An improvement of AdaBoost to avoid over tting
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ABSTRACT

Recent work has shown that combining multiple versions of
weak classi ers such as decision trees or neural networks results in reduced test set error. To study this in greater detail,
we analyze the asymptotic behavior of AdaBoost. The theoretical analysis establishes the relation between the distribution of margins of the training examples and the generated
voting classi cation rule. The paper shows asymptotic experimental results with RBF networks for the binary classication case underlining the theoretical ndings. Our experiments show that AdaBoost does over t, indeed. In order to
avoid this and to get better generalization performance, we
propose a regularized improved version of AdaBoost, which
is called AdaBoostreg. We show the usefulness of this improvement in numerical simulations.
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1. Introduction

An ensemble is a collection of neural networks or other types
of classi ers (hypotheses) that are trained for the same task.
Boosting and other ensemble learning methods have been
used recently with great success for several applications,
e.g. OCR [12, 7].
In this work we investigate the functioning of the ensemble
learning process in greater detail by looking at the asymptotic
character of AdaBoost as a particular example of an ensemble
method. The learning characteristics can be studied nicely
from the margins perspective (section 2 and 3). Discussing
the error function of AdaBoost we can introduce the intuition
of annealing and suggest strategies to improve AdaBoost in
practice (section 4).

2. AdaBoost algorithm

Let fht (x) : t = 1; : : : ; T g be an ensemble of T hypotheses
de ned on input vector
P x and c = [c1 : : : cT ] their weights
satisfying ct > 0 and t ct = 1. In the binary classi cation
case, the output is one of two class labels, i.e. ht (x) = 1.
The ensemble generates?the
is the weighted ma
P label which
jority of the votes: sgn t ct ht (x) . In order to train this
ensemble of T hypotheses fht (x)g and c, several algorithms
have been proposed: bagging, where the weighting is simply ct = 1=T [3] and AdaBoost/Arcing, where the weighting
scheme is more complicated [11, 4].
In the following we give a brief description of the AdaBoost/Arcing algorithms. We use a special form of Arcing,
which is equivalent to AdaBoost [4]. In the binary classication case we de ne the margin for an input-output pair

zi = (yi ; xi ); (i = 1; : : : ; N ) by
mg(zi ; c) = yi

T
X

=1

ctht (xi );

(1)

t

which is between ?1 and 1, if jcj = 1. The correct class is
predicted, if the margin at z is positive. When the positivity
of the margin value increases, the decision correctness (stability) becomes larger. AdaBoost asymptotically minimizes
a function of the margin mg(zi ; c) [10]

g(b) =

X
i

P



exp ? jb2 j mg(zi ; c)



(2)

where jbj = t bt (starting from b = 0). Note that bt is the
unnormalized weighting of the hypothesis ht . The quantity
c is simply a normalized version of b, i.e. c = b=jbj.
In order to nd the hypothesis ht the learning examples zi are
weighted in each iteration t with wt(zi ). Using a bootstrap
on this weighted sample we train ht , alternatively a weighted
error function can be used (e.g. weighted MSE). The weights
wt(zi ) are computed according to1
bt?1 jmg(zi; ct?1)=2g
(3)
wt(zi ) = Pexpexpf?jf?j
bt?1jmg(zj ; ct?1 )=2g
j
and the training error t of ht is computed as

t =

N
X

=1

wt (zi)I (yi 6= ht (xi ));

(4)

i

where I (true) = 1 and I (false) = 0.
For each given hypothesis ht we have to nd a weight bt , such
that g(bt ) is minimized. One can optimize this parameter
by a line search or directly by analytic minimization [4, 10],
which gives
(5)
b = log 1 ? t :
t

Interestingly, we have

t

(6)
wt(zi ) = PN@g(bt?1 )=@mg(zi ; bt?1) ;
j =1 @g (bt?1 )=@mg (zj ; bt?1 )
which is a gradient of g(bt?1 ) with respect to the margins.
This wt(zi ) will give a hypothesis ht which is an approximation to the best possible hypothesis ht that would be obtained
by minimizing g(b) directly. Note that, the weighted minimization (bootstrap, weighted LS) will not necessarily give

