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Abstract |

The article introduces a reinforcement learning
framework based on dynamic programming for a
class of control problems, where no explicit terminal
state exists. This situation especially occurs in the
context of technical process control: the control task
is not terminated once a prede ned target value is
reached, but instead the controller has to continue
to control the system in order to avoid the system's
output drifting away from its target value again. We
propose a set of assumptions and give a proof for
the convergence of the value iteration method. From
this a new algorithm, which we call the xed horizon
algorithm, is derived. The performance of the proposed algorithm is compared to an approach, that
assumes the existence of an explicit terminal state.
The application to a cart/double pole-system nally
shows the application to a dicult practical control
task.
I. Introduction

A typical task in process control is to control the
outputs of a system to permanently equal some externally given target values. Consider for example the control of a chemical reactor where an externally speci ed concentration of a chemical substance must be permanently kept independently
of external distortions by an appropriate choice of
heating and cooling decisions.
In the following, we focus on a neural network
based reinforcement learning controller, where the
only training information is given in terms of the
control target [6]. Learning is based on the application of approximate dynamic programming methods which is realized by an iterative approximation
of an optimal cost function during control of the
process [2], [1], [4].
A typical way to ensure convergence within this
framework is to assume an absorbing terminal state
[7]. However, in many technical process control applications, such an absorbing terminal state does
not exist. Instead, control is an ongoing task: once
the output has reached its target value the task is
not terminated, but the controller has to actively
keep the output at the desired level. This means,
that in order to tackle such problems in an appro-

priate manner, we have to look for a framework
that allows to formulate the control problem without assuming an explicit terminal state.
In the following we present a framework, that
makes no such assumption. We proof convergence
of the value iteration method and show, that a certain region in state space is absorbing, when the
resulting optimal policy is applied. The implementation of the framework leads to a special form of a
Real Time Dynamic Programming [1] learning algorithm which is called xed horizon algorithm here.
II. Problem Formulation

In the following, we consider a dynamic system
which is observed at discrete time steps
xt+1 = f(xt ; ut; wt)
yt = g(xt )
(1)
where xt denotes the current state of the system, ut is the action or control signal applied to
the plant, wt denotes random noise and f describes
the system's transfer function. The output yt of
the system is computed depending on state xt by
the output function g. The control signal ut that
is applied to the plant is determined by the control policy  : X 7! U ; ut := (xt ); which selects
one control signal out of a nite set of available actions U = fu1; : : :; ung. The idea of a self-learning
controller is to embed the learning problem in a
dynamical optimization problem [2], [1], [6]. The
goal then is to nd an optimal control strategy 
that minimizes the accumulated costs over a complete control trajectory, when at the beginning the
system's state is x0:
1
X
r(xt ; (xt))g:
(2)
J  (x0) = min
E
f
2
t=0

Here, the function r : (x; u) 7! IR denotes the
immediate costs that arise, when action u is applied in state x. Thus by choosing r, the quality

of the control strategy can be speci ed. A method
to solve the dynamic optimization problem above
is the value iteration technique that approximates
the optimal accumulated cost function J  by iteratively improving estimates for the expected optimal
costs for the states [2]:
Jk+1 (x) := min
E fr(x; u) + Jk (f(x; u; w))g: (3)
u
Under certain assumptions, which will be discussed in section III, the sequence Jk converges
against J  . Once J  has been determined, the optimal control strategy is also known by greedily evaluating J 

 (x) := arg min
u E fr(x; u) + J (f(x; u; w))g: (4)
III. The fixed horizon framework

Convergence of the value iteration method can
be guaranteed under several assumptions [3], [1].
As discussed in the above section, the broadly used
framework of assuming an explicit terminal state
often does not allow the appropriate formulation
of process control problems. In the following, we
proof convergence under assumptions, that do not
assume an absorbing terminal state and therefore
will turn out to provide an adequate formulation
for many technical control tasks.
A. Theoretical foundations
Proposition 1: We consider a stochastic discrete

state dynamic system with a nite state set X =
f1 : : :; ng with transition probabilities pij (u) =
P fxt+1 = j jxt = i ^ ut = ug. Further we assume a nite set of available actions U (x) and
J0 (x)  J  (x); 8x 2 X . Under the assumptions:
1. Exists a nonempty subset X 0  X where
(a) 8x 2 X 0 8u 2 U (x) : r(x; u) = 0
(b) 8x 2= X 0 8u 2 U (x) : r(x; u) > 0
2. Exists an (unknown) policy 0 and a
nonempty subset of cost-free states X 0  X 0
(a) P(xt+1 2 X 0jxt 2 X 0; ut = 0 (xt)) = 1
(X 0 is 'absorbing' when policy 0 is applied)
(b) 0 is proper with respect to X 0 , i.e. there
exists an integer m  n after which a state
x 2 X 0 is reached, when policy 0 is applied
then, value iteration (equation 3) converges
against the optimal value function J  (equation 2)
and J  is bounded
1
X
8x 2 X : J  (x) = E f r(xt;  (xt ))g  c: (5)
t=0

