0.36 0 0.00 54598 0.00ks 4096 8192 11.42 0.00 0.00 0.00 0.02 0.20 5 0.36 98027 0.00 2242652 0.00hybrid 8192 16384 177.96 0.01 | | | | | | 1 0.31 | |ho 8192 16384 4.14 0.39 0.00 0.00 0.10 0.08 5 0.22 5400 0.02 3589940 0.40ni 8192 16384 167.89 0.03 0.00 2.00 0.08 0.00 5 0.22 2275 0.25 105627355 0.02k 8192 16384 4.03 0.04 0.00 4.90 0.08 0.10 5 0.22 0 0.00 109226 0.00ks 8192 16384 29.19 0.00 0.00 0.00 0.09 0.10 5 0.22 210328 0.00 4806367 0.00hybrid 16384 32768 843.45 0.00 | | | | | | 1 1.10 | |ho 16384 32768 18.53 0.37 0.00 0.00 0.24 0.04 5 0.61 10651 0.07 13903247 0.38ni 16384 32768 780.60 0.01 0.00 2.00 0.21 0.05 5 0.61 4665 0.28 392336486 0.01k 16384 32768 9.51 0.02 0.00 4.90 0.20 0.03 5 0.61 0 0.00 218432 0.00ks 16384 32768 73.87 0.00 0.00 0.00 0.21 0.06 5 0.61 434794 0.00 9938542 0.00Table 15: REG3 family
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Figure 14: Di�erent algorithms on REG3 family72



nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 128 1024 0.14 0.06 | | | | | | 4 0.18 | |ho 128 1024 0.02 0.18 0.00 0.00 0.01 1.22 0 0.00 73 0.21 43691 0.04ni 128 1024 0.12 0.08 0.00 0.00 0.00 2.00 0 0.00 79 0.02 268717 0.04k 128 1024 0.07 0.11 0.00 0.00 0.00 2.71 0 0.00 0 0.00 6184 0.01ks 128 1024 0.40 0.04 0.00 4.90 0.00 3.39 0 0.00 1868 0.03 99598 0.03hybrid 256 4096 0.93 0.01 | | | | | | 26 0.04 | |ho 256 4096 0.09 0.11 0.00 0.00 0.01 1.22 0 0.00 190 0.09 196194 0.08ni 256 4096 0.87 0.01 0.00 0.00 0.01 1.22 0 0.00 168 0.01 2049661 0.01k 256 4096 0.56 0.11 0.00 0.00 0.01 1.33 0 0.00 0 0.00 24191 0.00ks 256 4096 1.58 0.03 0.00 0.00 0.00 2.29 0 0.00 3791 0.03 375841 0.03hybrid 512 16384 7.73 0.02 | | | | | | 76 0.02 | |ho 512 16384 0.48 0.06 0.00 0.00 0.03 0.00 0 0.00 366 0.23 837741 0.06ni 512 16384 8.85 0.00 0.00 0.00 0.03 0.14 0 0.00 352 0.00 15173694 0.00k 512 16384 5.14 0.09 0.00 4.90 0.04 0.26 0 0.00 0 0.00 95421 0.00ks 512 16384 7.53 0.02 0.00 0.00 0.03 0.13 0 0.00 8353 0.02 1586117 0.02hybrid 1024 65536 74.20 0.02 | | | | | | 187 0.01 | |ho 1024 65536 2.94 0.14 0.00 2.00 0.21 0.05 0 0.00 920 0.05 3586320 0.16ni 1024 65536 103.96 0.01 0.00 0.00 0.19 0.05 0 0.00 719 0.00 116991994 0.01k 1024 65536 41.54 0.13 0.00 0.00 0.18 0.00 0 0.00 0 0.00 3111697 0.26ks 1024 65536 41.50 0.01 0.00 4.90 0.19 0.05 0 0.00 18049 0.01 6654966 0.01hybrid 2048 262144 725.92 0.01 | | | | | | 418 0.01 | |ho 2048 262144 15.28 0.12 0.00 0.00 0.88 0.01 0 0.00 1834 0.10 16028877 0.14ni 2048 262144 857.65 0.01 0.00 2.00 0.81 0.01 0 0.00 1466 0.00 896240114 0.01k 2048 262144 205.99 0.05 0.00 3.39 0.81 0.01 0 0.00 0 0.00 15713419 0.30ks 2048 262144 196.05 0.01 0.00 0.00 0.80 0.01 0 0.00 37532 0.00 27407217 0.00Table 16: REG4 family
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Figure 15: Di�erent algorithms on REG4 family
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nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %hybrid 1024 2044 5.18 0.00 | | | | | | 17 0.00 | |ho 1024 2044 0.26 0.05 0.00 0.00 0.00 0.00 0 0.00 9 0.00 578086 0.00ni 1024 2044 1.73 0.01 0.00 0.00 0.00 0.00 0 0.00 764 0.00 2879946 0.00k 1024 2044 43.49 0.15 0.00 4.90 0.00 3.39 0 0.00 0 0.00 329227 0.21ks 1024 2044 14.10 0.05 0.00 0.00 0.00 3.39 0 0.00 122613 0.04 3942581 0.04hybrid 2048 4092 23.08 0.00 | | | | | | 107 0.00 | |ho 2048 4092 1.58 0.01 0.00 0.00 0.01 0.82 0 0.00 10 0.00 3141891 0.00ni 2048 4092 7.11 0.00 0.00 0.00 0.01 0.82 0 0.00 1532 0.00 11480028 0.00k 2048 4092 208.07 0.14 0.00 0.00 0.01 0.82 0 0.00 0 0.00 725144 0.23ks 2048 4092 47.35 0.03 0.00 0.00 0.01 1.04 0 0.00 383795 0.03 13137386 0.03hybrid 4096 8188 105.98 0.01 | | | | | | 322 0.00 | |ho 4096 8188 6.85 0.01 0.00 0.00 0.03 0.00 0 0.00 11 0.00 11277803 0.00ni 4096 8188 28.95 0.00 0.00 2.00 0.02 0.20 0 0.00 3067 0.00 45877881 0.00k FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAILks 4096 8188 159.54 0.03 0.00 0.00 0.02 0.17 0 0.00 1206226 0.03 43201113 0.03hybrid 8192 16380 510.13 0.00 | | | | | | 682 0.00 | |ho 8192 16380 28.80 0.00 0.00 0.00 0.09 0.11 0 0.00 12 0.00 39571898 0.00ni 8192 16380 201.12 0.00 0.00 0.00 0.07 0.00 0 0.00 6140 0.00 183242209 0.00k FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAIL FAILks 8192 16380 588.84 0.02 0.00 0.00 0.08 0.08 0 0.00 4190341 0.02 155749909 0.01Table 17: BIKEWHE family

0.25

1

4

16

64

256

1024

1024 2048 4096 8192

C
P

U
 ti

m
e 

(s
ec

.)

n

BIKEWHE

ni
hybrid

ho
k

ks

Figure 16: Di�erent algorithms on BIKEWHE family
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problem nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %1 hybrid 532 787 0.60 0.00 | | | | | | 136 0.00 | |1 ho 532 787 0.02 0.00 0.00 0.00 0.02 0.00 487 0.00 14 0.00 10052 0.001 ni 532 787 0.00 0.00 0.00 0.00 0.00 0.00 487 0.00 35 0.00 10042 0.001 k 532 787 0.02 0.00 0.00 0.00 0.00 0.00 512 0.00 0 0.00 11678 0.001 ks 532 787 0.02 0.20 0.00 0.00 0.00 2.00 512 0.00 208 0.04 12021 0.022 hybrid 1291 1942 3.57 0.00 | | | | | | 326 0.00 | |2 ho 1291 1942 0.03 0.00 0.00 0.00 0.00 0.00 976 0.00 58 0.00 64710 0.002 ni 1291 1942 0.05 0.00 0.02 0.00 0.00 0.00 976 0.00 257 0.00 61047 0.002 k 1291 1942 1.27 0.00 0.00 0.00 0.02 0.00 1170 0.00 0 0.00 66011 0.002 ks 1291 1942 0.28 0.07 0.00 2.00 0.02 0.00 1170 0.00 2644 0.02 94575 0.023 hybrid 1400 2231 2.37 0.00 | | | | | | 240 0.00 | |3 ho 1400 2231 0.07 0.00 0.05 0.00 0.02 0.00 1091 0.00 47 0.00 84281 0.003 ni 1400 2231 0.05 0.00 0.03 0.00 0.02 0.00 1091 0.00 238 0.00 64451 0.003 k 1400 2231 3.25 0.00 2.58 0.00 0.03 0.00 1213 0.00 0 0.00 97096 0.003 ks 1400 2231 0.35 0.04 0.09 0.70 0.02 0.20 1213 0.00 3578 0.02 117326 0.025 hybrid 5934 7287 20.93 0.00 | | | | | | 787 0.00 | |5 ho 5934 7287 0.08 0.00 0.08 0.00 0.03 0.00 5651 0.00 35 0.00 93504 0.005 ni 5934 7287 0.07 0.00 0.05 0.00 0.03 0.00 5651 0.00 169 0.00 88043 0.005 k 5934 7287 1.18 0.00 0.07 0.00 0.07 0.00 5762 0.00 0 0.00 102417 0.005 ks 5934 7287 0.34 0.05 0.05 0.17 0.05 0.25 5762 0.00 2726 0.05 130473 0.026 hybrid 5934 7627 84.68 0.00 | | | | | | 1090 0.00 | |6 ho 5934 7627 0.15 0.00 0.15 0.00 0.07 0.00 5444 0.00 51 0.00 157298 0.006 ni 5934 7627 0.12 0.00 0.08 0.00 0.05 0.00 5444 0.00 360 0.00 139309 0.006 k 5934 7627 2.52 0.00 1.22 0.00 0.08 0.00 5655 0.00 0 0.00 121313 0.006 ks 5934 7627 0.86 0.04 0.15 0.39 0.05 0.00 5655 0.00 6841 0.01 270582 0.017 hybrid 1323 2169 4.37 0.00 | | | | | | 338 0.00 | |7 ho 1323 2169 0.03 0.00 0.02 0.00 0.00 0.00 1115 0.00 43 0.00 51818 0.007 ni 1323 2169 0.05 0.00 0.02 0.00 0.02 0.00 1115 0.00 162 0.00 70018 0.007 k 1323 2169 0.52 0.00 0.02 0.00 0.02 0.00 1205 0.00 0 0.00 46842 0.007 ks 1323 2169 0.32 0.05 0.00 0.00 0.02 0.00 1205 0.00 2800 0.04 101393 0.038 hybrid 1323 2195 4.70 0.00 | | | | | | 368 0.00 | |8 ho 1323 2195 0.05 0.00 0.03 0.00 0.02 0.00 1167 0.00 38 0.00 48740 0.008 ni 1323 2195 0.03 0.00 0.03 0.00 0.00 0.00 1167 0.00 113 0.00 62461 0.008 k 1323 2195 0.42 0.00 0.20 0.00 0.02 0.00 1214 0.00 0 0.00 43756 0.008 ks 1323 2195 0.31 0.03 0.04 0.42 0.02 0.00 1214 0.00 2670 0.03 98943 0.029 hybrid 1084 1252 1.72 0.00 | | | | | | 336 0.00 | |9 ho 1084 1252 0.02 0.00 0.00 0.00 0.00 0.00 1052 0.00 7 0.00 11580 0.009 ni 1084 1252 0.02 0.00 0.00 0.00 0.00 0.00 1052 0.00 23 0.00 11403 0.009 k 1084 1252 0.07 0.00 0.00 0.00 0.00 0.00 1061 0.00 0 0.00 15128 0.009 ks 1084 1252 0.03 0.00 0.00 0.00 0.00 2.00 1061 0.00 261 0.04 13324 0.0210 hybrid 1748 2336 5.87 0.00 | | | | | | 535 0.00 | |10 ho 1748 2336 0.03 0.00 0.02 0.00 0.02 0.00 1611 0.00 33 0.00 39664 0.0010 ni 1748 2336 0.02 0.00 0.02 0.00 0.02 0.00 1611 0.00 109 0.00 37891 0.0010 k 1748 2336 0.20 0.00 0.00 0.00 0.02 0.00 1671 0.00 0 0.00 37268 0.0010 ks 1748 2336 0.14 0.14 0.00 2.00 0.02 0.00 1671 0.00 1353 0.02 54031 0.0111 hybrid 15112 19057 392.22 0.00 | | | | | | 1948 0.00 | |11 ho 15112 19057 0.48 0.00 0.20 0.00 0.20 0.00 13912 0.00 188 0.00 443071 0.0011 ni 15112 19057 0.52 0.00 0.18 0.00 0.17 0.00 13912 0.00 793 0.00 423025 0.0011 k 15112 19057 15.42 0.00 0.22 0.00 0.27 0.00 14473 0.00 0 0.00 329892 0.0011 ks 15112 19057 1.71 0.01 0.17 0.00 0.22 0.00 14473 0.00 14407 0.01 558845 0.01Table 18: TSP misc family
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Figure 17: Di�erent algorithms on TSP misc family

76



problem nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %12 hybrid 33810 38600 3.27 0.00 | | | | | | 0 0.00 | |12 ho 33810 38600 0.48 0.00 0.47 0.00 0.35 0.00 33808 0.00 0 0.00 271169 0.0012 ni 33810 38600 0.43 0.00 0.43 0.00 0.28 0.00 33808 0.00 0 0.00 271168 0.0012 k 33810 38600 0.47 0.00 0.47 0.00 0.35 0.00 33808 0.00 0 0.00 271168 0.0012 ks 33810 38600 0.40 0.02 0.39 0.02 0.28 0.03 33808 0.00 0 0.00 193968 0.0013 hybrid 33810 39367 11.37 0.00 | | | | | | 320 0.00 | |13 ho 33810 39367 0.52 0.00 0.50 0.00 0.38 0.00 33808 0.00 0 0.00 303275 0.0013 ni 33810 39367 0.47 0.00 0.47 0.00 0.32 0.00 33808 0.00 0 0.00 303274 0.0013 k 33810 39367 0.47 0.00 0.45 0.00 0.37 0.00 33808 0.00 0 0.00 303274 0.0013 ks 33810 39367 0.43 0.01 0.43 0.01 0.32 0.02 33808 0.00 0 0.00 224540 0.0014 hybrid 33810 39456 3.98 0.00 | | | | | | 0 0.00 | |14 ho 33810 39456 0.52 0.00 0.47 0.00 0.37 0.00 33808 0.00 0 0.00 295708 0.0014 ni 33810 39456 0.45 0.00 0.43 0.00 0.30 0.00 33808 0.00 0 0.00 295707 0.0014 k 33810 39456 0.52 0.00 0.48 0.00 0.40 0.00 33808 0.00 0 0.00 295707 0.0014 ks 33810 39456 0.42 0.01 0.38 0.02 0.32 0.00 33808 0.00 0 0.00 216795 0.0015 hybrid 85900 102596 16.62 0.00 | | | | | | 5 0.00 | |15 ho 85900 102596 1.60 0.00 1.40 0.00 1.20 0.00 85898 0.00 0 0.00 810397 0.0015 ni 85900 102596 1.37 0.00 1.25 0.00 1.02 0.00 85898 0.00 0 0.00 810396 0.0015 k 85900 102596 1.57 0.00 1.42 0.00 1.28 0.00 85898 0.00 0 0.00 810396 0.0015 ks 85900 102596 1.29 0.01 1.17 0.01 1.02 0.02 85898 0.00 0 0.00 605204 0.0016 hybrid 85900 102934 21.18 0.00 | | | | | | 22 0.00 | |16 ho 85900 102934 1.63 0.00 1.60 0.00 1.27 0.00 85898 0.00 0 0.00 855359 0.0016 ni 85900 102934 1.43 0.00 1.42 0.00 1.08 0.00 85898 0.00 0 0.00 855358 0.0016 k 85900 102934 1.50 0.00 1.50 0.00 1.20 0.00 85898 0.00 0 0.00 855358 0.0016 ks 85900 102934 1.33 0.01 1.33 0.01 1.06 0.01 85898 0.00 0 0.00 649490 0.0017 hybrid 85900 102988 21.30 0.00 | | | | | | 11 0.00 | |17 ho 85900 102988 1.67 0.00 0.52 0.00 1.28 0.00 85830 0.00 3 0.00 869204 0.0017 ni 85900 102988 1.43 0.00 0.50 0.00 1.08 0.00 85830 0.00 25 0.00 868777 0.0017 k 85900 102988 2.05 0.00 0.52 0.00 1.35 0.00 85839 0.00 0 0.00 883540 0.0017 ks 85900 102988 1.43 0.01 0.42 0.00 1.09 0.01 85839 0.00 790 0.03 677591 0.00Table 19: TSP PLA family
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Figure 18: Di�erent algorithms on TSP PLA family
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problem nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %18 hybrid 13509 15631 175.25 0.00 | | | | | | 1222 0.00 | |18 ho 13509 15631 0.27 0.00 0.25 0.00 0.13 0.00 12976 0.00 89 0.00 197589 0.0018 ni 13509 15631 0.20 0.00 0.18 0.00 0.12 0.00 12976 0.00 281 0.00 164535 0.0018 k 13509 15631 4.07 0.00 0.22 0.00 0.18 0.00 13185 0.00 0 0.00 209073 0.0018 ks 13509 15631 0.54 0.03 0.17 0.05 0.14 0.07 13185 0.00 4409 0.02 214358 0.0119 hybrid 13509 17048 428.88 0.00 | | | | | | 2591 0.00 | |19 ho 13509 17048 0.43 0.00 0.42 0.00 0.18 0.00 12492 0.00 194 0.00 376734 0.0019 ni 13509 17048 0.42 0.00 0.30 0.00 0.13 0.00 12492 0.00 678 0.00 351284 0.0019 k 13509 17048 9.75 0.00 3.03 0.00 0.22 0.00 12985 0.00 0 0.00 273244 0.0019 ks 13509 17048 1.46 0.04 0.33 0.12 0.18 0.06 12985 0.00 11828 0.01 468471 0.0120 hybrid 13509 17079 364.72 0.00 | | | | | | 2099 0.00 | |20 ho 13509 17079 0.42 0.00 0.28 0.00 0.17 0.00 12456 0.00 219 0.00 376394 0.0020 ni 13509 17079 0.42 0.00 0.33 0.00 0.13 0.00 12456 0.00 732 0.00 354701 0.0020 k 13509 17079 18.25 0.00 11.28 0.00 0.22 0.00 13003 0.00 0 0.00 343949 0.0020 ks 13509 17079 1.45 0.01 0.51 0.47 0.18 0.00 13003 0.00 12195 0.01 481750 0.0021 hybrid 13509 17111 404.72 0.00 | | | | | | 2140 0.00 | |21 ho 13509 17111 0.37 0.00 0.02 0.00 0.17 0.00 12707 0.00 148 0.00 304868 0.0021 ni 13509 17111 0.43 0.00 0.02 0.00 0.13 0.00 12707 0.00 526 0.00 360997 0.0021 k 13509 17111 8.65 0.00 0.02 0.00 0.23 0.00 13021 0.00 0 0.00 273842 0.0021 ks 13509 17111 1.37 0.03 0.01 1.22 0.18 0.04 13021 0.00 11330 0.01 464202 0.0222 hybrid 13509 17130 47.42 0.00 | | | | | | 662 0.00 | |22 ho 13509 17130 0.35 0.00 0.32 0.00 0.20 0.00 12725 0.00 97 0.00 276235 0.0022 ni 13509 17130 0.25 0.00 0.22 0.00 0.13 0.00 12725 0.00 406 0.00 213941 0.0022 k 13509 17130 8.58 0.00 0.27 0.00 0.23 0.00 13065 0.00 0 0.00 290612 0.0022 ks 13509 17130 1.23 0.01 0.23 0.02 0.18 0.00 13065 0.00 10103 0.02 421984 0.0123 hybrid 13509 17156 413.37 0.00 | | | | | | 2410 0.00 | |23 ho 13509 17156 0.42 0.00 0.35 0.00 0.20 0.00 12649 0.00 194 0.00 359133 0.0023 ni 13509 17156 0.45 0.00 0.45 0.00 0.15 0.00 12649 0.00 522 0.00 382971 0.0023 k 13509 17156 25.03 0.00 16.32 0.00 0.23 0.00 12948 0.00 0 0.00 391233 0.0023 ks 13509 17156 1.61 0.02 0.29 0.10 0.18 0.00 12948 0.00 13462 0.02 518571 0.0124 hybrid 13509 17156 339.32 0.00 | | | | | | 2151 0.00 | |24 ho 13509 17156 0.40 0.00 0.38 0.00 0.17 0.00 12684 0.00 180 0.00 330043 0.0024 ni 13509 17156 0.40 0.00 0.25 0.00 0.15 0.00 12684 0.00 529 0.00 345126 0.0024 k 13509 17156 12.75 0.00 8.13 0.00 0.23 0.00 12925 0.00 0 0.00 287698 0.0024 ks 13509 17156 1.64 0.04 0.33 0.36 0.18 0.02 12925 0.00 13680 0.02 520969 0.0225 hybrid 13509 17183 374.07 0.00 | | | | | | 2122 0.00 | |25 ho 13509 17183 0.40 0.00 0.17 0.00 0.17 0.00 12419 0.00 141 0.00 344153 0.0025 ni 13509 17183 0.35 0.00 0.15 0.00 0.13 0.00 12419 0.00 716 0.00 296352 0.0025 k 13509 17183 11.78 0.00 0.15 0.00 0.22 0.00 12966 0.00 0 0.00 304583 0.0025 ks 13509 17183 1.52 0.03 0.15 0.00 0.18 0.00 12966 0.00 12706 0.01 496048 0.0126 hybrid 13509 17193 415.75 0.00 | | | | | | 2319 0.00 | |26 ho 13509 17193 0.45 0.00 0.43 0.00 0.17 0.00 12427 0.00 242 0.00 394799 0.0026 ni 13509 17193 0.48 0.00 0.42 0.00 0.15 0.00 12427 0.00 745 0.00 398840 0.0026 k 13509 17193 12.52 0.00 4.77 0.00 0.20 0.00 12918 0.00 0 0.00 288607 0.0026 ks 13509 17193 1.76 0.03 0.40 0.19 0.19 0.08 12918 0.00 14523 0.01 556273 0.0127 hybrid 13509 17210 376.00 0.00 | | | | | | 2300 0.00 | |27 ho 13509 17210 0.37 0.00 0.18 0.00 0.18 0.00 12645 0.00 175 0.00 327103 0.0027 ni 13509 17210 0.47 0.00 0.18 0.00 0.15 0.00 12645 0.00 547 0.00 408682 0.0027 k 13509 17210 10.83 0.00 0.20 0.00 0.22 0.00 12978 0.00 0 0.00 292039 0.0027 ks 13509 17210 1.58 0.02 0.17 0.02 0.18 0.04 12978 0.00 12794 0.02 508462 0.0128 hybrid 13509 17303 407.12 0.00 | | | | | | 2115 0.00 | |28 ho 13509 17303 0.50 0.00 0.12 0.00 0.17 0.00 12402 0.00 259 0.00 458091 0.0028 ni 13509 17303 0.45 0.00 0.10 0.00 0.15 0.00 12402 0.00 745 0.00 381080 0.0028 k 13509 17303 15.43 0.00 0.10 0.00 0.22 0.00 12880 0.00 0 0.00 298952 0.0028 ks 13509 17303 1.89 0.01 0.10 0.08 0.18 0.04 12880 0.00 16000 0.02 591107 0.0129 hybrid 13509 17358 440.32 0.00 | | | | | | 1990 0.00 | |29 ho 13509 17358 0.42 0.00 0.07 0.00 0.20 0.00 12582 0.00 215 0.00 355828 0.0029 ni 13509 17358 0.47 0.00 0.07 0.00 0.15 0.00 12582 0.00 610 0.00 401551 0.0029 k 13509 17358 13.45 0.00 0.08 0.00 0.23 0.00 12896 0.00 0 0.00 296496 0.0029 ks 13509 17358 1.92 0.02 0.07 0.00 0.19 0.05 12896 0.00 16411 0.01 611674 0.0130 hybrid 13509 17375 403.95 0.00 | | | | | | 1875 0.00 | |30 ho 13509 17375 0.38 0.00 0.38 0.00 0.20 0.00 12714 0.00 165 0.00 330343 0.0030 ni 13509 17375 0.42 0.00 0.25 0.00 0.15 0.00 12714 0.00 485 0.00 364594 0.0030 k 13509 17375 23.80 0.00 0.28 0.00 0.23 0.00 12996 0.00 0 0.00 387113 0.0030 ks 13509 17375 1.44 0.03 0.23 0.02 0.18 0.04 12996 0.00 11612 0.01 476135 0.0131 hybrid 13509 17386 388.87 0.00 | | | | | | 2086 0.00 | |31 ho 13509 17386 0.47 0.00 0.38 0.00 0.18 0.00 12343 0.00 193 0.00 403020 0.0031 ni 13509 17386 0.43 0.00 0.30 0.00 0.15 0.00 12343 0.00 765 0.00 363960 0.0031 k 13509 17386 15.90 0.00 0.27 0.00 0.27 0.00 12850 0.00 0 0.00 307160 0.0031 ks 13509 17386 1.79 0.01 0.21 0.05 0.20 0.00 12850 0.00 15186 0.01 564545 0.0132 hybrid 13509 17390 396.90 0.00 | | | | | | 2435 0.00 | |32 ho 13509 17390 0.48 0.00 0.03 0.00 0.18 0.00 12385 0.00 157 0.00 419990 0.0032 ni 13509 17390 0.47 0.00 0.03 0.00 0.15 0.00 12385 0.00 751 0.00 400896 0.0032 k 13509 17390 14.33 0.00 0.03 0.00 0.22 0.00 12874 0.00 0 0.00 298705 0.0032 ks 13509 17390 1.97 0.02 0.03 0.00 0.19 0.05 12874 0.00 16615 0.02 614098 0.0233 hybrid 13509 17494 435.72 0.00 | | | | | | 1981 0.00 | |33 ho 13509 17494 0.38 0.00 0.12 0.00 0.20 0.00 12626 0.00 162 0.00 321681 0.0033 ni 13509 17494 0.43 0.00 0.10 0.00 0.17 0.00 12626 0.00 566 0.00 366605 0.0033 k 13509 17494 10.97 0.00 0.12 0.00 0.25 0.00 12966 0.00 0 0.00 291153 0.0033 ks 13509 17494 1.58 0.01 0.08 0.05 0.20 0.00 12966 0.00 12809 0.01 508943 0.01Table 20: TSP USAfamily79