1 This direct way for computing the weights is equivalent to the
update rule of AdaBoost [10, 8].
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1. Train neural network with respect to weighted example wt and obtain hypothesis
ht : x 7! f1g
2. calculate
the training error t of ht :
P
t = li=1 wt(zi )I (ht (xi ) 6= yi ), abort if t  12
3. set bt = log 1?tt .
4. update weights wt (Zt is a normalization constant):
wt+1 (zi ) = wt (zi) exp f?bt I (ht (xi ) = yj )g =Zt
Output: nal hypothesis: f (x) = jb1j PTt=1 bt ht (x)
Figure 1: The AdaBoost algorithm

converge to a xed stability asymptotically and training patterns from the margin area (boundary area between classes)
will have the same stability asymptotically (cf. Fig. 3). From
Eq. (3), when the annealing parameter jbj takes a very big
value, AdaBoost learning becomes a hard competition case:
only the patterns with smallest margin will get high weights,
other patterns are e ectively neglected in the learning process.
To recapitulate our ndings: (a) training patterns, which are
in the margin area, have asymptotically the same stability
and (b) the value of the stabilities is decided by the speci c
AdaBoost annealing process and the speed of the annealing
process is an implicit function of the strength of the learner in
the training process. In order to con rm that the above the-

ht , even if t is minimized [10]. AdaBoost is therefore an
approximate gradient descent method which minimizes g(b)
asymptotically.
For an algorithmic description see pseudocode in Fig. 1.
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Figure 2: Training patterns with decision lines for AdaBoost (left)
and SVM (right) for a low noise case with similar generalisation
errors. RBF networks with 13 centers were used. The training
patterns are shown as a dot, the positive and negative boundary
samples are marked with '' and ' ' respectively.
oretical analysis is correct, asymptotic numerical simulations
are made. In all simulations, radial basis function (RBF) networks with adaptive centers [1, 10] are used as learners. Fig. 2
(left) shows an example of our training data which is generated subject to uniformly distributed noise U (0:0; 2 ). In our
simulation, the 2 consists of 0:0, 0:09, and 0:16. AdaBoost
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Inspecting Eq. (3) more closely, we see that AdaBoost uses
a softmax function [1] with a parameter jbj that we would
like to interpret as an annealing parameter. The annealing
parameter jbj depends on the values of bt , and if t < 1=2 ?
( > 0) then it increases at least linearly with the number of
iterations. Experimentally we observed values of jbj are from
101 to 103 after hundreds of iterations.
From Eq. (5), we observe that if the training error t takes a
small value, bt becomes large. So, strong learners can reduce
their training errors strongly and will make jbj large after
only a few boosting steps. This case reaches at the asymptotical point faster, but does not necessarily achieve the best
generalization performance. The reason is the same as for
an usual annealing process. To reduce the annealing speed,
the complexity of the base hypotheses has to be decreased.
This reasoning also shows that the character of the annealing
process will vary strongly depending on the strength of the
learner.
A decrease of g(c; jbj) := g(b), where c = b=jbj, is predominantly achieved by improvements of the margin mg(zi ; c). If
the margin mg(zi ; c) is negative, then the error g(c; jbj) takes
clearly a big value, which is additionally ampli ed by jbj. So,
AdaBoost tries to decrease the negative margin eciently to
improve the error g(c; jbj).
Now, let us consider the asymptotic case, where the number
of iterations and therefore also jbj take large values. In this
case, when the values of all mg(zi ; c);i = 1;  ; N , are almost
the same, small di erences are ampli ed strongly in g(c; jbj).
For example, when the margin mg(zi ; c) = 0:2 and another
margin mg(zj ; c) = 0:3 and jbj is 103 , the di erence is amplied to the di erence between exp ? 103 2 0:2 = e?100 and
exp ? 103 2 0:3 = e?150 in g(c; jbj). Obviously the function
g(c; jbj) is asymptotically very sensitive to small di erences
between margins. Therefore, the margins mg(zi ; c) should
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3. Asymptotic analysis
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Algorithm AdaBoost
Input: N examples (x1 ; y1 ); : : : ; (xN ; yN )
Initialize: w1 (zi ) = 1=N for all i = 1 : : : N
Do for t = 1; : : : ; T ,
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Figure 3: Margin distributions for AdaBoost for (left) di erent
noise levels (2 = 0% (dotted), 9% (dashed), 16% (solid)) with
xed number of RBF-centers for the base hypothesis and (right)
with 7 (dotted),
13 (dashed), 30 (solid) centers with 2 = 0:16%
after 104 AdaBoost iterations.
is applied to these data sets. Fig. 3 shows margin distributions after 104 AdaBoost iterations at di erent 2 (left) and
for di erent strengths of the base hypotheses (right). From
these gures, it becomes apparent that the margin distribution asymptotically makes a step at xed stability for training patterns which are in the margin area (cf. (a)). From
Fig. 3 (left) one can see the in uence of noise in the data and
the strength of the base hypotheses on the minimal stability. If the noise level is high or the complexity is low, one
gets higher training errors t and for this reason di erent annealing behaviour, which gives di erent stabilities (cf. (b)).

