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Abstract
Hierarchical scheduling has been generating a
considerable interest, recently, due to its ability to separate
the concerns of scheduling at the system and application
levels. It allows sharing resources, e.g. a CPU or a
communication network, among different complex
applications, which in turn, are composed by several
entities that must be scheduled within a given server. It is
also an important brick in the current trend towards higher
integration and flexibility that can be witnessed, for
example, in embedded systems. This paper addresses the
particular case of fixed priorities-based application-level
schedulers together with a deferrable server model, at the
system level. It starts with an adequate response time
analysis based on the notion of server availability for a
known server. Then it addresses the inverse problem of
designing a server with minimum system-level resource
requirements to fulfill the application time constraints. The
proposed method seems to represent a positive trade-off
concerning complexity and tightness when compared to
another method presented recently in the literature. The
impact of intra and inter-server blocking as well as the
specific case of non-preemptive scheduling in the server
design are the object of on-going work.

1. Introduction and related work
Hierarchical scheduling has been generating a
considerable interest, recently, due to its ability to separate
the concerns of scheduling at the system and application
levels. It is a fundamental brick in the current trend towards
higher integration and flexibility in embedded systems [8],
which opens the way to higher efficiency and lower costs by
means of resource sharing, as well as to higher resilience to
hardware failures by means of dynamic reallocation of
computing or communication entities [7].
Hierarchical scheduling is intimately connected with
resource partitioning according to which a shared resource,
e.g. CPU or network, is used by several complex applications
each of which is composed of a set of entities, e.g. tasks or
streams. These entities must be scheduled internally to the
application inside one specific resource partition to which
they were allocated. At a higher level, all resource partitions
are scheduled using a given system-level policy. The concept
of server is well adapted to this level, supporting temporal
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isolation among partitions.
The problem of hierarchical scheduling bears many
resemblances with other scheduling problems that have been
tackled in the past, such as those regarding exclusions [5]
and inserted idle-time [9][2]. In fact, looking to the system
from the perspective of one application executing within a
server, the periods of time in which the respective server
cannot execute, e.g. because another server has been
scheduled at the system level, can be seen as exclusion
periods or periods of inserted idle-time. Moreover, in specific
scopes, such as real-time communication over shared media,
some forms of hierarchical scheduling have long been used,
e.g. TDMA (as in TTP/C), as well as the multi-phased cyclic
framework (as in WorldFIP, FlexRay or FTT-CAN [1]). In both
cases, either slots or phases can be taken as servers that are
scheduled periodically.
However, recent work has brought to light new results that
are more general. In [7] the authors use the concept of virtual
resource and server supply function, and deduce utilization
bounds for schedulability within partitions. In [6] the focus is
on hierarchical resource partitioning using fixed priorities
local schedulers and both deferrable and sporadic servers. It
presents a response-time analysis as well as utilization
bounds. In [4], the authors deduce a tighter schedulability
test for partitions using fixed priorities local schedulers and
address the issue of server design in order to meet the
application time constraints.
This paper relates closely to the works referred above. We
will consider a fixed priorities local scheduler together with a
deferrable server model to manage a resource partition. Then,
we will adapt a previously developed method [1] to derive
upper bounds to the worst-case response time of tasks
executing within a given server. We will also use the concept
of server supply function as in [7] but we will refer to it as
availability function for coherence with our previous work.
The response-time analysis we propose is equivalent but
different to that in [6] and we believe it is more flexible, being
easily adapted to non-preemption, as in [1], and to irregular
partitions as in [1] and [7]. Finally, we also address the
problem of server design as in [4] but our method seems to
represent a more favorable compromise between tightness
and complexity. We are currently addressing the impact of
intra and inter-server blocking in the server design problem.

2. Task model
In this work, we consider that a given active resource, say
a CPU, is used to execute a set of independent applications.