Proof: Under assumption 1, the principle convergence of the value iteration procedure against
the optimal value function can be shown. A detailed proof can be found in [3]1. Since in this
general scenario J  may have an in nite value for
some states, it remains to show, that under the additional assumptions, J  only takes nite values.
The boundedness of J  (equation 5) results when
assumptions 2(a) and (b) are ful lled: Assume that
policy 0 is applied to the system. Then, with 2(a)
for all states x 2 X 0 :
1
X
r(x
0 (xt))} = 0:
x 2 X 0 ) J 0 (x) =
t; {z
|
t=0
0; since x 2X 0 X 0
On the other hand, by assumption 2(b) when applying 0, the probability of not reaching a state
within X 0 in at most m steps is smaller than one,
i.e.  := maxx2X P fxm 2= X 0 ; x0 = xg < 1: Thus,
the probability of not reaching X 0 after v times m
steps is P fxv m 2= X 0g  v : If r := maxx;ufr(x; u)g
denotes the maximum of immediate costs (exists,
because X and U are nite sets) then the maximum costs for a sequence of m steps are bounded
by G := m r. Partitioning an in nite sequence into
v sequences of length m yields
t

J 0 (x) = E f



1 (v+1)
Xm?1
X

r(xt ; 0(xt))g
v=0 | t=v m {z
}

1
X
v=0

G

G :
v G = 1 ?


This means that the value function under policy 0 , J 0 is bounded above. Considering the
optimal value function J  which generally ful lls
8 2  : J   J  , and therefore the following
equation holds:
8x 2 X : J  (x)  J 0 (x)  1 ?G  :
Corollary 1: When the optimal policy  (equa-

tion 4) is applied to the system, then there exists
a nonempty subset X   X 0; X  := fxjJ (x) = 0g
for which the following is true:
1. P(xt+1 2 X  jxt 2 X ; ut =  (xt)) = 1
(X  is absorbing when policy  is applied)
2.  is proper with respect to X . (the application of  guarantees, that independently of
1 to proof this, assumption 1 can be relaxed to r(x; u)  0

the initial state, the process nally reaches a
state within X  )
 follows from
Proof: The nonemptyness of X
the existence of such states for the policy 0 and
the optimality of J  .
1. Assume X  is not absorbing when  is applied. Then there exist states i; j where
i 2 X  ; j 2=




X and pij ( (i)) > 0. Then J (j) > 0, since
j 2= X  . According to the Principle of Optimality
n
X
!



J (i) = fr(i;  (i)) + |pij ( (i))
{z J (j)}g > 0
j =1
>0

not con ict with the demand of not assuming any
a priori knowledge.
C. Requirements

Consider a control task, where the system's output (vector) y(t) should equal a given target value
after some time, i.e. 8t > t0 : jy(t) ? ytarget j < .
Then the above framework requires to
 select

if jg(x) ? ytarget j < 
r(x; u) := > 00 ;; (arbitrarily),
else
 provide control signals U , such that the task in
principle can be solved
Then by corollary 1 it is assured, that the resulting optimal policy controls the system permanently
within the set of cost-free states, which by the above
choice of r(x; u) means, that the output equals to
its target value.

This contradicts the assumption that i 2 X  .
2. Assume there is a sequence which does not
reach X  under the optimal policy. Then there
are in nitely many states for which r(xt;  (xt )) 
min(x;u) fr(x; u)jr(x; u) > 0g. (Otherwise there exists an N where t  N ) r(xt ; (xt )) = 0
and therefore xN 2 T( )). Thus the costs for D. The xed horizon algorithm
this sequence are unbounded, which contradicts
The implementation of the value iteration
J   1?G .
method 3 from dynamic programming is the foundation of a neural control system that is able to
B. Discussion of the results
learn
policies, when only the control goal
A crucial point of the above framework is, that is specicomplex
ed
[6],
[5]. The idea of applying the itno absorbing terminal state is assumed. Instead, as eration scheme during
the control of the system,
stated in corollary 1 the property of absorption is allows to extend the basic
value iteration method

