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0. Introdu tion

The goal of this paper is to des ribe algorithms for generating expli it matri es representing the simple re e tions in ea h of the irredu ible representations of a Weyl group W .
For the symmetri groups, su h matri es are well known, the most prominent being the
seminormal and orthogonal matrix models onstru ted by Alfred Young [Y℄ (see also [G℄,
[JK℄, [OV℄, and [Ru℄), and it is possible to extend these models to over the remaining
lassi al Weyl groups (e.g., see [F1℄ and [R℄). Here, we are primarily on erned with the
ve ex eptional groups.
An alternative approa h to the representations of a Weyl group involves the W -graph
onstru tion of Kazhdan and Lusztig [KL1℄. In this approa h, the representing matri es
are en oded (mainly) by a single edge-weighted graph whose verti es orrespond to basis
elements of the representation. The original W -graphs in [KL1℄ provide ZW -modules
for ea h Kazhdan-Lusztig ell, although not all irredu ible representations are a orded
by su h ells. Later work of Gyoja [Gy℄ (see also the dis ussion in Chapter 11 of [GP℄)
demonstrates that there is a W -graph a ording every irredu ible representation of every
Weyl group, but knowing the existen e of a W -graph is not the same as having expli it
matri es.
In order to larify what we mean by \expli it," we should explain that our goal is not
simply a des ription or algorithm, but a onstru tion that is ompletely detailed down
to the level of having omputer les of representing matri es available for omputation.
Considering that the largest irredu ible representation of the Weyl group of type E8 has
dimension 7168, this pla es a premium on solutions in whi h the representing matri es are
sparse and the entries are small in terms of the number of bits used to represent them.
As far as we are aware, the solutions we have obtained are the rst ones available that
provide this level of expli itness for W (E8 ).
Our motivation for this work originates with the Atlas of Lie Groups Proje t1, one
of whose goals is to understand the stru ture and lassi ation of the unitary representations of real and p-adi semisimple Lie groups. For example, in the split p-adi ase,
it is known from the work of Barbas h and Moy [BM℄ that the unitarity of a spheri al
representation may be dete ted by testing an element of the group algebra RW for positive semi-de niteness in the regular representation. By passing to the simple omponents
of the group algebra, one may redu e this to a positivity test involving ea h irredu ible
W -representation. In the ase of real groups, it is known there are ne essary onditions
for unitarity involving the positivity of an operator on some subset of the irredu ible W representations, and in the split real ases, there is hope that these ne essary onditions
are suÆ ient. (In the split lassi al ases, re ent work of Barbas h on rms the suÆien y [B℄.) We plan to use the expli it matrix models reported on here to apply these
tests for unitarity in the ex eptional ases, with the ultimate goal being the lassi ation
of the spheri al unitary duals of the ex eptional real and p-adi groups.
1 See hatlas.math.umd.edu i.
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The philosophy of our approa h follows that of Young|we onstru t matrix models
that are \hereditary" in the sense that they behave well when the a tion is restri ted
along a hosen hain of paraboli subgroups of W . It happens that for every Weyl group
ex ept W (E8 ), one may hoose the subgroup hain so that bran hing from ea h level to
the next is multipli ity-free; this renders the models essentially unique up to a diagonal
hange of basis. Among the various possible diagonal res alings, our algorithms single out
two: one in whi h the representing matri es are real orthogonal and have matrix entries
whose squares are rational (these are unique up to diagonal res aling by fa tors of 1),
and a se ond whose matrix entries are rational. The latter \rational seminormal" models
require non- anoni al hoi es to be made, but may be optimized for quality.
The Maple programs we developed to implement the algorithms des ribed here, the
resulting matri es that these programs produ ed, and many tables of statisti s, su h as
measures of the sparseness and quality of the matri es, are available at
hwww.math.lsa.umi h.edu/~jrs/ar hive.htmli, and
hatlas.math.umd.edu/unitarity/weyl/hereditaryi.
In a proje t parallel to ours, Adams has developed an alternative approa h that has yielded
integral matrix models for most of the irredu ible representations of the ex eptional groups,
but not yet all of W (E8 ). See hatlas.math.umd.edu/unitarity/weyl/integrali.
An outline of the paper follows.
We rst dis uss general features of hereditary models for representations of nite groups;
for example, we show that under mild onditions, if a representation is realizable over some
sub eld F of C, then it has a unitary hereditary model with matrix entries whose squares
belong to F (Proposition 1.1).
In Se tion 2, we spe ialize to the ase of Weyl groups. One of the pe uliar features
that develops in this ase is that for ertain \gra eful" hains of paraboli subgroups,
it is possible to ompute tra es of produ ts of distin t simple re e tions by pointwise
multipli ation of the diagonals of the orresponding matri es (Corollary 2.6). This tri k,
rst exploited by Rutherford in the symmetri group ase [Ru℄ (see also Greene [G℄),
plays a key role in our approa h.
In the nal two se tions, we des ribe the algorithms. We do not provide low-level, lineby-line details of the implementation; the intent is to provide the reader with suÆ ient
information to write his or her own implementation.
Among the numerous omputational issues we address, the ore problem is one of
eÆ iently generating and solving a large system of quadrati equations that de ne a
0-dimensional variety whose points are orthogonal matrix models for a hosen irredu ible
representation. For example, the system we use to identify matri es for the largest representation of W (E8 ) has (roughly) 15,000 equations and 600 variables over a nite extension
of Q. In our experien e, general-purpose Grobner basis pa kages are not adequate for a
omputation of this s ale, so we devised a spe ial algorithm that uses Grobner-like re3

du tions to nd a solution. While we are unable to prove a priori that this algorithm
will ne essarily nd a solution, the fa t remains that the algorithm did su eed in nding
a solution for every irredu ible representation of every Weyl group of rank 6 8 (and in
parti ular, all of the ex eptional groups), and the full al ulation took only a few hours of
CPU time and 50MB of memory on a 2.8GHz Pentium IV running Maple 9.
Further problems.

It would be interesting to onvert the rational matrix models produ ed by our algorithm
to integral form by identifying a basis for the latti e generated by the W -orbit of the natural
oordinates. What is not lear is whether a sparse model of this type exists.
Another interesting problem would be to expli itly determine the hereditary orthogonal
models for W (Dn )-representations relative to the paraboli hain

W (D2 ) 6 W (D3 ) 6    6 W (Dn ):
Combined with the ex eptional group results reported here and the analogous (known)
results for W (An ) and W (Bn ), this would yield a omplete set of hereditary models for
all Weyl group representations. Note that Ram [R℄ provides expli it (but non-hereditary)
matri es for the irredu ible representations of W (Dn ) via bran hing from W (Bn ).
A knowledgment.

I would like to thank Je rey Adams for helpful dis ussions, and for providing a ess to
additional omputer hardware during the development of the software.
1. Hereditary models

Let s1 ; : : : ; sn be an ordered list of generators for some nite group W , and let Wk
denote the subgroup of W generated by s1 ; : : : ; sk . Eventually we will take W to be a
Weyl group and s1 ; : : : ; sn an ordered list of simple re e tions, but we an a ord to begin
in this more general ontext.
Let V be a nite-dimensional W -module over the omplex eld C. We say that a basis
B for V is hereditary (relative to s1 ; : : : ; sn ) if for all k 6 n, the basis may be partitioned
into disjoint blo ks B1 ; : : : ; Bl so that
(i) ea h blo k spans an irredu ible Wk -submodule, and
(ii) if Bi and Bj span isomorphi Wk -modules, then the representing matri es for Wk
relative to Bi and Bj are identi al (equivalently, there is a bije tion Bi ! Bj that
extends to a Wk -module isomorphism).
Analogously, we say that a matrix representation of W is hereditary if the basis formed
by the natural oordinates has this property.
It is an easy onsequen e of omplete redu ibility over C that every W -module V has
a hereditary basis. Indeed, when n = 0 every basis is hereditary. Otherwise for n > 1,
we may pro eed by indu tion and assume the existen e of a hereditary basis B for V as
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a Wn 1 -module. We may then de ompose V into irredu ible W -modules Vi , and ea h Vi
into irredu ible Wn 1 -modules Vij . For ea h summand Vij , there is at least one blo k Bij
of B that spans a Wn 1 -module isomorphi to Vij , and we may obtain a W -hereditary
basis for V by sele ting an isomorphi image of Bij from within ea h Vij .
We say that a basis B for V (hereditary or not) is unitary if the representing matri es
for W relative to B are unitary. A basis is seminormal if it may be onverted to a unitary
basis via some diagonal transformation. Equivalently, this means that B is orthogonal
with respe t to some positive de nite W -invariant inner produ t on V .
Given a sub eld F of C, we say that V is realizable over F if there is a basis B of V
su h that the representing matri es for W with respe t to B have entries in F ; in that
ase, we say that B is an F -basis. Also, let F denote the smallest extension of F losed
under omplex onjugation; i.e., the eld generated by the real and imaginary parts of F .
In all ases of interest, su h as F = Q, R, or an algebrai number eld, we have F = F .
Proposition 1.1. If every irredu ible Wk -submodule of V is realizable over F for all
k 6 n, then V has a hereditary F -basis that is seminormal. Moreover, V has a hereditary

unitary basis in whi h the diagonals of all representing matri es, as well as the squares of
all matrix entries, are in F .
Proof. Without loss of generality, we may assume that F = F .

