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Abstra t
We examine methods for onstru ting regression ensembles based on a
linear program (LP). The ensemble regression fun tion onsists of linear
ombinations of base hypotheses generated by some boosting-type base
learning algorithm. Unlike the lassi ation ase as in AdaBoost, for regression the set of possible hypotheses produ ible by the base learning
algorithm may be in nite. We expli itly ta kle the issue of how to de ne
and solve ensemble regression when the hypothesis spa e is in nite. Our
approa h is based on a semi-in nite linear program that has an in nite
number of onstraints and a nite number of variables. We show that the
regression problem is well posed for in nite hypothesis spa es in both the
primal and dual spa es. Most importantly, we prove there exists an optimal solution to the in nite hypothesis spa e problem onsisting of a nite
number of hypothesis. We propose two algorithms for solving the in nite
and nite hypothesis problems. One uses olumn generation simplex-type
algorithm and the other adopts an exponential barrier approa h. Furthermore, we give suÆ ient onditions on the base learning algoritm and the
hypothesis set to be used for in nite regression ensembles. Computational
results show that these methods are extremely promising.

1 Introdu tion
The past years have seen strong interest in boosting and other ensemble learning
algorithms due to their su ess in pra ti al lassi ation appli ations (e.g. [14,
30, 33, 50, 1, 13℄). The basi idea of boosting (and ensemble learning in general)
is to iteratively generate a sequen e fht gTt=1 of fun tions (hypotheses) that are
usually ombined as
f (x) =

T
X
t=1

t ht

(x);

(1)

where = [ 1 ; : : : ; T ℄ are the hypothesis oeÆ ients used. The hypotheses ht
are elements of a hypothesis lass H = fhj : j 2 P g, where P is the index set of
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hypotheses produ ible by a base learning algorithm L. Typi ally one assumes
that the set of hypotheses P is nite, but we will also onsider extensions to
in nite hypothesis sets. For lassi ation, the ensemble generates the label,
whi h is the weighted majority of the votes by sign(f (x)). For regression, the
predi ted value is f (x).
Re ent resear h in this eld has fo used on the better understanding of
these methods and on extensions that are on erned with robustness issues
[34, 3, 44, 43℄. It has been shown that most lassi ation ensemble methods an
be viewed as minimizing some fun tion of the lassi ation margin. Typi ally
this is performed algorithmi ally using a gradient des ent approa h in fun tion
spa e. Re ently, it has been shown that the soft margin maximization te hniques utilized in support ve tor ma hines an be readily adapted to produ e
ensembles for lassi ation [3, 46℄. These algorithms optimize the soft margin
and error measures orginally proposed for support ve tor ma hines. For ertain
hoi es of error and margin norms, the problem an be formulated as a linear
program (LP). At rst glan e, the LP may seem intra table sin e the number
of variables in the linear program is proportional to the size of the hypothesis
spa e whi h an be exponentially large. But in fa t, two pra ti al algorithms
exist for optimizing soft margin ensembles. The rst uses olumn generation in
a simplex algorithm [3℄. The se ond uses barrier fun tions in an interior-point
method [46℄. The advantage of these linear programming approa hes is that
they produ e sparse ensembles using fast nite algorithms. The purpose of this
work is to ta kle regression ensembles using the analogous support ve tor linear
programming methodology for regression.
To date, relatively few papers have addressed ensembles for regression [23,
15, 4℄. One major diÆ ulty is rigorously de ning the regression problem in
an in nite hypothesis spa e. For lassi ation assuming ea h hypothesis has a
nite set of possible outputs, the hypothesis spa e is always nite sin e there are
only a nite number of ways to label any nite training set. For regression, even
relatively simple hypothesis spa es, su h as linear fun tions onstru ted using
weighted least squares, onsist of an un ountable in nite set of hypotheses.
It is not a priori lear on how to even express a regression problem in an
in nite hypothesis spa e. Clearly we an only pra ti ally onsider ensemble
fun tions that are a linear ombination of some nite subset of the set of possible
hypotheses.
In this work, we study dire tly the issue of in nite hypothesis spa es. We
begin in Se tion 2 with a review of boosting type algorithms for lassi ation
and regression and examine the relationship between ensemble methods and
linear programming. In Se tion 3, we review a linear program approa h to
sparse regression and show how it is easily extendible to ensemble regression
for the nite hypothesis ase. In Se tion 3.2 we investigate the dual of this
linear program for ensemble regression. In Se tion 3.3, we propose a semiin nite linear program formulation for \boosting" of in nite hypothesis sets,
rst in the dual and then in the primal spa e. The dual problem is alled semiin nite be ause it has an in nite number of onstraints and a nite number
of variables. An important sparseness property of the semi-in nite regression
problem is that it has a solution onsisting of a nite number of hypotheses. In
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Se tion 4, we propose two di erent algorithms for eÆ iently omputing optimal
ensembles. The exa t implementation of these algorithms is dependent on the
hoi e of base learning algorithms. In Se tion 4.3 we investigate three possible
base learning algorithms that result in both in nite and nite hypothesis sets.
Computational results are presented in Se tion 5.
We use the following notational onventions:
n; N
ounter and number of patterns
j; J
ounter and number of hypotheses if nite
t; T
ounter and number of iterations
p; P
index and index-set for hypotheses
X
input spa e
s
dimensionality of X
X; Y; Z training data: input, targets, both
x; y
a training pattern and the label
H
set of base hypotheses
hj
an element of H
F
set of fun tions { usually set of linear ombinations of H
hypothesis weight ve tor
f
an element of F using the weighting
d
weighting on the training set
w
a weight ve tor for linear models
I()
the indi ator fun tion: I(true) = 1 and I(false) = 0
"
the tube size

the tube parameter (determines ")
C
the regularization ( omplexity) parameter

weighted lassi ation error
k  kp the `p-norm, p = [1; 1℄
h; i
s alar produ t
k(; ) s alar produ t in feature spa e
2 Boosting-type Algorithms
We brie y review and dis uss existing boosting-type algorithms. In Se tion 2.1
we start with the lassi ation ase and des ribe AdaBoost [21℄ and, losely
related, Ar -GV [7℄. Then we dis uss properties of the solutions generated by
boosting and show onne tions to a linear program (LP) for maximizing the
margins. In Se tion 2.2 we brie y review some re ent regression approa hes
that are mainly motivated from a gradient-des ent understanding of Boosting.
2.1 Classi ation Boosting and LP
For the lassi ation ase, it is generally assumed the hypotheses lass is H =
fhj : x 7! f1g; j = 1; : : : ; J g, de ned by a base learning algorithm L. In ea h
iteration the base learner is used to sele t the next hypothesis using ertain
riteria. The ensemble generates the label whi h is the weighted majority of
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the votes by sign(f (x)). Note that the hypothesis lass is always nite be ause
there at most 2N distin t labelings of the training data.
Consider the AdaBoost algorithm. For more details see e.g. [20, 7℄. The
main idea of AdaBoost is to introdu e weights dn (n = 1; : : : ; N ) on the training patterns Z := f(x1 ; y1); : : : ; (xN ; yN )g. They are used to ontrol the importan e of ea h single pattern for learning a new hypothesis (i.e., while repeatedly
running the base algorithm). Training patterns that are diÆ ult to learn (whi h
are mis lassi ed repeatedly) be ome more important by in reasing their weight.
It has been shown that AdaBoost minimizes an error fun tion [7, 18, 22, 42℄
that an be expressed in terms of margins, namely it iteratively solves the
problem
minimize G( ) := Nn=1 exp( ynf (xn ))
(2)
s:t: jj jj1 = 1;  0
The optimization strategy of AdaBoost has also been alled \gradient des ent" in fun tion spa e [35, 22℄, as one e e tively optimizes along restri ted
gradient dire tions in the spa e of linearly ombined fun tions f . This an also
be understood as a oordinate des ent method (e.g. [31℄) to minimize G( ) over
all possible weightings of hypotheses from H [46℄. One hypothesis is added at a
time and its weight is never hanged unless the same hypothesis is added again.
It is widely believed [7, 19, 47, 43, 45℄ that AdaBoost approximately maximizes the smallest margin, %
%( ) := min ynf (xn ) ;
(3)
1nN
P