problem nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %1 hybrid 20 38 0.00 0.00 | | | | | | 3 0.00 | |1 ho 20 38 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 6 0.00 1090 0.001 ni 20 38 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 16 0.00 647 0.001 k 20 38 0.02 0.18 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2658 0.221 ks 20 38 0.02 0.18 0.00 0.00 0.00 0.00 0 0.00 214 0.10 4539 0.072 hybrid 88 185 0.02 0.00 | | | | | | 11 0.00 | |2 ho 88 185 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 23 0.00 12296 0.002 ni 88 185 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 63 0.00 16960 0.002 k 88 185 0.52 0.45 0.00 0.00 0.00 0.00 0 0.00 0 0.00 20455 0.302 ks 88 185 0.19 0.09 0.00 0.00 0.00 0.00 0 0.00 1837 0.06 47603 0.063 hybrid 148 300 0.03 0.00 | | | | | | 10 0.00 | |3 ho 148 300 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 49 0.00 16998 0.003 ni 148 300 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 94 0.00 21620 0.003 k 148 300 0.68 0.07 0.32 0.10 0.01 1.22 0 0.00 0 0.00 23017 0.053 ks 148 300 0.26 0.04 0.02 0.18 0.00 0.00 0 0.00 2569 0.03 62200 0.024 hybrid 2 1 0.00 0.00 | | | | | | 0 0.00 | |4 ho 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 3 0.004 ni 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.004 k 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.004 ks 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 2464 0.00 0 0.005 hybrid 150 292 0.05 0.00 | | | | | | 16 0.00 | |5 ho 150 292 0.02 0.00 0.02 0.00 0.00 0.00 0 0.00 27 0.00 14948 0.005 ni 150 292 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 95 0.00 23816 0.005 k 150 292 1.36 0.42 0.97 0.59 0.01 1.22 0 0.00 0 0.00 35195 0.295 ks 150 292 0.39 0.03 0.02 0.20 0.00 2.00 0 0.00 3513 0.02 95174 0.026 hybrid 261 517 0.13 0.00 | | | | | | 19 0.00 | |6 ho 261 517 0.02 0.00 0.02 0.00 0.00 0.00 0 0.00 44 0.00 40893 0.006 ni 261 517 0.03 0.00 0.00 0.00 0.00 0.00 0 0.00 162 0.00 53429 0.006 k 261 517 3.72 0.53 2.45 0.83 0.00 2.00 0 0.00 0 0.00 58087 0.326 ks 261 517 0.73 0.04 0.06 0.66 0.00 0.00 0 0.00 6243 0.02 188759 0.037 hybrid 113 221 0.05 0.00 | | | | | | 3 0.00 | |7 ho 113 221 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 26 0.00 14372 0.007 ni 113 221 0.03 0.00 0.00 0.00 0.00 0.00 0 0.00 71 0.00 34228 0.007 k 113 221 0.37 0.03 0.00 0.00 0.00 0.00 0 0.00 0 0.00 16451 0.037 ks 113 221 0.29 0.03 0.00 0.00 0.00 0.00 0 0.00 2644 0.04 73742 0.048 hybrid 106 208 0.03 0.00 | | | | | | 3 0.00 | |8 ho 106 208 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 27 0.00 12416 0.008 ni 106 208 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 68 0.00 29148 0.008 k 106 208 0.63 0.39 0.43 0.54 0.00 0.00 0 0.00 0 0.00 24010 0.308 ks 106 208 0.29 0.06 0.06 0.53 0.00 0.00 0 0.00 2598 0.04 72097 0.049 hybrid 19 36 0.00 0.00 | | | | | | 2 0.00 | |9 ho 19 36 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 5 0.00 848 0.009 ni 19 36 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 15 0.00 612 0.009 k 19 36 0.03 0.42 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2832 0.259 ks 19 36 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 196 0.04 4058 0.0910 hybrid 77 131 0.02 0.00 | | | | | | 4 0.00 | |10 ho 77 131 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 23 0.00 5748 0.0010 ni 77 131 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 54 0.00 9331 0.0010 k 77 131 0.20 0.14 0.00 0.00 0.00 0.00 0 0.00 0 0.00 10825 0.0510 ks 77 131 0.13 0.06 0.00 0.00 0.00 0.00 0 0.00 1353 0.03 31341 0.0411 hybrid 605 1162 0.32 0.00 | | | | | | 15 0.00 | |11 ho 605 1162 0.07 0.00 0.00 0.00 0.00 0.00 0 0.00 126 0.00 106232 0.0011 ni 605 1162 0.18 0.00 0.00 0.00 0.00 0.00 0 0.00 332 0.00 204810 0.0011 k 605 1162 13.58 0.04 0.00 0.00 0.00 0.00 0 0.00 0 0.00 113109 0.0511 ks 605 1162 1.37 0.02 0.00 0.00 0.00 0.00 0 0.00 13605 0.01 360873 0.01Table 21: PRETSP misc family
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problem nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %12 hybrid 2 1 0.00 0.00 | | | | | | 0 0.00 | |12 ho 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 3 0.0012 ni 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0012 k 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0012 ks 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 0 0.0013 hybrid 2 1 0.02 0.00 | | | | | | 0 0.00 | |13 ho 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 3 0.0013 ni 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0013 k 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0013 ks 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 0 0.0014 hybrid 2 1 0.00 0.00 | | | | | | 0 0.00 | |14 ho 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 3 0.0014 ni 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0014 k 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0014 ks 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 0 0.0015 hybrid 2 1 0.00 0.00 | | | | | | 0 0.00 | |15 ho 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 3 0.0015 ni 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0015 k 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0015 ks 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 0 0.0016 hybrid 2 1 0.00 0.00 | | | | | | 0 0.00 | |16 ho 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 3 0.0016 ni 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0016 k 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.0016 ks 2 1 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 0 0.00 0 0.0017 hybrid 52 90 0.02 0.00 | | | | | | 0 0.00 | |17 ho 52 90 0.00 0.00 0.00 0.00 0.00 0.00 0 0.00 10 0.00 2048 0.0017 ni 52 90 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 31 0.00 2329 0.0017 k 52 90 0.13 0.67 0.00 0.00 0.00 0.00 0 0.00 0 0.00 8354 0.3117 ks 52 90 0.06 0.17 0.00 0.00 0.00 0.00 0 0.00 694 0.06 12514 0.05Table 22: PRETSP PLA family
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problem nodes arcs total time discovery time preprocess time initial PR internal PR edge scansavg dev % avg dev % avg dev % avg dev % avg dev % avg dev %18 hybrid 325 561 0.03 0.00 | | | | | | 8 0.00 | |18 ho 325 561 0.03 0.00 0.02 0.00 0.00 0.00 0 0.00 80 0.00 34755 0.0018 ni 325 561 0.02 0.00 0.00 0.00 0.00 0.00 0 0.00 135 0.00 28537 0.0018 k 325 561 4.46 0.47 1.19 0.25 0.00 0.00 0 0.00 0 0.00 70036 0.3318 ks 325 561 0.37 0.03 0.08 0.61 0.00 2.00 0 0.00 4478 0.02 100814 0.0319 hybrid 477 920 0.30 0.00 | | | | | | 26 0.00 | |19 ho 477 920 0.07 0.00 0.03 0.00 0.02 0.00 0 0.00 68 0.00 85447 0.0019 ni 477 920 0.12 0.00 0.02 0.00 0.00 0.00 0 0.00 260 0.00 147999 0.0019 k 477 920 7.93 0.02 2.42 0.10 0.00 2.00 0 0.00 0 0.00 87513 0.0519 ks 477 920 1.07 0.03 0.07 0.82 0.01 0.82 0 0.00 10668 0.02 286697 0.0220 hybrid 449 861 0.27 0.00 | | | | | | 19 0.00 | |20 ho 449 861 0.05 0.00 0.05 0.00 0.00 0.00 0 0.00 118 0.00 83948 0.0020 ni 449 861 0.13 0.00 0.07 0.00 0.00 0.00 0 0.00 226 0.00 149716 0.0020 k 449 861 6.49 0.03 1.86 0.15 0.00 0.00 0 0.00 0 0.00 76354 0.0320 ks 449 861 1.06 0.02 0.10 1.03 0.00 2.00 0 0.00 10816 0.02 290509 0.0221 hybrid 454 886 0.27 0.00 | | | | | | 11 0.00 | |21 ho 454 886 0.07 0.00 0.00 0.00 0.00 0.00 0 0.00 80 0.00 82086 0.0021 ni 454 886 0.12 0.00 0.00 0.00 0.00 0.00 0 0.00 241 0.00 139677 0.0021 k 454 886 6.58 0.02 0.00 0.00 0.00 0.00 0 0.00 0 0.00 77929 0.0421 ks 454 886 1.09 0.03 0.00 0.00 0.01 1.22 0 0.00 10670 0.03 291432 0.0322 hybrid 403 786 0.18 0.00 | | | | | | 12 0.00 | |22 ho 403 786 0.03 0.00 0.03 0.00 0.00 0.00 0 0.00 72 0.00 58094 0.0022 ni 403 786 0.13 0.00 0.13 0.00 0.00 0.00 0 0.00 224 0.00 126807 0.0022 k 403 786 5.36 0.03 1.86 0.10 0.00 0.00 0 0.00 0 0.00 69655 0.0522 ks 403 786 0.89 0.01 0.07 0.80 0.00 0.00 0 0.00 9115 0.02 241598 0.0223 hybrid 532 1029 0.37 0.00 | | | | | | 28 0.00 | |23 ho 532 1029 0.07 0.00 0.05 0.00 0.02 0.00 0 0.00 128 0.00 108142 0.0023 ni 532 1029 0.13 0.00 0.00 0.00 0.00 0.00 0 0.00 291 0.00 174077 0.0023 k 532 1029 9.96 0.05 3.37 0.18 0.00 2.00 0 0.00 0 0.00 93386 0.0523 ks 532 1029 1.35 0.03 0.18 0.53 0.00 0.00 0 0.00 12995 0.02 350271 0.0224 hybrid 501 950 0.27 0.00 | | | | | | 16 0.00 | |24 ho 501 950 0.07 0.00 0.00 0.00 0.02 0.00 0 0.00 97 0.00 78473 0.0024 ni 501 950 0.18 0.00 0.00 0.00 0.00 0.00 0 0.00 273 0.00 218389 0.0024 k 501 950 10.59 0.36 0.00 0.00 0.00 2.00 0 0.00 0 0.00 105218 0.3124 ks 501 950 1.26 0.04 0.00 0.00 0.00 0.00 0 0.00 12222 0.02 330751 0.0225 hybrid 492 946 0.33 0.00 | | | | | | 19 0.00 | |25 ho 492 946 0.05 0.00 0.00 0.00 0.00 0.00 0 0.00 88 0.00 75279 0.0025 ni 492 946 0.15 0.00 0.00 0.00 0.00 0.00 0 0.00 256 0.00 149765 0.0025 k 492 946 12.25 0.40 0.00 0.00 0.00 0.00 0 0.00 0 0.00 119819 0.3425 ks 492 946 1.17 0.02 0.00 2.00 0.00 2.00 0 0.00 11504 0.01 310030 0.0126 hybrid 549 1072 0.35 0.00 | | | | | | 12 0.00 | |26 ho 549 1072 0.08 0.00 0.07 0.00 0.00 0.00 0 0.00 76 0.00 100108 0.0026 ni 549 1072 0.15 0.00 0.12 0.00 0.00 0.00 0 0.00 303 0.00 178225 0.0026 k 549 1072 10.48 0.02 2.94 0.10 0.00 0.00 0 0.00 0 0.00 96879 0.0426 ks 549 1072 1.41 0.04 0.21 0.83 0.01 1.22 0 0.00 13492 0.02 369945 0.0327 hybrid 465 926 0.27 0.00 | | | | | | 17 0.00 | |27 ho 465 926 0.07 0.00 0.00 0.00 0.00 0.00 0 0.00 106 0.00 107500 0.0027 ni 465 926 0.12 0.00 0.00 0.00 0.00 0.00 0 0.00 254 0.00 147139 0.0027 k 465 926 10.26 0.34 0.00 0.00 0.00 2.00 0 0.00 0 0.00 114973 0.3027 ks 465 926 1.10 0.04 0.00 0.00 0.01 0.82 0 0.00 10962 0.02 298687 0.0328 hybrid 542 1064 0.33 0.00 | | | | | | 28 0.00 | |28 ho 542 1064 0.07 0.00 0.00 0.00 0.00 0.00 0 0.00 135 0.00 103811 0.0028 ni 542 1064 0.13 0.00 0.00 0.00 0.02 0.00 0 0.00 293 0.00 145787 0.0028 k 542 1064 10.42 0.01 0.00 2.00 0.00 2.00 0 0.00 0 0.00 99154 0.0228 ks 542 1064 1.34 0.02 0.00 0.00 0.01 1.22 0 0.00 13065 0.01 357056 0.0229 hybrid 573 1104 0.38 0.00 | | | | | | 21 0.00 | |29 ho 573 1104 0.08 0.00 0.00 0.00 0.00 0.00 0 0.00 121 0.00 104487 0.0029 ni 573 1104 0.20 0.00 0.00 0.00 0.00 0.00 0 0.00 313 0.00 198529 0.0029 k 573 1104 18.83 0.34 0.00 0.00 0.00 0.00 0 0.00 0 0.00 159432 0.3129 ks 573 1104 1.53 0.02 0.00 0.00 0.00 0.00 0 0.00 14605 0.02 402105 0.0230 hybrid 476 945 0.28 0.00 | | | | | | 17 0.00 | |30 ho 476 945 0.05 0.00 0.00 0.00 0.00 0.00 0 0.00 89 0.00 87625 0.0030 ni 476 945 0.15 0.00 0.00 0.00 0.00 0.00 0 0.00 247 0.00 177708 0.0030 k 476 945 7.98 0.03 0.00 0.00 0.01 1.22 0 0.00 0 0.00 87580 0.0530 ks 476 945 1.12 0.02 0.00 2.00 0.00 2.00 0 0.00 10744 0.01 296343 0.0231 hybrid 607 1150 0.28 0.00 | | | | | | 14 0.00 | |31 ho 607 1150 0.07 0.00 0.00 0.00 0.02 0.00 0 0.00 86 0.00 86629 0.0031 ni 607 1150 0.13 0.00 0.00 0.00 0.00 0.00 0 0.00 301 0.00 160409 0.0031 k 607 1150 16.88 0.40 0.00 2.00 0.00 0.00 0 0.00 0 0.00 134437 0.3331 ks 607 1150 1.44 0.02 0.00 0.00 0.01 1.22 0 0.00 13895 0.01 373567 0.0132 hybrid 557 1091 0.38 0.00 | | | | | | 14 0.00 | |32 ho 557 1091 0.08 0.00 0.00 0.00 0.00 0.00 0 0.00 138 0.00 114243 0.0032 ni 557 1091 0.17 0.00 0.00 0.00 0.00 0.00 0 0.00 307 0.00 191347 0.0032 k 557 1091 10.74 0.02 0.00 0.00 0.01 1.22 0 0.00 0 0.00 95862 0.0132 ks 557 1091 1.52 0.02 0.01 0.82 0.01 1.22 0 0.00 14294 0.01 396642 0.0233 hybrid 505 971 0.30 0.00 | | | | | | 10 0.00 | |33 ho 505 971 0.07 0.00 0.00 0.00 0.00 0.00 0 0.00 103 0.00 90697 0.0033 ni 505 971 0.15 0.00 0.00 0.00 0.00 0.00 0 0.00 270 0.00 169536 0.0033 k 505 971 9.03 0.02 0.00 0.00 0.00 0.00 0 0.00 0 0.00 90956 0.0433 ks 505 971 1.22 0.02 0.00 0.00 0.00 0.00 0 0.00 12031 0.02 329176 0.02Table 23: PRETSP USAfamily84