Let B be an F -basis for V and h ; i a positive de nite Hermitian inner produ t that is
W -invariant and F -valued on the F -span of B. A standard way to onstru t the latter is
to start with the inner produ t B ( ; ) relative to whi h B is orthonormal and then average
over W , setting
X
hu; vi := jW1 j
B (wu; wv) (u; v 2 V ):
w2W
This is F -valued on the F -span of B sin e F = F .
Given any irredu ible W -submodule U of V , there must be a W -module embedding
U ! V over the ground eld F (or indeed, over any ground eld of hara teristi 0 where
U and V may both be realized), so there is an image of an F -basis for U in the F -span
of B. Sin e h ; i is F -valued, the same must be true for the orthogonal omplement of U .
Thus we may repla e B with an F -basis B0 that may be partitioned into blo ks B0j that
span irredu ible, orthogonal W -submodules Vj . Furthermore, we may arrange it so that
isomorphi submodules have isomorphi bases.
Similarly, we may de ompose ea h Vj into orthogonal, irredu ible Wn 1 -modules, and
we may sele t an F -basis from one member U of ea h isomorphism lass that o urs, and
make an F -linear hange of basis within ea h blo k B0j to obtain a new F -basis B00 that
may be partitioned into bases for orthogonal, irredu ible Wn 1 -submodules. Again, we
may arrange it so that isomorphi submodules have isomorphi bases. Continuing this
pro ess down to the level of 1-dimensional W0 -modules, we obtain an orthogonal (i.e.,
seminormal) hereditary F -basis for V .
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Finally, we may onvert this seminormal F -basis to unitary form by res aling the ve tors
to unit length relative to h ; i. Sin e there is a unique Wk -invariant form on ea h irredu ible
Wk -module (up to a s alar multiple), it follows that this renormalization preserves the
basis isomorphisms between the blo ks that span isomorphi Wk -submodules, and hen e
the basis remains hereditary. Note also that this hange of basis reates matrix entries
whose squares belong to F , but (as with any diagonal hange of basis) has no e e t on
the diagonals of the representing matri es. 
We say that V is totally free (relative to s1 ; : : : ; sn ) if for all k
Wk -submodule of V is multipli ity-free as a Wk 1 -module.

6 n, every irredu ible

Proposition 1.2. If V is irredu ible and totally free, then all hereditary bases for
V are diagonal transformations of ea h other, and hen e seminormal. In parti ular, the

diagonals of all representing matri es are independent of the hoi e of hereditary basis.

Proof. The hypotheses for e V to be multipli ity-free as a Wn 1 -module, so the ( anoni al) Wn 1 -isotypi omponents of V provide the unique de omposition of V into irredu ible Wn 1 -modules. Ea h of these submodules is multipli ity-free as a Wn 2 -module,
so their de ompositions into irredu ible Wn 2 -submodules are unique, and so on. Sin e
irredu ible W0 -modules are trivial, it follows that ea h element of a hereditary basis is
uniquely determined up to a hoi e of s alar, and hen e, all su h bases are related by
diagonal transformations. By Proposition 1.1, at least one su h basis is seminormal, hen e
all hereditary bases are seminormal. 

It is a general prin iple that unique or anoni al obje ts are easier to onstru t than
those that require hoi es to be made. In this sense, the best matrix models for totally
free W -modules are those arising from unitary R-bases. In this ase, the representing matri es are (real) orthogonal, and any two su h (hereditary) bases are related by a diagonal
orthogonal transformation; i.e., there is a unique su h basis up to fa tors of 1.
Corollary 1.3. If V is totally free, then the matrix entries relative to any unitary
hereditary R-basis are anoni al up to sign.

Given an irredu ible, totally free V that has hereditary R-bases, onsider the problem
of onstru ting real orthogonal matri es representing the a tion of W on V . By taking
dire t sums of matrix models for irredu ible Wn 1 -modules of the appropriate multipli ity,
we may re ursively assume that orthogonal matri es A1 ; : : : ; An 1 representing the a tion
of s1 ; : : : ; sn 1 on V have been previously onstru ted.
Proposition 1.4. Let V be a W -module that is realizable over R and multipli ity-free
as a Wn 1 -module. Given real orthogonal matri es A1 ; : : : ; An 1 as above, the number of
real orthogonal matri es An su h that sk 7! Ak (1 6 k 6 n) extends to a representation
isomorphi to the W -a tion on V is 2m l , where l and m denote the number of irredu ible
onstituents in the a tions of W and Wn 1 on V , respe tively.
6

Proof. Any two orthogonal matri es that ould represent the a tion of sn on V , while

at the same time being ompatible with having sk represented as Ak for k < n, must
be related by an orthogonal hange of basis that ommutes with the a tion of Wn 1 .
However, V is multipli ity-free as a Wn 1 -module, so this hange of basis must a t as the
s alar 1 on ea h irredu ible Wn 1 -submodule of V (S hur's Lemma). Sin e V has m
su h onstituents, there are 2m su h hanges of basis, and the a tion of this group of base
hanges has a kernel of order 2l . 
We say that two W -modules are lones if they are isomorphi as Wn 1 -modules.
Corollary 1.5. Given V and A1 ; : : : ; An 1 as above, the number of real orthogonal
P
matri es An su h that sk 7! Ak (1 6 k 6 n) extends to a W -representation is 2m li ,
where the sum ranges over isomorphism lasses of lones of V , and li is the number of
irredu ible onstituents of the ith lone, as a W -module.

If we take the matri es A1 ; : : : ; An 1 as (re ursively) granted, the advantage of imposing
only the ondition that An should be orthogonal and generate (with A1 ; : : : ; An 1 ) a
representation of W is that it depends only on the group stru ture of W , rather than prior
knowledge of the W -a tion on V . The disadvantage is the possibility of spurious solutions
arising from lones, but these may be eliminated if the W - hara ter of V is known.
2. Weyl groups

Hen eforth, we assume that W is a Weyl group; i.e., a nite rystallographi group
generated by re e tions in a real Eu lidean spa e, and that s1 ; : : : ; sn is an ordering of a
set of simple re e tions for W . We ould possibly repla e s1 ; : : : ; sn with any sequen e of
(not ne essarily simple) re e tions that generate W , but it will develop that this a ords
no parti ular advantage.
A. Realizability.

As a starting point, it should be noted that every irredu ible representation of a Weyl
group is realizable over Q, a result that was rst obtained on a ase-by- ase basis. For
the lassi al Weyl groups, it an be tra ed ba k to the work of Young [Y℄ (in parti ular,
see QSA V for types B and D); the ex eptional groups were settled by Kondo [K℄ and
Benard [Be℄. Later, Springer's onstru tion provided a more uni ed approa h to the
subje t (see [Sp℄ and [KL2℄). In view of Proposition 1.1, we may on lude the following.
Every representation of a Weyl group has a hereditary Q-basis that is
seminormal, as well as a hereditary R-basis that is unitary and has matrix entries whose
squares are rational.
Theorem 2.1.

B. Naming onventions.

It will be onvenient to have a anoni al name atta hed to ea h irredu ible representation of ea h ex eptional Weyl group. In the ontext of a given group W , we will use
7

names su h as

" (t); R" (t ; t )
Rm ; Rm (t); Rm
m 1 2

for an irredu ible representation of dimension m in whi h a re e tion has tra e t (or there
are two onjuga y lasses of re e tions, having tra es t1 and t2 ), and the sign of the tra e
of the longest element is " (one of +, 0, or ). For ea h ex eptional group, this is nearly
suÆ ient to uniquely identify every irredu ible representation, the only ex eptions being
the two 6-dimensional representations of W (F4 ).
We remark that the ex eptional groups with two onjuga y lasses of re e tions (namely,
W (F4 ) and W (G2 )) have outer automorphisms that inter hange the two lasses, so they
need not be distinguished in any parti ular way, as long as the usage is onsistent.
C. Standard hains.