on the training set. This problem an be solved exa tly by the following linear
programming problem over the omplete hypothesis set H ( f. [26℄, assuming a
nite number of basis hypotheses):
maximize
%
subje t to ynf (xn)  % for all 1  n  N
(4)
j ; %  0 for all 1  j  J
k k1 = 1
Breiman [7℄ proposed a modi ation of AdaBoost { Ar -GV { making it possible to show the asymptoti onvergen e of %( t ) (t ! 1) to a global solution
%lp of (4). In [26℄ the LP (4) was solved using an iterative linear programming
based approa h that retrospe tively an be onsidered as a olumn generation
algorithm. Unfortunately, neither approa h performed well in pra ti e.
Soft margin versions of this linear program based on ideas from support
ve tor ma hines perform very well both in pra ti e and theoreti ally in terms
of generalization bounds [44, 3℄. For example, a soft margin version ould be
maximize
% + C Nn=1 n
(5)
subje t to ynf (xn) + n  % for all 1  n  N
;  ; %  0 k k1 = 1
P
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In [3℄ the olumn generation algorithm for lassi ation was proposed to eÆiently solve these LPs. This algorithm and those losely related in [45, 29℄ differ from the gradient-boosting idea used to motivate boosting-type algorithms.
At ea h iteration, all generated hypothesis weights are optimized with respe t
to a maximum margin error fun tion. The gradient approa h xes hypothesis weights as the hypotheses are generated. The purpose of this paper is to
examine the extensions of these approa hes to the regression ase.
2.2 Previous Regression Approa hes
Several regression boosting methods have been proposed. We provide a brief
des ription of three of them. Note that the rst two des ribed here and also
those of [17, 25℄ redu e the problem to a series of lassi ation tasks, thus
eliminating any onsideration of in nite hypothesis spa es. The last approa h
[23℄ has been applied to in nite hypothesis, but does not de ne what it means
to boost in an in nite hypothesis spa e.

The rst boosting-type algorithm for regression { AdaBoost.R {
was proposed in [20℄. It is based on a redu tion to the lassi ation ase. The
algorithm aims to nd a regression fun tion f : x 7! [0; 1℄. A problem with this
algorithm is that it uses a pie e-wise linear fun tion on [0; 1℄ whose number of
bran h-points in reases exponentially with the number of iterations. Therefore,
the algorithm is omputationally intra table.

AdaBoost-R:

AdaBoost-R:

Another redu tion for nding f : x 7! [0; 1℄ to the lassi ation
ase was proposed in [4℄. Here, a pattern that is predi ted with error less than
some  > 0 is ounted as orre tly lassi ed and as mis lassi ed otherwise.
The ombined regression fun tion is given by
T
X

f (x) = argmax
y2[0;1℄ t=1

t

I(jht (x)

yj  ):

Again, a probability weighting d on the training patterns is used. Under the
assumption that the weighted \ lassi ation error"  = Nn=1 dn I(jht (xn )
( > 0), the number of
yn j  ) in ea h iteration is smaller than 21
training patterns for whi h jf (xn) ynj  2 onverges fast to zero. From our
experien e it turned out that (i) the hoi e of  is rather diÆ ult and (ii) the
sele tion of the next hypothesis by the base learner is a demanding problem,
as the weighted error  usually onverges qui kly to 21 and the algorithm has to
stop.
P

Based on the understanding of boosting
as a gradient des ent method, other regression algorithms have been proposed
{ e.g. in the very interesting paper of Friedman [23℄. Here, the derivative fG
(x )
N
2
of a ost fun tion G (e.g. squared loss: G = n=1(f (xn) yn) ) is taken with
respe t to the output f (xn) of the regression fun tion. Then the proje ted

Gradient Boosting for Regression [23℄:

P

n
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gradient dire tion (a basis fun tion h 2 H) that is most in the dire tion of the
true gradient is found by
N
X



G
f
(xn)
h2H; 2R n=1

(h; ) = argmax

2



hj (xn )

:

(6)

This idea has been worked out for squared loss, linear absolute loss, and Hubers
loss. However, the gradient dire tion found in (6) is optimal for the squared
loss only. For the linear absolute loss, this has been spe ialized to the TreeBoost algorithm [23℄. Here, the task of nding the next hypothesis is posed
as a lassi ation problem, where the sign of the gradient determines the lass
membership. In this algorithm, the aim is to maximize the orrelation between
the gradient and the output of the base hypothesis. This approa h is similar to
the algorithm proposed in Se tion 4.3.3.
This approa h works well in pra ti e. It does not expli itly deal with the innite hypothesis ase. Like all gradient des ent algorithms it o ers onvergen e
only in the limit. Sin e regularization is not used, it an potentially over t so
development of good stopping riteria is essential. In the next se tion, we will
develop an alternative approa h based on linear programming. The advantages
of the LP approa h in lude extensibility to the in nite hypothesis ase, sparse
solution, guarantee of the existen e of sparse nite solutions, and pra ti al fast
nite algorithms.
3 Linear Programs for Regression
In this se tion, we develop nite and semi-in nite LP formulations for the sparse
ensemble regression. We begin with the primal LP for the nite ase, then
investigate the dual nite LP. Then we extend this to the dual and primal
in nite hypothesis ases.
3.1 Finite Sparse Linear Regression
Let (x1 ; y1 ); : : : ; (xN ; yN ) 2 X  R be some i.i.d. (training) data. The regression
problem is often stated as nding a fun tion f  2 F = ff : X ! Rg that
minimizes the regularized risk fun tional [53, 51℄
R[f ℄ := P[f ℄ + C

1

N
X

N n=1

l(yn f (xn ));

with

f  = argmin R[f ℄;
f 2F

(7)

where l() is a loss fun tion, P[℄ a regularization operator, and C the regularization parameter, determining the trade-o between loss and omplexity (i.e.,
size of the fun tion lass).
In this paper we onsider the well-known "-insensitive loss [53, 48℄ as loss
fun tion:
l"(y f (x)) := jy f (x)j" = min(0; jy f (x)j ")
(8)
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This does not penalize errors below some " > 0, hosen a priori. It has been
shown to have several ni e properties { as we will see later ( f. [51℄). However,
in prin iple the analysis and algorithms also work for other loss fun tions.
In this paper we onsider F to be the spa e of linear ombinations of base
hypotheses of another spa e H { the so- alled base hypothesis spa e { in luding
a bias, i.e.
8
<

F := :f

f (x) = b +

J
X
j =1

j hj

(x);

9
=

j

 0; j ; b 2 R; j = 1; : : : ; J ; (9)

Here we assume H has a nite number of hypotheses. This will be generalized
to in nite hypothesis lasses in Se tions 3.3 and 3.4. Throughout the paper we
assume that H is omplementation losed (h 2 H ) h 2 H). Hen e, one
may enfor e j  0 without e e tively hanging F .
Let us onsider the `1 -norm of the hypothesis oeÆ ients as a regularization
operator, i.e. P1 [f ℄ := k k1 . Using (8), minimizing (7) an be stated as a
linear program, whi h we all the LP-Regression problem :
N
n +  
min k k1 + C 1


with

P



n
N n=1
yn f (xn )  " + n
n = 1; : : : ; N
f (xn ) yn  " + n
n = 1; : : : ; N

; ;   0;
2 RJ ; b 2 R;  ;   2 RN ;

(10)

where f (x) = b + Jj=1 j hj (x) as in (9). The regularization operator jj jj1
is frequently used in sparse favoring approa hes, e.g. basis pursuit [10℄ and
parsimonious least norm approximation [6℄. Roughly speaking, a reason for
the indu ed sparseness is the fa t that ve tors far from the oordinate axes
are \larger" with respe t to the `1-norm than with respe
p t pto p-norms with
2; 1= 2). For the two
p > 1. For example, onsider
the
ve
tors
(1
;
0)
and
(1
=
p p
norm,p k(1;p0)k2 = k(1p= 2; 1= 2)k2 = 1, but for the `1-norm, 1 = k(1; 0)k1 <
k(1= 2; 1= 2)k2 = 2. Note that using the `1 -norm as regularizer the optimal
solution is always a vertex solution (or an be expressed as su h) and tends
to be very sparse. It an easily be shown ( f. Corollary 4) that independent
of the size of a ( nite) hypothesis spa e H, the optimal number of hypotheses
in the ensemble is not greater than the number of samples. The optimization
algorithms proposed in Se tion 4 exploit this property.
A ni e property of (10) is that its solution is robust with respe t to small
hanges of the training data:
P

Proposition 1 (Smola et al. [52℄). Using Linear Programming Regression
with the "-insensitive loss fun tion (8), lo al movements of target values of
points outside the "-tube do not in uen e the regression.