Each application Ω is composed by a set ΓΩ of NΩ tasks,
ΓΩ≡{τi(C i,Ti,Di,,JiPi), i=1..N Ω}, in which each task, at this
point, will be considered independent and fully preemptive.
Each task τi is characterized by a period Ti, a worst-case
execution time Ci, a relative deadline Di that is shorter than or
equal to the respective period, a maximum release jitter of Ji
and a fixed priority Pi that may possibly be derived from the
period, the deadline, or any sub-optimal criterion. Also, the
set of tasks ΓΩ executes by priority order within a deferrable
server S Ω, which is characterized, at a system level, by a
period TS and a capacity CS.
The system-level scheduler that schedules partitions, and
the current system load, determine when the server is
available to execute application tasks. We thus define the
server availability function, AS(t), which returns for each
instant the cumulative CPU time available for the application
to execute, since an arbitrary time origin. However, if an online system-level scheduling policy is used, the specific
pattern of AS(t) is difficult to predict. Therefore, for the sake
of independence with respect to the system-level scheduling
policy and load, it is helpful to use a lower bound that
assures that, at a given instant, the total CPU time available
for that application is never smaller than a given value.
In order to determine a lower bound to the availability
function, we can use the same reasoning as in [4], or
equivalently the one in [1]. Basically, it consists on
considering the worst-case server availability pattern with
respect to the arbitrary time origin, in which the server suffers
maximum latency (∆) in the beginning and then follows a
periodic pattern with its capacity available at the end of each
periodic instance (fig. 1). The value of ∆ depends directly on
the maximum jitter that the periods of server availability may
suffer, as determined by the system scheduler. It may vary
between TS-CS (no jitter), e.g. as in a TDMA schedule, and
2*(TS-CS) (absolute maximum jitter) as in fig. 1. For the sake of
generality we will consider such initial latency as given by
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3. Response-time analysis
A relatively simple but effective way of upper bounding
the response-time for each task τi within a given server S is to
use the same reasoning explained in [1]. The fact that we are
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Figure 1 – Server availability functions AS(t) and A_ S(t)

now using a fully preemptive task model together with a
deferrable server further simplifies the analysis therein
presented, which was based on non-preemption with inserted
idle-time together with a background server.
Therefore, we compute for each task τi and for each instant
t the maximum load submitted to the server by the task itself
together with all higher priority tasks. We call this the level i
submitted load function, Hi(t) (2), which can be determined
by the usual methods in fixed-priorities response time
analysis [3]. In fact, the critical instant for each task is not
changed by the presence of the server [6]. Expression (2)
considers ΓΩ sorted by decreasing priorities, ∀i,j i<j ⇔Pi>Pj.
i

H i (t) = ∑ (t + J j ) / T j  * C j

(2)

j =1

An upper bound to the worst-case response time for task
τi, referred to as Ri, is obtained by determining the earliest
instant in which the maximum submitted load Hi(t) matches
the least server availability A_S(t) (fig. 2). A trivial
schedulability test can then be implemented comparing Ri and
Di for all tasks.
12

∆ = (1+β)*(TS-CS)

A_ s (t)
10
level i submitted load

where 0≤β≤1 represents the actual maximum server
availability jitter (β=0 à no jitter, β=1à max abs jitter). To
maintain independency from the system scheduling policy
β=1 should be considered.
For simplicity, in the remainder of the paper we will use the
same expression availability function for the lower bound
function, and we will refer to it as A_S(t) (1). In [4] expression
(1) is referred to as server characteristic function and in [7] as
server supply function.
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Figure 2 – Worst-case response time of task τ i.

The fact that the application is restricted to run within the
server S is already taken into account by using the
availability function. In order to promptly determine Ri, we
can make use of the inverse of the availability function,
referred to as AinvS(t) and formalized in (3). Ri can thus be
expressed as in (4).
Ainv S ( u) = ∆ + m * TS + u − m * CS , m = u / CS  −1

(3)

earliest Ri : Ri = AinvS (Hi (Ri ))

(4)

To solve equation (4) we can use the iterative procedure
Ri0=Hi(0) and R in+1 = AinvS(Hi(Rin))
that either converges to Ri = Rin+1 = Rin or grows beyond the
deadline Di, within a finite number of iterations. This can
easily be demonstrated by the fact that, from iteration to
iteration, the increment in Hi(t) is lower bounded by
minj=1..i(C j). If the whole CPU is available to execute the
application, then A_S(t) = AinvS(t) = t and expression (4)
reduces to the usual response time analysis for fixed priorities
scheduling for a similar task model [3].