These numerical results support our theoretical asymptotic
analysis.
Interestingly, the margin distribution of AdaBoost resembles
the one of Support Vector Machines (SVMs) for the separable
case [2, 5, 13]. In one example (cf. Fig. 2) almost all patterns,
that are support vectors, also lie within the step part of the
margin distribution for AdaBoost. AdaBoost achieves a hard
margin asymptotically, such as the SVMs for the separable
case.
The property of AdaBoost to produce a big margin area (no
pattern in the area, i.e. a hard margin), will not always lead to
the best generalization ability (cf. [5, 10]). This is especially
true, if the training patterns have classi cation or input noise.
In our experiments with noisy data, we often observed that
AdaBoost made over tting (for a high number of boosting
iterations). Fig. 4 shows a typical over tting behaviour in the
generalization error for AdaBoost. Here, already after only
80 boosting iterations the best generalisation performance is
achieved. Quinlan [9] and Grove et al. [6] also observed that
the generalization performance of AdaBoost is often worse
than that of the single classi er, if the data has classi cation
noise.
The rst reason for the over tting is the increasing value of
jbj: noisy patterns (e.g. bad labeled) can asymptotically have
an "unlimited" in uence to the decision line leading to overtting (cf. Eq. (3)). Another reason is the classi cation with
a hard margin, which also means that all training patterns
will asymptotically be correctly classi ed (without any capacity limitation!). In the presence of noise this may be not
the right concept, because the best decision line (e.g. Bayes)
usually will not give a training error of zero in the presence of
noise. So, the achievement of large hard margins in the presence of noise will produce hypotheses which are too complex
for the problem.

Asymptotically, we get the inequalities [10]

mg(zi ; c)  

0.225

mg(zi ; c)   ? Cit ; it > 0:
(8)
In these inequalities, it are positive and if a training pattern
has high weights in the previous iterations, the it should be
increasing. In this way, for example, we do not force outliers
to be classi ed according to their possibly wrong labels, but
we allow for some errors. In this sense we get a tradeo
between the margin and the importance of a pattern in the
training process (depends on the constant C  0). If we
choose C = 0 in Eq. (8), the original AdaBoost algorithm
is retrieved. If C is chosen too high, the data is not taken
seriously.
In analogy to weight decay, we choose

it =

X
i

0
0.21

−0.5
0.205

0.195
0
10

−1

1

10

2

10

3

10

4

10

−1.5
0.5

cr wr (zi ) ;

(9)



exp ? jb2tj mg(zi ; ct) ? Cit



(10)

By this error function, we can control the tradeo between
the weight, which the pattern has in the last iteration, and
the achieved margin. The weight wt(zi ) of a pattern is computed as the derivative of Eq. (10) subject to mg(zi ; bt?1 )
(cf. Eq. (6)) and is given by

0.215

0.2

=1

!2

where the inner sum is the cumulative weight of the pattern in
the previous iterations. By this it, AdaBoost is not changed
for easy classi able patterns, but is changed for dicult patterns. This it gives dicult patterns big weights which are
far from N1 .
From Eq. (8), we can derive a new error function:

0.22

0.5

t
X
r

g~reg (ct; jbt j) =

1

(7)

where  is the minimum margin of the patterns. Having a
closer look to Eq. (2) we can see the relation between  and
g(b) for a sucient large value of jbj: as g(b) is minimized,
 is maximized. After many iterations, these inequalities are
satis ed for   0 [11] and the hard margin is achieved,
what can lead to over tting. Therefore, we introduce some
variables i - the slack variables - and get
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Figure 4: Typical over tting behaviour in the generalisation er-

ror as a function of the number of iterations (left) and a typical
decision line (right) generated by AdaBoost using RBF networks
in the case with noise (here: 30 centers and 2 = 16%; smoothed)

4. Improving AdaBoost
4.1. An analogy to weight decay

In order to avoid over tting and to get a good generalization
performance, we propose an improvement of the original AdaBoost by an analogy to weight decay [1]. We introduce slack
variables similar to the support vector algorithm [5, 13].
We know that all training patterns will get non-negative stability after many iterations. Due to this fact AdaBoost often
produces high weights for the dicult training patterns and
this property will lead to over tting, as observed in Fig. 4.



exp jbt?1j(mg(zi ; ct?1 ) ? it?1 )=2
wt(zi ) = Pl
: (11)

t?1
)=2
j =1 exp jbt?1 j(mg (zj ; ct?1 ) ? j
Thus we can get an update rule for the weight of a training
pattern in the t-th boosting iteration [10]

wt (zi ) = wt?1 (zi ) expfbt?1 I (yi 6= ht?1 (xi ))
+Cit?2 jbt?2j ? Cit?1 jbt?1jg:
(12)
It is more dicult to compute the weight bt of the t-th hy-

pothesis. Especially, it is hard to derive the weight analytically. However, we can get bt by a line search procedure over
Eq. (10), which has an unique solution because @b@ t greg > 0
is satis ed. This line search can be implemented eciently.
It is expected that AdaBoost with this modi cation (in following we call it AdaBoostreg ) can avoid over tting and will
show better generalization performance.