The parameter " in (10) is usually diÆ ult to ontrol [40, 49℄, as one usually
does not know beforehand how a urately one is able to t the urve. This
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problem is partially resolved in the following optimization problem [52℄ for
 2 (0; 1℄:
N
n +   + C"
min k k1 + C 1


with

P



n
N n=1
yn f (xn )  " + n
f (xn ) yn  " + n
 0; ;   0
b 2 R;  ;   2 RN ; 2 R J :

n = 1; : : : ; N
n = 1; : : : ; N

(11)

The di eren e between (10) and (11) lies in the fa t that " has be ome a
positively onstrained variable of the optimization problem itself. The ore
aspe t of (11) an be aptured in the proposition stated below.
Proposition 2 (Smola et al. [52℄). Assume " > 0. The following statements hold:

(i)  is an upper bound on the fra tion of errors.
(ii)  is a lower bound on the fra tion of points inside the "{insensitive tube.
(iii) Suppose the data were generated i.i.d. from a distribution P (x; y) =
P (x)P (yjx) with P (yjx) ontinuous. With probability 1, asymptoti ally,
 equals both the fra tion of points inside the tube and the fra tion of
errors.

Summarizing, the optimization problem (11) has two parameters: (i) the
regularization parameter C , whi h ontrols the size of the hypothesis set and
therefore the omplexity of the regression fun tion, and (ii) the tube-parameter
 , whi h dire tly ontrols the fra tion of patterns outside the "-tube and indire tly ontrols the size of the "-tube.
3.2 Dual Finite LP Formulation
In this se tion we state the dual optimization problem of (11) by introdu ing
Lagrangian multipliers dn for the rst onstraint whi h omputes the error if
the target is underestimated, and dn whi h the error measures if the target is
overestimated.
The dual problem of (11) is

min
with

N
X

=1

n
P

yn (dn dn )

dn dn
dn + dn
Pn

n hj (xn )(dn dn )
0  dn; dn  C=N

Pn

=0
 C
1

(12)
j = 1; : : : ; J
n = 1; : : : ; N;

where the onstraint n dn + dn  C omes from the reparameterization of "
with  . Here, we have 2N +2 xed onstraints and J := jHj onstraints, one for
P
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ea h hypothesis h 2 H. At optimality for ea h point, the quantity pn = dn dn
de nes an error residual. By omplementarity, we know that if the "-error is
zero (that is if " < f (xn) yn < "), then dn = dn = 0. If the point is
underestimated, " > f (xn ) yn, then dn  0 and dn = 0. Likewise, if the
point is overestimated, f (xn ) yn < ", then dn = 0 and dn  0. Thus pn = 0
if the point is within the -tube, pn > 0 when the point falls below the -tube,
and pn < 0 if the point falls above the -tube. The magnitude of pn re e ts the
sensitivity of the obje tive to hanges in . The larger the hange in error, the
larger pn. The quantity in the onstraints n h(xn )(dn dn) re e ts how well
the hypothesis addressed the residual errors. If n h(xn )(dn dn ) is positive
and large in size then the hypothesis will be likely to improve the ensemble.
But it must be suÆ iently large to o set the penalty for in reasing k k1.
P

P

3.3 Generalization to In nite Hypotheses
Consider now the ase where there is an in nite set of possible hypotheses H.
Say we sele t any nite subset H1 of H, then the primal and dual regression
LPs on H1 are well de ned. Now say we in rease the subset size and de ne
H2  H1 of H. What is the relationship between the optimal ensembles reated
on the two subsets? A solution of the smaller H1 LP is always primal feasible
for the larger H2 LP. If the H1 solution is dual feasible for the larger H2 LP,
then the solution is also optimal for the problem H2. So dual feasibility is the
key issue. De ne the base learning algorithm L for a xed p as
(13)
hp := L(X; p) := argmax h(xn )(dn dn )
X

h2H

n

If n hp (xn)(dn dn) > 1, then dual feasibility is violated, hp is a good
hypothesis that should be added to the ensemble, and the solution may not be
optimal.
By thinking of h as a fun tion of X = (x1 ; : : : ; xN ) and p^ as in (13), we an
extend the dual problem (12) to the in nite hypotheses ase. The set of dual
feasible values of p = d d is equivalent to the following ompa t polyhedron:
P

P

=

(

p

N
X
n=1

jpnj  C;

N
X
n=1

pn = 0; jpn j 

The dual SILP-regression problem is
(D) = max
d;d
s:t:

N
X

=1

)

C
; n = 1; : : : ; N; p 2 RN :
N

(14)

yn (dn dn )

n
P
N


=1 hp (xn )(dn dn )  1; p 2 P

n=1 (dn + dn )  C
PN

n=1 (dn dn ) = 0
0  dn; dn  NC ; n = 1; : : : ; N
n
PN

(15)
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This is an example of semi-in nite linear program (SILP), a lass of problems
that has been extensively studied in mathemati al programming. The problem
is alled semi-in nite be ause it has an in nite number of onstraints and a
nite number of variables. The set P is known as the index set. If the set of
hypotheses produ able by the base learner is nite, e.g. if fhjh = L(X; p); p 2
P g is nite, then the problem is exa tly equivalent to LP-Regression problem
(12).
We will establish several fa ts about this semi-in nite programming problem
using the results for general linear semi-in nite programs summarized in the exellent review paper [27℄. To simplify the presentation, we simpli ed the results
in [27℄ to the ase SILP with an additional set of nite linear onstraints. The
results presented an be easily derived from [27℄ through a hange in notation
and by in reasing the index set to in lude the additional nite set of traditional
linear onstraints. To be onsistent with our derivation of the SILP-regression
problem, we will refer to the problem with in nitely many onstraints as the
dual problem and the problem with in nitely many variables as the primal
problem. Care should be taken, sin e this is the reverse of the onvention used
in the mathemati al programming literature.
We de ne the generi dual SILP as
(D) = maxfh ; zi j ha(p); zi  b(z); Qz  q; z 2 RN ; p 2 B g
(16)
where 2 RN , Q 2 Rrm , q 2 Rr , B is a ompa t set, a() is a fun tion from
B to RN , and b() is a fun tion from B to R. We will make the additional
assumption that the problem is always feasible and that the feasible region is
ompa t. Clearly the maximum value is always obtained sin e we are maximizing a ontinuous fun tion over a ompa t set.
Ideally, we would like the solution of a linear program to orrespond to
the optimal solution of the semi-in nite problem. We now de ne a ne essary
ondition for the existen e of a nite linear program whose optimal solution
also solves the semi-in nite program. We will denote the generi dual SILP
restri ted to a nite subset PN = fp1 ; : : : ; pN g  B as (D(PN )). This is a
linear program sin e it has a nite number of onstraints.
The rst theorem gives ne essary onditions for the optimal solution of a
generi dual SILP to be equivalent to the solution of a nite linear program.
Theorem 3 (Ne essary ondition for nite solution. Theorem 4.2[27℄).
Assume the following Slater ondition holds: For every set of N + 1 points
p0 ; p1 ; : : : ; pN a z^ exists su h that ha(pn ); z^i < b(pn ), n = 1; : : : ; N , and
Qz^ < r. Then there exists PN = fp1 ; : : : ; pN g  B su h that
1.