policy-depending: the optimal policy  that is au- to systems with unknown dynamic
and/
tomatically acquired during iteration, controls the or very large state spaces. This idea behaviour
is
known
as
system from any starting situation to a certain re- Real Time Dynamic Programming approach [1].theA
gion X  in state space. This region is absorbing control trial is started in an arbitrary initial state
if the optimal policy is applied, which means, that and the system is controlled according to the curthen the system's state is permanently kept within
policy, while the value function is permanently
that region. Furthermore, an important fact about rent
updated
due to the experience collected during the
the location of this region is known: It lies within control trial.
assumes an absorbing terminal
a region of states, for which the immediate costs state, a controlIf one
trial
is naturally stopped, if such a
r(x; u) are zero. Thus in order to use this frame- terminal state is reached
the algorithm is forwork for a self-learning controller, we simply have to mulated accordingly (see and
gure
To distinguish
choose the immediate costs to be zero, if the output this type of algorithm from the 1).
following,
of the system equals the target. In all other cases, this approach the terminal state algorithm. we call
positive costs arise (assumption 1). The latter is a
quite natural demand since every single operation
applied to a physical system means positive costs
system in x0 2 X start
in terms of resources, e.g. energy or time. Assump- Start
While
(xt 2= X + ) f
tion 2 of the proposition requires the existence of a
select & apply action
policy, that is able to control the system such that
update J g
after a certain time the current immediate costs Jk+1 (xt) := 0
are equal to zero. Again, in the application frame- Fig. 1. The terminal state approach. Each trial stops, if a
work considered here, this is a reasonable demand,
certain target state is reached.
meaning that it must be in principle possible for the
In the xed horizon framework proposed in this
controller to control the system's output close to its
target value. Note, however, that this policy is not paper, no terminal state is given and therefore each
assumed to be known in advance and therefore does control trial theoretically has in nite length - hence

an alternative stopping criterion has to be found.
The idea here is to partition the trial into in nitely
many parts of nite length N, which leads to
1
X
J  (x) = E f r(xt;  (xt ))g
t=0

= Ef

1 (v+1)
XN ?1
X
v=0 t=v N

r(xt ; (xt ))g

B. The xed horizon approach

Within the proposed xed horizon framework, no
absorbing terminal state is assumed. Instead, the
control target is expressed in terms of the immediate cost function r(x; u). With respect to the target value ytarget = 0 , we choose r(x; u) = r(y) =
0 :, jyj < 0:05 according to the proposal in section III-C. In all other situations, we consider equal
positive costs independent of state and actions. In
contrast to the above terminal state approach, here
this means, that we try to minimize the amount of
time steps from now to in nity where the output of
the system deviates from its target value by more
than 0.05. During the learning phase, each control trial lasts a xed number of time steps (here:
N = 100), then a new trial is started ( gure 2(a)).

and to approximate the value function on the nite parts. Therefore, each trial ends after a predened number of time steps N. For the last state,
no special terminal costs arise; instead we might do
no assignment at all and consider the last state as
a potential starting state for a future trial. Due to
the fact that each trial lasts the same number of
time steps, we named this approach the xed hori- C. Results
zon algorithm (see gure 2).
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Start system in x0 2 X start
While (t < N) f
select & apply action
update J g
X start := X start [ fxN g
Fig. 2. The xed horizon algorithm. Each trial runs for
a prede ned number of time steps. The control target is expressed in terms of the immediate cost function
r (x; u).

0.3
0.25
0.2
0.15
0.1
0.05
0
0

IV. Practical Comparison
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In the following, the proposed xed horizon algorithm is compared to an approach, that assumes a
terminal state. The task is to control the output
of a low dampened second order dynamical system from random starting situations to equal to
the target value ytarget = 0 and to keep it there.
The controller can use two di erent control signals
U = f?1; 1g. A multi-layer perceptron with 2 input
and 5 hidden units is used to learn and represent
Fig. 3. Comparison between terminal state approach (dotthe value function [5].
ted line) and xed horizon approach (solid line). (a) cuy(t)
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A. The terminal state approach

First, we consider the terminal state approach,
where we have to choose a set of terminal states
X + := fxjy = g(x) < 0:05g. Each trial starts with
the system being in a random initial state and is
terminated, if a state within X + is entered. For
this terminal state, the value function is set to zero
(see algorithm 1). The immediate cost function is
chosen such that each action implies equal costs
independent of the current state or the action selected; this expresses our desire to reach the target
in a minimum number of time steps [6].
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mulated costs over a period of 5 s. Figure (b): Output
of the controlled system. The terminal state approach
controller very quickly reaches the target value but then
overshoots and shows strongly oscillating behavior. The
xed horizon approach reaches the target value later but
then managesto keep the output at the target value with
high accuracy.