4.2. Numerical experiments

In order to evaluate the performance of our new algorithm,
we make a comparison between the single classi er, the original AdaBoost algorithm, AdaBoostreg (with RBF nets) and
a Support Vector Machine (with RBF kernel). We use seven
arti cial and real world datasets from the StatLog, UCI and
DELVE benchmark repositories: breast cancer2 , diabetes, german, heart, twonorm, new-thyroid (all binary classi cation
problems).
At rst we generate 100 partitions into training and test set
( 60% : 40%). On each partition we train the classi er and
get its test set error. This performance is averaged and we
get the entries in table 1.
As base hypotheses we used RBF nets as in [1] with adaptive centers (some conjugate gradient iterations to optimize
positions and widths of the centers). In all experiments with
AdaBoost we combined 200 hypotheses. Clearly, this number of iterations may be not optimal, however Adaboost with
optimal early stopping is not better than AdaBoostreg .
The regularization parameter C of AdaBoostreg and the parameters (C; ) of the SVM are optimized on the rst ve
training datasets. On each training set 5-fold-cross validation is used to nd the best model for this dataset3 . Finally,
the model parameters are computed as the median of the ve
estimations. This way of estimating the parameters is surely
not possible in practice, but will make this comparison more
robust and the results more reliable.
Our experiments on noisy data show, that (a) the results
of AdaBoost are in almost all cases worse than the single
classi er (over tting) and (b) the results of AdaBoostreg are
in all cases (much) better than that of AdaBoost and better
than that of the single classi er. The results of AdaBoostreg
are comparable to the results of the SVM, which is known to
be an excellent classi er.
Therefore, AdaBoost is useful for low noise cases, where the
classes are separable (as shown for OCR[12, 7]). AdaBoostreg
extends the applicability of boosting to \dicult separable"
cases and should be applied, if the data is noisy.
Table 1: Comparison among four methods: Single RBF classi-

er, AdaBoost(AB), AdaBoostreg (ABreg ) and a Support Vector
Machine(SVM): estimation of generalization error (in %) on seven
datasets.
RBF
AB
ABreg
SVM
cancer
26.64.5 30.74.5 26.14.5 26.04.7
diabetes 24.11.9 26.52.3 23.91.6 23.51.7
24.72.4 27.32.3 25.02.1 23.6  2.1
german
heart
17.13.3 20.33.4 16.63.7 16.03.3
9.91.0 10.30.6 9.60.7 10.70.7
splice
twonorm 2.90.3 3.00.3 2.70.2
3.00.2
4.52.1 4.42.2 4.42.1
4.82.2
thyroid

5. Discussion and Conclusion

We have shown that AdaBoost perform an approximate gradient decent on a speci c error function (cf. Eq.(2)), that
optimizes the margin. Asymptotically all emphasis is concentrated on the dicult patterns with small margins, easy
2 This breast cancer domain was obtained from the University
Medical Centre, Inst. of Oncology, Ljubljana, Yugoslavia. Thanks
go to M. Zwitter and M. Soklic for providing the data.
3 The parameters are only near-optimal, Only 10 possible values
for each parameter are tested

patterns e ectively do not contribute to the error measure
and are neglected in the training process (very much similar
to support vectors).
It is shown theoretically and experimentally that the cumulative stability distribution of the training patterns in the
margin area converges asymptotically to a step and the o set of the step is decided through an annealing type process governed by jbj and the noise level present in the data.
Our numerical simulations clarify that the asymptotic margin distribution of AdaBoost is very similar to the margin
distribution of a SVM, although the representation found by
AdaBoost is often less sparse than for SVMs.
We also observe that the AdaBoost algorithm can over t and
get bad generalization performance for noisy data. In order to
solve this problem, we propose an improved algorithm based
on the analogy to the weight decay. Our numerical simulations show that the proposed method can avoid over tting
and get better generalization performance.
Our future work will concentrate on a continuing improvement of AdaBoost type algorithms for other real world applications. Also, a further analysis of the relation between
AdaBoost and Support Vector Machine from margin's point
of view seems promising, with particular focus on the question of what good margin distributions should look like.
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