(D) = (D(PN ));

2. There exists multipliers n  0, n = 1; : : : ; N , su h that
(

(D) = min h ; zi

N
X
n=1

)

n (a(pn ) b(pn )) j z 2 RN ; Qz  q :

(17)
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This result immediately applies to the dual SILP regression problem sin e
the stri tly interior point p = d d with dn = dn = C=(2N 2 + 1) satis es
the Slater ondition.
Corollary 4 (Finite solution of regression ensemble). For Problem (D)
with  < 1, there exists PN = fp1 ; : : : ; pN g 2 P su h that
1. (D) = (D(PN ));
2. There exists multipliers n  0, n = 1; : : : ; N , su h that
(

(D) = min hy; pi

N
X
n=1

n(h(xn ; pn )

1) j p 2 RN ; p 2 P

)

:

(18)

3.4 Primal Regression SILP
Next we look at the orresponding primal problem for the semi-in nite ase.
We would like our semi-in nite dual problem to be equivalent to a meaningful
primal problem that simpli es to the original primal for the nite hypothesis
ase.
Let M +(B ) be the set of nonnegative Borel measures on B . The subset
(19)
R+(B ) := f 2 M + (B ) j supp() niteg
denotes the set of nonnegative generalized nite sequen es. The primal problem
of the generi SILP (16) is

(P ) = inf

8
<X
:

p2B

b(p)(p) j

X

p2B

a(p)(p) = ;  2 R(+B)

9
=
;

(20)

In nite linear programming, the optimal obje tive values of the primal and
duals problems are always equal. This is not always true for the semi-in nite
ase. Weak duality always holds, that is, (P )  (D). We must ensure that
there is no duality gap, i.e., that (P ) = (D).
Theorem 5 (SuÆ ient onditions for no duality gap, Theorem 6.5 [27℄).
Let the onvex one

MN +1

=
=

o




w=

a(p)
b(p)



j p2B

p2B (p)

P





a(p)
b(p)



2 RN +1
;  2 R(+B)



2 RN +1 :

(21)

(P ) = (D) and primal minimum is attained.
For the regression problem, a(p) = hp(x) is our set of base learners obtainable by our learning algorithm, and b(p) = 1 is onstant. Thus the theorem
an be simpli ed as follows.

be losed, then
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Corollary 6 (SuÆ ient onditions for base learner). Let the onvex one

= o (f(hp (x)) j p 2 P g) 2 RN
(22)
= w = p2P (p)(hp (x)) ;  2 R(+P ) 2 RN :
be losed, then (P ) = (D) and primal minimum is attained.
This orollary imposes onditions on the set of possible base hypotheses.
Some examples of sets of base hypothesis that would satisfy this ondition are:
 The set of possible hypotheses is nite, e.g. fh j h = L(X; p); p 2 P g is
nite.
 The fun tion hp (x) = L(C; p) is ontinuous with respe t to p.
These two onditions are suÆ ient to over all the base hypotheses onsidered
in this paper, but other onditions are possible.
MN

n

P

o

4

LP Ensemble Optimization Algorithms
In this se tion we propose two algorithms for optimizing nite and in nite regression linear programs. The rst uses olumn generation to exe ute a simplextype algorithm. The se ond adopts an exponential barrier strategy that has
onne tions to boosting algorithms for lassi ation [46℄.

4.1

Column Generation Approa h
The basi idea of Column Generation (CG) is to onstru t the optimal ensemble
for a restri ted subset of the hypothesis spa e. LP (12) is solved for a nite
subset of hypotheses. It is alled the restri ted master problem. Then the base
learner is alled to generate a hypothesis ht = L(X; p) where p = d d .
Assuming the base learner nds the best hypothesis satisfying ondition (13), if

n ht (xn )(dn dn ) < 1 then the urrent ensemble is optimal as all onstraints
are ful lled. If not, the hypothesis is added to the problem. This orresponds
to generating a olumn in the primal LP or SILP or a row of the dual LP or
SILP. The CG-Regression algorithm ( f. Algorithm 1) assumes that the base
learner L(X; p) is nite for any p 2 P .
Algorithm 1 is a spe ial ase of the set of SILP algorithms known as exhange methods. These methods are known to onverge. Clearly if the set
of hypotheses is nite, then the method will onverge in a nite number of
iterations sin e no onstraints are ever dropped. But one an also prove that it
onverges for SILP.
P

Theorem 7 (Convergen e of Algorithm 1, Theorem 7.2 [27℄). Algorithm
1 stops after a nite number of steps with a solution to the dual regression SILP
or the sequen e of intermediate solutions (d; d ) has at least one a umulation
point and ea h of these solves the dual regression SILP.

LP Ensemble Optimization Algorithms

Algorithm 1 The CG-Regression algorithm.
argument: Sample X = fx1 ; : : : ; xN g; y = fy1 ; : : : ; yN g
Regularization onstant C , Tube parameter   0
returns: Linear ombination from H.
fun tion CG-Reg(X; y; C;  )
t = 0;
repeat
t=t+1
Let [d; d ℄ be the solution of (12) using t 1 hypotheses
htP:= L(X; p), where p := d d
until n ht (xn )(dn dn ) < 1
Let [ ; b℄ be the dual solution to [d; d ℄, i.e. a solution to
P
return f = b + tq=11 q hq
end

13

(11)

This theorem holds for a more general set of ex hange methods than Algorithm 1. For example, it is possible to add or drop multiple onstraints at ea h
iteration, and the onvergen e result is un hanged. In pra ti e, we found the
olumn generation algorithm stops at an optimal solution in a few number of
iterations for both LP and SILP regression problems.
4.2 A Barrier Algorithm
In the following we propose an algorithm that uses the barrier optimization
te hnique [5, 24, 12℄. For details on the onne tion between Boosting-type
algorithms and barrier methods see [46, 45℄. In this sequel, we will give a very
brief introdu tion to barrier optimization.
The goal of barrier optimization is to nd an optimal solution of the problem
min2S f (), where f is a onvex fun tion over a non-empty onvex set S =
f j n ()  0; n = 1; : : : ; N g of feasible solutions. This problem an be solved
using a so alled barrier fun tion (e.g. [5, 12, 37, 9℄), the exponential barrier
being a parti ularly useful hoi e for our purposes,
N
(23)
exp n() ;
E () = f () +
X





n=1

> 0 being a penalty parameter. By nding a sequen e of (un onstraint)
minimizers ftgt to (23), using any sequen e f t gt with limt!1 t = 0, these
minimizers an be shown to onverge to a global solution of the original problem,
i.e. it holds:
min
f () = lim min E ():
(24)
2S
!0 

The barrier minimization obje tive for the problem (11) using the exponential
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barrier an be written as:
E

(

; b; ";  ;   )

=

J
X
j =1

j j j + C N1

exp(
+

N
X
n=1

"=

exp

)+


N
X

n +  

n=1
N
X

n=1

!

n

exp(

" +  n Æn

+ C" +

n =


(25)