For ea h irredu ible W , we x a parti ular ordering of the simple re e tions as follows.
In the lassi al ases, we require (sk sk+1 )3 = 1 for all k < n, ex ept (s1 s2 )4 = 1
in W (Bn ), and (s1 s2 )2 = (s1 s3 )3 = 1 in W (Dn ). All other pairs of simple re e tions
ommute. In this way, Wn 1 is a lassi al Weyl group in the same series as W (aside from
a few small degenera ies). For W (E8 ), we order the simple re e tions a ording to the
following numbering of its Coxeter graph:
2
1 3 4 5 6 7 8:

In turn, this indu es orderings for W (E6 ) and W (E7 ). In W (F4 ), we follow a linear ordering
of the Coxeter graph (so (s1 s2 )3 = (s2 s3 )4 = (s3 s4 )3 = 1); for W (G2 ) there is only one
ordering up to automorphisms.
We refer to these orderings as standard.
It will be onvenient to adopt the pra ti e that non- onventional Weyl group names,
su h as W (E5 ), W (D3 ), or W (F3 ), refer to the subgroup of the appropriate rank in the
standard hain suggested by its name. To be more pedanti , we are working in a ategory
of ordered Coxeter systems; from this standpoint, W (E5 ) and W (D5 ) are obje ts in this
ategory that are not equivalent, even though the underlying groups are isomorphi .
D. Bran hing.

We will take as granted that the hara ter table of ea h Weyl group W and the fusion
maps between the onjuga y lasses of W and its re e tion subgroups (espe ially the
subgroups Wk ) are known, in the sense that they are readily available for omputing
bran hing multipli ities for restri tion to re e tion subgroups, as well as tra es.
Of ourse, for the lassi al Weyl groups of types A, B, D (and G2 ), these are wellknown and easy to ompute. Among the ex eptional groups, the hara ter table of W (F4 )
was rst obtained by Kondo [K℄, and W (En ) (n = 6; 7; 8) by Frame [F2℄ [F3℄. Modern
omputer algebra pa kages su h as GAP and Magma an easily generate these hara ter
8

tables starting from a permutation representation of the group; the Maple pa kage oxeter
provides hara ter tables and fusion maps for all of the nite Coxeter groups [S2℄.
It is well-known that bran hing from a lassi al Weyl group to the previous Weyl group
in the same series is multipli ity-free. Less well-known is that multipli ity-free bran hing
is also found among the ex eptional groups (for example, Ram [R℄ notes that bran hing
from W (F4 ) to W (B3 ), W (E7 ) to W (E6 ), and W (E6 ) to W (D5 ) is multipli ity-free).
Empiri al Fa t 2.2. Every irredu ible representation of every irredu ible Weyl group
is totally free with respe t to the standard hain, ex ept for the following nine representations of W (E8 ): R3240 (594), R4536 (378), R5600 (280), R6075 (405), and R7168 .
Remark 2.3. (a) For a given Weyl group, there may be many paraboli subgroups
0
W su h that bran hing from W to W 0 is multipli ity-free, and hen e, the irredu ible
representations of W may be totally free relative to many di erent orderings of the simple
re e tions. For example, an easy spe ial ase of the Littlewood-Ri hardson Rule shows that
bran hing from W (An ) to W (An 2 )  W (A1 ) is multipli ity-free, and every representation
of W (A4 ) is totally free with respe t to every ordering of the simple re e tions.
(b) None of the nine representations of W (E8 ) listed above are multipli ity-free with
respe t to any re e tion subgroup, so there is no generating set of re e tions relative to
whi h they are totally free. Also, the W (E7 )-a tions on these nine modules are nearly
multipli ity-free: none of the irredu ible onstituents have a multipli ity that ex eeds 2,
and eight of the nine have just one onstituent of multipli ity 2; R7168 has two.

E. Gra eful hains and para-Coxeter lasses.

Re all that a Coxeter element of W is a produ t of the simple re e tions, taken in any
order. All su h elements belong to a single onjuga y lass. More generally, we de ne a
para-Coxeter element of W to be a produ t of some subset of the simple re e tions; i.e.,
a Coxeter element of some paraboli subgroup of W .
In an expository a ount of Young's work (see x23 of [Ru℄, as well as [G℄), Rutherford
observed that if A1 ; : : : ; An are the matri es representing s1 ; : : : ; sn in Young's (hereditary)
orthogonal or seminormal models for representations of the symmetri group W (An ), then
for distin t indi es i1 ; : : : ; ik , we have

Æ(Ai1    Aik ) = Æ(Ai1 )    Æ(Aik );
where Æ(A) denotes the diagonal of A (i.e., the matrix obtained by repla ing all o -diagonal
entries of A with 0's).
Given the representing matri es Ai , this provides a fast way to evaluate tra es of paraCoxeter elements that avoids full matrix multipli ation. In the symmetri group, every
onjuga y lass has a para-Coxeter element, so this provides a way to determine the entire
hara ter table of ea h of the symmetri groups.
Rutherford's observation may be generalized to hereditary representations of Weyl
groups, but not without restri tions. For example, onsider the symmetri group W (A3 ),
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with the simple re e tions in the non-standard order s2 ; s1 ; s3 . Relative to the (essentially
unique) orthonormal basis that is hereditary for this order, the representing matri es for
the re e tion representation of W (A3 ) are
2

1 0
A2 = 4 0 1
0 0

3

2

0
1
0 5 ; A1 = 4 0
1
0

3

2

3

0
0
1=3
6
5;
1=2 3 5 ; A3 = 4
5=6
3
1=2
6
1=2

where 2 = 1=12 and 2 = 2=9. However, one may he k that Æ(A1 A3 ) 6= Æ(A1 )Æ(A3 ).
Returning to the general ase, we say that an ordering s1 ; : : : ; sn of the simple re e tions
is gra eful if for all i < j < k, we have i and k adja ent in the Coxeter graph (i.e., si and
sk do not ommute) only if j and k are also adja ent. It is easy to he k that the standard
order we have hosen for ea h Weyl group is gra eful, but the non-standard order in the
above example for W (A3 ) is not.
Lemma 2.4. If s1 ; : : : ; sn is gra eful, then every irredu ible, totally free Wn 1 -module
is multipli ity-free as a Wr -module, where r is the largest index (0 6 r < n) su h that sn
entralizes Wr .

Proof. For larity, we will assume that r = n 3; the general ase follows by essentially

the same argument. Given that the ordering is gra eful, sn 1 and sn 2 must be the only
simple re e tions that do not ommute with sn . Sin e the Coxeter graph of every nite
Weyl group is a y li , it follows that Wn 1 is a dire t produ t of paraboli subgroups,
say WI  WJ , with generating sets I and J that in lude sn 1 and sn 2 , respe tively.
Ea h irredu ible Wn 1 -module V is therefore a tensor produ t of irredu ible modules
for WI and WJ , say U U 0 . As a Wn 2 -module, V must be a dire t sum of the form
(U1 U 0 )      (Ul U 0 ), where U1 ; : : : ; Ul are irredu ible modules for the paraboli
subgroup generated by I fsn 1g; if V is totally free, these modules must be distin t.
Similarly, the freeness of V for es U1 U 0 to be multipli ity-free as a Wn 3 -module, so it
must be a dire t sum of U1 U10 ; : : : ; U1 Um0 , where U10 ; : : : ; Um0 are distin t irredu ible
modules for the paraboli subgroup generated by J fsn 2 g. Hen e, V is the dire t sum
of the Wn 3 -modules Ui Uj0 (1 6 i 6 l, 1 6 j 6 m), and is therefore multipli ity-free. 
Proposition 2.5. Let A1 ; : : : ; An be the matri es of s1 ; : : : ; sn relative to a hereditary
basis for some W -module V . If s1 ; : : : ; sn is a gra eful ordering and V is totally free as a
Wn 1 -module, then Æ(Ai1    Aik ) = Æ(Ai1 )    Æ(Aik ) for all distin t i1 ; : : : ; ik .

Proof. More generally, we laim that the result remains true if we hoose invertible
diagonal matri es D1 ; : : : ; Dn and repla e ea h Ai with A0i = Di Ai . We may further
assume that n o urs among the indi es i1 ; : : : ; ik ; otherwise, repla e n by n 1 and
pro eed by indu tion. It follows that A0i1    A0ik = BA0n C , where B; C , and BC are matrix
produ ts not involving A0n (possibly B or C is an identity matrix). Sin e the oordinates
are hereditary, ea h of B and C are blo k diagonal matri es, say B = B1      Bl and
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C = C1     Cl , with the blo ks orresponding to a de omposition of V into irredu ible
Wn 1 -submodules Vi . It follows that


Æ(BA0n C ) = Æ B1 (A0n )1 C1      Æ Bl (A0n )l Cl ;

where the notation (  )i refers to the i-th blo k along the diagonal of a matrix.
As an operator on Vi , (An )i ommutes with the a tion of Wr , where r denotes the
largest index < n su h that sn entralizes Wr . However, Lemma 2.4 implies that Vi is
multipli ity-free as a Wr -module, so by S hur's Lemma, (An )i , and hen e also (A0n )i , must
be a diagonal matrix. By adjusting the hoi e of diagonal matri es, we may therefore
repla e Ci with Ci0 := (A0n )i Ci , yielding

Æ Bi (A0n )i Ci = Æ(Bi Ci0 ) = Æ(Bi )Æ(Ci0 ) = Æ(Bi )Æ((A0n )i )Æ(Ci );

the se ond equality being a onsequen e of the indu tion hypothesis. Hen e Æ(BA0n C ) =
Æ(B )Æ(A0n )Æ(C ), and the result follows by indu tion. 
A onsequen e of Empiri al Fa t 2.2 is that every representation of a Weyl group W is
totally free as a Wn 1 -representation, relative to the standard hain. Hen e,
In every matrix representation of a Weyl group that is hereditary
relative to the standard hain, the matri es A1 ; : : : ; An for the simple re e tions satisfy
Æ(Ai1    Aik ) = Æ(Ai1 )    Æ(Aik ) for all distin t i1 ; : : : ; ik .
Corollary 2.6.