12.2 Tables comparing ho codesnodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 300 22425 0.32 0.05 0 0.00 165 0.11 384908 0.08 3 298 0 129ho nopr 300 22425 0.29 0.08 0 0.00 0 0.00 368767 0.10 8 276 16 274ho noxs 300 22425 0.46 0.07 0 0.00 127 0.26 720732 0.04 38 236 132 0ho noprxs 300 22425 0.40 0.04 0 0.00 0 0.00 705176 0.05 49 186 249 0ho 400 39900 0.65 0.03 0 0.00 250 0.03 676746 0.01 3 398 0 143ho nopr 400 39900 0.65 0.07 0 0.00 0 0.00 778865 0.09 12 374 37 349ho noxs 400 39900 1.09 0.10 0 0.00 162 0.37 1477102 0.11 40 307 195 0ho noprxs 400 39900 1.00 0.10 0 0.00 0 0.00 1474180 0.11 53 234 345 0ho 500 62375 1.05 0.01 0 0.00 325 0.06 1028294 0.01 3 465 0 169ho nopr 500 62375 1.12 0.08 0 0.00 0 0.00 1270908 0.09 13 456 41 444ho noxs 500 62375 1.84 0.03 0 0.00 213 0.24 2278172 0.03 54 378 230 0ho noprxs 500 62375 1.65 0.05 0 0.00 0 0.00 2249321 0.05 70 298 429 0ho 600 89850 1.60 0.01 0 0.00 406 0.03 1525886 0.02 3 598 0 187ho nopr 600 89850 1.78 0.06 0 0.00 0 0.00 1953035 0.07 13 558 69 516ho noxs 600 89850 2.98 0.06 0 0.00 266 0.27 3603150 0.06 56 418 275 0ho noprxs 600 89850 2.77 0.08 0 0.00 0 0.00 3649288 0.07 77 318 521 0ho 700 122325 2.27 0.01 0 0.00 506 0.02 2101482 0.01 3 698 0 188ho nopr 700 122325 2.84 0.07 0 0.00 0 0.00 3117236 0.07 13 644 71 615ho noxs 700 122325 4.04 0.04 0 0.00 285 0.23 4762589 0.04 78 499 334 0ho noprxs 700 122325 3.75 0.05 0 0.00 0 0.00 4785148 0.06 95 412 603 0ho 800 159800 3.02 0.01 0 0.00 570 0.05 2729953 0.01 3 798 0 224ho nopr 800 159800 3.61 0.03 0 0.00 0 0.00 3875115 0.04 15 729 99 683ho noxs 800 159800 5.35 0.03 0 0.00 347 0.31 6206945 0.03 82 582 367 0ho noprxs 800 159800 4.89 0.03 0 0.00 0 0.00 6221303 0.05 106 464 693 0ho 900 202275 3.91 0.01 0 0.00 664 0.02 3483609 0.01 3 898 0 230ho nopr 900 202275 4.90 0.04 0 0.00 0 0.00 5390937 0.04 18 830 187 692ho noxs 900 202275 7.13 0.03 0 0.00 461 0.07 8296609 0.03 68 665 368 0ho noprxs 900 202275 6.64 0.04 0 0.00 0 0.00 8383682 0.04 96 495 803 0ho 1000 249750 4.93 0.01 0 0.00 759 0.01 4284685 0.01 3 958 0 235ho nopr 1000 249750 6.55 0.08 0 0.00 0 0.00 7106372 0.10 16 933 243 738ho noxs 1000 249750 9.33 0.11 0 0.00 283 0.47 10554256 0.12 82 688 632 0ho noprxs 1000 249750 8.69 0.14 0 0.00 0 0.00 10550654 0.14 100 565 898 0Table 24: NOI1 family, HO codes
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Figure 22: HO variants on NOI1 family85



nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 300 22425 0.26 0.09 0 0.00 72 0.23 316490 0.12 5 212 0 221ho nopr 300 22425 0.23 0.05 0 0.00 0 0.00 304551 0.06 10 178 0 288ho noxs 300 22425 0.42 0.10 0 0.00 148 0.17 640685 0.14 62 135 87 0ho noprxs 300 22425 0.35 0.12 0 0.00 0 0.00 672897 0.12 83 106 215 0ho 400 39900 0.56 0.13 0 0.00 87 0.24 563229 0.17 5 289 3 302ho nopr 400 39900 0.49 0.06 0 0.00 0 0.00 552917 0.07 8 243 6 384ho noxs 400 39900 0.87 0.02 0 0.00 228 0.11 1110182 0.03 88 171 81 0ho noprxs 400 39900 0.78 0.03 0 0.00 0 0.00 1189634 0.07 114 138 284 0ho 500 62375 1.06 0.12 0 0.00 125 0.27 1015152 0.14 5 349 0 367ho nopr 500 62375 0.90 0.05 0 0.00 0 0.00 951293 0.05 11 271 0 487ho noxs 500 62375 1.39 0.05 0 0.00 243 0.18 1703991 0.06 105 212 148 0ho noprxs 500 62375 1.26 0.05 0 0.00 0 0.00 1791169 0.07 138 170 360 0ho 600 89850 1.62 0.05 0 0.00 163 0.28 1518734 0.05 3 536 0 430ho nopr 600 89850 1.40 0.02 0 0.00 0 0.00 1435509 0.02 15 306 0 583ho noxs 600 89850 2.14 0.06 0 0.00 343 0.05 2448590 0.07 137 257 117 0ho noprxs 600 89850 1.93 0.05 0 0.00 0 0.00 2549478 0.05 188 200 410 0ho 700 122325 2.21 0.04 0 0.00 227 0.21 2011692 0.05 1 699 0 469ho nopr 700 122325 2.02 0.01 0 0.00 0 0.00 1996601 0.02 16 357 0 682ho noxs 700 122325 3.09 0.04 0 0.00 370 0.12 3419830 0.07 159 298 168 0ho noprxs 700 122325 2.90 0.04 0 0.00 0 0.00 3636673 0.05 219 232 479 0ho 800 159800 3.41 0.07 0 0.00 183 0.33 3068408 0.08 5 696 3 606ho nopr 800 159800 2.84 0.05 0 0.00 0 0.00 2886664 0.06 15 449 3 780ho noxs 800 159800 4.40 0.04 0 0.00 439 0.09 4838982 0.06 173 329 185 0ho noprxs 800 159800 4.14 0.05 0 0.00 0 0.00 5186013 0.06 225 268 573 0ho 900 202275 3.91 0.06 0 0.00 311 0.21 3399594 0.08 1 877 0 584ho nopr 900 202275 3.60 0.02 0 0.00 0 0.00 3504869 0.01 17 459 0 881ho noxs 900 202275 5.49 0.01 0 0.00 499 0.08 5855968 0.02 204 370 194 0ho noprxs 900 202275 5.12 0.02 0 0.00 0 0.00 6242312 0.02 270 294 628 0ho 1000 249750 5.66 0.08 0 0.00 238 0.31 4855050 0.09 7 734 0 752ho nopr 1000 249750 4.68 0.03 0 0.00 0 0.00 4646956 0.03 17 530 0 982ho noxs 1000 249750 7.08 0.03 0 0.00 533 0.18 7395961 0.04 233 410 231 0ho noprxs 1000 249750 6.51 0.04 0 0.00 0 0.00 7770716 0.04 315 322 684 0Table 25: NOI2 family, HO codes
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Figure 23: HO variants on NOI2 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1000 24975 0.43 0.05 0 0.00 309 0.05 505140 0.05 5 977 0 683ho nopr 1000 24975 0.34 0.05 0 0.00 0 0.00 413508 0.04 11 968 0 987ho noxs 1000 24975 0.98 0.02 0 0.00 532 0.21 1463032 0.03 57 836 408 0ho noprxs 1000 24975 0.89 0.03 0 0.00 0 0.00 1478084 0.03 73 692 925 0ho 1000 49950 1.02 0.12 0 0.00 386 0.50 1113648 0.13 6 986 2 602ho nopr 1000 49950 0.89 0.06 0 0.00 0 0.00 1013579 0.05 13 963 6 979ho noxs 1000 49950 2.03 0.09 0 0.00 386 0.26 2725982 0.11 67 860 544 0ho noprxs 1000 49950 1.81 0.13 0 0.00 0 0.00 2703915 0.13 78 759 920 0ho 1000 124875 3.24 0.02 0 0.00 590 0.03 3261326 0.01 8 988 0 398ho nopr 1000 124875 2.92 0.04 0 0.00 0 0.00 3264192 0.06 15 934 31 952ho noxs 1000 124875 5.09 0.07 0 0.00 450 0.27 6064858 0.08 72 741 474 0ho noprxs 1000 124875 4.74 0.08 0 0.00 0 0.00 6133165 0.08 91 605 907 0ho 1000 249750 4.95 0.02 0 0.00 759 0.01 4284685 0.01 3 958 0 235ho nopr 1000 249750 6.54 0.08 0 0.00 0 0.00 7106372 0.10 16 933 243 738ho noxs 1000 249750 9.39 0.11 0 0.00 283 0.47 10554256 0.12 82 688 632 0ho noprxs 1000 249750 8.63 0.14 0 0.00 0 0.00 10550654 0.14 100 565 898 0ho 1000 374625 7.93 0.04 0 0.00 794 0.01 6706222 0.06 4 996 0 199ho nopr 1000 374625 9.59 0.10 0 0.00 0 0.00 10077034 0.09 18 906 215 765ho noxs 1000 374625 12.76 0.08 0 0.00 381 0.44 13650787 0.09 97 628 518 0ho noprxs 1000 374625 11.83 0.09 0 0.00 0 0.00 13696322 0.09 124 505 874 0ho 1000 499500 10.45 0.01 0 0.00 818 0.01 8340469 0.01 5 996 0 174ho nopr 1000 499500 13.23 0.05 0 0.00 0 0.00 13704734 0.06 19 896 313 665ho noxs 1000 499500 16.02 0.02 0 0.00 320 0.34 16864169 0.03 86 574 592 0ho noprxs 1000 499500 14.67 0.03 0 0.00 0 0.00 16812484 0.04 107 472 891 0Table 26: NOI3 family, HO codes
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Figure 24: HO variants on NOI3 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1000 24975 0.38 0.03 0 0.00 63 0.25 419805 0.05 3 733 0 930ho nopr 1000 24975 0.27 0.02 0 0.00 0 0.00 302558 0.09 7 631 1 990ho noxs 1000 24975 0.82 0.05 0 0.00 630 0.19 1173910 0.10 80 443 287 0ho noprxs 1000 24975 0.84 0.04 0 0.00 0 0.00 1555858 0.07 119 314 879 0ho 1000 49950 1.00 0.04 0 0.00 141 0.08 1010936 0.02 3 734 0 853ho nopr 1000 49950 0.78 0.02 0 0.00 0 0.00 847685 0.03 10 549 0 988ho noxs 1000 49950 1.70 0.04 0 0.00 595 0.09 2254368 0.04 100 435 302 0ho noprxs 1000 49950 1.61 0.05 0 0.00 0 0.00 2587487 0.06 118 378 881 0ho 1000 124875 2.77 0.12 0 0.00 217 0.58 2589176 0.14 9 669 0 771ho nopr 1000 124875 2.34 0.03 0 0.00 0 0.00 2415011 0.04 16 534 0 982ho noxs 1000 124875 3.96 0.06 0 0.00 495 0.04 4534065 0.07 159 448 343 0ho noprxs 1000 124875 3.62 0.05 0 0.00 0 0.00 4883287 0.04 193 378 805 0ho 1000 249750 5.75 0.07 0 0.00 238 0.31 4855050 0.09 7 734 0 752ho nopr 1000 249750 4.69 0.03 0 0.00 0 0.00 4646956 0.03 17 530 0 982ho noxs 1000 249750 7.17 0.04 0 0.00 533 0.18 7395961 0.04 233 410 231 0ho noprxs 1000 249750 6.46 0.05 0 0.00 0 0.00 7770716 0.04 315 322 684 0ho 1000 374625 8.18 0.05 0 0.00 370 0.10 6626486 0.07 6 724 0 622ho nopr 1000 374625 6.58 0.05 0 0.00 0 0.00 6444146 0.07 17 563 0 981ho noxs 1000 374625 9.46 0.07 0 0.00 577 0.01 9535335 0.10 273 400 146 0ho noprxs 1000 374625 8.58 0.06 0 0.00 0 0.00 9724673 0.06 361 324 637 0ho 1000 499500 10.53 0.07 0 0.00 282 0.34 8181626 0.08 7 717 0 708ho nopr 1000 499500 8.16 0.06 0 0.00 0 0.00 7741986 0.10 16 577 11 970ho noxs 1000 499500 11.92 0.07 0 0.00 567 0.01 11556174 0.09 292 409 137 0ho noprxs 1000 499500 10.55 0.06 0 0.00 0 0.00 11486081 0.06 408 314 590 0Table 27: NOI4 family, HO codes
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Figure 25: HO variants on NOI4 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1000 249750 4.88 0.01 0 0.00 759 0.01 4284685 0.01 3 958 0 235ho nopr 1000 249750 6.54 0.08 0 0.00 0 0.00 7106372 0.10 16 933 243 738ho noxs 1000 249750 9.34 0.11 0 0.00 283 0.47 10554256 0.12 82 688 632 0ho noprxs 1000 249750 8.94 0.14 0 0.00 0 0.00 10550654 0.14 100 565 898 0ho 1000 249750 5.60 0.08 0 0.00 238 0.31 4855050 0.09 7 734 0 752ho nopr 1000 249750 4.68 0.02 0 0.00 0 0.00 4646956 0.03 17 530 0 982ho noxs 1000 249750 7.03 0.03 0 0.00 533 0.18 7395961 0.04 233 410 231 0ho noprxs 1000 249750 6.59 0.04 0 0.00 0 0.00 7770716 0.04 315 322 684 0ho 1000 249750 5.60 0.15 0 0.00 198 0.57 4817520 0.18 21 372 4 774ho nopr 1000 249750 4.99 0.07 0 0.00 0 0.00 5343890 0.06 25 391 7 966ho noxs 1000 249750 7.86 0.04 0 0.00 474 0.13 8673406 0.04 170 287 353 0ho noprxs 1000 249750 7.89 0.04 0 0.00 0 0.00 9687748 0.04 220 230 778 0ho 1000 249750 6.93 0.03 0 0.00 134 0.24 6065805 0.04 25 262 1 837ho nopr 1000 249750 6.10 0.04 0 0.00 0 0.00 6680523 0.05 33 275 11 954ho noxs 1000 249750 8.23 0.04 0 0.00 511 0.06 9239626 0.04 179 193 307 0ho noprxs 1000 249750 8.37 0.04 0 0.00 0 0.00 10757072 0.03 249 147 749 0ho 1000 249750 7.78 0.06 0 0.00 106 0.39 6902801 0.06 26 255 3 862ho nopr 1000 249750 6.87 0.08 0 0.00 0 0.00 7537622 0.09 32 262 7 959ho noxs 1000 249750 9.22 0.03 0 0.00 508 0.07 10363995 0.03 210 170 279 0ho noprxs 1000 249750 9.47 0.02 0 0.00 0 0.00 12305603 0.03 279 134 719 0ho 1000 249750 7.09 0.18 47 0.58 85 0.43 6134482 0.21 8 429 1 856ho nopr 1000 249750 5.66 0.29 0 0.00 0 0.00 6012856 0.34 19 294 0 978ho noxs 1000 249750 8.43 0.10 47 0.58 627 0.04 9156729 0.11 198 112 125 0ho noprxs 1000 249750 8.86 0.12 0 0.00 0 0.00 11482142 0.11 346 95 652 0ho 1000 249750 5.78 0.50 235 1.62 28 0.81 4658492 0.61 4 577 0 729ho nopr 1000 249750 5.28 0.33 0 0.00 0 0.00 5157881 0.41 6 469 1 991ho noxs 1000 249750 7.86 0.47 235 1.62 642 0.50 8273974 0.53 106 105 14 0ho noprxs 1000 249750 9.32 0.20 0 0.00 0 0.00 11922427 0.20 428 101 570 0ho 1000 249750 4.77 0.35 276 1.31 16 0.80 3574562 0.44 2 581 0 701ho nopr 1000 249750 5.48 0.15 0 0.00 0 0.00 5620753 0.21 6 587 0 992ho noxs 1000 249750 7.98 0.45 276 1.31 630 0.50 8281563 0.51 79 93 12 0ho noprxs 1000 249750 10.66 0.21 0 0.00 0 0.00 13513747 0.19 490 78 508 0ho 1000 249750 2.75 0.71 810 0.46 12 2.00 1760322 1.07 1 125 0 174ho nopr 1000 249750 5.82 0.48 0 0.00 0 0.00 5924706 0.59 5 555 1 991ho noxs 1000 249750 3.79 1.09 810 0.46 153 2.00 3320990 1.50 29 16 5 0ho noprxs 1000 249750 11.25 0.07 0 0.00 0 0.00 14237605 0.07 508 55 490 0ho 1000 249750 1.84 0.12 998 0.00 0 0.00 890688 0.25 1 2 0 0ho nopr 1000 249750 4.58 0.35 0 0.00 0 0.00 4207207 0.47 4 617 1 993ho noxs 1000 249750 1.82 0.11 998 0.00 0 0.00 890688 0.25 1 2 0 0ho noprxs 1000 249750 9.60 0.25 0 0.00 0 0.00 12353761 0.24 513 97 485 0ho 1000 249750 1.69 0.01 998 0.00 0 0.00 748225 0.01 1 2 0 0ho nopr 1000 249750 3.02 0.30 0 0.00 0 0.00 2343088 0.48 3 708 0 995ho noxs 1000 249750 1.68 0.01 998 0.00 0 0.00 748225 0.01 1 2 0 0ho noprxs 1000 249750 7.98 0.27 0 0.00 0 0.00 10124108 0.26 535 153 463 0Table 28: NOI5 family, HO codes
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1000 249750 1.68 0.01 998 0.00 0 0.00 758572 0.00 1 2 0 0ho nopr 1000 249750 2.11 0.05 0 0.00 0 0.00 1226610 0.11 2 901 0 995ho noxs 1000 249750 1.70 0.01 998 0.00 0 0.00 758572 0.00 1 2 0 0ho noprxs 1000 249750 6.76 0.14 0 0.00 0 0.00 8561336 0.15 558 171 440 0ho 1000 249750 1.77 0.00 998 0.00 0 0.00 872233 0.00 1 2 0 0ho nopr 1000 249750 2.24 0.03 0 0.00 0 0.00 1404123 0.06 2 968 0 995ho noxs 1000 249750 1.77 0.01 998 0.00 0 0.00 872233 0.00 1 2 0 0ho noprxs 1000 249750 11.59 0.58 0 0.00 0 0.00 14703598 0.56 615 89 383 0ho 1000 249750 1.97 0.01 998 0.00 0 0.00 1131721 0.01 1 2 0 0ho nopr 1000 249750 2.67 0.05 0 0.00 0 0.00 1888840 0.06 3 920 11 984ho noxs 1000 249750 1.94 0.01 998 0.00 0 0.00 1131721 0.01 1 2 0 0ho noprxs 1000 249750 11.37 0.07 0 0.00 0 0.00 14053932 0.07 606 85 392 0ho 1000 249750 1.97 0.01 998 0.00 0 0.00 1128305 0.01 1 2 0 0ho nopr 1000 249750 2.99 0.03 0 0.00 0 0.00 2341188 0.05 4 965 38 956ho noxs 1000 249750 1.98 0.01 998 0.00 0 0.00 1128305 0.01 1 2 0 0ho noprxs 1000 249750 14.40 0.17 0 0.00 0 0.00 17673766 0.18 546 83 452 0ho 1000 249750 2.01 0.01 998 0.00 0 0.00 1183977 0.01 1 2 0 0ho nopr 1000 249750 3.79 0.03 0 0.00 0 0.00 3297812 0.05 6 965 50 942ho noxs 1000 249750 2.00 0.00 998 0.00 0 0.00 1183977 0.01 1 2 0 0ho noprxs 1000 249750 11.27 0.25 0 0.00 0 0.00 13978560 0.24 495 113 503 0ho 1000 249750 2.03 0.01 998 0.00 0 0.00 1215232 0.00 1 2 0 0ho nopr 1000 249750 4.34 0.15 0 0.00 0 0.00 3939107 0.18 6 909 34 957ho noxs 1000 249750 2.01 0.01 998 0.00 0 0.00 1215232 0.00 1 2 0 0ho noprxs 1000 249750 12.70 0.13 0 0.00 0 0.00 15745458 0.13 442 115 556 0Table 29: NOI5 family, HO codes (continued)
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Figure 26: HO variants on NOI5 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1000 249750 4.90 0.09 0 0.00 25 0.05 4340237 0.09 1 999 0 970ho nopr 1000 249750 3.50 0.07 0 0.00 0 0.00 3116479 0.10 5 682 0 994ho noxs 1000 249750 4.85 0.02 0 0.00 908 0.06 4573824 0.04 87 480 2 0ho noprxs 1000 249750 4.71 0.05 0 0.00 0 0.00 5214581 0.07 423 320 575 0ho 1000 249750 4.74 0.07 0 0.00 117 0.23 4193474 0.08 2 999 0 879ho nopr 1000 249750 3.86 0.03 0 0.00 0 0.00 3536045 0.07 11 566 0 987ho noxs 1000 249750 5.68 0.02 0 0.00 820 0.01 5503175 0.05 176 459 1 0ho noprxs 1000 249750 5.49 0.03 0 0.00 0 0.00 6316071 0.04 352 344 646 0ho 1000 249750 5.61 0.09 0 0.00 238 0.31 4855050 0.09 7 734 0 752ho nopr 1000 249750 4.69 0.02 0 0.00 0 0.00 4646956 0.03 17 530 0 982ho noxs 1000 249750 7.06 0.03 0 0.00 533 0.18 7395961 0.04 233 410 231 0ho noprxs 1000 249750 6.46 0.04 0 0.00 0 0.00 7770716 0.04 315 322 684 0ho 1000 249750 6.64 0.13 0 0.00 265 0.23 6058229 0.17 12 665 57 663ho nopr 1000 249750 5.87 0.12 0 0.00 0 0.00 6497492 0.17 20 575 88 890ho noxs 1000 249750 8.36 0.05 0 0.00 444 0.08 9791101 0.06 108 405 445 0ho noprxs 1000 249750 8.56 0.06 0 0.00 0 0.00 11117566 0.07 155 297 844 0ho 1000 249750 5.71 0.07 0 0.00 479 0.08 4980880 0.08 4 760 40 474ho nopr 1000 249750 5.71 0.08 0 0.00 0 0.00 6078152 0.09 17 616 78 903ho noxs 1000 249750 8.55 0.05 0 0.00 507 0.06 9765780 0.07 95 430 395 0ho noprxs 1000 249750 8.60 0.05 0 0.00 0 0.00 10852182 0.06 123 338 876 0ho 1000 249750 5.17 0.09 0 0.00 628 0.06 4387209 0.09 4 928 13 351ho nopr 1000 249750 5.36 0.05 0 0.00 0 0.00 5571145 0.06 18 684 68 912ho noxs 1000 249750 8.43 0.05 0 0.00 452 0.08 9616467 0.05 102 493 443 0ho noprxs 1000 249750 8.23 0.08 0 0.00 0 0.00 10367525 0.08 136 380 862 0ho 1000 249750 4.93 0.03 0 0.00 655 0.02 4155937 0.04 4 997 0 338ho nopr 1000 249750 5.14 0.05 0 0.00 0 0.00 5270417 0.06 15 839 61 922ho noxs 1000 249750 8.70 0.05 0 0.00 370 0.21 10161364 0.06 88 549 539 0ho noprxs 1000 249750 8.48 0.06 0 0.00 0 0.00 10749085 0.06 116 420 883 0ho 1000 249750 4.92 0.02 0 0.00 677 0.03 4304370 0.02 4 998 0 316ho nopr 1000 249750 5.87 0.05 0 0.00 0 0.00 6186159 0.07 13 924 118 867ho noxs 1000 249750 9.22 0.03 0 0.00 414 0.27 10489253 0.05 83 699 501 0ho noprxs 1000 249750 8.65 0.03 0 0.00 0 0.00 10721057 0.04 111 531 887 0ho 1000 249750 4.91 0.02 0 0.00 754 0.02 4287080 0.01 3 948 0 239ho nopr 1000 249750 6.29 0.04 0 0.00 0 0.00 6838809 0.04 19 919 256 724ho noxs 1000 249750 9.35 0.08 0 0.00 379 0.40 10607271 0.08 90 700 528 0ho noprxs 1000 249750 8.67 0.10 0 0.00 0 0.00 10653776 0.10 108 596 890 0Table 30: NOI6 family, HO codes
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Figure 27: HO variants on NOI6 family91



nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1000 8000 0.18 0.06 0 0.00 226 0.77 351789 0.12 10 969 88 673ho nopr 1000 8000 0.15 0.08 0 0.00 0 0.00 305199 0.06 12 902 250 736ho noxs 1000 8000 0.29 0.05 0 0.00 561 0.07 609150 0.07 38 569 397 0ho noprxs 1000 8000 0.26 0.09 0 0.00 0 0.00 588382 0.08 79 293 920 0ho 1000 16000 0.45 0.12 0 0.00 583 0.22 714757 0.13 10 986 29 374ho nopr 1000 16000 0.42 0.14 0 0.00 0 0.00 753260 0.11 12 917 397 588ho noxs 1000 16000 0.59 0.02 0 0.00 555 0.10 1122567 0.03 33 624 409 0ho noprxs 1000 16000 0.52 0.06 0 0.00 0 0.00 1094614 0.04 58 381 941 0ho 1000 32000 1.04 0.11 0 0.00 734 0.22 1293980 0.12 9 979 57 197ho nopr 1000 32000 1.20 0.10 0 0.00 0 0.00 1798196 0.12 13 918 597 388ho noxs 1000 32000 1.44 0.12 0 0.00 408 0.22 2196233 0.13 28 634 561 0ho noprxs 1000 32000 1.33 0.12 0 0.00 0 0.00 2185559 0.13 36 525 962 0ho 1000 62500 2.10 0.15 0 0.00 863 0.03 2413652 0.16 8 991 6 119ho nopr 1000 62500 2.51 0.07 0 0.00 0 0.00 3434358 0.07 13 908 691 294ho noxs 1000 62500 2.93 0.08 0 0.00 467 0.23 4051979 0.07 24 700 506 0ho noprxs 1000 62500 2.80 0.08 0 0.00 0 0.00 4126624 0.08 29 606 969 0ho 1000 125000 3.98 0.27 0 0.00 898 0.06 4166085 0.30 7 944 45 47ho nopr 1000 125000 6.14 0.06 0 0.00 0 0.00 7806199 0.05 12 873 813 173ho noxs 1000 125000 6.13 0.06 0 0.00 298 0.40 7767430 0.07 23 661 676 0ho noprxs 1000 125000 6.05 0.08 0 0.00 0 0.00 7870539 0.08 28 559 970 0ho 1000 250000 7.82 0.25 0 0.00 767 0.19 7375673 0.30 5 922 184 41ho nopr 1000 250000 11.92 0.12 0 0.00 0 0.00 14154803 0.11 10 872 846 141ho noxs 1000 250000 12.53 0.04 0 0.00 399 0.36 14803088 0.03 23 562 574 0ho noprxs 1000 250000 12.12 0.05 0 0.00 0 0.00 15038257 0.04 30 446 968 0ho 1000 499500 11.41 0.14 0 0.00 972 0.01 9394579 0.19 5 996 0 19ho nopr 1000 499500 20.56 0.08 0 0.00 0 0.00 23210488 0.08 12 875 896 89ho noxs 1000 499500 20.65 0.10 0 0.00 340 0.38 22454806 0.10 26 480 630 0ho noprxs 1000 499500 19.70 0.11 0 0.00 0 0.00 22559161 0.11 31 423 968 0Table 31: RAND1 family, HO codes
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Figure 28: HO variants on RAND1 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 500 12500 0.24 0.11 0 0.00 361 0.10 519648 0.13 7 492 12 116ho nopr 500 12500 0.24 0.14 0 0.00 0 0.00 592535 0.13 10 426 290 198ho noxs 500 12500 0.30 0.14 0 0.00 253 0.24 736372 0.12 20 312 223 0ho noprxs 500 12500 0.28 0.18 0 0.00 0 0.00 754750 0.14 28 237 470 0ho 708 17700 0.51 0.18 0 0.00 481 0.21 794567 0.18 8 685 35 180ho nopr 708 17700 0.47 0.14 0 0.00 0 0.00 867981 0.16 12 612 358 336ho noxs 708 17700 0.59 0.05 0 0.00 348 0.21 1094099 0.04 29 436 328 0ho noprxs 708 17700 0.52 0.02 0 0.00 0 0.00 1094242 0.03 39 343 667 0ho 1000 25000 0.80 0.17 0 0.00 695 0.16 1086410 0.18 9 962 106 187ho nopr 1000 25000 0.91 0.08 0 0.00 0 0.00 1417207 0.08 12 885 590 395ho noxs 1000 25000 1.04 0.09 0 0.00 528 0.13 1659524 0.11 26 585 442 0ho noprxs 1000 25000 0.96 0.10 0 0.00 0 0.00 1664085 0.10 41 418 957 0ho 1414 35350 1.40 0.15 0 0.00 989 0.11 1718330 0.15 10 1398 35 376ho nopr 1414 35350 1.37 0.18 0 0.00 0 0.00 1974699 0.16 14 1213 731 666ho noxs 1414 35350 1.72 0.05 0 0.00 655 0.07 2568381 0.06 33 887 722 0ho noprxs 1414 35350 1.55 0.05 0 0.00 0 0.00 2539180 0.06 45 691 1367 0ho 2000 50000 2.23 0.11 0 0.00 1366 0.13 2572105 0.11 14 1958 32 583ho nopr 2000 50000 2.22 0.16 0 0.00 0 0.00 3025812 0.15 17 1825 1090 890ho noxs 2000 50000 2.92 0.10 0 0.00 1108 0.19 4018708 0.13 41 1243 848 0ho noprxs 2000 50000 2.66 0.11 0 0.00 0 0.00 4107044 0.12 61 901 1938 0ho 2828 70700 3.25 0.10 0 0.00 2090 0.11 3534336 0.11 14 2791 133 588ho nopr 2828 70700 3.39 0.09 0 0.00 0 0.00 4362321 0.08 17 2633 1782 1027ho noxs 2828 70700 4.68 0.06 0 0.00 1288 0.28 5963298 0.06 41 1585 1496 0ho noprxs 2828 70700 4.17 0.05 0 0.00 0 0.00 5963508 0.05 69 1040 2757 0ho 4000 100000 5.73 0.12 0 0.00 2743 0.13 5582265 0.12 13 3910 203 1038ho nopr 4000 100000 5.75 0.09 0 0.00 0 0.00 6462203 0.10 16 3612 2254 1728ho noxs 4000 100000 7.89 0.07 0 0.00 1833 0.22 9137102 0.07 46 2238 2118 0ho noprxs 4000 100000 6.98 0.08 0 0.00 0 0.00 9156698 0.08 69 1612 3929 0ho 5656 141400 7.45 0.14 0 0.00 4405 0.08 6921169 0.14 16 5509 212 1019ho nopr 5656 141400 8.88 0.10 0 0.00 0 0.00 9643072 0.09 20 5203 3296 2338ho noxs 5656 141400 12.52 0.13 0 0.00 2410 0.30 13778083 0.13 55 3305 3188 0ho noprxs 5656 141400 11.25 0.12 0 0.00 0 0.00 13674790 0.13 77 2597 5577 0ho 8000 200000 13.43 0.14 0 0.00 6289 0.06 11742261 0.14 14 7842 84 1609ho nopr 8000 200000 15.10 0.07 0 0.00 0 0.00 15105243 0.06 18 7237 4568 3412ho noxs 8000 200000 19.48 0.08 0 0.00 4018 0.18 19919669 0.09 53 4104 3925 0ho noprxs 8000 200000 17.93 0.07 0 0.00 0 0.00 19980712 0.08 97 2694 7902 0Table 32: RAND2 family, HO codes
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Figure 29: HO variants on RAND2 family93



nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1001 1001 0.00 0.00 999 0.00 0 0.00 5002 0.00 1 2 0 0ho nopr 1001 1001 0.01 1.22 0 0.00 0 0.00 7992 0.00 1 1001 0 999ho noxs 1001 1001 0.01 1.22 999 0.00 0 0.00 5002 0.00 1 2 0 0ho noprxs 1001 1001 0.01 1.22 0 0.00 0 0.00 6993 0.00 1000 501 0 0ho 1001 3003 0.14 0.13 0 0.00 635 0.05 205983 0.15 10 918 16 337ho nopr 1001 3003 0.17 0.31 0 0.00 0 0.00 285103 0.30 21 675 327 650ho noxs 1001 3003 0.21 0.13 0 0.00 740 0.07 354791 0.11 34 533 224 0ho noprxs 1001 3003 0.24 0.07 0 0.00 0 0.00 403142 0.08 141 165 858 0ho 1001 10010 0.38 0.14 0 0.00 617 0.12 809440 0.14 12 840 155 213ho nopr 1001 10010 0.35 0.18 0 0.00 0 0.00 866459 0.21 17 710 679 303ho noxs 1001 10010 0.39 0.03 0 0.00 516 0.16 819082 0.05 30 491 451 0ho noprxs 1001 10010 0.31 0.03 0 0.00 0 0.00 800136 0.04 59 291 941 0ho 1001 33033 1.65 0.09 0 0.00 706 0.24 2192055 0.10 10 842 214 68ho nopr 1001 33033 1.70 0.10 0 0.00 0 0.00 2688754 0.09 12 829 894 93ho noxs 1001 33033 1.58 0.11 0 0.00 382 0.29 2481260 0.10 24 501 592 0ho noprxs 1001 33033 1.50 0.10 0 0.00 0 0.00 2473762 0.11 33 401 966 0ho 1001 100100 4.29 0.12 0 0.00 629 0.37 4790970 0.11 7 844 345 17ho nopr 1001 100100 5.37 0.09 0 0.00 0 0.00 7332057 0.09 12 801 952 35ho noxs 1001 100100 5.00 0.03 0 0.00 358 0.31 6916701 0.04 19 547 620 0ho noprxs 1001 100100 4.94 0.04 0 0.00 0 0.00 7013081 0.04 23 474 976 0ho 1001 333333 12.26 0.07 0 0.00 883 0.22 11752797 0.07 5 947 104 5ho nopr 1001 333333 16.06 0.08 0 0.00 0 0.00 19683521 0.07 11 842 971 17ho noxs 1001 333333 17.31 0.03 0 0.00 312 0.35 20462693 0.02 17 561 669 0ho noprxs 1001 333333 16.88 0.02 0 0.00 0 0.00 20683326 0.02 20 493 979 0ho 1001 1001000 21.25 0.25 0 0.00 989 0.01 15623660 0.31 4 866 3 2ho nopr 1001 1001000 35.15 0.08 0 0.00 0 0.00 37474290 0.08 11 830 976 11ho noxs 1001 1001000 37.18 0.05 0 0.00 197 0.41 37276534 0.07 18 523 782 0ho noprxs 1001 1001000 35.19 0.06 0 0.00 0 0.00 37398700 0.07 21 460 978 0Table 33: REG1 family, HO codes
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Figure 30: HO variants on REG1 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 50 2500 0.02 0.00 0 0.00 42 0.02 30955 0.05 3 48 1 2ho nopr 50 2500 0.02 0.55 0 0.00 0 0.00 39304 0.08 6 38 36 6ho noxs 50 2500 0.02 0.20 0 0.00 22 0.35 41225 0.06 8 29 18 0ho noprxs 50 2500 0.02 0.00 0 0.00 0 0.00 39480 0.08 11 22 37 0ho 100 5000 0.05 0.36 0 0.00 72 0.21 112675 0.21 4 84 16 4ho nopr 100 5000 0.06 0.17 0 0.00 0 0.00 141232 0.06 7 82 80 10ho noxs 100 5000 0.07 0.12 0 0.00 49 0.22 154192 0.11 9 62 38 0ho noprxs 100 5000 0.06 0.16 0 0.00 0 0.00 153330 0.12 14 46 84 0ho 200 10000 0.17 0.11 0 0.00 154 0.19 354763 0.10 5 191 32 6ho nopr 200 10000 0.15 0.10 0 0.00 0 0.00 423872 0.09 9 160 175 15ho noxs 200 10000 0.17 0.06 0 0.00 100 0.20 439598 0.07 13 120 85 0ho noprxs 200 10000 0.17 0.06 0 0.00 0 0.00 443174 0.07 18 90 180 0ho 400 20000 0.56 0.11 0 0.00 291 0.17 872105 0.13 7 352 83 16ho nopr 400 20000 0.60 0.09 0 0.00 0 0.00 1153398 0.07 10 327 354 34ho noxs 400 20000 0.69 0.08 0 0.00 155 0.36 1251946 0.07 16 227 227 0ho noprxs 400 20000 0.66 0.08 0 0.00 0 0.00 1269251 0.09 20 183 378 0ho 800 40000 2.00 0.17 0 0.00 646 0.08 2556624 0.18 7 735 115 29ho nopr 800 40000 2.03 0.06 0 0.00 0 0.00 3074250 0.08 11 651 716 70ho noxs 800 40000 1.96 0.05 0 0.00 332 0.33 2991965 0.06 20 458 445 0ho noprxs 800 40000 1.88 0.05 0 0.00 0 0.00 3028397 0.05 26 374 772 0Table 34: REG2 family, HO codes
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Figure 31: HO variants on REG2 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 256 512 0.02 0.50 4 0.44 139 0.08 20739 0.16 5 238 11 93ho nopr 256 512 0.02 0.00 0 0.00 0 0.00 23226 0.15 12 168 42 200ho noxs 256 512 0.02 0.20 4 0.44 196 0.02 43600 0.09 21 129 32 0ho noprxs 256 512 0.03 0.14 0 0.00 0 0.00 45644 0.09 85 46 169 0ho 512 1024 0.04 0.26 4 0.27 318 0.13 51902 0.11 7 470 12 166ho nopr 512 1024 0.03 0.31 0 0.00 0 0.00 55854 0.15 14 305 94 402ho noxs 512 1024 0.07 0.16 4 0.27 407 0.02 103282 0.11 27 277 71 0ho noprxs 512 1024 0.09 0.11 0 0.00 0 0.00 135290 0.06 158 64 352 0ho 1024 2048 0.09 0.23 6 0.32 651 0.03 124559 0.11 9 949 17 338ho nopr 1024 2048 0.15 0.15 0 0.00 0 0.00 199834 0.18 23 655 169 831ho noxs 1024 2048 0.23 0.24 6 0.32 824 0.03 312465 0.24 44 474 147 0ho noprxs 1024 2048 0.22 0.18 0 0.00 0 0.00 315307 0.16 273 88 749 0ho 2048 4096 0.31 0.29 6 0.30 1291 0.02 401943 0.30 13 1861 42 692ho nopr 2048 4096 0.46 0.37 0 0.00 0 0.00 591134 0.37 30 1290 374 1642ho noxs 2048 4096 0.52 0.23 6 0.30 1702 0.01 695879 0.23 51 908 286 0ho noprxs 2048 4096 0.61 0.12 0 0.00 0 0.00 855309 0.14 511 124 1535 0ho 4096 8192 1.04 0.16 5 0.36 2674 0.04 1177472 0.15 19 3621 35 1359ho nopr 4096 8192 1.25 0.48 0 0.00 0 0.00 1517555 0.48 35 2798 706 3353ho noxs 4096 8192 1.81 0.15 5 0.36 3410 0.01 2101631 0.15 85 1547 593 0ho noprxs 4096 8192 1.49 0.10 0 0.00 0 0.00 1944874 0.10 927 150 3167 0ho 8192 16384 4.14 0.39 5 0.22 5400 0.02 3589940 0.40 28 7412 118 2638ho nopr 8192 16384 5.44 0.55 0 0.00 0 0.00 5109417 0.56 51 6095 1447 6692ho noxs 8192 16384 5.40 0.20 5 0.22 6857 0.01 4794858 0.21 111 2713 1215 0ho noprxs 8192 16384 4.90 0.15 0 0.00 0 0.00 4746152 0.14 1899 180 6291 0ho 16384 32768 18.53 0.37 5 0.61 10651 0.07 13903247 0.38 55 14339 230 5439ho nopr 16384 32768 10.64 0.15 0 0.00 0 0.00 8406198 0.15 43 12190 2537 13803ho noxs 16384 32768 21.92 0.18 5 0.61 13724 0.00 16689261 0.18 208 5095 2444 0ho noprxs 16384 32768 12.68 0.14 0 0.00 0 0.00 10534611 0.15 3329 236 13054 0Table 35: REG3 family, HO codes
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Figure 32: HO variants on REG3 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 128 1024 0.02 0.18 0 0.00 73 0.21 43691 0.04 7 106 15 29ho nopr 128 1024 0.02 0.00 0 0.00 0 0.00 42064 0.11 11 86 67 47ho noxs 128 1024 0.02 0.00 0 0.00 69 0.16 47055 0.08 13 72 44 0ho noprxs 128 1024 0.02 0.18 0 0.00 0 0.00 45797 0.06 21 50 105 0ho 256 4096 0.09 0.11 0 0.00 190 0.09 196194 0.08 6 226 28 29ho nopr 256 4096 0.08 0.05 0 0.00 0 0.00 217538 0.04 12 171 190 53ho noxs 256 4096 0.08 0.10 0 0.00 136 0.17 226665 0.10 16 150 101 0ho noprxs 256 4096 0.08 0.15 0 0.00 0 0.00 223750 0.12 26 99 228 0ho 512 16384 0.48 0.06 0 0.00 366 0.23 837741 0.06 7 467 105 31ho nopr 512 16384 0.51 0.05 0 0.00 0 0.00 1073405 0.05 10 415 445 55ho noxs 512 16384 0.53 0.17 0 0.00 210 0.26 1118930 0.19 19 270 279 0ho noprxs 512 16384 0.51 0.18 0 0.00 0 0.00 1114198 0.19 26 214 484 0ho 1024 65536 2.94 0.14 0 0.00 920 0.05 3586320 0.16 9 857 61 31ho nopr 1024 65536 3.33 0.07 0 0.00 0 0.00 4840474 0.07 13 796 945 63ho noxs 1024 65536 3.39 0.09 0 0.00 394 0.25 4802006 0.09 21 553 606 0ho noprxs 1024 65536 3.28 0.10 0 0.00 0 0.00 4829193 0.10 26 474 996 0ho 2048 262144 15.28 0.12 0 0.00 1834 0.10 16028877 0.14 9 1736 174 28ho nopr 2048 262144 18.24 0.13 0 0.00 0 0.00 23116059 0.13 14 1654 1972 61ho noxs 2048 262144 17.82 0.13 0 0.00 731 0.43 21885382 0.12 22 1089 1292 0ho noprxs 2048 262144 16.77 0.13 0 0.00 0 0.00 22214770 0.12 26 942 2020 0Table 36: REG4 family, HO codes