) + exp(

+ exp
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n =

)+

" + n + Æn



:

where Æn := yn Jj=1 j hj (xn ) b and for simpli ity we have omitted the
onstraints  0. The rst line in (25) is the obje tive of (11), the se ond
line orresponds to the onstraints n; n ; "  0. The last line implements the
onstraints Æn  " + n and Æn  " + n .
Note that by setting r E = 0 and r E = 0, we an nd the minimizing sla k variables ;  of (25) for given , and b. Thus, the problem of
minimizing (25) is greatly simpli ed, as there are 2N variables less to optimize.
In this se tion, we propose an algorithm ( f. Algorithm 2) that { similar to
the olumn generation approa h of the last se tion { solves a sequen e of optimization problems, the so alled restri ted master problems. In ea h iteration
t of the algorithm, one sele ts a hypothesis and then solves (or approximately
solves) an un onstrained optimization problem in t + 2 variables. These variables are the t hypothesis oeÆ ients of the previous iterations, the bias b and
the tube size ".
The solution of the restri ted master problem with respe t to the master
problem1 is learly suboptimal and one annot easily apply (24). However, it is
known how fast one an de rease if the intermediate solutions are suboptimal
( f. Proposition 1 in [12℄ or [46℄): Roughly speaking one has to ensure that
! 0 and  krE k to a hieve the desired onvergen e in the sense of (24),
where the gradient is taken with respe t to all variables.
The base learner needs to nd a hypothesis with large edge Nn=1 pnh(xn),
as these hypotheses orrespond to violated onstraints in the dual problem.
Whereas in the lassi ation ase the maximum edge is minimized, we have
in regression just that all edges have to be belowN 1. Therefore, we de ne the
orre ted edge with respe t to the onstraint n=1 pn h(xn )  1 ( f. (12)) as
N p h(x ) 1, whi h is positive, if the onstraint is violated. We now
n
n=1 n
onsider the ase where the base learner nds a hypothesis, whi h is only Æoptimal with respe t to the orre ted edge. By this we mean that it nds a
hypothesis that is not mu h worse than the best hypothesis in H, i.e.
P

P

P

P

(

L(X; p) 2 h

N
X
n=1

pn h(xn )

1  Æ max
g2H

N
X
n=1

pn g(xn )

1

!)

;

(26)

for some onstant Æ 2 (0; 1℄. Note that the orre tion in the edge omes from
the regularization term k k1 . Then we get:
1 The (full) master problem has J + 2 variables.
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Algorithm 2 The Barrier-Regression algorithm
argument: Sample X = fx1 ; : : : ; xN g; y = fy1 ; : : : ; yN g
Number of iterations T , Regularization onstant C
Tube parameter  2 (0; 1℄
onstants: start > 0
returns: Linear ombination from H.
fun tion BarReg(X; y; T; C;  )
Set

=

start

for n = 1; : : : ; N do pn = exp(( yn ")=
for t = 1; : : : ; T
ht := L(X; p)
+ [ ; b; "℄ := argmin E ( ; b; ";  ( );  (
0;b;"

) exp((yn

")= ); endfor

))

for n = 1P
; : : : ; N do
Æn := tq=1 q hq (xn ) + b yn
pn := exp((Æn n ( ) ")= ) exp(( Æn n (
endfor
P

if n pn ht (xn ) 1 < , do := next( ) ; endif
endfor
P
return f = b + Jt=1 t ht
end

)

")=

)

Lemma 8. While running Algorithm 2 using a base learner satisfying (26),
the barrier parameter is de reased only if  ÆkrE k1 , where the gradient
is taken with respe t to all variables "; b; 1 ; : : : J .

The gradient of E with respe t to " and b is always zeros as they are
unbounded variables in the minimization in line \+". The gradient of E with
respe t to j is
Proof.

r E(
j

; b; ";  ;   ) = 1

N
X
n=1

pn hj (xn );

where pn = exp((Æn n ")= ) exp (( Æn n ")= ). We have two ases:
 The hypothesis is already in the restri ted master problem: If r E = 0
( f. line \+") we get j  0 or if r E > 0 we have j = 0. Note that
the ase r E = 0 an not happen. Thus, the gradient proje ted on the
feasible set (  0) is always zero.
 The hypothesis has not already been in luded: If r E < 0, the last
onstraint in (12) is violated for j and the hypothesis hj needs to be
in luded in the hypothesis set.
Thus, one an exploit the property (26) of the base learner to upper-bound the
gradient of the master problem at the urrent solution. If the learner returns a
hypothesis h = L(X; p), then by (26) there does not exist another hypothesis
j

j

j

j
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with an edge larger than by a fa tor of Æ 1 . Assume there exists
a violated
N
onstraint. Then by line \", is de reased if Ækr E k1  n=1 pnh(xn)
1 .
Using this Lemma one gets the desired onvergen e property of Algorithm 2:
Theorem 9. Assume H is nite and the base learner L satis es ondition (26).
Then for T ! 1 the output of the algorithm onverges to a global solution of
(11).
Proof. Let E be given by (25). By Proposition 1 of [12℄ (see [46℄), one knows
that any a umulation point of a sequen e ft gt satisfying kr E (t )k1 ! 0
( t ! 0) is a global solution of (11). By Lemma 8 we have that is de reased
only if > ÆkrE k1. If is not de reased, the gradient will be redu ed
in a nite number of iterations su h that ÆkrE k1 < . Thus ! 0 and
krE k1 ! 0.
Similar onditions an be used to prove the onvergen e of Algorithm 1 in the
ase of non-optimal base learners in the sense of (26).
Barrier methods have also been applied to semi-in nite programming problems. In [28℄ a similar barrier algorithm using the log-barrier has been used
( f. also [37℄). It is future work to rigorously prove that Algorithm 2 also onverges to the optimal solution when the hypothesis spa e is in nite.
The algorithms proposed here are in omplete without des riptions of the
base hypothesis spa e and the base learner algorithm. In the next se tion, we
onsider hoi es of the hypothesis spa e and base learner, and how they e e t
the algorithms.
P

t

4.3 Choi e of Hypothesis Spa e and Base Learner
Re all that both algorithms require the hypothesis hp that solves or approximately solves
hp = argmax
h2H

N
X
i=n

pnh(xn ):

(27)

So the question is how do we solve this types for di erent types of base learners.
Clearly the set of base learners must be bounded for this maximum to exist.
4.3.1 Kernel fun tions

Suppose we wish to onstru t ensembles of fun tions that itself are linear ombinations of other fun tions (e.g. of kernel fun tions) using oeÆ ient , i.e. fun tions of the form kn()  k(xn ; ):
h (x) :=

N
X
n=1

nk

(xn ; x);

2 RN :

(28)
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The set fh g is an in nite hypothesis set and is unbounded, if is unbounded.
So, one has to restri t { here we onsider bounding the `1-norm of by some
onstant, e.g. H := fh j k k1  1; 2 RN g. Then the problem (27) has a
losed form solution: Let j  be the maximum absolute sum of the kernel values
weighted by p:
N
X

j  = argmax pnk(xj ; xn ):
j =1;:::;N n=1

(29)




Then h with = [0; : : : ; 0; j ; 0; : : : ; 0℄ and j = sign Nn=1 pnk(xj ; xn)
is a solution to (27). This means, if we boost onvex ombinations of kernel
fun tion bounded by the `1-norm of , then we will be adding in exa tly one
kernel basis k(xj ; ) per iteration. The resulting problem will be the exa tly the
same as if we were optimizing a SVM regression LP (e.g. [52℄) in the rst pla e.
The only di eren e is that we have now de ned an algorithm for optimizing the
fun tion by adding one kernel basis at a time. So while we posed this problem
as a semi-in nite learning problem it is exa tly equivalent to the nite SVM
ase where the set of hypotheses being boosted is the individual kernel fun tions
k(xn ; x).
If the i were bounded using di erent norms then this would no longer be
true. We would be adding fun tions that were the sum of many kernel fun tions.
Likewise, if we performed an a tive kernel strategy, where the set of kernels is
parameterized over some set then the algorithm would hange. We onsider
this problem in the next se tion.
P

4.3.2 A tive Kernel Fun tions

Now onsider the ase where we hose a set of (kernel) fun tions parameterized
by some ve tor . By the same argument above, if we impose the bound
k k1  1, we need only onsider one su h basis fun tion at a time. But in this
ase sin e the kernel is parameterized over a set of ontinuous values , we will
have an in nite set of hypothesis. Say for example we wish to pi k the a RBF
kernel with parameters  (the enter) and 2 (the varian e), i.e. = [; ℄.
Then we hose the hypothesis fun tion (s = dim(x))
1 exp kx ^k22
h(^;^ ) (x) =
2^2
(22 )s=2
with parameters (^; ^ ) that maximize the orrelation between weight p and the
output (the so- alled edge), i.e.