F. Clones.

Re all that two W -modules are lones if they are isomorphi as Wn 1 -modules. Among
the symmetri groups, non-isomorphi lones are rare relative to the standard hain. Indeed, it is an easy onsequen e of Young's Rule for bran hing from W (An ) to W (An 1 )
that the only irredu ible representations with lones are the re e tion representations of
W (An ) for n 6 3, and their sign twists.
0
Empiri al Fa t 2.7. If V is an irredu ible W -module, then for every lone V of
V (relative to the standard hain) that is not isomorphi to V , there is a para-Coxeter
element w 2 W su h that the tra es of w on V and V 0 di er.
Sket h of Proof. For the ex eptional groups, this is an easy al ulation involving the
hara ter tables. For the symmetri groups, the result is immediate, sin e every onjuga y
lass in a symmetri group has a para-Coxeter element.
For the ase W = W (Bn ), there is an irredu ible W -module V; for ea h pair of
partitions (;  ) of total size n. As a Wn 1 -module, V; is the dire t sum of the modules
obtained by de reasing one part of  or  by 1 in all possible ways. The key onsequen e
of this bran hing rule is that if V; has two or more onstituents as a Wn 1 -module,
then any two of these onstituents may be used to re onstru t (;  ). Thus if V 0 is a
lone of an irredu ible W -module V , then V 0 must be a dire t sum of W -modules that
11

are irredu ible as Wn 1 -modules. The latter are ne essarily of the form V;? or V?; , and
hen e either n = 2 (a ase that may be he ked separately), or V is also of this form. These
modules restri t irredu ibly to the symmetri group generated by s2 ; : : : ; sn , so both V
and V 0 would be lones relative to W (An 1 ), when e n 6 4 and the para-Coxeter lasses
in W (An 1 ) suÆ e to distinguish V and V 0 .
For the ase W = W (Dn ), the W (Bn )-modules V; and V; restri t irredu ibly to the
 (if  =  and n is
same W -module (if  6=  ), or to a sum of two distin t W -modules V;
even). The latter pairs are lones, and it is known (e.g., by Theorem A.1 of [S1℄) that the
tra es of the para-Coxeter element w = s2 s4    sn on these two lones must di er. Via the
bran hing rule for the B -series, one may dedu e that the only other lones of an irredu ible
W -module V o ur when n 6 4, and these ases may be he ked separately. 
For the ex eptional groups, we have the following inventory of lones.
Seven irredu ible representations have lones; in parti ular, R16 has 5 lones.
Eleven irredu ible representations have lones, in luding R20 (2) with 5 ea h.
No irredu ible representations have lones.
+ and R
R512
512 are lones of ea h other.
R5670 is a lone of R1134  R4536 (0), and R7168 is a lone of R2688  R4480 .

Remark 2.8.

F4 :
E5 :
E6 :
E7 :
E8 :

3. Models for totally free representations

Now we onsider the problem of onstru ting expli it matri es representing the a tion
of the simple re e tions in every irredu ible representation of a Weyl group W . We will
present algorithms for produ ing hereditary models that are real orthogonal, as well as for
onverting ea h real orthogonal model to an optimal rational seminormal form.
In this se tion, we onsider the representations that are totally free relative to the
standard hain; in the next se tion, we onsider the non-free representations.
As the starting point for the algorithms, we will need only the information in the
hara ter tables and the fusion maps between the various paraboli subgroups Wk .
A. Sparsity issues.

The largest irredu ible representation of W (E8 ) that is totally free is R5670 . A naive
approa h that allo ated 32 bits for ea h matrix entry (assuming this is suÆ ient), and took
no advantage of sparseness, would need about 1GB of memory to store the representing
matri es for the 8 simple re e tions, and multipli ation of two su h matri es (via the naive
algorithm) would entail about 180 billion s alar multipli ations.
In our Maple implementation of the algorithm, we use a sparse representation of matri es in whi h ea h row is stored as a linear form in a xed but potentially in nite list
of variables, say e1; e2 ; : : : . For example, we would represent the 2  3 matrix whose rows
are (3; 4; 5) and (6; 0; 7) as the list
[ 3*e1 + 4*e2 + 5*e3 , 6*e1 + 7*e3 ℄:
12

This has the advantage that the amount of storage spa e required is proportional to the
number of nonzero entries, regardless of whether the matrix is sparse or dense.
Multipli ation of two matri es A and B in this format amounts to omposition of linear
forms; in Maple, this may be a hieved via the substitution
subs({seq(var[i℄=B[i℄, i=1..m)}, A):

where m denotes the number of rows of B , and var=[e1, e2, ...℄ is the list of variables.
This has the advantage that only the nonzero matrix entries are multiplied, and when the
oeÆ ients of A are rational, the expansion and olle tion of terms in ea h row is done
automati ally by the (fast) Maple kernel.
In the hereditary models for R5670 , the total number of nonzero entries in the matri es
representing the 8 simple re e tions is 135496, an average of about 3 nonzero entries per
row; Maple uses a total of about 1.5MB of memory to store the 8 matri es in the rational
seminormal model found by our algorithm, and it takes roughly 3 se onds on a 2.8GHz
Pentium IV to multiply the matri es representing s7 and s8 .
B. E onomies of spa e.

Beyond the question of sparsity, there is extensive redundan y in the representing matri es for any hereditary model. Indeed, for a given r 6 n, one may partition a hereditary
basis B into blo ks B1 ; : : : ; Bm that span irredu ible Wr -modules. If Ak is the matrix of
sk relative to B and sk entralizes Wr , then S hur's Lemma implies that the submatrix of
Ak formed by the rows indexed by Bi and the olumns indexed by Bj must be a s alar
multiple of the identity, say aij . Furthermore, we must have aij = 0 unless Bi and Bj
span isomorphi Wr -modules. It follows that the m  m matrix [aPij ℄ en odes all of the
data needed to re over Ak , but in a ompa t form that has at most m2i nonzero entries,
where m1 ; m2 ; : : : denote the multipli ities of the irredu ible Wr -submodules in the given
representation of W .
Definition 3.1.

Given k and r as above, de ne r (Ak ) to be the matrix [aij ℄.

We remark that the map sk 7! r (Ak ) extends to a representation of the paraboli
subgroup of W generated by those simple re e tions sk that entralize Wr .
Given the re ursive nature of B, we may (re ursively) assume the existen e of previously onstru ted hereditary models for ea h irredu ible Wn 1 -submodule that o urs in
the desired representation of W . The orre t inventory of models may be identi ed via
bran hing al ulations derived from the hara ter tables. By taking dire t sums, one may
thus obtain representing matri es Ak for sk (1 6 k < n), and the only new information
required is the matrix An representing sn . In turn, this is ompletely determined by the
matrix r (An ), taking r to be the largest index su h that sn entralizes Wr .
In most ases, the standard hains have the property that sn entralizes Wn 2 and we
may take r = n 2. The only ex eptions o ur in low ranks.
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For example, we have r = 6 in W (E8 ), and the representation R5670 de omposes into
88 irredu ible summands relative to W (E6 ); the multipli ities are 2 (four times), 3, 4, 5,
7, 9 (twi e ea h), 10, and 14. Thus, aside from the storage required for the irredu ible
representations of smaller Weyl groups, the information ontained in a hereditary matrix
P
model for R5670 may be stored in a sparse 88  88 matrix with at most 672 = m2i
nonzero entries. In this way, we are able to save the data needed to reprodu e orthogonal
hereditary matrix models for every irredu ible representation of W (En ) for n 6 8 (in luding
the non-free ases) in a Maple table whose size is about 1MB.
C. The Coxeter relations.