0.015625

0.03125

0.0625

0.125

0.25

0.5

1

2

4

8

16

32

128 256 512 1024 2048

C
P

U
 ti

m
e 

(s
ec

.)

n

REG4

ho
ho_nopr

ho_noprxs
ho_noxs

Figure 33: HO variants on REG4 family
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nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess contavg dev % avg dev % avg dev % avg dev % avg avg avg avgho 1024 2044 0.26 0.05 0 0.00 9 0.00 578086 0.00 9 912 988 16ho nopr 1024 2044 0.28 0.07 0 0.00 0 0.00 692716 0.00 10 922 997 16ho noxs 1024 2044 0.22 0.09 0 0.00 510 0.00 473723 0.00 10 972 502 0ho noprxs 1024 2044 0.27 0.04 0 0.00 0 0.00 693736 0.00 11 931 1012 0ho 2048 4092 1.58 0.01 0 0.00 10 0.00 3141891 0.00 10 1845 2008 18ho nopr 2048 4092 1.66 0.01 0 0.00 0 0.00 3601485 0.00 11 1862 2018 18ho noxs 2048 4092 1.38 0.02 0 0.00 961 0.00 2589304 0.00 20 1532 1065 0ho noprxs 2048 4092 1.55 0.01 0 0.00 0 0.00 3406832 0.00 22 1437 2025 0ho 4096 8188 6.85 0.01 0 0.00 11 0.00 11277803 0.00 11 3725 4052 20ho nopr 4096 8188 5.83 0.01 0 0.00 0 0.00 13063147 0.00 12 3755 4063 20ho noxs 4096 8188 6.02 0.01 0 0.00 1921 0.00 9204733 0.00 23 3019 2150 0ho noprxs 4096 8188 5.67 0.01 0 0.00 0 0.00 12579995 0.00 25 2854 4070 0ho 8192 16380 28.80 0.00 0 0.00 12 0.00 39571898 0.00 12 7511 8144 22ho nopr 8192 16380 26.26 0.00 0 0.00 0 0.00 47916126 0.00 13 7562 8156 22ho noxs 8192 16380 27.19 0.00 0 0.00 3841 0.00 34117188 0.00 26 5969 4323 0ho noprxs 8192 16380 24.37 0.00 0 0.00 0 0.00 42208186 0.00 30 5429 8161 0Table 37: BIKEWHE family, HO codes
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Figure 34: HO variants on BIKEWHE family
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problem nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess cont1 ho 532 787 0.02 487 14 10052 9 16 7 131 ho nopr 532 787 0.05 0 0 61827 65 54 15 4511 ho noxs 532 787 0.02 487 8 10155 23 9 12 01 ho noprxs 532 787 0.05 0 0 71544 480 15 51 02 ho 1291 1942 0.03 976 58 64710 83 25 49 1242 ho nopr 1291 1942 0.22 0 0 294605 215 63 90 9852 ho noxs 1291 1942 0.03 976 55 61664 165 14 93 02 ho noprxs 1291 1942 0.22 0 0 304794 1143 19 147 03 ho 1400 2231 0.07 1091 47 84281 88 50 51 1213 ho nopr 1400 2231 0.17 0 0 239127 291 123 110 9983 ho noxs 1400 2231 0.07 1091 55 89283 179 33 73 03 ho noprxs 1400 2231 0.28 0 0 321558 1170 149 229 04 ho 76 90 0.00 74 0 692 1 2 0 04 ho nopr 76 90 0.02 0 0 2341 7 36 0 684 ho noxs 76 90 0.02 74 0 692 1 2 0 04 ho noprxs 76 90 0.02 0 0 3375 73 25 2 05 ho 5934 7287 0.08 5651 35 93504 40 43 54 1525 ho nopr 5934 7287 1.90 0 0 2133047 235 581 93 56055 ho noxs 5934 7287 0.12 5651 85 109171 130 22 66 05 ho noprxs 5934 7287 2.00 0 0 2320676 5563 74 370 06 ho 5934 7627 0.15 5444 51 157298 75 55 112 2516 ho nopr 5934 7627 1.73 0 0 2079106 228 259 158 55476 ho noxs 5934 7627 0.15 5444 103 166965 227 28 159 06 ho noprxs 5934 7627 1.55 0 0 1901007 5551 34 382 07 ho 1323 2169 0.03 1115 43 51818 40 38 48 757 ho nopr 1323 2169 0.18 0 0 266752 175 75 72 10757 ho noxs 1323 2169 0.03 1115 51 53321 96 22 59 07 ho noprxs 1323 2169 0.23 0 0 343691 1188 22 134 08 ho 1323 2195 0.05 1167 38 48740 37 39 44 358 ho nopr 1323 2195 0.28 0 0 389352 148 81 93 10818 ho noxs 1323 2195 0.03 1167 28 50332 72 23 54 08 ho noprxs 1323 2195 0.25 0 0 392530 1166 19 156 09 ho 1084 1252 0.02 1052 7 11580 7 15 5 119 ho nopr 1084 1252 0.10 0 0 136202 90 163 8 9859 ho noxs 1084 1252 0.00 1052 12 11549 15 12 3 09 ho noprxs 1084 1252 0.22 0 0 208920 1037 122 46 010 ho 1748 2336 0.03 1611 33 39664 34 32 24 4410 ho nopr 1748 2336 0.28 0 0 330121 213 126 55 147910 ho noxs 1748 2336 0.03 1611 39 39138 69 17 27 010 ho noprxs 1748 2336 0.22 0 0 293364 1623 39 124 011 ho 15112 19057 0.48 13912 188 443071 284 43 250 47711 ho nopr 15112 19057 6.07 0 0 5855678 1910 107 335 1286611 ho noxs 15112 19057 0.53 13912 151 447929 693 19 354 011 ho noprxs 15112 19057 5.95 0 0 6079117 14081 26 1030 0Table 38: TSP misc family, HO codes
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Figure 35: HO variants on TSP misc family
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problem nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess cont12 ho 33810 38600 0.48 33808 0 271169 1 2 0 012 ho nopr 33810 38600 10.47 0 0 8664468 151 2121 12 3364612 ho noxs 33810 38600 0.47 33808 0 271169 1 2 0 012 ho noprxs 33810 38600 15.75 0 0 14274390 32201 165 1608 013 ho 33810 39367 0.52 33808 0 303275 1 2 0 013 ho nopr 33810 39367 11.15 0 0 8031804 283 4226 51 3347513 ho noxs 33810 39367 0.52 33808 0 303275 1 2 0 013 ho noprxs 33810 39367 23.57 0 0 19183112 31796 707 2013 014 ho 33810 39456 0.52 33808 0 295708 1 2 0 014 ho nopr 33810 39456 8.40 0 0 6711437 368 1257 53 3338814 ho noxs 33810 39456 0.50 33808 0 295708 1 2 0 014 ho noprxs 33810 39456 18.33 0 0 15990331 31845 305 1964 015 ho 85900 102596 1.60 85898 0 810397 1 2 0 015 ho nopr 85900 102596 9.97 0 0 6894899 202 3915 21 8567615 ho noxs 85900 102596 1.58 85898 0 810397 1 2 0 015 ho noprxs 85900 102596 71.53 0 0 63755623 79725 248 6174 016 ho 85900 102934 1.63 85898 0 855359 1 2 0 016 ho nopr 85900 102934 24.82 0 0 18005276 477 6293 134 8528816 ho noxs 85900 102934 1.65 85898 0 855359 1 2 0 016 ho noprxs 85900 102934 70.40 0 0 55543971 79900 241 5999 017 ho 85900 102988 1.67 85830 3 869204 4 47 0 6117 ho nopr 85900 102988 45.42 0 0 34455038 674 5491 160 8506517 ho noxs 85900 102988 1.68 85830 39 870252 19 19 10 017 ho noprxs 85900 102988 70.35 0 0 59571910 79931 209 5968 0Table 39: TSP PLA family, HO codes
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Figure 36: HO variants on TSP PLA family
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problem nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess cont18 ho 13509 15631 0.27 12976 89 197589 77 45 64 30218 ho nopr 13509 15631 4.95 0 0 4594728 803 261 127 1257818 ho noxs 13509 15631 0.32 12976 122 239010 279 33 130 018 ho noprxs 13509 15631 4.93 0 0 4866661 12733 41 775 019 ho 13509 17048 0.43 12492 194 376734 287 43 187 34819 ho nopr 13509 17048 6.07 0 0 5854604 1580 113 292 1163619 ho noxs 13509 17048 0.48 12492 190 418972 557 26 268 019 ho noprxs 13509 17048 5.97 0 0 6051171 12591 34 917 020 ho 13509 17079 0.42 12456 219 376394 250 44 227 35620 ho nopr 13509 17079 6.53 0 0 6301508 1662 118 284 1156220 ho noxs 13509 17079 0.42 12456 191 367502 555 21 305 020 ho noprxs 13509 17079 6.10 0 0 6188473 12615 35 893 021 ho 13509 17111 0.37 12707 148 304868 212 36 186 25521 ho nopr 13509 17111 5.95 0 0 5663962 1724 135 305 1147921 ho noxs 13509 17111 0.38 12707 163 320219 406 18 231 021 ho noprxs 13509 17111 5.77 0 0 5919777 12607 29 901 022 ho 13509 17130 0.35 12725 97 276235 79 64 94 51322 ho nopr 13509 17130 5.53 0 0 5374962 777 195 172 1255922 ho noxs 13509 17130 0.38 12725 266 328839 329 27 187 022 ho noprxs 13509 17130 5.50 0 0 5593513 12558 32 950 023 ho 13509 17156 0.42 12649 194 359133 200 40 191 27323 ho nopr 13509 17156 5.32 0 0 5072396 1735 141 310 1146323 ho noxs 13509 17156 0.42 12649 178 357124 426 25 254 023 ho noprxs 13509 17156 5.20 0 0 5297156 12605 67 903 024 ho 13509 17156 0.40 12684 180 330043 181 48 185 27824 ho nopr 13509 17156 5.05 0 0 4869890 1728 103 303 1147724 ho noxs 13509 17156 0.42 12684 196 334790 389 39 238 024 ho noprxs 13509 17156 5.12 0 0 5228046 12624 34 884 025 ho 13509 17183 0.40 12419 141 344153 185 43 141 62125 ho nopr 13509 17183 5.60 0 0 5472719 995 192 211 1230225 ho noxs 13509 17183 0.50 12419 243 463694 536 30 309 025 ho noprxs 13509 17183 5.65 0 0 5827803 12565 37 943 026 ho 13509 17193 0.45 12427 242 394799 280 39 220 33926 ho nopr 13509 17193 5.87 0 0 5739492 1703 109 321 1148426 ho noxs 13509 17193 0.48 12427 176 440442 596 23 308 026 ho noprxs 13509 17193 5.78 0 0 5992762 12595 33 913 027 ho 13509 17210 0.37 12645 175 327103 183 33 188 31627 ho nopr 13509 17210 5.27 0 0 5244261 1479 124 285 1174427 ho noxs 13509 17210 0.38 12645 175 332757 445 21 242 027 ho noprxs 13509 17210 5.22 0 0 5449933 12577 35 931 028 ho 13509 17303 0.50 12402 259 458091 306 50 212 32828 ho nopr 13509 17303 5.40 0 0 5248136 1791 101 325 1139228 ho noxs 13509 17303 0.53 12402 229 471048 571 35 305 028 ho noprxs 13509 17303 5.03 0 0 5124583 12611 31 897 029 ho 13509 17358 0.42 12582 215 355828 243 37 183 28429 ho nopr 13509 17358 5.77 0 0 5625720 1856 113 372 1128029 ho noxs 13509 17358 0.43 12582 188 367622 477 20 260 029 ho noprxs 13509 17358 5.57 0 0 5812456 12512 30 996 030 ho 13509 17375 0.38 12714 165 330343 172 52 154 30230 ho nopr 13509 17375 5.82 0 0 5732691 1600 142 293 1161530 ho noxs 13509 17375 0.42 12714 108 353589 432 24 253 030 ho noprxs 13509 17375 5.93 0 0 6107892 12593 35 915 031 ho 13509 17386 0.47 12343 193 403020 248 39 228 49531 ho nopr 13509 17386 5.10 0 0 4904421 1512 164 329 1166731 ho noxs 13509 17386 0.47 12343 204 419406 618 19 342 031 ho noprxs 13509 17386 4.87 0 0 4848184 12526 35 982 032 ho 13509 17390 0.48 12385 157 419990 326 36 287 35332 ho nopr 13509 17390 6.25 0 0 5986243 1821 147 362 1132532 ho noxs 13509 17390 0.52 12385 171 471095 615 20 336 032 ho noprxs 13509 17390 6.35 0 0 6268169 12600 66 908 033 ho 13509 17494 0.38 12626 162 321681 193 34 197 32933 ho nopr 13509 17494 6.70 0 0 6574591 1631 106 296 1158133 ho noxs 13509 17494 0.40 12626 129 330898 465 17 288 033 ho noprxs 13509 17494 4.77 0 0 4915289 12534 31 974 0Table 40: TSP USA family, HO codes
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Figure 37: HO variants on TSP USA family
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problem nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess cont1 ho 20 38 0.00 0 6 1090 4 11 3 51 ho nopr 20 38 0.00 0 0 765 6 10 8 51 ho noxs 20 38 0.00 0 3 1097 10 6 5 01 ho noprxs 20 38 0.00 0 0 761 11 6 8 02 ho 88 185 0.02 0 23 12296 26 23 19 182 ho nopr 88 185 0.02 0 0 7681 34 19 27 262 ho noxs 88 185 0.00 0 32 11846 35 20 19 02 ho noprxs 88 185 0.00 0 0 9935 53 14 34 03 ho 148 300 0.00 0 49 16998 43 33 15 403 ho nopr 148 300 0.02 0 0 21502 50 42 42 553 ho noxs 148 300 0.02 0 57 24904 66 36 23 03 ho noprxs 148 300 0.02 0 0 21982 96 24 51 04 ho 2 1 0.00 0 0 3 1 2 0 04 ho nopr 2 1 0.00 0 0 2 1 2 0 04 ho noxs 2 1 0.00 0 0 3 1 2 0 04 ho noprxs 2 1 0.00 0 0 2 1 2 0 05 ho 150 292 0.02 0 27 14948 33 21 40 485 ho nopr 150 292 0.00 0 0 11238 36 20 54 595 ho noxs 150 292 0.00 0 17 16197 70 12 61 05 ho noprxs 150 292 0.02 0 0 14212 79 14 70 06 ho 261 517 0.02 0 44 40893 55 44 45 1156 ho nopr 261 517 0.03 0 0 32584 57 43 72 1316 ho noxs 261 517 0.03 0 45 43979 125 25 89 06 ho noprxs 261 517 0.02 0 0 35888 147 22 113 07 ho 113 221 0.00 0 26 14372 26 28 39 207 ho nopr 113 221 0.00 0 0 11273 28 27 54 307 ho noxs 113 221 0.02 0 28 13838 41 18 42 07 ho noprxs 113 221 0.00 0 0 10094 53 14 59 08 ho 106 208 0.00 0 27 12416 24 29 30 238 ho nopr 106 208 0.00 0 0 9532 28 26 48 298 ho noxs 106 208 0.02 0 21 11562 44 16 39 08 ho noprxs 106 208 0.00 0 0 10727 49 14 56 09 ho 19 36 0.00 0 5 848 6 8 5 29 ho nopr 19 36 0.00 0 0 529 6 9 7 59 ho noxs 19 36 0.00 0 7 821 6 8 4 09 ho noprxs 19 36 0.00 0 0 525 11 6 7 010 ho 77 131 0.00 0 23 5748 20 19 11 2210 ho nopr 77 131 0.00 0 0 4340 26 17 18 3210 ho noxs 77 131 0.00 0 18 5981 30 14 27 010 ho noprxs 77 131 0.00 0 0 4440 41 11 35 011 ho 605 1162 0.07 0 126 106232 117 34 135 22511 ho nopr 605 1162 0.07 0 0 85882 145 29 197 26211 ho noxs 605 1162 0.07 0 102 114132 294 18 207 011 ho noprxs 605 1162 0.05 0 0 91399 337 16 267 0Table 41: PRETSP misc family, HO codes
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Figure 38: HO variants on PRETSP misc family
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problem nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess cont12 ho 2 1 0.00 0 0 3 1 2 0 012 ho nopr 2 1 0.00 0 0 2 1 2 0 012 ho noxs 2 1 0.00 0 0 3 1 2 0 012 ho noprxs 2 1 0.00 0 0 2 1 2 0 013 ho 2 1 0.00 0 0 3 1 2 0 013 ho nopr 2 1 0.00 0 0 2 1 2 0 013 ho noxs 2 1 0.00 0 0 3 1 2 0 013 ho noprxs 2 1 0.00 0 0 2 1 2 0 014 ho 2 1 0.00 0 0 3 1 2 0 014 ho nopr 2 1 0.00 0 0 2 1 2 0 014 ho noxs 2 1 0.00 0 0 3 1 2 0 014 ho noprxs 2 1 0.00 0 0 2 1 2 0 015 ho 2 1 0.00 0 0 3 1 2 0 015 ho nopr 2 1 0.00 0 0 2 1 2 0 015 ho noxs 2 1 0.00 0 0 3 1 2 0 015 ho noprxs 2 1 0.00 0 0 2 1 2 0 016 ho 2 1 0.00 0 0 3 1 2 0 016 ho nopr 2 1 0.00 0 0 2 1 2 0 016 ho noxs 2 1 0.00 0 0 3 1 2 0 016 ho noprxs 2 1 0.00 0 0 2 1 2 0 017 ho 52 90 0.00 0 10 2048 8 20 10 2217 ho nopr 52 90 0.00 0 0 1199 12 14 13 2617 ho noxs 52 90 0.00 0 6 2265 30 7 14 017 ho noprxs 52 90 0.00 0 0 1366 32 7 19 0Table 42: PRETSP PLA family, HO codes
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problem nodes arcs total time initial PR internal PR edge scans st cuts avg. size 1 node excess cont18 ho 325 561 0.03 0 80 34755 50 40 41 15318 ho nopr 325 561 0.02 0 0 26405 55 34 62 20718 ho noxs 325 561 0.03 0 96 46544 138 24 89 018 ho noprxs 325 561 0.03 0 0 36956 198 21 126 019 ho 477 920 0.07 0 68 85447 111 35 122 17519 ho nopr 477 920 0.05 0 0 70925 120 33 142 21419 ho noxs 477 920 0.07 0 67 89417 241 19 167 019 ho noprxs 477 920 0.05 0 0 90435 289 22 187 020 ho 449 861 0.05 0 118 83948 89 38 104 13620 ho nopr 449 861 0.05 0 0 64193 114 28 157 17720 ho noxs 449 861 0.07 0 87 80366 207 17 153 020 ho noprxs 449 861 0.03 0 0 67161 254 15 194 021 ho 454 886 0.07 0 80 82086 118 33 108 14721 ho nopr 454 886 0.05 0 0 61760 122 33 152 17921 ho noxs 454 886 0.07 0 74 98450 233 25 145 021 ho noprxs 454 886 0.05 0 0 64621 268 19 185 022 ho 403 786 0.03 0 72 58094 93 26 119 11722 ho nopr 403 786 0.03 0 0 45860 104 24 151 14722 ho noxs 403 786 0.05 0 91 64603 180 19 130 022 ho noprxs 403 786 0.03 0 0 53718 236 16 166 023 ho 532 1029 0.07 0 128 108142 121 28 116 16523 ho nopr 532 1029 0.07 0 0 90033 143 25 185 20323 ho noxs 532 1029 0.07 0 125 108047 245 16 160 023 ho noprxs 532 1029 0.07 0 0 90688 297 14 234 024 ho 501 950 0.07 0 97 78473 109 29 130 16424 ho nopr 501 950 0.03 0 0 62335 120 27 182 19824 ho noxs 501 950 0.07 0 70 86930 240 14 189 024 ho noprxs 501 950 0.05 0 0 70035 283 13 217 025 ho 492 946 0.05 0 88 75279 100 36 129 17425 ho nopr 492 946 0.05 0 0 60305 112 33 175 20425 ho noxs 492 946 0.05 0 64 87652 264 15 162 025 ho noprxs 492 946 0.03 0 0 70677 302 14 189 026 ho 549 1072 0.08 0 76 100108 147 31 138 18726 ho nopr 549 1072 0.07 0 0 80765 159 29 176 21326 ho noxs 549 1072 0.07 0 57 107232 270 23 220 026 ho noprxs 549 1072 0.05 0 0 86945 292 21 256 027 ho 465 926 0.07 0 106 107500 106 52 86 16527 ho nopr 465 926 0.07 0 0 89154 129 47 140 19527 ho noxs 465 926 0.07 0 95 115089 232 31 136 027 ho noprxs 465 926 0.07 0 0 99005 265 27 199 028 ho 542 1064 0.07 0 135 103811 120 42 117 16928 ho nopr 542 1064 0.08 0 0 97967 146 36 189 20628 ho noxs 542 1064 0.08 0 83 129100 296 26 161 028 ho noprxs 542 1064 0.07 0 0 102606 317 25 224 029 ho 573 1104 0.08 0 121 104487 144 29 144 16329 ho nopr 573 1104 0.05 0 0 84573 157 27 205 21029 ho noxs 573 1104 0.07 0 86 107038 296 15 189 029 ho noprxs 573 1104 0.07 0 0 85141 339 14 233 030 ho 476 945 0.05 0 89 87625 85 41 100 20030 ho nopr 476 945 0.05 0 0 73169 100 36 134 24130 ho noxs 476 945 0.07 0 106 110167 230 25 138 030 ho noprxs 476 945 0.07 0 0 94897 267 21 208 031 ho 607 1150 0.07 0 86 86629 121 27 121 27831 ho nopr 607 1150 0.05 0 0 68290 135 25 157 31431 ho noxs 607 1150 0.08 0 83 118918 299 16 223 031 ho noprxs 607 1150 0.07 0 0 96714 336 14 270 032 ho 557 1091 0.08 0 138 114243 129 42 129 15932 ho nopr 557 1091 0.05 0 0 95563 149 35 198 20932 ho noxs 557 1091 0.07 0 113 118286 265 20 177 032 ho noprxs 557 1091 0.07 0 0 100091 314 19 242 033 ho 505 971 0.07 0 103 90697 119 32 131 15133 ho nopr 505 971 0.05 0 0 69790 126 29 180 19833 ho noxs 505 971 0.05 0 120 95463 222 18 162 033 ho noprxs 505 971 0.05 0 0 78169 272 16 232 0Table 43: PRETSP USA family, HO codes
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nodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 3 1.026320 96 0.513160 | | | |ho 100 191 1 0.000000 98 0.000000 0 0.000000 0 0.000000ho noxs 100 191 1 0.000000 98 0.000000 0 0.000000 0 0.000000pr 200 | 1 0.888889 198 0.444445 | | | |ho 200 583 1 0.000000 198 0.000000 0 0.000000 0 0.000000ho noxs 200 583 1 0.000000 198 0.000000 0 0.000000 0 0.000000pr 300 | 1 0.333333 298 0.166666 | | | |ho 300 1182 1 0.000000 298 0.000000 0 0.000000 0 0.000000ho noxs 300 1182 1 0.000000 298 0.000000 0 0.000000 0 0.000000pr 400 | 1 0.000000 399 0.000000 | | | |ho 400 1968 1 0.310000 166 1.295000 229 0.820000 0 0.000000ho noxs 400 1968 12 0.900000 368 1.010000 0 0.000000 16 1.060000Table 44: PR1 familynodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 3 0.342105 96 0.171052 | | | |ho 100 584 1 0.330000 60 1.405000 36 1.230000 0 2.000000ho noxs 100 584 5 1.030000 89 1.030000 0 0.000000 3 2.000000pr 200 | 12 0.238095 187 0.119048 | | | |ho 200 2171 2 0.320000 39 0.095000 156 0.050000 0 0.000000ho noxs 200 2171 24 0.120000 130 0.070000 0 0.000000 43 0.390000pr 300 | 23 0.408696 277 0.204348 | | | |ho 300 4727 2 0.180000 75 0.105000 220 0.070000 0 0.000000ho noxs 300 4727 29 0.230000 185 0.065000 0 0.000000 84 0.280000pr 400 | 42 0.275701 357 0.137850 | | | |ho 400 8307 3 0.240000 131 0.125000 263 0.120000 1 1.320000ho noxs 400 8307 39 0.220000 188 0.135000 0 0.000000 169 0.340000Table 45: PR2 familynodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 1 0.357143 98 0.178571 | | | |ho 100 2519 1 0.330000 54 0.040000 43 0.110000 0 0.000000ho noxs 100 2519 17 0.130000 45 0.120000 0 0.000000 35 0.320000pr 200 | 1 0.312500 198 0.156250 | | | |ho 200 10053 4 0.330000 111 0.045000 81 0.110000 0 0.000000ho noxs 200 10053 22 0.180000 84 0.170000 0 0.000000 91 0.280000pr 300 | 2 0.181818 297 0.090909 | | | |ho 300 22564 5 0.180000 163 0.110000 130 0.270000 0 0.000000ho noxs 300 22564 34 0.080000 122 0.170000 0 0.000000 141 0.310000pr 400 | 2 0.333333 397 0.166666 | | | |ho 400 40047 5 0.400000 225 0.165000 166 0.440000 1 2.000000ho noxs 400 40047 41 0.220000 132 0.235000 0 0.000000 223 0.260000Table 46: PR3 family
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nodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 1 0.000000 99 0.000000 | | | |ho 100 4899 1 0.000000 75 0.020000 21 0.130000 0 0.000000ho noxs 100 4899 16 0.110000 47 0.085000 0 0.000000 34 0.220000pr 200 | 1 0.000000 199 0.000000 | | | |ho 200 19693 1 0.000000 164 0.020000 32 0.220000 0 0.000000ho noxs 200 19693 31 0.130000 102 0.025000 0 0.000000 64 0.080000pr 300 | 1 0.000000 299 0.000000 | | | |ho 300 44396 1 0.000000 254 0.010000 42 0.120000 0 0.000000ho noxs 300 44396 42 0.200000 120 0.155000 0 0.000000 135 0.280000pr 400 | 1 0.000000 399 0.000000 | | | |ho 400 79002 1 0.000000 345 0.005000 51 0.070000 0 0.000000ho noxs 400 79002 49 0.160000 159 0.185000 0 0.000000 189 0.300000Table 47: PR4 familynodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 6 0.419355 93 0.209677 | | | |ho 100 191 1 0.000000 98 0.000000 0 0.000000 0 0.000000ho noxs 100 191 1 0.000000 98 0.000000 0 0.000000 0 0.000000pr 200 | 1 0.500000 198 0.250000 | | | |ho 200 583 1 0.000000 198 0.000000 0 0.000000 0 0.000000ho noxs 200 583 1 0.000000 198 0.000000 0 0.000000 0 0.000000pr 300 | 1 0.333333 298 0.166666 | | | |ho 300 1182 1 0.000000 298 0.000000 0 0.000000 0 0.000000ho noxs 300 1182 1 0.000000 298 0.000000 0 0.000000 0 0.000000pr 400 | 1 0.000000 399 0.000000 | | | |ho 400 1968 1 0.000000 359 1.105000 38 2.000000 0 0.000000ho noxs 400 1968 1 0.890000 396 1.105000 0 0.000000 0 0.000000pr 500 | 1 0.000000 499 0.000000 | | | |ho 500 2958 1 0.000000 449 0.110000 48 2.000000 0 0.000000ho noxs 500 2958 2 1.090000 496 1.110000 0 0.000000 0 0.000000pr 1000 | 6 0.187500 993 0.093750 | | | |ho 1000 10923 2 0.710000 408 0.850000 586 0.630000 0 0.000000ho noxs 1000 10923 29 0.860000 849 0.760000 0 0.000000 119 1.450000pr 1500 | 100 1.072420 1399 0.536210 | | | |ho 1500 23937 4 0.380000 32 1.015000 1460 0.020000 0 1.220000ho noxs 1500 23937 88 0.290000 1063 0.755000 0 0.000000 345 0.820000pr 2000 | 215 0.759053 1784 0.379526 | | | |ho 2000 42000 9 0.160000 58 0.610000 1930 0.040000 0 0.820000ho noxs 2000 42000 86 0.080000 1534 0.030000 0 0.000000 377 0.240000Table 48: PR5 family
nodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 2 0.571429 97 0.285714 | | | |ho 100 584 1 0.000000 79 0.145000 18 1.220000 0 0.000000ho noxs 100 584 1 0.350000 96 0.755000 0 0.000000 0 0.000000pr 200 | 2 0.416667 197 0.208334 | | | |ho 200 2171 1 0.570000 83 0.835000 113 0.290000 0 0.000000ho noxs 200 2171 9 1.450000 173 0.260000 0 0.000000 14 2.000000pr 300 | 12 1.023810 287 0.511905 | | | |ho 300 4727 4 0.650000 112 0.920000 181 0.570000 0 1.330000ho noxs 300 4727 30 0.670000 213 0.855000 0 0.000000 54 1.040000pr 400 | 34 0.488235 366 0.244117 | | | |ho 400 8307 3 0.820000 59 1.270000 334 0.230000 0 0.940000ho noxs 400 8307 42 0.260000 269 1.135000 0 0.000000 85 0.710000Table 49: PR6 family110



nodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 1 0.000000 99 0.000000 | | | |ho 100 2519 2 1.090000 33 0.710000 61 0.260000 0 1.220000ho noxs 100 2519 20 0.330000 64 0.635000 0 0.000000 13 0.550000pr 200 | 1 0.000000 199 0.000000 | | | |ho 200 10053 4 0.610000 53 0.100000 140 0.090000 0 0.000000ho noxs 200 10053 47 0.150000 115 0.045000 0 0.000000 35 0.320000pr 300 | 1 0.571429 298 0.285714 | | | |ho 300 22564 7 0.630000 92 0.050000 199 0.030000 0 0.000000ho noxs 300 22564 71 0.100000 182 0.020000 0 0.000000 44 0.170000pr 400 | 1 0.000000 399 0.000000 | | | |ho 400 40047 4 0.840000 81 0.265000 308 0.130000 4 1.880000ho noxs 400 40047 103 0.040000 225 0.045000 0 0.000000 69 0.300000Table 50: PR7 family

nodes arcs st cuts pr tests excess conts. 1 node layersavg dev avg dev avg dev avg devpr 100 | 1 0.000000 99 0.000000 | | | |ho 100 4899 3 0.640000 35 0.780000 59 0.060000 0 0.000000ho noxs 100 4899 28 0.310000 59 0.670000 0 0.000000 9 0.530000pr 200 | 1 0.000000 199 0.000000 | | | |ho 200 19693 2 1.000000 90 1.110000 105 0.220000 0 0.000000ho noxs 200 19693 58 0.300000 115 1.120000 0 0.000000 23 0.240000pr 300 | 1 0.000000 299 0.000000 | | | |ho 300 44396 2 1.230000 122 0.020000 173 0.010000 0 0.000000ho noxs 300 44396 100 0.090000 162 0.015000 0 0.000000 35 0.210000pr 400 | 1 0.000000 399 0.000000 | | | |ho 400 79002 3 1.330000 170 0.010000 225 0.010000 0 0.000000ho noxs 400 79002 129 0.090000 208 0.045000 0 0.000000 60 0.350000Table 51: PR8 family
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12.3 Tables comparing ni codesnodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 300 22425 0.31 0.07 | | 0 0.00 3 0.51 | | 4ni 300 22425 0.18 0.02 0.04 0.26 0 0.00 240 0.04 202990 0.03 1ni nopr 300 22425 0.17 0.09 0.00 0.00 0 0.00 0 0.00 185886 0.08 4hybrid 400 39900 0.60 0.02 | | 0 0.00 3 0.76 | | 4ni 400 39900 0.39 0.03 0.10 0.08 0 0.00 326 0.04 362615 0.04 1ni nopr 400 39900 0.39 0.05 0.00 0.00 0 0.00 0 0.00 339659 0.08 4hybrid 500 62375 1.02 0.05 | | 0 0.00 4 0.36 | | 5ni 500 62375 0.66 0.04 0.15 0.05 0 0.00 407 0.05 553674 0.02 1ni nopr 500 62375 0.68 0.14 0.00 0.00 0 0.00 0 0.00 537027 0.12 5hybrid 600 89850 1.61 0.05 | | 0 0.00 5 0.28 | | 5ni 600 89850 0.97 0.01 0.23 0.02 0 0.00 507 0.03 802661 0.02 1ni nopr 600 89850 1.06 0.08 0.00 0.00 0 0.00 0 0.00 838423 0.09 5hybrid 700 122325 2.54 0.06 | | 0 0.00 5 0.25 | | 6ni 700 122325 1.41 0.02 0.31 0.03 0 0.00 620 0.02 1132793 0.03 1ni nopr 700 122325 1.72 0.09 0.00 0.00 0 0.00 0 0.00 1348331 0.10 6hybrid 800 159800 3.26 0.07 | | 0 0.00 7 0.31 | | 5ni 800 159800 1.83 0.04 0.42 0.01 0 0.00 686 0.04 1448069 0.03 1ni nopr 800 159800 2.09 0.11 0.00 0.00 0 0.00 0 0.00 1585064 0.13 5hybrid 900 202275 4.54 0.05 | | 0 0.00 7 0.09 | | 6ni 900 202275 2.36 0.02 0.53 0.01 0 0.00 802 0.02 1847438 0.01 1ni nopr 900 202275 2.94 0.07 0.00 0.00 0 0.00 0 0.00 2244850 0.09 6hybrid 1000 249750 5.94 0.03 | | 0 0.00 5 0.37 | | 7ni 1000 249750 3.02 0.01 0.66 0.01 0 0.00 902 0.01 2355983 0.01 1ni nopr 1000 249750 3.89 0.03 0.00 0.00 0 0.00 0 0.00 2943297 0.05 7Table 52: NOI1 family, NI codes
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Figure 40: NI variants on NOI1 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 300 22425 0.27 0.03 | | 0 0.00 13 1.20 | | 2ni 300 22425 0.17 0.00 0.05 0.00 0 0.00 166 0.08 184785 0.01 1ni nopr 300 22425 0.13 0.03 0.00 0.00 0 0.00 0 0.00 122409 0.03 3hybrid 400 39900 0.53 0.02 | | 0 0.00 22 0.85 | | 3ni 400 39900 0.38 0.05 0.10 0.16 0 0.00 230 0.06 329887 0.01 1ni nopr 400 39900 0.27 0.02 0.00 0.00 0 0.00 0 0.00 219950 0.02 3hybrid 500 62375 0.92 0.03 | | 0 0.00 35 0.84 | | 3ni 500 62375 0.63 0.04 0.15 0.05 0 0.00 302 0.05 521470 0.01 1ni nopr 500 62375 0.48 0.05 0.00 0.00 0 0.00 0 0.00 351768 0.03 3hybrid 600 89850 1.37 0.02 | | 0 0.00 28 0.64 | | 3ni 600 89850 0.92 0.02 0.22 0.02 0 0.00 357 0.03 745424 0.00 1ni nopr 600 89850 0.72 0.00 0.00 0.00 0 0.00 0 0.00 498428 0.01 3hybrid 700 122325 2.01 0.02 | | 0 0.00 71 0.21 | | 3ni 700 122325 1.31 0.02 0.31 0.04 0 0.00 436 0.02 1021707 0.01 1ni nopr 700 122325 1.02 0.03 0.00 0.00 0 0.00 0 0.00 693191 0.01 3hybrid 800 159800 2.73 0.01 | | 0 0.00 90 0.13 | | 3ni 800 159800 1.73 0.01 0.42 0.03 0 0.00 506 0.01 1339026 0.00 1ni nopr 800 159800 1.36 0.01 0.00 0.00 0 0.00 0 0.00 912200 0.01 3hybrid 900 202275 3.59 0.02 | | 0 0.00 115 0.11 | | 3ni 900 202275 2.24 0.02 0.54 0.04 0 0.00 582 0.03 1702206 0.01 1ni nopr 900 202275 1.77 0.01 0.00 0.00 0 0.00 0 0.00 1169033 0.02 3hybrid 1000 249750 4.58 0.02 | | 0 0.00 132 0.07 | | 3ni 1000 249750 2.77 0.01 0.66 0.03 0 0.00 652 0.02 2102361 0.00 1ni nopr 1000 249750 2.22 0.02 0.00 0.00 0 0.00 0 0.00 1451949 0.01 3Table 53: NOI2 family, NI codes
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Figure 41: NI variants on NOI2 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1000 24975 0.85 0.03 | | 0 0.00 0 2.00 | | 2ni 1000 24975 0.24 0.04 0.07 0.00 0 0.00 490 0.08 249472 0.01 1ni nopr 1000 24975 0.19 0.05 0.00 0.00 0 0.00 0 0.00 166832 0.06 2hybrid 1000 49950 1.36 0.02 | | 0 0.00 1 0.31 | | 3ni 1000 49950 0.55 0.03 0.15 0.05 0 0.00 667 0.06 504398 0.01 1ni nopr 1000 49950 0.47 0.04 0.00 0.00 0 0.00 0 0.00 383303 0.06 3hybrid 1000 124875 3.02 0.03 | | 0 0.00 4 0.37 | | 4ni 1000 124875 1.50 0.02 0.35 0.00 0 0.00 821 0.02 1238518 0.02 1ni nopr 1000 124875 1.58 0.02 0.00 0.00 0 0.00 0 0.00 1187545 0.04 4hybrid 1000 249750 5.96 0.03 | | 0 0.00 5 0.37 | | 7ni 1000 249750 3.04 0.01 0.66 0.03 0 0.00 902 0.01 2355983 0.01 1ni nopr 1000 249750 3.87 0.04 0.00 0.00 0 0.00 0 0.00 2943297 0.05 7hybrid 1000 374625 8.74 0.03 | | 0 0.00 6 0.43 | | 8ni 1000 374625 4.36 0.01 0.94 0.02 0 0.00 931 0.01 3128006 0.00 1ni nopr 1000 374625 6.45 0.04 0.00 0.00 0 0.00 0 0.00 4840275 0.05 8hybrid 1000 499500 11.46 0.06 | | 0 0.00 10 0.19 | | 10ni 1000 499500 5.69 0.02 1.17 0.01 0 0.00 945 0.01 3917042 0.02 1ni nopr 1000 499500 9.04 0.08 0.00 0.00 0 0.00 0 0.00 6752355 0.10 10Table 54: NOI3 family, NI codes

0.125

0.25

0.5

1

2

4

8

16

4 8 16 32 64 128

C
P

U
 ti

m
e 

(s
ec

.)