(^; ^ ) = argmax
E (; ) where
;

E (; ) :=



N
X
n=1

pn h(;) (xn ) ;

(30)

This is a bounded fun tion that is in p. Thus all of the above results for the
semi-in nite ase hold.
There are several ways to eÆ iently nd ^ and ^ . The straight-forward
way is to employ some standard nonlinear optimization te hnique to maximize
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(30). However, for RBF kernels with xed varian e 2 there is a fast and
easy to implement EM-like strategy. By setting
rE (; ) = 0, we get  =
kx k22 , and Z is a normalization fa tor
N q x , where q = Zp exp
n
n
n=1 n n
22
su h that n qn = 1. By this update, we are omputing the weighted enter
of the data, where the weights depend on p. Note, for given ve tor q, one an
ompute (M-step) the optimal enter . However, q depends on  and one has
to iteratively re ompute q (E-step). The iteration an be stopped, if n q0 = 0
or  does not hange anymore. As the obje tive fun tion has lo al minima, one
may start at a random position, e.g. at a random training point.


P



P

P

4.3.3 SVM Classi ation Fun tions

Here we onsider the ase of using a linear ombination of lassi ation fun tions whose output is 1 to form a regression fun tion. An example of su h
an algorithm is the Tree-Boost algorithm of Friedman [23℄ For absolute error
fun tions, Tree-Boost onstru ts a lassi ation tree where the lass of ea h
point is taken to be the sign of the residual of ea h point, i.e. points that are
overestimated are assigned to lass -1 and points that are underestimated are
assigned to lass 1. A de ision tree is onstru ted, then based on a proje ted
gradient des ent te hnique with an exa t line-sear h, ea h point falling in a leaf
node is assigned the mean value of the dependent variables of the training data
falling at that node. This orresponds to a di erent t for ea h node of the
de ision tree. So at ea h iteration, the virtual number of hypothesis added in
some sense orresponds to the number of leaf nodes of the de ision tree.
Here we will take a more simpli ed view and onsider one node de ision
trees where the de ision trees are linear ombinations of the data. Spe i ally
our de ision fun tion at ea h node is f (x; w; b) = sign(hw; xi + b). Thus at ea h
iteration of the algorithm we want to
^ ^b) = argmax
(w;
w;b

(

N
X

n=1

pn sign(hw; xn i + b)

)

(31)

Note that there are only nitely many ways to label N points so this is a
nite set of hypotheses. There are in nitely many possible (w; b) but any that
produ e the same obje tive value are equivalent to the boosting algorithm.
The question is how to pra ti ally optimize su h a problem. Clearly an
upper bound on the best possible value of the above equation is obtained by
any (w; b) solution satisfying sign(f (xn; w; b)) = sign(pn). So in some sense,
we an onsider the sign(pn) to be the desired lass of xn. Now it frequently
may not be possible to onstru t su h a f . Ea h xn that is mis lassi ed will
be penalized by exa tly jpnj. Thus we an think of jpnj as the mis lassi ation
ost of xn. Given these lasses, and mis lassi ation weights, we an use any
weight sensitive lassi ation algorithm to onstru t a hypothesis.
In this study we used the following problem onverted into LP form to
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n=1 jpn jn

PN

sign(pn) (hw; xn i + b)  1 n; n = 1; : : : ; N (32)
kwk1  Æ;   0
where Æ > 0 be omes a parameter of the problem.
Some interesting fa ts about this formulation. The hoi e of Æ ontrols the
apa ity of the base learners to t the data. For a xed hoi e of Æ, lassiation fun tions using a relatively xed number of wd nonzero. So the user
an determine based on experimentation on the training data, how Æ e e ts the
omplexity of the base hypothesis. Then the user may x Æ a ording to the
desired omplexity of the base hypothesis. Alternatively, a weighted variation
of  -SVMs [49℄ ould be used to dynami ally hose Æ.
Like in TreeBoost, we would like to allow ea h side of the linear desision to
have a di erent weight. We des ribe the hanges required to Algorithm 1 to
allow this. At ea h iteration, LP (32) is solved to nd a andidate hypothesis
^ ^b). Then instead of adding a single olumn to the restri ted master LP
(w;
^ x > +b > 0)
(12), two olumns are added. The rst olumn is ht+ = I (< w;
and the se ond olumn is ht = I (< w^ ; x > +b < 0). The algorithms stops if
both of these hypothesis are don't meet the riteria given in the algorithm. The
algorithm should terminate if n ht+ (xn)+ ht (xn)(dn dn) < 2. We all this
variant of the algorithm CG-LP. This hange has no e e t on the onvergen e
properties.
s:t:

P

5 Experiments
In this se tion we present some preliminary results indi ating the feasibility of
our approa hes. We will start in Se tion 5.1 with showing some basi properties
of the CG and barrier algorithms for regression. We show that both algorithms
are able to produ e ex ellent ts on a noiseless and noisy toy problems.
As base learners we use the three proposed in Se tion 4.3. We will denote
by CG-k, CG-RBF and CG-LP, the CG algorithms using RBF kernels, a tive
RBF kernels and lassi ation fun tions as base learners, respe tively. Likewise
for Bar-k, Bar-RBF and Bar-LP using the barrier algorithm. Not all of these
possible ombinations have been implemented.
To show the ompetitiveness of our algorithms we performed a ben hmark
omparison in Se tion 5.2 on time-series predi tion problems that have been
extensively studied in the past.
Moreover, we give an interesting appli ation to a problem derived from
omputer-aided drug-design in Se tion 5.3. There, we in parti ular show that
the approa h using lassi ation fun tions as base learner is very well suited
for datasets where the dimensionality of the problem is high, but the number
of samples is very small.
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Figure 1 Toy example:

The left panel shows the t of the sin fun tion without
noise using RBF-kernels (solid) and lassi ation fun tions (dashed). The solid
t is almost perfe t (Q = 6:3  10 3 ), while the dashed fun tion is too simple
(Q = 0:63). The right panel shows a t using RBF-kernels (Q = 0:35) on noisy
data (signal:noise=2:1, C = 100). The tube size is automati ally adapted by
the algorithm (" = 0:0014 (left) and " = 0:12 (right)), su h that a half of the
patterns lie inside the tube ( = 1=2).

5.1 An Experiment on toy data
To illustrate (i) that the proposed regression algorithm onverges to the optimal
(i.e. zero error) solution and (ii) is apable of nding a good t to noisy data
(signal:noise=2:1) we applied it to a toy example { the frequently used sin
fun tion in the range [ 2; 2℄. For our demonstration ( f. Fig. 1) we used two
base hypothesis spa es: (i) RBF kernels in the way des ribed in Se tion 4.3.1,
i.e.
H = fhn(x) = exp( kx xnk2 =2 ) j n = 1; : : : ; N g
with 2 = 1=2 and (ii) lassi ation fun tions as des ribed in Se tion 4.3.3. The
latter ase is in luded for demonstration purposes only, the CG-LP is designed
for high-dimensional data sets and does not perform well in low dimensions due
to the severely restri ted nature of the base hypothesis set.
To keep the results omparable between di erent data sets we use a normalized measure of error { the Q-error (also alled normalized root mean squared
error), whi h is de ned as:
N (y
f (x ))2
(33)
Q2 = nN=1 n P yn :
2
)
n=1 (yn
N
A Q > 1 is meaningless sin e simply predi ting the mean target value will result
in a Q-value of one.
Let us rst onsider the ase of RBF-kernels. In the noise-free ase (left
panel of Fig. 1) we observe { as expe ted from Proposition 2 { that the (automati ally determined) tube size " is very small (0.0014), while it is kept large
(0.12) for the high noise ase (right panel). Using the right tube size, one gets
P