Continuing the above notation, we assume that r is the largest index su h that sn
entralizes Wr , and that A1 ; : : : ; An 1 are (re ursively obtained) real orthogonal matri es
representing s1 ; : : : ; sn 1 relative to a hereditary basis for an irredu ible W -module V .
The real orthogonal matri es An that may be used to represent sn must satisfy the
Coxeter relations; i.e., (Ai An )m(i;n) = 1, where m(i; n) denotes the order of si sn in W . In
parti ular, m(n; n) = 1, so the ondition that An is orthogonal may be repla ed with the
ondition that An is symmetri .
It is important to note that V may have lones, so the Coxeter relations alone are
generally not suÆ ient to hara terize An . However, given that V is totally free, there
an only be nitely many hoi es for An that obey these relations (Corollary 1.5), and the
ones that generate models for V must be among them.
In any ase, we may view r (An ) = [aij ℄ as a symmetri matrix of indeterminates, and
take the Coxeter relations as a olle tion of polynomial onditions on the variables aij . In
these terms, the matrix An indu ed by a given hoi e for [aij ℄ will ne essarily ommute
with A1 ; : : : ; Ar , so we need only to impose the relations (Ai An )m(i;n) = 1 for r < i 6 n.
To e onomize further, it suÆ es merely to require r (An )2 = 1 and the braid relations

k (Ai )k (An )k (Ai )    = k (An )k (Ai )k (An )   

(3.1)

for r < i < n, where the number of fa tors on both sides is m(i; n), and k = ki denotes
the largest index su h that si and sn both entralize Wk . These onditions are either
linear in the entries of An (if m(i; n) = 2), or quadrati (if m(i; n) = 3 or 4), or ubi (if
m(i; n) = 6), so in almost all ases of interest, the equations will be quadrati .
Note that k (Ai ) and k (An ) may both be arranged into blo k diagonal form, the
blo k sizes being the multipli ities of the irredu ible Wk -submodules of V , say n1 ; n2 ; : : : .
Furthermore, sin e k (Ai ) and k (An ) are both symmetri , it follows that the di eren e
between the two sides in (3.1) is either symmetri (if m(i; n) is odd) or skew-symmetri
(if m(i; n) P
is even), so the total
number of independent s alar onditions impli it in (3.1)
P
is at most nj (nj + 1)=2 or nj (nj 1)=2, depending on the parity
of m(i; n).
P
2
Similarly, the requirement that r (An ) = 1 is equivalent to mj (mj + 1)=2 s alar
onditions, where m1 ; m2 ; : : : are the multipli ities of the irredu ible Wr -modules in V .
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As noted previously, it will usually be the ase that r = n 2. Moreover, among these
ases, it is most ommon that m(n 1; n) = 3, and that k = n 3 is the largest index
su h that sn 1 and sn both entralize Wk . Thus, the Coxeter relations involving An will
most typi ally amount to the onditions that n 2 (An )2 = 1 and

n 3 (An 1 )n 3 (An )n 3 (An 1 ) = n 3 (An )n 3 (An 1 )n 3 (An ):
For example, when W = W (E8 ), we have r =P6, k = 5, m(7; 8) = 3, and in the representation R5670 , the matrix 6 (A8 ) has 380 = mj (mj + 1)=2 indeterminates. Also, the
multipli ities n1 ; n2 ; : : : are 9 (four times), 24 (three times), 12, 36, 48, 60
(twi e ea h),
P
and 18, so the Coxeter relations involving A8 amount to 9131 = 380 + nj (nj + 1)=2
quadrati equations in 380 variables.
D. The orthogonal algorithm.

Let  be the hara ter of an irredu ible, totally free W -module V . To onstru t an
orthogonal hereditary matrix model for V , we pro eed as follows.
1. De ompose  into irredu ible hara ters relative to Wn 1 , and re ursively build
orthogonal matrix models for ea h Wn 1 -summand. Taking dire t sums, we obtain representing matri es A1 ; : : : ; An 1 for the a tion of s1 ; : : : ; sn 1 on V .
2. Following the te hniques des ribed in the previous subse tion, use the Coxeter relations to generate a system of equations for the symmetri matrix r (An ) = [aij ℄.
3. Test for lones; i.e., identify all W - hara ters 0 whose restri tion to Wn 1 agrees
with that of . On e ea h irredu ible W - hara ter is de omposed into irredu ible Wn 1 hara ters, this amounts to a simple partitioning problem that may be qui kly solved by
brute for e. For ea h lone 0 6= , one knows that there is a para-Coxeter element w su h
that 0 (w) 6= (w) (Empiri al Fa t 2.7). Moreover, by Corollary 2.6, the tra e of w on V
is expressible in terms of the diagonals of A1 ; : : : ; An , and the ondition that (w) is the
tra e of w on V amounts to a linear equation in the diagonal entries aii of r (An ).
4. Combine the equations in Step 2 with zero or more linear equations that eliminate the
lones identi ed in Step 3, thereby obtaining a polynomial system whose solutions en ode
the possible (orthogonal) matri es representing the a tion of sn on V ; by Proposition 1.4,
the number of solutions is exa tly 2m 1 , where m denotes the number of irredu ible
onstituents of V as a Wn 1 -module. Find a solution of this system via the redu tion
algorithm des ribed below.
For the totally free W (E8 )-representation R5670 , we have seen that the system that
determines A8 onsists of 9131 quadrati equations (and one linear equation to eliminate
a lone|see Remark 2.8) in 380 variables. As an added ompli ation, the entries of
A1 ; : : : ; A7 are square roots of rationals (Theorem 2.1), so the ground eld for this system
is an extension of Q by ertain square roots of integers.
As we noted in the introdu tion, systems of this size may be too large to be handled by
general-purpose Grobner basis pa kages. Instead, we employ a sequen e of Grobner-like
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redu tions that exploit the spe ial features of these systems and mitigate against internal
expression swell.
First, we order the variables so that aij (i 6 j ) pre edes akl (k 6 l) if either i < k,
or i = k and j < l. This impli itly assumes an ordering of the rows and olumns of
r (An ), or equivalently, an ordering of the blo ks of oordinates that span irredu ible
Wr -modules. In all ases, we sort these by isomorphism lass. The ordering of the lasses
(usually by in reasing dimension), and the orderings within ea h lass, are determined by
the hoi es made during the re ursive onstru tions in Step 1. In any ase, we expe t that
the performan e of the algorithm is relatively insensitive to these hoi es.
On e the variable ordering is established, we employ a degree-lex term ordering for
monomials in these variables; i.e., monomial m1 pre edes monomial m2 if m1 has higher
total degree, or if they have the same total degree and the rst variable appearing in
m1 =m2 has positive degree.
Now we are ready to des ribe the redu tion algorithm. Given the polynomials q1 ; : : : ; ql
whose vanishing identi es the possible solutions for An , we pro eed as follows.
1. If any of the polynomials qi is linear, hoose one with the fewest number of variables; set qi aside, and use it to eliminate the rst variable of qi from the remaining
system. (If any qi is a nonzero onstant, then a bran h with no solutions has been
en ountered via Step 6 or 7; return a failure ag.)
2. Repeat Step 1 until no remaining equations are linear.
3. If all variables have been eliminated, then the set of saved linear equations forms a
triangular system for a parti ular solution; solve it by ba k substitution and halt.
4. Otherwise, sort the remaining (nonlinear) polynomials by in reasing number of
dependent variables. For ea h i = 1; : : : ; l, if there is a j < i su h that qi and qj
have the same leading term,2 repla e qi with qi qj (renormalized). Repeat this
until qi vanishes, or the leading term of qi does not mat h those of q1 ; : : : ; qi 1 .
5. Repeat steps 1{4 until a solution is found, or no hanges o ur in the system.
6. If the system is un hanged, and any of the remaining polynomials fa tors over Q,
say qi = `1`2 , where `1 and `2 are linear, repla e qi with `1 and return to Step 1.
If no solution is found, then repla e qi with `2 and return to Step 1.
7. Otherwise, if any of the remaining polynomials has the form a2ij , where is a
positive rational, follow Step 6 with `1 = aij 1=2 and `2 = aij + 1=2 .
8. If neither of the onditions in Step 6 or Step 7 apply, then the redu tion algorithm
halts and fails.
It is not at all obvious that this algorithm will su eed in all ases; nevertheless, we were
able to use it to onstru t hereditary orthogonal models for every totally free irredu ible
representation of every ex eptional Weyl group. We also tested it su essfully on every
irredu ible representation of every lassi al Weyl group of rank 6 8.
2 At

all times we assume that ea h polynomial

qi

is normalized to be moni .
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For example, using this algorithm to determine the matrix A8 in the representation
R5670 of W (E8 ) takes about 16 minutes on a 2.8GHz Pentium IV running Maple 9.
Remark 3.2. Although the Coxeter relations involving An have only
nitely many
solutions (Corollary 1.5), it is important that the linear equations that eliminate lones
are part of the initial system. Otherwise, there would in general be exponentially many
solutions, of whi h a large fra tion would have to be dis arded. Instead, we have a system
of equations for whi h any solution suÆ es, and hen e the se ond bran hes in Step 6 or 7
will often be unne essary.