4. Server design
In this section we tackle the opposite problem of the
previous one, i.e. given an application Ω, which parameters
should the server S Ω(C S,TS) have so that it requires the least
system resources and still meets the application time
constraints? In order to address this problem we will start by
noticing that such a server should be as tight as possib le
concerning fulfilling the application time constraints,
otherwise it would over consume system resources.
Therefore, using the approach presented in the previous
section, we will consider that, for each task τi the respective
Ri is just on the deadline Di. This means that the availability
function A_S(t) should be such that intersects Hi(t) exactly at
t=Di. To achieve this, we start by defining the set of deadline
points DPΩ≡{DPi(Di,Hi(Di)), i=1..N Ω} (fig. 3), which represent
the lowest availability demand required for meeting all
deadlines of the application. Our purpose, then, is to define
A_S(t) so that it is higher then but as close as possible to the
set of such points.
In this paper we follow a simplified approach similarly to
the one in [4], in which the availability function A_S(t) is
further lower bounded by a piecewise linear curve referred to
as A_’S(t), which has the same initial latency ∆ as A_S(t) and
then grows linearly with slope α= CS / TS, i.e. the server
bandwidth (fig. 3).
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Figure 3 – Determining the availability function A_ S(t).

Given this simplification, the problem is now reduced to
finding the lowest A_’S(t) curve that passes above or through
all deadline points DPi. For this we determine the subset of
external points, EΩ≡{Ej(x j,yj), j=1..N E} ⊂ DPΩ (fig. 3) through
which a straight line can be drawn that passes over all other

deadline points and fulfills the limitations of the availability
function, namely α≤ 1 (the server cannot use more than the
total CPU bandwidth) and, for each Ej, α≥ xj /yj (otherwise,
∆<0 and, since α>0, it would lead to Ts<0 and Cs<0). The
determination of the EΩ subset is carried out using a simple
algorithm that goes through all deadline points in ascending
deadline order, starting with the assumption that the first
deadline point is an external point. Notice that the slopes of
the segments that join every two consecutive external points
must be monotonically decreasing from the maximum α≤ 1 to
the minimum α≥ xj /yj. Therefore, the algorithm removes from
the set of deadline points all those that would violate this
decreasing slope pattern. At the end, the points that remain
are the external points. The time complexity of the algorithm
varies with the characteristics of the task set between NΩ and
NΩ2. Also, in general, the number of external points NE is
substantially smaller than the number of deadline points NΩ
(i.e. the number of tasks), which contributes to decrease the
complexity of the remaining part of the process.
The set of external points defines a solution space for the
server design problem. In fact, all the A_’S(t) curves that
touch at least one external point with a valid slope are
possible solutions. Valid slopes are those in between the
slopes of the segments that join each point with the previous
and with the next, considering the absolute maximum and
minimum for the points in the extremes. This can be
represented by the union of the following NE subintervals,
α∈{[1 α(E1 ,E2 )]∪[α(E1 ,E2 ) α(E2 ,E3 )]∪…∪[α(EN E-1 ,EN E) xN E /yN E]}.

Each of these subintervals corresponds to A_’S(t) curves that
pass through one external point Ej(x j,yj) (j=1..N E) and can be
characterized by a straight-line equation as in (5).
y=α( x- xj ) + yj and ∆ = xj - yj /α

(5)

The equation on the right also allows determining the
respective server period Ts doing Ts=∆/((1+β)(1-α)).
Finally, in order to find one specific solution, one can use
the cost function proposed in [4], which considers both the
bandwidth directly requested by the server, α=CS /TS, as well
as the overhead bandwidth implicitly used by the server in
context switching between applications at the system level.
This latter factor can be roughly computed as CO/TS where CO
is a system parameter representing the context switching time.
The cost function can thus be expressed as
F=c1*α+c2*C O/TS. Minimizing F corresponds to finding the
balance between minimizing α and maximizing TS.
Considering the straight-line equation (5) of each α
subinterval, i.e. each Ej external point, one can express TS as a
function of α and then use it within the cost function F. The
α of minimum cost for each subinterval j (αj,min) can be easily
determined with a closed formula (6) obtained by
differentiating F with respect to α and calculating the
respective root.