P

i

i
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an almost perfe t (Q = 6:3  10 3 ) t in the noise-free ase and an ex ellent t
in the noisy ase (Q = 0:35) { without re-tuning the parameters.
The CG-LP produ ed a pie ewise-linear fun tion based on only two lassiation fun tions. The same solution of Q2 = 0:5 was produ ed in both the
noisy and noise-free ases. Interestingly in the noisy ase it produ es almost
an identi al fun tion. Sin e that the hypothesis spa e only onsists of linear
lassi ation fun tions onstru ted by LP (32), the set of base hypothesis is extremely restri ted. Thus high bias, but low varian e behavior an be expe ted.
We will see later than on high dimensional datasets the CG-LP an perform
quite well.
Let us now ompare the onvergen e speed of CG- and Barrier-Regression in
the ontrolled setting of this toy example. For this we run both algorithms and
re ord the obje tive values of the restri ted master problem. In ea h iteration
of the barrier algorithm one has to nd the minimizing or almost minimizing
parameters ( ; "; b) of the barrier fun tion E for the restri ted master problem.
In our implementation we use an iterative gradient des ent method, where
the number of gradient steps is a parameter of the algorithm. The result is
shown in Fig. 2. One observes that both algorithms onverge rather fast to
the optimal obje tive value (dotted line). The CG algorithm onverges faster
than the barrier algorithm, as in the barrier parameter usually de reases not
qui k enough to ompete with the very eÆ ient Simplex method. However,
if the number of gradient des ent steps is large enough (e.g. 20), the barrier
algorithm produ es omparable results in the same number of iterations. Note
that if one does only one gradient des ent step per iteration, this approa h is
similar to the algorithm proposed in [11℄ that uses parallel oordinate des ent
steps (similar to Ja obi iterations).
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Figure 2 Convergen e on the toy example: The onvergen e of the obje tive
fun tion k k1 + kk1 =N + C" in CG-Regression (solid) and Barrier-Regression

to the optimal value (dotted) over the number of iterations. Left for no noise
and right for large normal noise (signal:noise=2 : 1). For Barrier-Regression we
did 1 (dash-dotted) and 20 (dashed) gradient des ent steps in ea h iteration,
respe tively. We used  = 1=2; C = 100 and RBF-kernels with 2 = 1=2. We
got k k1 = 2:7, " = 0:0014 (left) and k k1 = 1:3, " = 0:12 (right).
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5.2 Time Series Ben hmarks
In this se tion we would like to ompare our new methods to SVMs and RBF
networks. For this we hose two well-known data sets that have been frequently
used as ben hmarks on time-series predi tion: (i) the Ma key-Glass haoti time
series [32℄ and (ii) data set D from the Santa Fe ompetition [54℄.
We x the following experimental setup for our omparison. We use seven
di erent models for our omparison: three models that have been used in [39℄
(RBF nets and SVM-Regression (SVR) with linear and Huber loss) and four
new models: CG-k, CG-RBF, Bar-k and Bar-RBF.
All models are trained using a simple ross validation te hnique. We hoose
the model with the minimum predi tion error measured on a randomly hosen
validation set (originally taken from [39℄). The data an be obtained from
http://ida.first.gmd.de/~raets h/data/ts.
5.2.1 Ma key Glass Equation

Our rst appli ation is a high-dimensional haoti system generated by the
Ma key-Glass delay di erential equation
0:2x(t t) ;
dx(t)
=
0
:1x(t) +
(34)
dt
1 + x(t t)10
with delay t = 17. Eq. (34) was originally introdu ed as a model of blood ell
regulation [32℄ and be ame quite ommon as an arti ial fore asting ben hmark.
After integrating (34), we added noise to the time series. We obtained training
(1000 patterns) and validation (the following 194 patterns) sets using an embedding dimension d = 6 and a step size  = 6. The test set (1000 patterns) is
noiseless to measure the true predi tion error. We ondu ted experiments for
di erent signal to noise ratios2 (SNR) using uniform noise.
In Table 1 we state the results given in the original paper [39℄ for SVMs using
"-insensitive loss and Huber's robust loss (quadrati /linear) and RBF networks.
Moreover, we give the results for the CG and the barrier algorithm using RBF
kernels and a tive RBF-kernels.3 At any noise level, all four algorithms perform
on average as good as the SVM with Huber loss (5 times better and 6 times
worse).
Note that the CG and the barrier algorithm do not perform signi antly
di erent (CG is 4 times better and 2 times worse). This shows that the simple barrier implementation given in Algorithm 2 a hieves a high enough a ura y to ompete with a sophisti ated simplex implementation used in the
CG-algorithms.
2 We de ne the SNR in this experiment as the ratio between the varian e of the noise and
the varian e of the data.
3 We also applied the CG algorithm using lassi ation fun tions (CG-LP), but the algorithm performed very poorly (Q  0:4), be ause it ould not generate omplex enough
fun tions.
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method
CG-k
CG-RBF
BAR-k
BAR-RBF
SVM "-insens.
SVM Huber
RBF-NN

6.2%
0.036
0.037
0.035
0.038
0.026
0.034
0.039

SNR
12.4%
0.055
0.062
0.061
0.056
0.052
0.061
0.061
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18.6%
0.083
0.077
0.076
0.082
0.074
0.083
0.122

Table 1 1-step predi

tion error (RMS) on the test set on Ma key-Glass data.
\SNR" is the ratio between the varian e of the respe tive noise and the underlying time series.

5.2.2 Data Set D from the Santa Fe Competition

Data set D from the Santa Fe ompetition is arti ial data generated from
a nine-dimensional periodi ally driven dissipative dynami al system with an
asymmetri al four-well potential and a slight drift on the parameters [54℄. The
system has the property of operating in one well for some time and then swit hing to another well with a di erent dynami al behavior. Therefore, we rst segment the time series into regimes of approximately stationary dynami s. This is
a omplished by applying the Annealed Competition of Experts (ACE) method
des ribed in [41, 38℄ (no assumption about the number of stationary subsystems
was made). Moreover, in order to redu e the e e t of the ontinuous drift, only
the last 2000 data points of the training set are used for segmentation. After
applying the ACE algorithm, the data points are individually assigned to lasses
of di erent dynami al modes. We then sele t the parti ular lass of data that
in ludes the data points at the end of Data Set D as the training set.4
This allows us to train our models on quasi-stationary data and we avoid
having to predi t the average over all dynami al modes hidden in the full training set (see also [41℄ for further dis ussion). However, at the same time we are
left with a rather small training set requiring areful regularization, sin e there
are only 327 patterns in the extra ted training set. As in the previous se tion
we use a validation set (50 patterns of the extra ted quasi-stationary data) to
determine the model parameters of SVMs, RBF networks and CG-Regression.
The embedding parameters used, d = 20 and  = 1, are the same for all the
methods ompared in Table 2.
Table 2 shows the errors (Q-value) for the 25 step iterated predi tion.5 In
the previous result of [39℄ the Support ve tor ma hine with "-ins. loss is 30%
better than the one a hieved by Pawelzik et al. [41℄. This is the urrent re ord
on this dataset. Given that it is quite hard to beat this re ord, our methods
perform quite well. CG-RBF improves the result in [41℄ by 28%, while CG-k
4 Hereby we assume that the lass of data that generated the last points in the training set

is the one that is also responsible for the rst ouple of steps of the iterated ontinuation that
we aim to predi t.
5 Iterated predi tion means that based on the past predi tions (and not on the original
data) the new predi tion is omputed.
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is 26% better.6 This is very lose to the previous result. The model-sele tion
is a ru ial issue for this ben hmark ompetition. The model, whi h is sele ted
on the basis of the best predi tion on the 50 validation patterns, turns out to
be rather suboptimal. Thus, more sophisti ated model sele tion methods are
needed here to obtain more reliable results.
CG-k
0.190

CG
CG-RBF
0.186

SVM
Huber
0.180 0.183

"-ins.

Neural Network
RBF PKM [41℄
0.245
0.257

Comparison (under ompetition onditions) of 25 step iterated predi tions (Q-value) on Data set D. A prior segmentation of the data a ording
to [38, 41℄ was done as prepro essing.