E. The seminormal algorithm.

On e we have orthogonal matri es A1 ; : : : ; An representing the simple re e tions relative to some hereditary basis B, we may onsider the problem of nding a diagonal
transformation D so that the matri es DAi D 1 are rational, seminormal, and hereditary.
Note that Propositions 1.1 and 1.2 show that su h a hange of basis ne essarily exists;
however, there is no obvious anoni al hoi e for D, and poor hoi es will lead to matrix
entries with large numerators and denominators.
If we partition B into blo ks B1 ; : : : ; Bl that span irredu ible Wn 1 -modules, then
we may (re ursively) assume that diagonal transformations Di for ea h blo k Bi have
been identi ed that produ e rational hereditary matrix models for the a tion of Wn 1 .
Moreover, we may assume that these models are optimal with respe t to some measure
to be spe i ed later. The remaining problem is to identify s alars x = (x1 ; : : : ; xl ) so that
the hange of basis D(x) = x1 D1      xl Dl onverts the matri es A1 ; : : : ; An to an
optimal rational form. Sin e the hoi es for x have no e e t on Ai for i < n, this amounts
to rationalizing and optimizing D(x)An D(x) 1 .
It should be noted that there will ne essarily be rationalizing hoi es for x, regardless of
the previous hoi es made for D1 ; : : : ; Dl . Indeed, there must be some diagonal transformation D0 = D10    Dl0 that onverts B to a Q-basis, so Di0 and Di are both res alings
that yield Q-bases for the irredu ible Wn 1 -module spanned by Bi , and hen e for ea h i
there is a s alar xi su h that xi Di (Di0 ) 1 is rational. In other words, there is an x su h
that D(x) is a rational diagonal multiple of D0 , and the spa e of rationalizing hoi es for
x forms a single (Q )l -orbit.
To simplify the set of onstraints, note that the (nonzero) entries of r (An ) = [aij ℄ are
the same as those of An , ex ept that they o ur with lower multipli ity. Moreover, the
e e t of the diagonal hange of basis D(x) on r (An ) is to repla e aij with a0ij xb(i) xb(1j) ,
where b(i) denotes the index of the Wn 1 -blo k that ontains the i-th Wr -blo k, and
[a0ij ℄ = r (D(1)An D(1) 1 ).
To identify a rationalizing x, we treat x1 ; : : : ; xl as variables and pro eed as follows.
Sele ting any nonzero entry of r (D(x)An D(x) 1 ) from rows and olumns belonging to
distin t Wn 1 -blo ks, say a0ij xb(i) xb(1j) , one sees that it is ne essary for xb(j) to be a rational
multiple of a0ij xb(i) ; onversely, sin e the solution spa e is (Q )l -stable, any rational multi17

ple will suÆ e. We may therefore substitute xb(j) = ja0ij jxb(i) and eliminate all o urren es
of the variable xb(j) . The e e t of this substitution will be to rationalize some entries of
r (D(x)An D(x) 1 ); these may be ignored hen eforth. We ontinue by hoosing another
nonzero entry that depends on two remaining variables, and eliminate one of them in the
same way, and so on. Sin e the support graph of nonzero entries in r (An ) is ne essarily
onne ted (given that V is irredu ible), this pro ess ends when only one variable remains.
This last variable may be spe ialized arbitrarily; it has no e e t on the matrix entries.
We remark that absolute values are used in the above substitutions so that we are able
to produ e a positive solution for x, and hen e by indu tion, a positive res aling of B.
F. Optimization.

Having identi ed a (positive) rationalizing hoi e for x, say x0 , we now des ribe a
method for nding a point y 2 (Q+ )l that minimizes the least ommon denominator of
the o -diagonal entries in An (y) := D(yx0 )An D(yx0 ) 1 , or equivalently in r (An (y)).
In pra ti e, the matrix entries of r (An (1)) = [a00ij ℄ will have denominators involving
relatively few primes. In most ases, the only primes are those that divide jW j (see also
Remark 3.5(b) below). It therefore suÆ es to solve the following lo alized version of the
denominator-minimization problem for ea h of these primes.
Given a prime p, nd v 2 Zl so that y = (pv1 ; : : : ; pvl ) maximizes the
lowest exponent of p in An (y ). More pre isely, nd v 2 Zl so that the obje tive fun tion
Problem 3.3.

min(eij + vb(i)
i;j

vb(j) )

is maximized, where eij denotes the exponent for the power of p involved in a00ij , and the
minimum is taken only over those pairs i; j su h that i 6= j and a00ij 6= 0.

Note that the above optimization problem is ne essarily bounded; indeed, sin e An is
symmetri , the nonzero entries of r (An (1)) are symmetri ally pla ed. It follows that
min(eij + vb(i)
when e

vb(j) ; eji + vb(j)

min
(e + vb(i)
i;j ij

vb(i) ) 6 (eij + eji )=2;

vb(j) ) 6 min
b(eij + eji )=2 :
i;j

(3.2)

It should also be noted that this upper bound is intrinsi to V ; it does not depend on the
initial rationalizing hoi e x0 . If some diagonal hange of basis attains this upper bound,
we say that it is strongly p-optimal.
Although Problem 3.3 appears to involve integer optimization with a nonlinear obje tive
fun tion, the following result allows us to redu e it to linear programming.
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Given a loopless, symmetri (i.e., (i; j ) 2
 [l℄  [l℄ and an integer ij for ea h (i; j ) 2 , let

Proposition 3.4.

digraph

P (t) := fv 2 Ql : v1 = 0 and

) (j; i) 2

), onne ted

> t for all (i; j ) 2 g:
If t0 is the maximum value for t in the polyhedron Q = f(v; t) 2 Ql+1 : v 2 P (t)g, then
bt0 = max
min ij + vi vj ;
(3.3)
v2Z (i;j )2
ij

+ vi

vj

l

and every vertex of the (nonempty) polytope P (bt0 ) is a latti e point v that a hieves the
above maximum.
Proof. By following paths from 1 to i and i to 1 in , it is easy to derive upper and
lower bounds for vi proving that P (t) is bounded for all t.
The matrix whose rows are the linear forms de ning the polytope P (t) is a 0; 1-matrix
with at most one 1 and one 1 per row, and hen e ea h of its invertible submatri es is
invertible over the integers. (Indeed, graphi matroids are totally unimodular.) It follows
that for ea h integer t, every vertex of P (t) is a latti e point.
Now sin e the linear forms ij + vi vj are invariant under translation by v = (1; : : : ; 1),
it follows that their value ranges are una e ted by dropping the onstraint v1 = 0. Hen e

t0 = maxl min
v2Q (i;j )2

ij

+ vi

vj ;

and this maximum is nite, by the same reasoning used to establish (3.2). It follows that
bt0 is an upper bound for the maximum in (3.3); in parti ular, P (bt0 ) is nonempty,
and hen e any vertex of this polytope provides a latti e point where this upper bound is
attained. 
To solve Problem 3.3, we pro eed by de ning ij to be the lowest power of p appearing
among the nonzero matrix entries of r (A(1)) in the rows and olumns belonging to Wr blo ks in Bi and Bj (respe tively) for all i 6= j . If there are no nonzero entries, we leave
ij unde ned. Note that the underlying support graph ne essarily ts the hypothesis of
Proposition 3.4; in parti ular, onne tedness follows from the irredu ibility of V .
We may thus pro eed by using linear programming methods, su h as the simplex algorithm, to determine the maximum value for t in the polyhedron Q. On e the maximum t0
is obtained, we then use a se ond all to a linear program solver to nd a vertex v of the
polytope P (bt0 ). If t0 happens to be an integer, then the se ond linear program may be
omitted; in that ase, any extreme point (v; t0 ) 2 Q produ ed by the rst linear program
will provide an integer solution v for Problem 3.3.
On e we have found v 2 Zl that optimizes the lowest exponent of p in the o -diagonal
entries of An (y), a se ondary onstraint we may impose is that among all optimizing v,
we should minimize the highest power of p appearing among the same matrix entries.
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To des ribe this se ondary optimization problem more expli itly, let bij denote the
highest power of p appearing among the nonzero matrix entries of r (A(1)) in the rows
and olumns belonging to Wr -blo ks in Bi and Bj (respe tively) for all (i; j ) 2 . We
then seek to minimize the obje tive fun tion
max bij + vi