d

NOI3

ni
ni_nopr

hybrid

Figure 42: NI variants on NOI3 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1000 24975 0.83 0.03 | | 0 0.00 0 2.00 | | 2ni 1000 24975 0.23 0.03 0.07 0.06 0 0.00 220 0.23 237406 0.01 1ni nopr 1000 24975 0.17 0.00 0.00 0.00 0 0.00 0 0.00 138971 0.03 2hybrid 1000 49950 1.28 0.01 | | 0 0.00 0 0.50 | | 2ni 1000 49950 0.52 0.01 0.13 0.06 0 0.00 429 0.09 476370 0.01 1ni nopr 1000 49950 0.38 0.03 0.00 0.00 0 0.00 0 0.00 299764 0.02 3hybrid 1000 124875 2.70 0.04 | | 0 0.00 4 0.40 | | 3ni 1000 124875 1.42 0.02 0.35 0.00 0 0.00 589 0.06 1150995 0.01 1ni nopr 1000 124875 1.10 0.02 0.00 0.00 0 0.00 0 0.00 767900 0.03 3hybrid 1000 249750 4.58 0.02 | | 0 0.00 132 0.07 | | 3ni 1000 249750 2.80 0.02 0.68 0.03 0 0.00 652 0.02 2102361 0.00 1ni nopr 1000 249750 2.22 0.02 0.00 0.00 0 0.00 0 0.00 1451949 0.01 3hybrid 1000 374625 6.17 0.01 | | 0 0.00 0 1.46 | | 3ni 1000 374625 4.09 0.01 0.94 0.02 0 0.00 687 0.00 2889799 0.00 1ni nopr 1000 374625 3.30 0.01 0.00 0.00 0 0.00 0 0.00 2040534 0.00 3hybrid 1000 499500 7.19 0.01 | | 0 0.00 0 0.00 | | 3ni 1000 499500 5.26 0.01 1.17 0.01 0 0.00 691 0.01 3519347 0.00 1ni nopr 1000 499500 4.26 0.02 0.00 0.00 0 0.00 0 0.00 2499005 0.00 3Table 55: NOI4 family, NI codes
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Figure 43: NI variants on NOI4 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1000 249750 5.95 0.03 | | 0 0.00 5 0.37 | | 7ni 1000 249750 3.02 0.01 0.66 0.01 0 0.00 902 0.01 2355983 0.01 1ni nopr 1000 249750 3.91 0.04 0.00 0.00 0 0.00 0 0.00 2943297 0.05 7hybrid 1000 249750 4.55 0.02 | | 0 0.00 132 0.07 | | 3ni 1000 249750 2.76 0.01 0.66 0.01 0 0.00 652 0.02 2102361 0.00 1ni nopr 1000 249750 2.24 0.02 0.00 0.00 0 0.00 0 0.00 1451949 0.01 3hybrid 1000 249750 4.45 0.03 | | 0 0.00 18 1.92 | | 4ni 1000 249750 3.10 0.02 0.67 0.02 0 0.00 430 0.12 2344959 0.02 2ni nopr 1000 249750 2.36 0.04 0.00 0.00 0 0.00 0 0.00 1513487 0.05 4hybrid 1000 249750 4.41 0.02 | | 0 0.00 0 0.00 | | 5ni 1000 249750 3.12 0.02 0.67 0.03 0 0.00 245 0.07 2356937 0.02 2ni nopr 1000 249750 2.24 0.02 0.00 0.00 0 0.00 0 0.00 1407624 0.02 5hybrid 1000 249750 4.37 0.02 | | 0 0.00 9 1.26 | | 5ni 1000 249750 3.02 0.04 0.65 0.01 0 0.00 325 0.50 2276407 0.06 2ni nopr 1000 249750 2.20 0.02 0.00 0.00 0 0.00 0 0.00 1343615 0.04 5hybrid 1000 249750 4.18 0.01 | | 0 0.00 6 1.54 | | 3ni 1000 249750 2.58 0.02 0.75 0.08 47 0.58 355 0.15 1875425 0.03 1ni nopr 1000 249750 2.01 0.02 0.00 0.00 0 0.00 0 0.00 1185005 0.03 3hybrid 1000 249750 4.18 0.03 | | 0 0.00 3 0.65 | | 2ni 1000 249750 2.36 0.18 0.80 0.04 235 1.62 119 0.59 1588310 0.27 0ni nopr 1000 249750 1.87 0.02 0.00 0.00 0 0.00 0 0.00 1072472 0.02 2hybrid 1000 249750 4.20 0.01 | | 0 0.00 1 0.85 | | 3ni 1000 249750 2.29 0.17 0.82 0.05 276 1.31 66 0.52 1505651 0.26 0ni nopr 1000 249750 1.86 0.01 0.00 0.00 0 0.00 0 0.00 1057830 0.01 3hybrid 1000 249750 4.24 0.02 | | 0 0.00 0 0.94 | | 3ni 1000 249750 1.81 0.23 0.93 0.06 810 0.46 27 2.00 1012838 0.38 0ni nopr 1000 249750 1.85 0.01 0.00 0.00 0 0.00 0 0.00 1055309 0.01 3hybrid 1000 249750 4.21 0.01 | | 0 0.00 0 1.22 | | 3ni 1000 249750 1.66 0.12 1.02 0.20 998 0.00 0 0.00 890687 0.25 0ni nopr 1000 249750 1.86 0.01 0.00 0.00 0 0.00 0 0.00 1050967 0.01 2hybrid 1000 249750 4.22 0.01 | | 0 0.00 0 0.00 | | 2ni 1000 249750 1.55 0.01 0.89 0.02 998 0.00 0 0.00 748224 0.01 0ni nopr 1000 249750 1.85 0.00 0.00 0.00 0 0.00 0 0.00 1045515 0.00 2Table 56: NOI5 family, NI codes
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1000 249750 4.24 0.01 | | 0 0.00 0 0.00 | | 2ni 1000 249750 1.55 0.01 0.91 0.01 998 0.00 0 0.00 758571 0.00 0ni nopr 1000 249750 1.88 0.03 0.00 0.00 0 0.00 0 0.00 1045948 0.00 2hybrid 1000 249750 4.47 0.01 | | 0 0.00 6 0.48 | | 2ni 1000 249750 1.63 0.01 0.99 0.02 998 0.00 0 0.00 872232 0.00 0ni nopr 1000 249750 1.86 0.01 0.00 0.00 0 0.00 0 0.00 1056072 0.00 2hybrid 1000 249750 4.73 0.02 | | 0 0.00 74 0.82 | | 2ni 1000 249750 1.83 0.02 1.18 0.02 998 0.00 0 0.00 1131720 0.01 0ni nopr 1000 249750 1.97 0.02 0.00 0.00 0 0.00 0 0.00 1157751 0.02 2hybrid 1000 249750 4.93 0.01 | | 0 0.00 0 2.00 | | 2ni 1000 249750 1.80 0.00 1.15 0.00 998 0.00 0 0.00 1128304 0.01 0ni nopr 1000 249750 2.10 0.02 0.00 0.00 0 0.00 0 0.00 1306353 0.02 2hybrid 1000 249750 5.00 0.01 | | 0 0.00 5 0.74 | | 2ni 1000 249750 1.82 0.00 1.18 0.01 998 0.00 0 0.00 1183976 0.01 0ni nopr 1000 249750 2.26 0.02 0.00 0.00 0 0.00 0 0.00 1395803 0.01 2hybrid 1000 249750 5.14 0.03 | | 0 0.00 10 0.70 | | 3ni 1000 249750 1.84 0.01 1.20 0.00 998 0.00 0 0.00 1215231 0.00 0ni nopr 1000 249750 2.44 0.07 0.00 0.00 0 0.00 0 0.00 1567454 0.07 3Table 57: NOI5 family, NI codes (continued)
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Figure 44: NI variants on NOI5 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1000 249750 4.02 0.01 | | 0 0.00 393 0.04 | | 2ni 1000 249750 2.57 0.01 0.66 0.01 0 0.00 423 0.03 1954265 0.00 1ni nopr 1000 249750 1.99 0.02 0.00 0.00 0 0.00 0 0.00 1262871 0.01 2hybrid 1000 249750 4.48 0.01 | | 0 0.00 11 1.19 | | 2ni 1000 249750 2.65 0.01 0.67 0.03 0 0.00 512 0.03 1999281 0.01 1ni nopr 1000 249750 2.07 0.02 0.00 0.00 0 0.00 0 0.00 1319241 0.01 3hybrid 1000 249750 4.57 0.01 | | 0 0.00 132 0.07 | | 3ni 1000 249750 2.77 0.02 0.68 0.02 0 0.00 652 0.02 2102361 0.00 1ni nopr 1000 249750 2.21 0.02 0.00 0.00 0 0.00 0 0.00 1451949 0.01 3hybrid 1000 249750 5.19 0.05 | | 0 0.00 59 1.13 | | 5ni 1000 249750 3.03 0.02 0.65 0.00 0 0.00 838 0.04 2326294 0.03 1ni nopr 1000 249750 3.12 0.09 0.00 0.00 0 0.00 0 0.00 2213552 0.11 6hybrid 1000 249750 5.23 0.06 | | 0 0.00 76 0.82 | | 5ni 1000 249750 3.02 0.02 0.66 0.01 0 0.00 848 0.04 2312736 0.02 1ni nopr 1000 249750 3.17 0.07 0.00 0.00 0 0.00 0 0.00 2284205 0.10 5hybrid 1000 249750 4.98 0.03 | | 0 0.00 3 0.67 | | 4ni 1000 249750 2.94 0.01 0.66 0.01 0 0.00 808 0.03 2246478 0.01 1ni nopr 1000 249750 2.93 0.04 0.00 0.00 0 0.00 0 0.00 2010144 0.06 4hybrid 1000 249750 5.12 0.03 | | 0 0.00 3 0.47 | | 5ni 1000 249750 2.94 0.01 0.66 0.03 0 0.00 832 0.02 2226590 0.01 1ni nopr 1000 249750 3.06 0.06 0.00 0.00 0 0.00 0 0.00 2146069 0.06 5hybrid 1000 249750 5.91 0.07 | | 0 0.00 5 0.43 | | 6ni 1000 249750 2.99 0.02 0.66 0.01 0 0.00 909 0.02 2325945 0.02 1ni nopr 1000 249750 3.86 0.11 0.00 0.00 0 0.00 0 0.00 2897920 0.14 6hybrid 1000 249750 5.85 0.05 | | 0 0.00 7 0.42 | | 6ni 1000 249750 2.96 0.02 0.67 0.03 0 0.00 892 0.02 2279187 0.02 1ni nopr 1000 249750 3.75 0.07 0.00 0.00 0 0.00 0 0.00 2830016 0.09 6Table 58: NOI6 family, NI codes
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Figure 45: NI variants on NOI6 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1000 8000 0.62 0.04 | | 0 0.00 8 0.10 | | 16ni 1000 8000 0.13 0.00 0.01 0.82 0 0.00 867 0.01 223903 0.01 4ni nopr 1000 8000 0.25 0.03 0.00 0.00 0 0.00 0 0.00 374431 0.01 16hybrid 1000 16000 1.82 0.35 | | 0 0.00 15 0.10 | | 35ni 1000 16000 0.36 0.44 0.03 0.00 0 0.00 921 0.04 514597 0.47 4ni nopr 1000 16000 1.13 0.46 0.00 0.00 0 0.00 0 0.00 1492401 0.46 35hybrid 1000 32000 6.51 0.48 | | 0 0.00 29 0.13 | | 79ni 1000 32000 1.22 0.49 0.09 0.11 0 0.00 962 0.01 1357742 0.52 6ni nopr 1000 32000 5.97 0.54 0.00 0.00 0 0.00 0 0.00 6549302 0.55 78hybrid 1000 62500 10.26 0.37 | | 0 0.00 42 0.17 | | 76ni 1000 62500 1.63 0.17 0.18 0.02 0 0.00 973 0.01 1605205 0.19 3ni nopr 1000 62500 9.41 0.38 0.00 0.00 0 0.00 0 0.00 9591881 0.39 76hybrid 1000 125000 40.45 0.02 | | 0 0.00 73 0.07 | | 154ni 1000 125000 3.58 0.09 0.35 0.04 0 0.00 987 0.00 3317215 0.09 3ni nopr 1000 125000 36.73 0.05 0.00 0.00 0 0.00 0 0.00 35768082 0.05 152hybrid 1000 250000 72.80 0.01 | | 0 0.00 87 0.04 | | 173ni 1000 250000 5.35 0.19 0.69 0.02 0 0.00 990 0.00 4412996 0.22 2ni nopr 1000 250000 68.27 0.02 0.00 0.00 0 0.00 0 0.00 63337291 0.02 171hybrid 1000 499500 149.77 0.26 | | 0 0.00 95 0.13 | | 222ni 1000 499500 8.61 0.24 1.23 0.02 0 0.00 992 0.00 6151137 0.27 2ni nopr 1000 499500 139.40 0.25 0.00 0.00 0 0.00 0 0.00 124293627 0.25 220Table 59: RAND1 family, NI codes

0.0625

0.25

1

4

16

64

256

16 32 64 128 256 512 1024

C
P

U
 ti

m
e 

(s
ec

.)