Table 2

5.3 Experiments on Drug data
This data set is taken from omputer-aided drug design. The goal is to predi t
bio-rea tivity of mole ules based on mole ular stru ture through the reation of
Quantitative Stru ture-A tivity Relationship (QSAR) models. On e a predi tive model has been onstru ted, large database an be s reened ost e e tively
for desirable hemi al properties. Then this small subset of mole ules an then
be tested further using traditional laboratory te hniques. The target of this
dataset LCCKA is the logarithm of the on entration of ea h ompound that
is required to produ e 50 per ent inhibition of site \A" of the Chole ystokinin
(CCK) mole ule. These CCK and CCK-like mole ules serve important roles as
neuro-transmitters and/or neuro-modulators. 66 ompounds were taken from
the Merk CCK inhibitor data set. The dataset originally onsisted of 323 des riptors taken from a ombination of \traditional" 2D, 3D, and topologi al
properties and ele tron density derived TAE (Transferable Atomi Equivalent)
mole ular des riptors derived using wavelets [8℄. All data was s aled to be between 0 and 1. The data an be obtained from http://www.rpi.edu/bennek
after January 1, 2001.
It is well known that appropriate feature sele tion on this dataset and others
is essential for good performan e of QSAR models due the small amount of
available data with known bio-rea tivity and the large number of potential
des riptors, see for example [16℄. In an unrelated study [2℄ feature sele tion was
done by onstru ting a `1-norm linear support ve tor regression ma hine (like
in equation (10) but where the features are the input dimensions) to produ e a
sparse weighting of the des riptors. Only the des riptors with positive weights
were retained. We take the redu ed set of 39 des riptors as given. We refer to
the full data set as LCCKA and the redu ed dataset as LCCKA-R.
The typi al performan e measured used to evaluate QSAR data is the average sum square error between the predi ted and true target values divided by
the true target varian e. This is Q2 as de ned in (33). A Q2 of less than 0:3 is
onsidered very good. To measure the performan e, 6-fold ross validation was
6 We have not performed experiments with the barrier algorithm on this data, sin e the
performan e is expe ted to be similar.
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performed. We report the out-of-sample Q2 averaged over the 6 folds. In this
preliminary study, model-sele tion using parameter sele tion te hniques was not
performed. As models we onsider CG-LP (CG with lassi ation fun tions)
and CG-k (CG with non-a tive kernels) des ribed in Se tions 4.3.3 and 4.3.1.
For CG-k, we used only three di erent values for the regularization onstant C ,
the tube-parameter  and the parameter of the base learner  (kernel-width)
and Æ ( omplexity parameter in (32)), respe tively. Thus, we examined 27 different parameter ombinations. For CG-LP, we used parameter values found
to work well on a redu ed dataset in [2℄ and then hose C and Æ su h that
the number of hypothesis and attributes per hypothesis were similar on the
training data. Resear h is in progress to repeat these studies using a more appropriate model sele tion te hnique, leave-one-out. Model sele tion is riti al
for performan e of these methods, thus eÆ ient model sele tion te hniques is
an important open question that needs to be addressed.
First we tried CG-k on the full data set LCCKA, but it failed to a hieve good
performan e (Q2 = 0:48), while the simple approa h CG-LP performed quite
well with Q2 = 0:33. This is be ause CG-LP is able to sele t the dis riminative
features based on subsets of the attributes, while the kernel-approa hes get
onfused by the uninformative features. For the redu ed set LCCKA-R, where
the features are already pre-sele ted, the kernel approa h improves signi antly
(Q2 = 0:27) and is not signi antly di erent than CG-LP (Q2 = 0:25). Both
methods produ ed sparse ensembles.
On the full dataset, using parameters C = 8,  = 0:8, and Æ = 6, CG-LP
used on average ensembles onsisting of 22 hypothesis onsisting of an average
of 10:1 of the possible 323 attributes, while CG-k with RBF-kernel ( = 30)
and  = 0:1 used 45 hypothesis. On the redu ed dataset, using parameters
C = 15,  = 0:8, and Æ = 10, CG-LP used on average ensembles onsisting
of 23:5 hypothesis onsisting of an average of 10:7 attributes, while the CGk approa h ( = 10) used on average 30:3 hypothesis ( = 0:1). The slight
di eren e between CG-LP and CG-k might be explained again by the presen e
of uninformative features.
Summarizing, the CG-LP approa h seems to be a very robust method to
learn simple regression fun tions in high-dimensional spa es with automati
feature sele tion.
6 Con lusion
In this work we examined an LP for onstru ting regression ensembles based
on the `1-norm regularized -insensitive loss fun tion used for support ve tor
ma hines rst proposed for ensembles of nite hypothesis sets in [52℄. We
used the dual formulation of the nite regression LP: (i) to rigorously de ne a
proper extension to the in nite hypothesis ase and (ii) to derive two eÆ ient
algorithms for solving them. It is shown theoreti ally and empiri ally that
even if the hypothesis spa e is in nite, only a small nite set of the hypotheses
is needed to express the optimal solution ( f. Corollary 4). This sparseness is
possible due to the use of the `1 -norm of the hypothesis oeÆ ient ve tor, whi h
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a ts as a sparsity-regularizer.
We proposed two di erent algorithms for eÆ iently omputing optimal nite
ensembles. Here, the base-learner a ts as an ora le to nd the onstraints in
the dual semi-in nite problem that are violated. For the rst algorithm (the
CG algorithm for regression), whi h is based on a simplex method, we proved
the onvergen e for the in nite ase ( f. Theorem 7). The se ond algorithm
{ the Barrier algorithm for Regression { is based on an exponential barrier
method that has onne tions to the original AdaBoost method for lassi ation
( f. [46℄). This algorithm onverges for nite hypothesis lasses ( f. Theorem 9).
Using re ent results in the mathemati al programming literature (e.g. [37, 28℄)
we laim that it is possible to generalize it to the in nite ase. Computationally
both algorithms nd a provably optimal solution in a small number of iterations.
We examined three types of base learning algorithms. One, based on boosting kernel fun tions hosen from a nite di tionary of kernels, is an example of
a nite hypothesis set. We also onsider a tive kernel methods where the kernel
basis are sele ted from an in nite di tionary of kernels. Finally, we onsider
the ase using the nite set of linear lassi ation fun tions onstru ted using
an LP. This is a very limited hypothesis spa e that is spe i ally designed to
work on underdetermined high-dimensional problems su h as the drug design
data dis ussed in this paper.
Our preliminary simulations on toy and real world data showed that the
proposed algorithms behave very well in both nite and in nite ases. In a
ben hmark omparison on time-series predi tion problems our algorithms perform as well as the urrent state of the art regression methods su h as support
ve tor ma hines for regression. In the ase of \Data set D" of the Santa Fe ompetition we obtained results that are as good as the urrent re ord (by SVM)
on this dataset. The LP lassi ation-based approa h worked extremely well
on the high-dimensional drug design datasets, sin e the algorithm inherently
performs feature sele tion essential for su ess on su h datasets.
The primary ontribution of this paper has been a theoreti al and on eptual study of LP-based ensemble regression algorithms in nite and in nite
hypothesis spa es. For future work we plan a more rigorous investigation of
the omputational aspe ts of our approa h. One open question is how to best
perform sele tion of the LP model parameters. Another open question involves the best algorithmi approa hes for solving the semi-in nite linear program. While they work well in pra ti e, the olumn generation and barrier
interior-point methods des ribed here are not the urrent state of the art for
semi-in nite linear programming. A primal-dual interior point algorithm may
perform even better both theoreti ally and empiri ally espe ially on very large
datasets. Lastly, the ability to handle in nite hypothesis sets opens up the
possibility of many other possible types of base learning algorithms.
G. Rats h would like to thank S. Mika and K.-R. Muller for
valuable dis ussions. This work was partially funded by DFG under ontra t
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