(i;j )2

vj

over all latti e points v 2 P (m), where m = bt0 denotes the optimal power of p in (3.3).
This optimization problem may also be solved by linear programming methods. Indeed,
having rst determined m as des ribed earlier, let t1 denote the minimum value for t among
all v 2 Ql and t 2 Q su h that

t bij > vi vj

>m

(3.4)

ij

for all (i; j ) 2 . Of ourse, we may easily determine t1 via linear programming. It follows
by reasoning similar to Proposition 3.4 that

dt1 e = v2Zmin
\P (m)
l

max bij + vi

(i;j )2

vj ;

and if we add the onstraints t = dt1 e and v1 = 0 to the polyhedron de ned by (3.4),
then any vertex v of the resulting polytope will ne essarily be a latti e point, and hen e a
solution of our primary and se ondary optimization problems.
For example, the representation R5670 of W (E8 ) de omposes into a sum of l = 16
irredu ible W (E7 )-modules, and in its orthogonal hereditary model, the least ommon
denominator of the squares of the o -diagonal matrix entries in A8 is (25 34 51 71)2 . It follows
that the strong p-bounds for the rational res alings of A8 (see (3.2)) are 5; 4; 1; 1
for the primes p = 2; 3; 5; 7 (respe tively). The initial rationalizing hoi e for x found by
our algorithm yielded a rational seminormal model for R5670 with an o -diagonal least
ommon denominator of 26 38 5372 . We then used Maple's simplex pa kage to solve the
linear programs needed to produ e an optimal diagonal res aling (in both the primary
and se ondary sense) with respe t to the primes 2; 3; 5; 7; this took about 12 se onds on a
2.8GHz Pentium IV, and yielded a model that mat hed the strong bounds for ea h prime.
Remark 3.5. (a) Most of the rational seminormal models for W (E8 )-representations
we have produ ed are strongly optimal with respe t to ea h prime (i.e., the bounds in (3.2)
are equalities). Even the ases that fail to be strongly optimal are typi ally o by a single
prime fa tor. In fa t, we suspe t that strongly optimal models exist in all ases, but it may
be diÆ ult to on rm this|there are generally many optimal solutions to hoose from,
and the hoi es made when optimizing the models for the subgroups Wk for k < n have
an e e t on the optimum values that an be a hieved for k = n.
(b) For ea h of the ex eptional groups, the only primes that o ur in the denominators
of the optimized rational seminormal models that we produ ed, even in the non-free ases
dis ussed below, are those that divide jW j.
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4. Models for non-free representations

We now turn to the problem of onstru ting expli it matri es representing the simple
re e tions in an irredu ible W -module V that is not totally free. The main ompli ation
in this situation is that orthonormal hereditary bases for V are not anoni al up to sign.
Indeed, if we pro eed re ursively and x hereditary orthogonal matri es A1 ; : : : ; An 1
representing the a tion of Wn 1 on V , then the olle tion of all orthonormal W -hereditary
bases for V that are ompatible with this hoi e forms a single orbit under the group of
isometri Wn 1 -module automorphisms of V , whi h by S hur's Lemma is isomorphi to
O(m1 ; R)      O(ml ; R), where m1 ; : : : ; ml denote the multipli ities of the irredu ible
Wn 1 -modules in V . This is a dis rete orbit only if V is multipli ity-free.
The omplexity of this orbit spa e has several negative onsequen es. First, the variety
of solutions for the matrix An representing sn , as de ned by the Coxeter relations and the
lone equations (see Se tion 3C), is no longer 0-dimensional. In parti ular, this means that
the Grobner-like redu tion algorithm of Se tion 3D annot be used without modi ations.
Se ond, even if we manage to nd a solution, there is no guarantee that it will be onvertible
to a rational seminormal solution by means of a diagonal transformation. Third, even if
we nd a solution that is onvertible to rational form, the la k of a anoni al solution
means that it is likely to have poor quality (i.e., the matrix entries are likely to have large
numerators and denominators).
On the other hand, our primary goal is not to onstru t hereditary bases with respe t to
every ordering of the simple re e tions; rather, we are seeking (optimal) hereditary bases
for the irredu ible representations of W with respe t to the standard order. Thus we are
pra ti ally on erned only with the nine remaining representations of W = W (E8 ) that are
non-free (see Empiri al Fa t 2.2). This allows us to make several simplifying assumptions
(see Remark 2.3(b)), the most important of whi h are
(i) V is totally free as a Wn 1 -module, and
(ii) ea h irredu ible Wn 1 -module has multipli ity 6 2 (and usually 6 1) in V .
Under these ir umstan es, we shall see that it is possible to make small adjustments to
the algorithms of Se tion 3 and still produ e suitably optimal orthogonal and rational
seminormal hereditary models for V .
A. Orthogonal models of rational type.

We say that an orthonormal hereditary basis B for V (or equivalently, the orresponding
matrix model) is of rational type if some diagonal transformation of B is a (ne essarily
seminormal) hereditary Q-basis.
Following the approa h of Se tion 3, we may re ursively assume that orthogonal matrix
models for the irredu ible Wn 1 -submodules of V have been previously onstru ted. Using
bran hing data derived from the hara ter tables of W and Wn 1 , we may thus form dire t
sums of these models so as to obtain orthogonal matri es Ak representing the a tion of sk
on V for 1 6 k < n; the problem is to identify one or more possible orthogonal matri es
21

An representing the a tion of sn . As in the totally free ase, An may be re overed from
the matrix r (An ) that re ords the a tion of sn on Wr -blo ks, where r denotes the largest
index su h that sn entralizes Wr .
Proposition 4.1. Assume V is totally free as a Wn 1 -module, and that there is one
irredu ible Wn 1 -module of multipli ity 2 in V , at least one of multipli ity 1, and none of
multipli ity > 2. Given orthogonal matri es A1 ; : : : ; An 1 as above, there exist pairs i; j
su h that there is a unique solution for An (up to hoi es of sign) in whi h the i; j -entry
of r (An ) vanishes. Furthermore, this solution is ne essarily of rational type.

Proof. By Proposition 1.1 and Theorem 2.1, we know that V has a hereditary Q-basis

B that is orthogonal with respe t to a positive de nite W -invariant inner produ t h ; i that
is Q-valued on the Q-span of B. By repla ing ea h v 2 B with v := v=hv; vi1=2 , we thereby
 of rational type. Furthermore, sin e V is totally
obtain an orthonormal hereditary basis B
 (if ne essary) so that Ak is the
free as a Wn 1 -module, we may apply sign hanges to B
matrix of sk with respe t to this basis, for k = 1; : : : ; n 1 (Corollary 1.3).
Now let B1 = fui : i 2 I g and B2 = fvi : i 2 I g denote the two blo ks of B that span
opies of the same irredu ible Wn 1 -module in V , indexed so that ui 7! vi extends to an
isomorphism. By S hur's Lemma, the group G of isometri Wn 1 -module automorphisms
 1 and B
 2 . Furof V onsists of sign hanges and a opy of SO(2; R) that intertwines B
thermore, any hereditary orthonormal basis for V that represents sk by Ak for k < n is
 . Leaving aside sign hanges, it follows that every possible matrix An
in the G-orbit of B
representing sn may be obtained from some (ne essarily hereditary, orthonormal) basis for
V generated from B by sele ting a point (a; b) on the ir le a2 + b2 = 1 and repla ing
B 1 ! faui + bvi : i 2 I g; B 2 ! f bui + avi : i 2 I g:
By hypothesis, B1 [ B2 spans a proper subspa e of the irredu ible W -module V , so it
annot be the ase that hsn ui ; vi = hsn vi ; vi = 0 for all i 2 I and v 2 B (B1 [ B2 ).
Hen e, there must exist i 2 I and v 2 B (B1 [ B2 ) su h that hasn ui + bsn vi ; vi is a
nontrivial linear form in a and b. If we impose the ondition that this linear form should
vanish, then there will be a unique solution for (a; b) (up to a hoi e of sign), and hen e a
unique orthonormal hereditary basis B0 (up to sign) su h that the representing matrix for
sn relative to B0 has a zero in the row and olumn orresponding to v and aui + bvi .
To omplete the proof, we show that B0 is ne essarily of rational type. Returning to
the orthogonal Q-basis B, one knows that there is a unique invariant bilinear form (up to
s alar multiples) for any irredu ible Wn 1 -module, so there must be a positive rational q
su h that q = hvi ; vi i=hui ; ui i for all i 2 I . Furthermore, the vanishing ondition for a and
b may be rewritten in terms of the Q-basis B in the form

p

a qhsn ui ; vi + bhsn vi ; vi = 0;
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 = B0 and there is nothing further to
when e t := (a=b)pq is rational. (If b = 0 then B
prove.) Now onsider the rational hange of basis obtained by repla ing B1 [ B2 with