d

RAND1

ni
ni_nopr

hybrid

Figure 46: NI variants on RAND1 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 500 12500 1.79 0.32 | | 0 0.00 16 0.08 | | 59ni 500 12500 0.33 0.42 0.02 0.00 0 0.00 466 0.02 711803 0.43 8ni nopr 500 12500 1.14 0.37 0.00 0.00 0 0.00 0 0.00 2059881 0.36 59hybrid 708 17700 2.59 0.46 | | 0 0.00 17 0.06 | | 55ni 708 17700 0.48 0.52 0.03 0.00 0 0.00 674 0.01 664953 0.53 5ni nopr 708 17700 1.88 0.52 0.00 0.00 0 0.00 0 0.00 2561200 0.54 54hybrid 1000 25000 4.95 0.23 | | 0 0.00 25 0.08 | | 73ni 1000 25000 1.04 0.29 0.07 0.06 0 0.00 954 0.01 1218246 0.31 7ni nopr 1000 25000 4.38 0.28 0.00 0.00 0 0.00 0 0.00 4974015 0.28 73hybrid 1414 35350 5.90 0.43 | | 0 0.00 27 0.14 | | 56ni 1414 35350 1.13 0.38 0.11 0.09 0 0.00 1353 0.01 1164292 0.41 4ni nopr 1414 35350 5.07 0.56 0.00 0.00 0 0.00 0 0.00 5077948 0.57 57hybrid 2000 50000 11.44 0.40 | | 0 0.00 33 0.19 | | 69ni 2000 50000 2.16 0.42 0.16 0.06 0 0.00 1900 0.01 2140653 0.45 6ni nopr 2000 50000 9.06 0.47 0.00 0.00 0 0.00 0 0.00 8815422 0.48 68hybrid 2828 70700 23.94 0.02 | | 0 0.00 44 0.06 | | 95ni 2828 70700 3.75 0.11 0.23 0.00 0 0.00 2707 0.01 3529980 0.12 7ni nopr 2828 70700 18.90 0.01 0.00 0.00 0 0.00 0 0.00 17318872 0.01 95hybrid 4000 100000 33.40 0.30 | | 0 0.00 49 0.27 | | 85ni 4000 100000 5.66 0.44 0.34 0.03 0 0.00 3798 0.02 5063980 0.47 7ni nopr 4000 100000 24.37 0.37 0.00 0.00 0 0.00 0 0.00 21117716 0.37 84hybrid 5656 141400 52.90 0.22 | | 0 0.00 58 0.18 | | 89ni 5656 141400 8.04 0.17 0.51 0.02 0 0.00 5419 0.01 6404503 0.18 6ni nopr 5656 141400 41.33 0.28 0.00 0.00 0 0.00 0 0.00 31409265 0.29 90hybrid 8000 200000 95.02 0.01 | | 0 0.00 70 0.03 | | 104ni 8000 200000 13.29 0.04 0.77 0.01 0 0.00 7699 0.00 9785313 0.04 7ni nopr 8000 200000 71.45 0.01 0.00 0.00 0 0.00 0 0.00 50274600 0.01 104Table 60: RAND2 family, NI codes
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Figure 47: NI variants on RAND2 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1001 1001 1.54 0.02 | | 0 0.00 300 0.00 | | 699ni 1001 1001 0.01 1.22 0.00 0.00 999 0.00 0 0.00 5001 0.00 0ni nopr 1001 1001 1.62 0.02 0.00 0.00 0 0.00 0 0.00 2007993 0.00 999hybrid 1001 3003 3.28 0.02 | | 0 0.00 3 0.54 | | 266ni 1001 3003 3.04 0.02 0.00 2.00 0 0.00 411 0.16 4456979 0.02 250ni nopr 1001 3003 2.37 0.03 0.00 0.00 0 0.00 0 0.00 2863192 0.03 264hybrid 1001 10010 12.91 0.02 | | 0 0.00 77 0.06 | | 425ni 1001 10010 10.02 0.02 0.02 0.50 0 0.00 594 0.12 19899570 0.02 332ni nopr 1001 10010 7.96 0.01 0.00 0.00 0 0.00 0 0.00 13278259 0.01 425hybrid 1001 33033 37.21 0.02 | | 0 0.00 156 0.02 | | 477ni 1001 33033 51.66 0.01 0.08 0.10 0 0.00 681 0.01 61711219 0.01 311ni nopr 1001 33033 36.90 0.00 0.00 0.00 0 0.00 0 0.00 40531738 0.00 478hybrid 1001 100100 111.02 0.01 | | 0 0.00 195 0.01 | | 494ni 1001 100100 151.94 0.00 0.28 0.00 0 0.00 710 0.00 166466428 0.00 286ni nopr 1001 100100 103.67 0.00 0.00 0.00 0 0.00 0 0.00 104767321 0.00 494hybrid 1001 333333 289.28 0.01 | | 0 0.00 196 0.01 | | 499ni 1001 333333 12.65 0.07 0.85 0.01 0 0.00 993 0.00 11099620 0.07 5ni nopr 1001 333333 267.34 0.00 0.00 0.00 0 0.00 0 0.00 249318885 0.00 499hybrid 1001 1001000 442.91 0.01 | | 0 0.00 404 0.06 | | 297ni 1001 1001000 18.14 0.02 1.79 0.01 0 0.00 996 0.00 12777462 0.02 3ni nopr 1001 1001000 456.84 0.00 0.00 0.00 0 0.00 0 0.00 397887207 0.00 500Table 61: REG1 family, NI codes
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Figure 48: NI variants on REG1 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 50 2500 0.04 0.19 | | 0 0.00 10 0.07 | | 20ni 50 2500 0.02 0.00 0.00 2.00 0 0.00 46 0.00 20664 0.01 2ni nopr 50 2500 0.03 0.14 0.00 0.00 0 0.00 0 0.00 60584 0.01 25hybrid 100 5000 0.25 0.03 | | 0 0.00 14 0.07 | | 49ni 100 5000 0.05 0.17 0.00 2.00 0 0.00 95 0.00 89037 0.03 3ni nopr 100 5000 0.18 0.03 0.00 0.00 0 0.00 0 0.00 355237 0.01 49hybrid 200 10000 1.34 0.05 | | 0 0.00 32 0.03 | | 98ni 200 10000 0.17 0.15 0.00 2.00 0 0.00 191 0.01 376816 0.17 6ni nopr 200 10000 0.90 0.01 0.00 0.00 0 0.00 0 0.00 1847583 0.01 98hybrid 400 20000 6.64 0.03 | | 0 0.00 66 0.01 | | 196ni 400 20000 9.06 0.02 0.04 0.26 0 0.00 277 0.01 13649236 0.02 119ni nopr 400 20000 6.24 0.00 0.00 0.00 0 0.00 0 0.00 8485443 0.00 195hybrid 800 40000 33.25 0.03 | | 0 0.00 139 0.02 | | 390ni 800 40000 48.19 0.01 0.10 0.00 0 0.00 557 0.00 56706079 0.01 239ni nopr 800 40000 34.07 0.00 0.00 0.00 0 0.00 0 0.00 36615665 0.00 389Table 62: REG2 family, NI codes
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Figure 49: NI variants on REG2 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 256 512 0.13 0.11 | | 0 0.00 1 0.73 | | 63ni 256 512 0.10 0.13 0.00 0.00 4 0.44 125 0.22 142274 0.07 47ni nopr 256 512 0.09 0.20 0.00 0.00 0 0.00 0 0.00 103300 0.04 60hybrid 512 1024 0.45 0.04 | | 0 0.00 2 0.42 | | 105ni 512 1024 0.39 0.07 0.00 0.00 4 0.27 231 0.12 529756 0.08 89ni nopr 512 1024 0.31 0.12 0.00 0.00 0 0.00 0 0.00 350072 0.05 100hybrid 1024 2048 1.80 0.03 | | 0 0.00 4 0.42 | | 184ni 1024 2048 1.46 0.05 0.00 0.00 6 0.32 358 0.22 1954614 0.05 163ni nopr 1024 2048 1.14 0.05 0.00 0.00 0 0.00 0 0.00 1311582 0.05 181hybrid 2048 4096 8.62 0.04 | | 0 0.00 2 0.50 | | 331ni 2048 4096 5.95 0.03 0.01 1.22 6 0.30 626 0.35 7326869 0.03 304ni nopr 2048 4096 4.60 0.01 0.00 0.00 0 0.00 0 0.00 4873826 0.02 329hybrid 4096 8192 39.82 0.02 | | 0 0.00 2 0.42 | | 600ni 4096 8192 26.06 0.02 0.03 0.00 5 0.36 972 0.32 28309175 0.03 585ni nopr 4096 8192 19.00 0.03 0.00 0.00 0 0.00 0 0.00 17954220 0.03 595hybrid 8192 16384 177.96 0.01 | | 0 0.00 1 0.31 | | 1099ni 8192 16384 167.89 0.03 0.08 0.00 5 0.22 2275 0.25 105627355 0.02 1086ni nopr 8192 16384 122.83 0.03 0.00 0.00 0 0.00 0 0.00 67001317 0.00 1111hybrid 16384 32768 843.45 0.00 | | 0 0.00 1 1.10 | | 2027ni 16384 32768 780.60 0.01 0.21 0.05 5 0.61 4665 0.28 392336486 0.01 2012ni nopr 16384 32768 557.04 0.01 0.00 0.00 0 0.00 0 0.00 247195863 0.01 2028Table 63: REG3 family, NI codes
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Figure 50: NI variants on REG3 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 128 1024 0.14 0.06 | | 0 0.00 4 0.18 | | 56ni 128 1024 0.12 0.08 0.00 2.00 0 0.00 79 0.02 268717 0.04 44ni nopr 128 1024 0.10 0.13 0.00 0.00 0 0.00 0 0.00 175125 0.03 56hybrid 256 4096 0.93 0.01 | | 0 0.00 26 0.04 | | 119ni 256 4096 0.87 0.01 0.01 1.22 0 0.00 168 0.01 2049661 0.01 84ni nopr 256 4096 0.68 0.01 0.00 0.00 0 0.00 0 0.00 1328580 0.01 120hybrid 512 16384 7.73 0.02 | | 0 0.00 76 0.02 | | 245ni 512 16384 8.85 0.00 0.03 0.14 0 0.00 352 0.00 15173694 0.00 156ni nopr 512 16384 6.56 0.01 0.00 0.00 0 0.00 0 0.00 9899512 0.01 246hybrid 1024 65536 74.20 0.02 | | 0 0.00 187 0.01 | | 501ni 1024 65536 103.96 0.01 0.19 0.05 0 0.00 719 0.00 116991994 0.01 301ni nopr 1024 65536 73.54 0.00 0.00 0.00 0 0.00 0 0.00 75807247 0.00 501hybrid 2048 262144 725.92 0.01 | | 0 0.00 418 0.01 | | 1011ni 2048 262144 857.65 0.01 0.81 0.01 0 0.00 1466 0.00 896240114 0.01 577ni nopr 2048 262144 600.55 0.00 0.00 0.00 0 0.00 0 0.00 582230705 0.00 1010Table 64: REG4 family, NI codes
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Figure 51: NI variants on REG4 family
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nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avghybrid 1024 2044 5.18 0.00 | | 0 0.00 17 0.00 | | 1002ni 1024 2044 1.73 0.01 0.00 0.00 0 0.00 764 0.00 2879946 0.00 257ni nopr 1024 2044 2.34 0.03 0.00 0.00 0 0.00 0 0.00 3168281 0.00 766hybrid 2048 4092 23.08 0.00 | | 0 0.00 107 0.00 | | 1936ni 2048 4092 7.11 0.00 0.01 0.82 0 0.00 1532 0.00 11480028 0.00 513ni nopr 2048 4092 9.49 0.01 0.00 0.00 0 0.00 0 0.00 12692757 0.00 1536hybrid 4096 8188 105.98 0.01 | | 0 0.00 322 0.00 | | 3770ni 4096 8188 28.95 0.00 0.02 0.20 0 0.00 3067 0.00 45877881 0.00 1026ni nopr 4096 8188 38.27 0.01 0.00 0.00 0 0.00 0 0.00 50714457 0.00 3071hybrid 8192 16380 510.13 0.00 | | 0 0.00 682 0.00 | | 7506ni 8192 16380 201.12 0.00 0.07 0.00 0 0.00 6140 0.00 183242209 0.00 2049ni nopr 8192 16380 255.10 0.00 0.00 0.00 0 0.00 0 0.00 202861701 0.00 6142Table 65: BIKEWHE family, NI codes
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Figure 52: NI variants on BIKEWHE family
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problem nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avg1 hybrid 532 787 0.60 0.00 | | 0 0.00 136 0.00 | | 3641 ni 532 787 0.00 0.00 0.00 0.00 487 0.00 35 0.00 10042 0.00 71 ni nopr 532 787 0.62 0.00 0.00 0.00 0 0.00 0 0.00 699475 0.00 4912 hybrid 1291 1942 3.57 0.00 | | 0 0.00 326 0.00 | | 8232 ni 1291 1942 0.05 0.00 0.00 0.00 976 0.00 257 0.00 61047 0.00 292 ni nopr 1291 1942 4.33 0.00 0.00 0.00 0 0.00 0 0.00 4659892 0.00 12133 hybrid 1400 2231 2.37 0.00 | | 0 0.00 240 0.00 | | 6583 ni 1400 2231 0.05 0.00 0.02 0.00 1091 0.00 238 0.00 64451 0.00 263 ni nopr 1400 2231 2.95 0.00 0.00 0.00 0 0.00 0 0.00 3420515 0.00 9804 hybrid 76 90 0.02 0.00 | | 0 0.00 27 0.00 | | 454 ni 76 90 0.00 0.00 0.00 0.00 74 0.00 0 0.00 691 0.00 04 ni nopr 76 90 0.02 0.00 0.00 0.00 0 0.00 0 0.00 12821 0.00 705 hybrid 5934 7287 20.93 0.00 | | 0 0.00 787 0.00 | | 12175 ni 5934 7287 0.07 0.00 0.03 0.00 5651 0.00 169 0.00 88043 0.00 165 ni nopr 5934 7287 24.70 0.00 0.00 0.00 0 0.00 0 0.00 21081457 0.00 22746 hybrid 5934 7627 84.68 0.00 | | 0 0.00 1090 0.00 | | 39616 ni 5934 7627 0.12 0.00 0.05 0.00 5444 0.00 360 0.00 139309 0.00 376 ni nopr 5934 7627 69.07 0.00 0.00 0.00 0 0.00 0 0.00 60054461 0.00 49397 hybrid 1323 2169 4.37 0.00 | | 0 0.00 338 0.00 | | 8507 ni 1323 2169 0.05 0.00 0.02 0.00 1115 0.00 162 0.00 70018 0.00 407 ni nopr 1323 2169 5.33 0.00 0.00 0.00 0 0.00 0 0.00 5690479 0.00 12798 hybrid 1323 2195 4.70 0.00 | | 0 0.00 368 0.00 | | 8838 ni 1323 2195 0.03 0.00 0.00 0.00 1167 0.00 113 0.00 62461 0.00 398 ni nopr 1323 2195 5.67 0.00 0.00 0.00 0 0.00 0 0.00 5890041 0.00 12939 hybrid 1084 1252 1.72 0.00 | | 0 0.00 336 0.00 | | 6559 ni 1084 1252 0.02 0.00 0.00 0.00 1052 0.00 23 0.00 11403 0.00 59 ni nopr 1084 1252 2.23 0.00 0.00 0.00 0 0.00 0 0.00 2344365 0.00 100310 hybrid 1748 2336 5.87 0.00 | | 0 0.00 535 0.00 | | 110510 ni 1748 2336 0.02 0.00 0.02 0.00 1611 0.00 109 0.00 37891 0.00 1910 ni nopr 1748 2336 6.57 0.00 0.00 0.00 0 0.00 0 0.00 7127789 0.00 157611 hybrid 15112 19057 392.22 0.00 | | 0 0.00 1948 0.00 | | 534911 ni 15112 19057 0.52 0.00 0.17 0.00 13912 0.00 793 0.00 423025 0.00 6711 ni nopr 15112 19057 452.17 0.00 0.00 0.00 0 0.00 0 0.00 231649252 0.00 7761Table 66: TSP misc family, NI codes
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Figure 53: NI variants on TSP misc family
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problem nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avg12 hybrid 33810 38600 3.27 0.00 | | 0 0.00 0 0.00 | | 712 ni 33810 38600 0.43 0.00 0.28 0.00 33808 0.00 0 0.00 271168 0.00 012 ni nopr 33810 38600 0.95 0.00 0.00 0.00 0 0.00 0 0.00 394977 0.00 613 hybrid 33810 39367 11.37 0.00 | | 0 0.00 320 0.00 | | 2013 ni 33810 39367 0.47 0.00 0.32 0.00 33808 0.00 0 0.00 303274 0.00 013 ni nopr 33810 39367 5.10 0.00 0.00 0.00 0 0.00 0 0.00 2164353 0.00 1814 hybrid 33810 39456 3.98 0.00 | | 0 0.00 0 0.00 | | 1114 ni 33810 39456 0.45 0.00 0.30 0.00 33808 0.00 0 0.00 295707 0.00 014 ni nopr 33810 39456 2.07 0.00 0.00 0.00 0 0.00 0 0.00 872200 0.00 1215 hybrid 85900 102596 16.62 0.00 | | 0 0.00 5 0.00 | | 1015 ni 85900 102596 1.37 0.00 1.02 0.00 85898 0.00 0 0.00 810396 0.00 015 ni nopr 85900 102596 6.75 0.00 0.00 0.00 0 0.00 0 0.00 2704618 0.00 1016 hybrid 85900 102934 21.18 0.00 | | 0 0.00 22 0.00 | | 1316 ni 85900 102934 1.43 0.00 1.08 0.00 85898 0.00 0 0.00 855358 0.00 016 ni nopr 85900 102934 8.62 0.00 0.00 0.00 0 0.00 0 0.00 3499783 0.00 1417 hybrid 85900 102988 21.30 0.00 | | 0 0.00 11 0.00 | | 1517 ni 85900 102988 1.43 0.00 1.08 0.00 85830 0.00 25 0.00 868777 0.00 117 ni nopr 85900 102988 8.70 0.00 0.00 0.00 0 0.00 0 0.00 3502234 0.00 16Table 67: TSP PLA family, NI codes
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problem nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avg18 hybrid 13509 15631 175.25 0.00 | | 0 0.00 1222 0.00 | | 293218 ni 13509 15631 0.20 0.00 0.12 0.00 12976 0.00 281 0.00 164535 0.00 1518 ni nopr 13509 15631 133.40 0.00 0.00 0.00 0 0.00 0 0.00 76095006 0.00 422219 hybrid 13509 17048 428.88 0.00 | | 0 0.00 2591 0.00 | | 612219 ni 13509 17048 0.42 0.00 0.13 0.00 12492 0.00 678 0.00 351284 0.00 5919 ni nopr 13509 17048 453.97 0.00 0.00 0.00 0 0.00 0 0.00 253341400 0.00 901520 hybrid 13509 17079 364.72 0.00 | | 0 0.00 2099 0.00 | | 595920 ni 13509 17079 0.42 0.00 0.13 0.00 12456 0.00 732 0.00 354701 0.00 5820 ni nopr 13509 17079 439.13 0.00 0.00 0.00 0 0.00 0 0.00 244780331 0.00 892921 hybrid 13509 17111 404.72 0.00 | | 0 0.00 2140 0.00 | | 602921 ni 13509 17111 0.43 0.00 0.13 0.00 12707 0.00 526 0.00 360997 0.00 6721 ni nopr 13509 17111 426.70 0.00 0.00 0.00 0 0.00 0 0.00 234260485 0.00 882222 hybrid 13509 17130 47.42 0.00 | | 0 0.00 662 0.00 | | 75222 ni 13509 17130 0.25 0.00 0.13 0.00 12725 0.00 406 0.00 213941 0.00 1422 ni nopr 13509 17130 76.17 0.00 0.00 0.00 0 0.00 0 0.00 39957660 0.00 162723 hybrid 13509 17156 413.37 0.00 | | 0 0.00 2410 0.00 | | 637223 ni 13509 17156 0.45 0.00 0.15 0.00 12649 0.00 522 0.00 382971 0.00 6623 ni nopr 13509 17156 394.18 0.00 0.00 0.00 0 0.00 0 0.00 222172978 0.00 866224 hybrid 13509 17156 339.32 0.00 | | 0 0.00 2151 0.00 | | 528824 ni 13509 17156 0.40 0.00 0.15 0.00 12684 0.00 529 0.00 345126 0.00 5424 ni nopr 13509 17156 417.18 0.00 0.00 0.00 0 0.00 0 0.00 229023267 0.00 812725 hybrid 13509 17183 374.07 0.00 | | 0 0.00 2122 0.00 | | 499025 ni 13509 17183 0.35 0.00 0.13 0.00 12419 0.00 716 0.00 296352 0.00 3525 ni nopr 13509 17183 316.28 0.00 0.00 0.00 0 0.00 0 0.00 176724553 0.00 664026 hybrid 13509 17193 415.75 0.00 | | 0 0.00 2319 0.00 | | 622226 ni 13509 17193 0.48 0.00 0.15 0.00 12427 0.00 745 0.00 398840 0.00 7126 ni nopr 13509 17193 406.97 0.00 0.00 0.00 0 0.00 0 0.00 225077560 0.00 866927 hybrid 13509 17210 376.00 0.00 | | 0 0.00 2300 0.00 | | 542427 ni 13509 17210 0.47 0.00 0.15 0.00 12645 0.00 547 0.00 408682 0.00 7527 ni nopr 13509 17210 400.70 0.00 0.00 0.00 0 0.00 0 0.00 220310346 0.00 834528 hybrid 13509 17303 407.12 0.00 | | 0 0.00 2115 0.00 | | 650128 ni 13509 17303 0.45 0.00 0.15 0.00 12402 0.00 745 0.00 381080 0.00 5928 ni nopr 13509 17303 406.78 0.00 0.00 0.00 0 0.00 0 0.00 227860804 0.00 874629 hybrid 13509 17358 440.32 0.00 | | 0 0.00 1990 0.00 | | 693829 ni 13509 17358 0.47 0.00 0.15 0.00 12582 0.00 610 0.00 401551 0.00 7129 ni nopr 13509 17358 447.00 0.00 0.00 0.00 0 0.00 0 0.00 246194212 0.00 924830 hybrid 13509 17375 403.95 0.00 | | 0 0.00 1875 0.00 | | 576130 ni 13509 17375 0.42 0.00 0.15 0.00 12714 0.00 485 0.00 364594 0.00 6130 ni nopr 13509 17375 390.30 0.00 0.00 0.00 0 0.00 0 0.00 218803729 0.00 861431 hybrid 13509 17386 388.87 0.00 | | 0 0.00 2086 0.00 | | 582431 ni 13509 17386 0.43 0.00 0.15 0.00 12343 0.00 765 0.00 363960 0.00 4831 ni nopr 13509 17386 357.77 0.00 0.00 0.00 0 0.00 0 0.00 198333291 0.00 779132 hybrid 13509 17390 396.90 0.00 | | 0 0.00 2435 0.00 | | 648432 ni 13509 17390 0.47 0.00 0.15 0.00 12385 0.00 751 0.00 400896 0.00 6132 ni nopr 13509 17390 371.70 0.00 0.00 0.00 0 0.00 0 0.00 210429473 0.00 829533 hybrid 13509 17494 435.72 0.00 | | 0 0.00 1981 0.00 | | 657433 ni 13509 17494 0.43 0.00 0.17 0.00 12626 0.00 566 0.00 366605 0.00 5233 ni nopr 13509 17494 356.50 0.00 0.00 0.00 0 0.00 0 0.00 199561651 0.00 7668Table 68: TSP USA family, NI codes
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problem nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avg1 hybrid 20 38 0.00 0.00 | | 0 0.00 3 0.00 | | 141 ni 20 38 0.00 0.00 0.00 0.00 0 0.00 16 0.00 647 0.00 21 ni nopr 20 38 0.00 0.00 0.00 0.00 0 0.00 0 0.00 1570 0.00 172 hybrid 88 185 0.02 0.00 | | 0 0.00 11 0.00 | | 532 ni 88 185 0.02 0.00 0.00 0.00 0 0.00 63 0.00 16960 0.00 202 ni nopr 88 185 0.03 0.00 0.00 0.00 0 0.00 0 0.00 30592 0.00 813 hybrid 148 300 0.03 0.00 | | 0 0.00 10 0.00 | | 633 ni 148 300 0.02 0.00 0.00 0.00 0 0.00 94 0.00 21620 0.00 213 ni nopr 148 300 0.03 0.00 0.00 0.00 0 0.00 0 0.00 55331 0.00 1064 hybrid 2 1 0.00 0.00 | | 0 0.00 0 0.00 | | 04 ni 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 04 ni nopr 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 05 hybrid 150 292 0.05 0.00 | | 0 0.00 16 0.00 | | 785 ni 150 292 0.02 0.00 0.00 0.00 0 0.00 95 0.00 23816 0.00 255 ni nopr 150 292 0.03 0.00 0.00 0.00 0 0.00 0 0.00 48571 0.00 926 hybrid 261 517 0.13 0.00 | | 0 0.00 19 0.00 | | 1436 ni 261 517 0.03 0.00 0.00 0.00 0 0.00 162 0.00 53429 0.00 376 ni nopr 261 517 0.10 0.00 0.00 0.00 0 0.00 0 0.00 120138 0.00 1507 hybrid 113 221 0.05 0.00 | | 0 0.00 3 0.00 | | 837 ni 113 221 0.03 0.00 0.00 0.00 0 0.00 71 0.00 34228 0.00 377 ni nopr 113 221 0.03 0.00 0.00 0.00 0 0.00 0 0.00 51325 0.00 1078 hybrid 106 208 0.03 0.00 | | 0 0.00 3 0.00 | | 808 ni 106 208 0.02 0.00 0.00 0.00 0 0.00 68 0.00 29148 0.00 328 ni nopr 106 208 0.03 0.00 0.00 0.00 0 0.00 0 0.00 43842 0.00 999 hybrid 19 36 0.00 0.00 | | 0 0.00 2 0.00 | | 149 ni 19 36 0.00 0.00 0.00 0.00 0 0.00 15 0.00 612 0.00 29 ni nopr 19 36 0.00 0.00 0.00 0.00 0 0.00 0 0.00 1212 0.00 1510 hybrid 77 131 0.02 0.00 | | 0 0.00 4 0.00 | | 5210 ni 77 131 0.00 0.00 0.00 0.00 0 0.00 54 0.00 9331 0.00 1410 ni nopr 77 131 0.02 0.00 0.00 0.00 0 0.00 0 0.00 16913 0.00 6111 hybrid 605 1162 0.32 0.00 | | 0 0.00 15 0.00 | | 12111 ni 605 1162 0.18 0.00 0.00 0.00 0 0.00 332 0.00 204810 0.00 6511 ni nopr 605 1162 0.32 0.00 0.00 0.00 0 0.00 0 0.00 323070 0.00 151Table 69: PRETSP misc family, NI codes
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problem nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avg12 hybrid 2 1 0.00 0.00 | | 0 0.00 0 0.00 | | 012 ni 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 012 ni nopr 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 013 hybrid 2 1 0.02 0.00 | | 0 0.00 0 0.00 | | 013 ni 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 013 ni nopr 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 014 hybrid 2 1 0.00 0.00 | | 0 0.00 0 0.00 | | 014 ni 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 014 ni nopr 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 015 hybrid 2 1 0.00 0.00 | | 0 0.00 0 0.00 | | 015 ni 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 015 ni nopr 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 016 hybrid 2 1 0.00 0.00 | | 0 0.00 0 0.00 | | 016 ni 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 016 ni nopr 2 1 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2 0.00 017 hybrid 52 90 0.02 0.00 | | 0 0.00 0 0.00 | | 1117 ni 52 90 0.02 0.00 0.00 0.00 0 0.00 31 0.00 2329 0.00 517 ni nopr 52 90 0.00 0.00 0.00 0.00 0 0.00 0 0.00 2054 0.00 11Table 70: PRETSP PLA family, NI codes
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problem nodes arcs total time discovery time initial PR internal PR edge scans phasesavg dev % avg dev % avg dev % avg dev % avg dev % avg18 hybrid 325 561 0.03 0.00 | | 0 0.00 8 0.00 | | 2318 ni 325 561 0.02 0.00 0.00 0.00 0 0.00 135 0.00 28537 0.00 1618 ni nopr 325 561 0.03 0.00 0.00 0.00 0 0.00 0 0.00 28725 0.00 3919 hybrid 477 920 0.30 0.00 | | 0 0.00 26 0.00 | | 12219 ni 477 920 0.12 0.00 0.00 0.00 0 0.00 260 0.00 147999 0.00 5719 ni nopr 477 920 0.23 0.00 0.00 0.00 0 0.00 0 0.00 233164 0.00 14420 hybrid 449 861 0.27 0.00 | | 0 0.00 19 0.00 | | 12020 ni 449 861 0.13 0.00 0.00 0.00 0 0.00 226 0.00 149716 0.00 5920 ni nopr 449 861 0.23 0.00 0.00 0.00 0 0.00 0 0.00 202715 0.00 13021 hybrid 454 886 0.27 0.00 | | 0 0.00 11 0.00 | | 12821 ni 454 886 0.12 0.00 0.00 0.00 0 0.00 241 0.00 139677 0.00 6021 ni nopr 454 886 0.28 0.00 0.00 0.00 0 0.00 0 0.00 266286 0.00 16722 hybrid 403 786 0.18 0.00 | | 0 0.00 12 0.00 | | 9422 ni 403 786 0.13 0.00 0.00 0.00 0 0.00 224 0.00 126807 0.00 5422 ni nopr 403 786 0.17 0.00 0.00 0.00 0 0.00 0 0.00 184603 0.00 14323 hybrid 532 1029 0.37 0.00 | | 0 0.00 28 0.00 | | 14023 ni 532 1029 0.13 0.00 0.00 0.00 0 0.00 291 0.00 174077 0.00 5523 ni nopr 532 1029 0.25 0.00 0.00 0.00 0 0.00 0 0.00 260787 0.00 16424 hybrid 501 950 0.27 0.00 | | 0 0.00 16 0.00 | | 13324 ni 501 950 0.18 0.00 0.00 0.00 0 0.00 273 0.00 218389 0.00 7124 ni nopr 501 950 0.35 0.00 0.00 0.00 0 0.00 0 0.00 370106 0.00 20225 hybrid 492 946 0.33 0.00 | | 0 0.00 19 0.00 | | 13625 ni 492 946 0.15 0.00 0.00 0.00 0 0.00 256 0.00 149765 0.00 5225 ni nopr 492 946 0.20 0.00 0.00 0.00 0 0.00 0 0.00 208720 0.00 12226 hybrid 549 1072 0.35 0.00 | | 0 0.00 12 0.00 | | 14226 ni 549 1072 0.15 0.00 0.00 0.00 0 0.00 303 0.00 178225 0.00 6326 ni nopr 549 1072 0.33 0.00 0.00 0.00 0 0.00 0 0.00 334354 0.00 18527 hybrid 465 926 0.27 0.00 | | 0 0.00 17 0.00 | | 11727 ni 465 926 0.12 0.00 0.00 0.00 0 0.00 254 0.00 147139 0.00 5727 ni nopr 465 926 0.23 0.00 0.00 0.00 0 0.00 0 0.00 259703 0.00 15828 hybrid 542 1064 0.33 0.00 | | 0 0.00 28 0.00 | | 11428 ni 542 1064 0.13 0.00 0.02 0.00 0 0.00 293 0.00 145787 0.00 5328 ni nopr 542 1064 0.23 0.00 0.00 0.00 0 0.00 0 0.00 240893 0.00 13629 hybrid 573 1104 0.38 0.00 | | 0 0.00 21 0.00 | | 14929 ni 573 1104 0.20 0.00 0.00 0.00 0 0.00 313 0.00 198529 0.00 6629 ni nopr 573 1104 0.38 0.00 0.00 0.00 0 0.00 0 0.00 387008 0.00 20730 hybrid 476 945 0.28 0.00 | | 0 0.00 17 0.00 | | 12130 ni 476 945 0.15 0.00 0.00 0.00 0 0.00 247 0.00 177708 0.00 6730 ni nopr 476 945 0.30 0.00 0.00 0.00 0 0.00 0 0.00 319329 0.00 19031 hybrid 607 1150 0.28 0.00 | | 0 0.00 14 0.00 | | 11631 ni 607 1150 0.13 0.00 0.00 0.00 0 0.00 301 0.00 160409 0.00 4631 ni nopr 607 1150 0.23 0.00 0.00 0.00 0 0.00 0 0.00 224223 0.00 11332 hybrid 557 1091 0.38 0.00 | | 0 0.00 14 0.00 | | 12232 ni 557 1091 0.17 0.00 0.00 0.00 0 0.00 307 0.00 191347 0.00 5932 ni nopr 557 1091 0.32 0.00 0.00 0.00 0 0.00 0 0.00 308765 0.00 16133 hybrid 505 971 0.30 0.00 | | 0 0.00 10 0.00 | | 12433 ni 505 971 0.15 0.00 0.00 0.00 0 0.00 270 0.00 169536 0.00 6833 ni nopr 505 971 0.28 0.00 0.00 0.00 0 0.00 0 0.00 278663 0.00 159Table 71: PRETSP USA family, NI codes
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