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A New Proof for the Stability
of Equation-Error Models
Roberto López-Valcarce, Student Member, IEEE, and Soura Dasgupta, Fellow, IEEE

Abstract— Some recent works have shown that under an autoregressive constraint on the input signal, least-squares equationerror methods provide stable models of the estimated transfer
function. Here we present an alternative proof of this fact which
allows to increase the order of the autoregressive input by one,
for both the monic and unit-norm approaches.
Index Terms—Equation error, stability, system modeling.

I. INTRODUCTION

T

HE EQUATION-ERROR (or least-squares) modeling
scheme assumes an input/output description of the system
under study as the following:

(1)

and
are jointly stationary and the
where the processes
is uncorrelated with the input
. The model
noise term

no assumptions are made about the spectral characteristics of
. This
the noise or the degree of the transfer function
note provides an alternative proof of this result, generalizing
and showing that it suffices to have
it to the case
AR of degree less than or equal to
.
be a matrix of size
The following notation is used. Let
; we denote by
,
,
and
, respectively,
the northwest, southeast, northeast, and southwest matrices of
extracted from . The inner product
size
of two transfer functions is defined as

where the path of integration is the unit circle and
is
. The Szegö polynomials
the power spectral density of
associated to
form an orthonormal basis for
the space of stable, causal transfer functions with respect to this
has degree and all roots outside
inner product [3]. Each
is AR of degree
then for all
,
the unit circle. If
, and
with
[3].
From the vectors

(2)
is constructed by minimizing the variance
(3)
to avoid the
where some constraint must be imposed on
(monic approach) or
zero solution. Usually one fixes
(unit norm approach). Let us denote the solution
and
. It is desirable then that
be
of (3) by
minimum phase (i.e., all of its roots lie inside the unit circle)
is a stable transfer function. It is known that
so that
may be unstable [5]. Regalia [3] has
in certain cases
recently shown that for both monic and unit norm approaches
,
is stable if
is an autoregressive
in the case
(AR) process of degree less than or equal to . In particular,
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define

to

,
,
,
, and
. The variance (3) can be minimized with respect
, yielding the following reduced cost function [3]
(4)
only, through its coefficient vector

which is a function of
.

II. THE MONIC CASE
Here we consider the monic constraint
. The main
tool will be the following result from [1].
, and let
be the monic vector
Lemma 1: Let
. Then the
that minimizes the quadratic cost
constructed from the coefficients of
polynomial
has all roots strictly inside the unit circle if
, where
is the displacement matrix of .
Our main result is as follows.
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Theorem 1: Assume that
is autoregressive of degree
. Then the polynomial constructed from
not exceeding
the monic vector that minimizes (4) has all roots strictly inside
the unit circle.
is singular,
Proof: First note from (4) that if
then the smallest achievable error variance is zero. This means
must be identically zero
that perfect modeling is possible:
, which is assumed
and the optimum model is
. In view of
stable. Therefore, assume that
Lemma 1, it suffices to show that the displacement matrix of
is positive semidefinite. Note that since
is
Toeplitz, this displacement matrix is

As in [3], consider shifted versions of
the Szegö polynomials as

with

expanded over

. It is shown in [3] that with

,
(5)

If
for

is AR of degree
or less, then
. As a consequence, for

This together with (5) implies that for

and

therefore

Proof: First, we shall prove that by reflecting an unstable
zero with respect to the unit circle, the cost
cannot
. Let
solve (6). Suppose that the unit-norm
increase if
has a root at
with
:
polynomial

and let

be the polynomial obtained by reflecting with respect to the
remains unit norm [3].
unit circle. It can be checked that
and be the coefficient vectors of
and
,
Let
respectively. Since

one has

which give
.
, then for
we have
. Since
If
minimizes equality must hold, i.e.,
. Let
. It can be shown that is the smallest eigenvalue
with associated unit norm eigenvector . If is
of
simple, then the minimum of the cost is unique, so we have a
is possible.
contradiction. If is multiple then
However, by reflecting the zero inside the unit circle the cost
does not change, which means that a polynomial without roots
outside the unit circle can be found in the solution set.
gives strict stability, consider the family
To see that
, with
of unit norm polynomials with a zero at
some fixed angle:

The normalization factor
with
again the coefficient vector of
, ensures that
has
, i.e., we have assumed that
unit norm. Note that
is scaled to yield
unit norm. With
the coefficient vector of
, one can write

,

where
.

It is easy to verify that
III. THE UNIT NORM CASE
Here we consider the case where the constraint
is
used. First we need to recast the result from Lemma 1 into
this setting.
be a matrix of size
; let
Lemma 2: Let
. If
, then there exists a
solving
vector
subject to
constructed from
such that the polynomial
, then
zeros outside the unit circle. If
zeros strictly inside the unit circle.

(6)
has no
has all

which is strictly positive if
. This precludes the
possibility of a root on the unit circle.
We can state now:
is AR of degree not exceedTheorem 2: Assume that
. Then the polynomial constructed from the unit
ing
norm vector that minimizes (4) has no roots outside the unit
circle.
Proof: The result follows immediatly in view of Lemma
2 by mimicking the proof of Theorem 1.
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Remark: Note that for the monic constraint
implies
strict stability, but not for the unit norm constraint (for
example, one can always construct settings for which the
is Toeplitz. If its smallest eigenvalue
matrix
lie all on the unit circle
is simple, then the roots of
with
[2]). However, it turns out that whenever
, then
as well, as can be seen from
the results in [4]. Therefore, all the poles of the approximant
on the unit circle are canceled out, and
all of the remaining poles lie strictly inside the unit circle.
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