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Introduction

Multiobjective decision-making and combinatorial optimization have been studied extensively over the
past few decades (cf. [16], and [4] for bibliographies). Both ﬁelds play a decisive role in multiobjective
combinatorial optimization, for which the class of (multiobjective) portfolio selection is of particularly
high practical relevance (cf. [10] for a survey). Research and development (R&D) management provides
an especially useful example: when large amounts of resources (see [14]) and, more importantly, a
product’s long-term commercial success are at stake it is crucial for a ﬁrm to determine the ”best”
subset of R&D projects out of dozens of proposals.
Support for making multiple objectives decisions is based on either (i) approaches aggregating diﬀerent
types of beneﬁts (e.g., cash ﬂow, sales or even intangibles such as image) in a unique overall objective function or (ii) approaches that (partially) determine the eﬃcient (i. e., Pareto-optimal) portfolio
candidates and then allow the decision-maker to interactively ”move” in that solution space until a
satisfactory alternative is found. While the former techniques often require extensive a priori preference information (e.g., weights, thresholds, marginal beneﬁts or guidelines for beneﬁt or resource
substitution between diﬀerent categories), those of the latter school regularly can do without such
data. However, the process involved in identifying eﬃcient portfolios is not trivial. While a brute-force
complete enumeration procedure can determine them within acceptable time for comparatively small
problems only, that task becomes increasingly demanding as the number of projects grows. In such complex problems, heuristic-based approaches can provide an attractive tradeoﬀ between the quality of the
approximation of a solution space and the computing capacity required to achieve this approximation.
Accordingly, genetic algorithms, simulated annealing and tabu search have already been implemented
for multiobjective combinatorial optimization problems during the last decade.
Our approach applies a constructive meta-heuristic, Ant Colony Optimization (ACO), and, thus, gives
another evidence for its versatility. It is based on the Ant System – ﬁrst introduced by [6] and [7] –
that imitates the behavior shown by real ants when searching for food. Ants communicate information
about food sources via the quantity of an aromatic essence called pheromone, which the ants secrete
as they move along. Over time, the short direct paths leading from the nest to a food source are
more frequented than longer paths. As a result, the direct paths are marked with more pheromone,
which in turn attracts an ever increasing number of ants to follow these shorter routes and make the
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corresponding pheromone trails grow faster. Artiﬁcial ants not only imitate the behavior described,
but also apply additional, problem-speciﬁc heuristic information. The Ant System has been applied
to and provided solutions for various hard combinatorial optimization problems, e.g., [1], [2], [5], [8],
[11], and [18], and a convergence proof for a generalized Ant System Algorithm has been established
(cf. [12]). In order to meet multiobjective problem speciﬁc requirements the adapted ACO approach
implements several pheromone matrices and random weights for their use. The lifespan concept and
the pheromone decoding scheme are two more novel features which are necessary to model the portfolio
selection process.

2

Problem Description

Our approach aims to determine eﬃcient project portfolios. A portfolio is a subset of the set of N
proposed projects; a project is characterized by its resource consumption and the beneﬁts it provides.
A portfolio is eﬃcient (i. e., non-dominated or Pareto-optimal) in the sense that no other feasible project
portfolio exists which promises higher beneﬁts in at least one of the objectives and oﬀers at least the
same beneﬁts in all objectives. In a subsequent phase of the decision-making process, these eﬃcient
portfolios serve as a basis for systems that allow decision-makers to interactively ﬁnd their individual
favorites (see [13] and [17] for examples).
Some interesting data might be neglected if beneﬁts from diﬀerent planning periods are aggregated to
an overall net present value (see [15] for a discussion). For this reason, our approach considers the
portfolios’ beneﬁts (e. g., cash ﬂow or sales) separately for each period (e. g., one business year) and,
thus, is characterized by a comparatively high number of objectives (e. g., three objective categories
and ﬁve periods result in overall ﬁfteen objectives). These objectives are evaluated by the sum of the
beneﬁt contribution of each project contained in the portfolio, with adjustments made for interrelation
eﬀects between the individual projects.
The objectives addressed above are subject to two types of constraints. The ﬁrst group relates to limited
resources (e. g., funds or manpower) or minimum beneﬁt requirements both of which are evaluated per
period, as well as by the sum of their net present values. The second group ensures that at most a
maximum (at least a minimum, respectively) number of projects from the given subsets of projects
exists for each feasible portfolio. For examples of the practical relevance of these constraints, it may
be desirable to select a minimum number of projects that attract certain target groups or, from an
R&D point of view, deal with emerging technologies. In addition, social resentments (which could
aﬀect a ﬁrm’s image, for instance) or political changes impacting business conditions (e. g., taxes on
raw materials) might also be considered. Finally, certain basic aspects of balancing a portfolio (e. g.,
ensuring that a minimum number of projects from each entity of the ﬁrm is included in any portfolio)
can be handled by these constraints as well.