ftui + vi : i 2 I g [ f qui + tvi : i 2 I g:
It is easy to see that this yields another hereditary Q-basis for V . Moreover, it is not hard
to he k that it remains orthogonal, and that it normalizes to B0 (up to sign), when e B0
is of rational type. 
(a) In order to uniquely spe ify an orthogonal matrix model of rational
type for V via the above argument, we need to identify a pair of isomorphi Wr -blo ks,
one in B1 [ B2 , and one not in B1 [ B2 , so that the orresponding entry of r (An ) does
not vanish identi ally as we vary the point hosen from SO(2; R). Although it requires
a posteriori veri ation, it turns out that among the nine representations of W (E8 ) that
are not totally free with respe t to the standard hain, it is usually the ase that all of
the matrix entries of this type do not vanish identi ally, and hen e any su h hoi e will
suÆ e. The only ex eption is R6075 (405); ea h member of this pair of representations
has 102 eligible matrix entries in 6 (A8 ); of these, 96 are not identi ally zero.
(b) One may show more generally that if there are k irredu ible Wn 1 -modules that
o ur with multipli ity 2 in V , at least one of multipli ity 1, and none of multipli ity > 2,
then it is possible to spe ify a unique orthonormal hereditary basis of rational type by
for ing k entries of r (An ) to vanish. However, the sets of entries that suÆ e for this
purpose are determined by the pattern of generi ally nonzero entries in r (An ), and hen e
diÆ ult to predi t a priori. In any ase, the only instan e of this problem with k > 1 that
is of interest involves the W (E8 )-representation R7168 , whi h has two W (E7 )- onstituents
of multipli ity 2. And as noted in the previous remark, all of the relevant matrix entries
of 6 (A8 ) turn out to be generi ally nonzero in this ase.
Remark 4.2.

For ea h of the nine non-free representations of W (E8 ), we onstru ted an orthogonal
hereditary matrix model as follows. First, we sele ted an arbitrary matrix entry of r (An )
that met the requirements des ribed in Remark 4.2(a). (In the ase of R7168 , we sele ted
two su h entries, one for ea h W (E7 )- onstituent that o urs with multipli ity 2.) We then
ombined the ondition that these matrix entries should vanish with the Coxeter relations
and lone equations of Se tion 3C, and passed the resulting system to the redu tion algorithm of Se tion 3D. A more robust approa h would in lude trapping for errors that
would be generated if the hosen matrix entries vanished identi ally, but as noted above,
this an happen only in two of the nine ases, and is unlikely even for these two.
It was not lear in advan e that the redu tion algorithm would ne essarily su eed;
nevertheless, in ea h ase we did obtain a solution. For example, the equations de ning the
matrix for s8 in R7168 in lude 14597 Coxeter relations in 593 variables, one lone equation
(see Remark 2.8), and two vanishing matrix entries. It took the redu tion algorithm about
1.25 hours to nd a solution on a 2.8GHz Pentium IV running Maple 9.
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B. Optimizing an orthogonal solution.

On e we have produ ed an orthonormal hereditary basis for V of rational type, there is
no reason to expe t that the representing matri es orresponding to this parti ular basis
will have good quality. Thus we onsider the problem of making an optimal hoi e among
all su h bases of rational type.
For simpli ity, we ontinue the hypotheses of Proposition 4.1; i.e., that V is totally
free as a Wn 1 -module, and multipli ity-free with the ex eption of one Wn 1 -isotypi
omponent of multipli ity two. Let us also assume that we have identi ed a parti ular
orthonormal hereditary basis for V of rational type. The algorithm in Se tion 3E shows
that it is easy to onstru t a diagonal hange of basis D that onverts an orthogonal
hereditary matrix model to a rational seminormal hereditary model (given that one exists),
so we may equivalently take an orthogonal hereditary Q-basis B for V as given.
As in the previous subse tion, let B1 = fui : i 2 I g and B2 = fvi : i 2 I g denote
the blo ks of B that span opies of the one Wn 1 - omponent of V that has multipli ity two, labeled so that ui 7! vi extends to an isomorphism. As we noted in the proof of
Proposition 4.1, the quantity q = hvi ; vi i=hui ; ui i 2 Q+ is ne essarily independent of i 2 I .
Furthermore, we may easily ompute q by re ognizing that the matrix of the W -invariant
form h ; i with respe t to B is D 2 , where D denotes the transformation used to onvert
the original orthogonal matrix model to rational seminormal form.
 = fv : v 2 Bg denote the orthonormal basis orresponding to B.
Let B
Given V , B, and q as above, every orthonormal hereditary basis for
V of rational type may be obtained (up to a hoi e of sign) from the orthonormal basis B
1 [ B
 2 with
by repla ing B
Proposition 4.3.

(

pq v  : i 2 I
1
p
u

+
t
i
i
1 + qt2

)

S

(

pq u
1
p
t
i
1 + qt2



vi : i 2 I

)

(4.1)

for some rational t > 0.
Proof. By S hur's Lemma, the de ompositions of V into irredu ible

Wn 1 -modules
form a single orbit relative to a GL(2; Q) a tion that intertwines the Wn 1 -submodules
spanned by B1 and B2 . Furthermore, the hereditary Q-bases for any irredu ible, totally
free Wn 1 -module are diagonal transformations of ea h other (Proposition 1.2). Hen e, at
least one member of ea h diagonal equivalen e lass of hereditary Q-bases for V may be
generated from B by repla ing B1 [ B2 with
Q

faui + bvi : i 2 I g [ f ui + dvi : i 2 I g
for suitable a; b; ; d 2 Q with ad b 6= 0. If we add the ondition that the resulting basis
should remain orthogonal; i.e., a + qbd = 0, then we may res ale ui + dvi if ne essary so
that ( ; d) = (qb; a).
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If a = 0, then the resulting basis is in the same diagonal equivalen e lass as B, so we
may assume hen eforth that a 6= 0. Repla ing (a; b) with ( a; b) if ne essary, we may
further assume a > 0. Res aling by the fa tor a and setting t := b=a 2 Q, we on lude
that repla ing B1 [ B2 with

fui + tvi : i 2 I g [ fqtui vi : i 2 I g
allows one to generate at least one member from ea h equivalen e lass of orthogonal
hereditary Q-bases. It is also possible to restri t to the ase t > 0 (if t < 0, repla e
t ! 1=qt and res ale). By normalizing these bases to unit length, we thereby obtain all
orthonormal hereditary bases of rational type (up to a hoi e of sign), and it is not hard
to see that the normalizations of these bases oin ide with (4.1). 
Remark 4.4. The above result easily generalizes for W -modules that have several
Wn 1 - omponents of multipli ity two. In these ases, any two orthonormal hereditary
bases of rational type are related by a sequen e of base hanges ea h in the form of (4.1),
one for ea h doubleton omponent.
On e we have an initial orthogonal hereditary model for V of rational type, Proposition 4.3 allows us to sear h through the spa e of all su h models by varying a nonnegative
rational parameter t. (Or k su h parameters, if k of the Wn 1 - omponents of V have
multipli ity two.) In order to identify an optimal value for these parameter(s), we fous on the diagonal entries of the matrix An representing sn (or equivalently, r (An ));
these (rational) entries will remain un hanged when the model is onverted to rational
seminormal form, and hen e annot be improved by any subsequent diagonal res alings.
An added advantage of this strategy is that the diagonal entries orresponding to ea h
Wn 1 - omponent of multipli ity two depend only on the parameter for that omponent,
so the parameters may be optimized independently of ea h other.
With these onsiderations in mind, for ea h Wn 1 - omponent of multipli ity two with
asso iated parameter t, we use the least ommon denominator of the orresponding diagonal entries of r (An ) as our obje tive fun tion when optimizing the hoi e of t.
In theory, nding a value for t that optimizes this obje tive fun tion is a diÆ ult
number-theoreti problem. However in pra ti e, we found that all of the instan es of this
problem that o ur among the nine non-free representations of W (E8 ) are amenable to a
brute for e sear h that nds \good" (but not provably optimal) solutions. More expli itly,
our optimization algorithm pro eeds by rst making the hange of variable t ! (a=q)1=2 t,
where a denotes the unique square-free integer su h that (a=q)1=2 is rational; equivalently,
this amounts to repla ing q with a in (4.1). We then evaluate the obje tive fun tion at
t = 0 and at ea h rational t > 0 whose numerator and denominator sum to 2; 3; : : : ,
stopping at some pre-determined maximum sum, su h as 100 or 1000.
We applied the above algorithm to the initial orthogonal models for the nine non-free
representations of W (E8 ) produ ed by the methods des ribed in the previous subse tion,
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and obtained least ommon denominators of 320 for R3240 (594), 80 for R4536 (378), 72
for R5600 (280), 224 for R6075 (405), and 315 for both doubleton omponents of R7168 .
The orresponding t-values used to produ e these quasi-optimal denominators all involved
rationals with single-digit numerators and denominators.
Finally, on e a suitably optimal orthogonal hereditary matrix model of rational type
has been identi ed, one may onvert it to an optimal rational seminormal form via the
algorithms of Se tions 3E and 3F.
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