Figure 3(a) shows the cumulated immediate costs
that arise during a control period of 5 s averaged
over 100 control trials. At the beginning of training, both algorithms start with random policies,
that lead to high control costs. This initial bad
behaviour is due to the fact, that no a priori con-

trol knowledge is provided to the learning system.
After about 8,000 trials, the costs for the xed horizon system begin to decrease rapidly and constantly
reach a low level - the controller has learned to fulll its task (solid line). The terminal state controller also learns, but notably never reaches the
same good performance as the xed horizon controller. This is also demonstrated, when one looks
at the output of the controlled system ( gure 3(b)).
The solid line shows the output of the system controlled by the xed horizon controller. The target
value is reached quickly and with a good stationary accuracy leading to low overall control costs.
In contrast to that, the terminal state controller
(dotted line) reaches the target value very quickly,
but fails to keep the output at this value and thus
overshoots the target. This behaviour leads to high
overall control costs.
Both algorithms perfectly learn their task, but
the di erent underlying optimization goals lead
to substantially di erent results in the application
phase. Optimizing the cumulated costs to an assumed terminal state which is the notion of the
terminal state approach, results in a strongly oscillating control behavior during application. On
the other side, by considering the complete control
trial, the xed horizon approach has proven to be
much more appropriate to deal with the considered
type of control problem. It has shown to be able
to automatically nd a reasonable balance between
quickly approaching the target value and avoiding
to overshoot.
V. Application example: A cart pole
system with two poles

Fig. 4. Cart with two poles

From a technical point of view, the double inverted pendulum is an instable single input, multiple output system, with the acceleration of the cart
being the control input and the position of the cart
and the angles of the two poles being the three outputs to be controlled. The control task considered

here is to control the system from an initial disturbance to a stable state, where the two poles stand
upright (1 = 2 = 0) and additionally, the cart is
moved to a certain position, which is set arbitrarily
to the middle of the track here (s = 0). We allow the controller only to use three control signals
U = f?15N; 15N; 0g corresponding to an acceleration to the left, to the right and no acceleration
at all. No a priori knowledge is provided, the neural controller has to learn to control the instable
system completely from scratch.
A. Self-learning neural control

The above situation is a perfect example for the
application of the proposed xed horizon algorithm.
The double inverted pendulum is an instable dynamical system. Therefore we cannot assume to
control the system to a terminal state where no further control is needed. But we may hope that the
controller is able to learn to control the process nally within a region of the state space, where all of
the interesting output variables permanently ful ll
the speci ed conditions.
Within the xed horizon framework this means,
that the desired control target has to be expressed
in terms of the immediate cost function r(x; u):
The immediate costs are equal to zero, if all the
three output values are temporarily close to their
target value (i.e. the cart is in the middle and the
two poles are upright). In all other cases, constant
immediate costs occur. In order to minimize the
cumulated costs, the controller thus has to nd a
policy that manages to control all three outputs
to their target values and permanently keep them
there. Neither a strategy that only temporarily fullls the goal, nor a strategy that considers only a
part of the outputs is a successful one.
The neural network that was used to learn the
task consists of 6 input, 30 hidden units and a single
output unit. Training was started with randomly
initialized weights, which means that the controller
starts with a random initial policy. Each trial lasts
for 100 time steps, then a new trial with a random
initial position is started. Additional constraints
have to be considered: one is to always keep the
poles balanced (j1;2j < 90o ) and the second is to
keep the cart within the boundaries of the track
(jsj < 1:0m). If one of the constraints is violated,
the trial is immediately stopped, and the target
value of the neural cost function is set to a maximum value.
After 49 000 trials (about an hour of computer
time) the controller has learned a successful policy
from scratch. As expressed by the choice of our

Angle 1,2 (degree)

immediate cost function r(x; u), the controller not
only has to balance the system somehow, but has to
learn a time optimal policy. In the control problem
at hand this means, that the time until all three
outputs are zero has to be minimized - thus an appropriate control policy has to consider its impact
on all three output variables simultaneously. For
example a modular control strategy that rstly will
control the upper angle, then the lower angle and
nally will move the cart towards the middle will
be very likely to be not the optimal policy in this
case.
Figure 5 shows the sophisticated policy that the
controller learned to ful ll this dicult control task:
First, the cart is shortly accelerated towards the
middle, resulting in an increase of the lower angle
1 . Then after about 0.2 seconds it is immediately
accelerated in the opposite direction, until both angles have approximately the same declination towards the middle of the track. Finally, the cart is
again accelerated towards the middle position, and
therewith eventually reaches its goal of two upright
poles and the cart being placed in the middle of the
track.
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Fig. 5. Neural control of a double inverted pendulum: temporal behaviour of the three system variables 1 ; 2 and
position s of the cart.

VI. Conclusion

The article gives a convergence proof for the value
iteration method for an important class of technical control problems, where no absorbing terminal

state can be assumed. The derived xed horizon
algorithm has been compared to the alternative
terminal state approach, that assumes a terminal
state. It has been shown on a typical control task,
that if an assumed absorbing terminal state does
not actually exists then the proposed xed horizon
approach is the more appropriate framework to formulate the learning task. Finally, its practical applicability has been successfully shown on a instable
multi output system.
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