( y j − (1 + β) * CO ) /( x j − (1 + β) * CO )
αj , min = y j / x j * 1 + 1 −

y j / xj



 (6)



Whenever αj,min lies outside the respective subinterval, the
closest extreme is considered for minimum. After having
determined αj,min for all subintervals (j=1..N E) it is then just a

matter of selecting the one that generates the absolute
minimum cost (αmin). It is also necessary to identify to which
subinterval the αmin value belongs to, in order to use the
respective equation (5) to determine ∆ and then TS.
The server parameters generated this way are not optimal
due to several factors such as the pessimism included in the
server initial latency ∆, the successive approximations of the
effective server availability function AS(t) and the use of the
deadline points that may lead to worse than necessary
response time upper bounds. However, concerning the A_S(t)
approximation by A_’S(t), it is possible to carry out a simple
final improvement step that consists in shifting the
availability function A_S(t) to the right until it touches one
deadline point. This is carried out increasing the server period
TS as stated in (7), which also leads to a further reduction in α.
The amount of benefit, however, depends on the task set.
With 1000 random task sets with uniformly distributed
periods, we achieved an average (max) of 1.8% (8%) increase
in TS and 1.7% (7.4%) reduction in α.
 Di − A inv S ( H i ( Di ) 

TS ,imp = TS + min 

i =1 .. N Ω
 ( Di + (1 + β ) * C S ) / TS  

(7)

In [4] the final minimum cost server parameters are not
determined, just the solution space in terms of possible (α,∆)
pairs. When using the same example case, i.e. ΓΩ={(Ci,Ti)=
(1,4), (1,11), (3,25) and (Di=Ti, Ji=0, Pi=1/i)} we obtain the
set of deadline points DPΩ={(4,1), (11,4), (25,13)} from
which two are external points EΩ={(4,1), (25,13)}. Therefore,
we obtain two α subintervals and using equation (5) we can
establish the (α,∆) solution space. Informally, we can see
(fig. 4) that our solution space is contained in the one derived
in [4] and thus it is worse, although for a small difference (less
than 4% in the low values of α). On the other hand, the worstcase time complexity of the method in [4] may reach 2 NΩ-1,
contrasting with the simplicity of our method with a worstcase time complexity of NΩ2. Executing the final improvement
step in (7) generates an operating point (fig. 4) that is better
than both solution spaces.
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Figure 1 – Comparing the (α
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∆ ) solution space.

5. Conclusion and on-going work
This paper considered the case in which an application
composed by several tasks executes within a deferrable
server with a fixed priorities local scheduling policy. Two

main results are presented, the response time analysis for
such tasks and the design of the server to allow fulfilling the
application time constraints using the least system resources.
The former contribution is a generalization of the wellknown worst-case response time analysis for fixed-priority
systems [3] that copes with the limited processor availability
delivered by a server and it is based on the analysis
previously developed for traffic scheduling within the
asynchronous messaging system of FTT-CAN [1].
The latter contribution goes in the same direction as that
of [4] but presents a different method that leads to a more
favorable compromise between tightness of the solution
(slightly lower) and complexity of the process (substantially
lower). This fact supports the possibility of using the
proposed method on-line, in dynamic systems in which new
applications can join the system on-line and request a server
for execution. We also believe that the proposed method is
better suited to include other constraints such as inter and
intra-server blocking as well as irregular partitions. This is
subject of on-going work. We are also working to derive the
server availability function directly from the deadline points
of the application, without using the approximation of the
availability to a piecewise linear curve. This is expected to
improve the tightness of the server design method.
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