3

Solution Procedures

Two solution procedures are introduced in the following section. The ﬁrst procedure described is
a heuristic approach that relies on a random proportion rule, while Ant Colony Optimization for
multiobjective portfolio selection is presented afterwards.

3.1

Heuristic Solution Procedure

The heuristic solution procedure consists of two consecutive phases: the initial construction phase
involves the generation of a number of feasible portfolios, while the subsequent evaluation phase determines the potentially eﬃcient portfolios among them.
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In the construction phase, a random-proportional rule incorporates a measure that evaluates how well
the project candidates ﬁt into a partially constructed portfolio. An aggregated value of attractiveness
ηi (Ψ) is computed for each portfolio candidate i depending on the (partial) portfolio Ψ. This value is
based on constraints and targets that can be categorized into four categories: maximum or minimum
restrictions (e. g., upper/lower limit for number of projects of a certain project type in the portfolio), resource restrictions (e. g., maximum available workforce) and beneﬁt restrictions (e. g., minimum
proﬁt expectations). If a maximum restriction or a resource restriction is violated, then the attractiveness value is set to zero. If the maximum restriction and the resource restriction is fulﬁlled, then
the attractiveness value corresponds to the degree of fulﬁllment in the two remaining categories (i. e.,
minimum restrictions and/or beneﬁt restrictions). A special case occurs when all restrictions are satisﬁed by including the considered project in the portfolio; in this case, the attractiveness value is set
to one. After feasible portfolios are constructed, the potentially eﬃcient ones (again, on the basis of
Pareto-optimality) are determined by comparing them in pairs in the succeeding evaluation phase.

3.2

Ant Colony Optimization

In this section, we address the implementation of the ACO algorithm for the problem at hand (cf. [9]).
The proposed ant system can be described by the algorithm given in Table 1.
procedure ACO (...) {
Initialization of the ACO;
for v:=1 to max iterations {
for Ant := 1 to Γ {
determine the life span Ξ of the ant randomly on the interval [1..|N |];
// The (maximum) number of projects an ant selects equals its life span Ξ.
set Ψ={};
determine the objective weight χk for each objective k randomly;
ξ = Ξ;
while ξ > 0 and ∃ ηi (Ψ) > 0 {
select a project using formula (1) and add it to Ψ;
update local pheromone information;
decrement ξ;
}
check feasibility of portfolio Ψ;
if portfolio Ψ is feasible {
check potential eﬃciency of portfolio Ψ;
if portfolio Ψ is potentially eﬃcient {
store portfolio Ψ;
}}}
for each objective k {
determine best solution Ψk ;
update global pheromone information using Ψk ;
}}}

Table 1: The ACO Procedure
In the initialization phase, Γ ants are generated each starting with an empty portfolio Ψ = {}. The
life span Ξ and the objective weights χ are determined randomly for each ant. In the construction
phase of the algorithm, each ant tries to construct a feasible portfolio Ψ by using a pseudo-randomproportional rule. After a portfolio has been constructed, its feasibility and eﬃciency is determined.
Global pheromone update is performed by using the best solution Ψk of the current iteration for each
objective k.
For each objective k the pheromone information is stored in a matrix τ , with the number of rows and
columns corresponding to the projects. The value τijk represents the current pheromone information,
i.e., the pheromone information with respect to objective k of including project i together with project
j in the same portfolio. Let K denote the number of objectives, and N denote the set of project
candidates.
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Given the visibility, the pheromone information and the set of all feasible projects Ω = {i ∈ N :
∃ ηi (Ψ) > 0}, a feasible project i is selected for addition to the current portfolio Ψ according to a
pseudo-random-proportional rule that can be stated as follows:

K

 arg max{[( k=1 χk · ( j∈Ψ τijk ))]α · [ηi (Ψ)]β }
i=



if q ≤ q0
(1)

P

otherwise,

where q is a random number uniformly distributed in [0..1), q0 is a parameter (0 ≤ q0 ≤ 1) to be set
by the user. P is a random variable selected according to the probability distribution given:

Pi (Ψ) =



 

[(

K

k
α
β
j∈Ψ τij ))] ·[ηi (Ψ)]
k=1 χk ·(
K

k
α

h∈Ω {[(




0

k=1

χk ·(

j∈Ψ

τhj ))] ·[ηh (Ψ)]β }

if i ∈ Ω
(2)

otherwise,

Local updating is performed once an artiﬁcial ant has added a project to a portfolio. When an ant
selects a project i, the amount of pheromone on these elements τijk of the pheromone matrix is decreased
if project j is a project of the existing (partial) portfolio.
The global pheromone information is updated once each ant of the population has constructed a solution
and the feasibility and eﬃciency have been determined. We use a pheromone update procedure in which
only the best solution provided by an iteration is used for global updating (cf. [8]).

4

Numerical Analysis

The numerical example used in this study outlines a rather complex decision situation that does not permit any ”intuitive” favoring of certain project combinations in advance. Our example considers twenty
projects (N = 20), ﬁve planning periods, and three beneﬁt categories (K = 5 · 3 = 15). The projects
vary substantially in both their potential beneﬁts and the resources they require. Moreover, some
projects focus on particular planning periods and/or beneﬁt categories, while other projects provide
average values. In addition to limited resources and minimum beneﬁt requirements, ten supplementary
constraints ensure that - to provide examples for a maximum and a minimum restriction - any feasible
portfolio includes at most one of three projects pursuing the same goal, or at least two projects that help
to diversify business. Finally, four interrelations are used to model synergism or cannibalism between
projects.
The parameter settings of ACO chosen for the computational experiments (α = 1, β = 1, ρ = 0.1,
ρlocal = 0.1, τ0 = 0.01, Γ = 10) were taken from other applications in which they have proven to be
advantageous (e. g. [8]). The only exception is parameter q0 ; it is reduced from q0 = 0.9 to q0 = 0.5
because higher diversiﬁcation is desirable for our application.
The problem described above was solved by means of complete enumeration, Monte Carlo Simulation,
the heuristic described in Section 3.1, and ACO using the parameter settings outlined above. Computational runs with 100, 200, 300, 400, and 500 iterations were performed in order to provide an insight
into how the solution quality for all three approaches develops. Complete enumeration shows that this
problem has 138 eﬃcient portfolios.
For the Monte Carlo Simulation, the heuristic, and the ACO Table 2 contains two quality measures
averaged over 10 runs: For the problems considered here the most important criteria for the quality
of a solution generated by a heuristic approach is the number of eﬃcient portfolios. For large realworld problems it is not always sure, that any eﬃcient portfolio can be found, it is important then to
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Monte Carlo
Heuristic
ACO

100 Iterations
0.1 (1.8)
76.4 (3.7)
87.4 (2.6)

200 Iterations
0.4 (4.6)
97.9 (3.2)
110.3 (1.5)

300 Iterations
0.3 (5.7)
111.1 (2.1)
119.7 (0.8)

247
400 Iterations
0.2 (7.4)
117.3 (1.4)
122.4 (0.8)

500 Iterations
10.9 (7.5)
124.3 (0.5)
128.0 (0.5)

Table 2: Computational Results

evaluate if the distance between the eﬃcient set and its approximation is small enough [3]; in Table
2 the ﬁrst value indicates the averaged number of portfolios appearing in the eﬃcient set that are
proven through complete enumeration to be actually eﬃcient. Furthermore, a good approach should
not propose dominated portfolios - as a consequence, the diﬀerence between the proposed portfolios and
actually eﬃcient ones should be kept to a minimum; the value in brackets indicates how many additional
(dominated) portfolios have been proposed falsely as eﬃcient ones by the approach. The computational
results show that after the execution of 200 iterations ACO generates 110.3 eﬃcient portfolios of the
overall existing 138 eﬃcient portfolios, whereas the use of a heuristic by itself only ﬁnds 97.9 portfolios
on the average. The search for eﬃcient portfolios on the basis of Monte Carlo Simulation does not prove
successful even for a limited example, providing only 0.4 of the overall existing eﬃcient portfolios on
the average. Another indicator for the quality of ACO is the small percentage of all possible portfolios
that the algorithm generates, e. g. only 0.5 per cent of the total search space is checked to ﬁnd 128.0
out of 138 eﬃcient portfolios in the version with 500 iterations. The results can be interpreted as good
indications that ACO will generate satisfying results for problems that are too large to be enumerated
completely.
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