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BLOW-UP AND STABILITY OF SEMILINEARPDE'S WITH GAMMA GENERATORSJos�e Alfredo L�opez-Mimbela Niolas PrivaultAbstratWe investigate �nite-time blow-up and stability of semilinear partial di�eren-tial equations of the form �wt=�t = �wt+�t�w1+�t , w0(x) = '(x) � 0, x 2 R+ ,where � is the generator of the standard gamma proess and � > 0, � 2 R,� > 0 are onstants. We show that any initial value satisfying 1x�a1 � '(x),x > x0 for some positive onstants x0; 1; a1, yields a non-global solution ifa1� < 1 + �, or if a1� = 1 + � and � > 1. If '(x) � 2x�a2 , x > x0; wherex0; 2; a2 > 0, and a2� > 1 + �, then the solution wt is global and satis�es0 � wt(x) � Ct�a2 , x � 0, for some onstant C > 0. This extends the resultspreviously obtained in the ase of �-stable generators. Systems of semilinearPDE's with gamma generators are also onsidered.Key words: Semilinear partial di�erential equations, Feynman-Ka representation, blow-up of semilinear systems, gamma proesses.Mathematis Subjet Classi�ation: 60H30, 35K57, 35B35, 60J57, 60E07, 60J75.1 IntrodutionCritial exponents for blowup of semilinear Cauhy problems of the prototype�wt�t = Lwt + w1+�t ; w0 = '; (1)where L is a L�evy generator, � > 0 is onstant and ' � 0, have been studied bymany authors during the last years. The ase of d-dimensional Laplaian L = � hasbeen thoroughly investigated (see e.g. [7℄ and [4℄ for surveys), and has originatedmany tehniques that are now standard tools in the theory of semilinear problems.When L is the frational power �� = �(��)�=2 of the Laplaian, 0 < � � 2, it wasshown in a series of papers [1, 8, 9, 12, 13℄ that the ritial parameter for blow-up2



of (1) is d := �=�, meaning that if d � d then (1) possesses no global nontrivialsolutions, and if d > d, then (1) admits a nontrivial global solution for all suÆientlysmall initial values. The approahes developed in those works use subtle omparisonarguments [13℄, or probabilisti representations of solutions (in terms of branhingpartile systems [8, 9℄, or by means of the Feynman-Ka formula [1, 12℄). A featureommon to these methods is that they rely signi�antly on the symmetry and salingproperties of stable distributions.In this paper we investigate �nite-time blow-up and existene of non-trivialglobal solutions of the semilinear equation�wt�t = �wt + �t�w1+�t ; w0(x) = '(x); x 2 R+ ; (2)where ' is a nonnegative funtion, �, � and � are positive onstants, and � is thepseudo-di�erential operator�f(x) = Z 10 (f(x+ y)� f(x))e�yy dy;i.e. the generator of the standard gamma proess. In the linear ase, suh equationsare of interest in reliability models based on the gamma proess [16℄. The symmetrizedgenerator ~�f(x) = Z 1�1(f(x+ y)� f(x))e�jyjjyj dyhas symbol log(1 + j�j) = lim�!0��1((1 + j�j)� � 1); � 2 R;and an be viewed as the weak limit of ��1((I��1=2)�� I) as � goes to 0. Similarly,the one-sided stable proess an be renormalized to onverge in distribution to agamma proess, f. [3℄, [14℄. Thus, another motivation for studying (2) is that itonstitutes a natural follow-up to the previous investigations, as it an be onsideredin a sense as a \limiting ase" �! 0, although, unlike in the �-stable ase, the gammaproess enjoys no saling or symmetry property, or dimensional-dependent behavior.However, its density funtion is expliitly known and this allows us to follow loselythe approahes in [1℄ and [9℄ to make work the probabilisti representations of (2) forour purposes.Our solutions will be understood in the mild sense (see e.g. [11℄), and there-fore we an onsider bounded, measurable initial values ' � 0. We will show as aonsequene of Corollary 4.2 and Theorem 5.1 that any initial value satisfying1x�a1 � '(x); x > x0;3



for some positive onstants x0; 1; a1, yields a non-global solution of (2) if a1� < 1+�,or if a1� = 1 + � and � > 1. Similarly, if the initial value of (2) satis�es'(x) � 2x�a2 ; x > x0;where x0; 2; a2 are positive numbers and a2� > 1 + �, then the solution ut is globaland satis�es 0 � ut(x) � Ct�a2 , x � 0, for some onstant C > 0. For the partiularase � = 0, if '(x) �x!1 x�a for some  > 0 and a > 0, then blow-up of (2) oursif a� � 1 or if � = a�1 > 1, and a global solution exists if a� > 1. Hene, if � = 0and for some " > 0 lim infx!1 x�"+1=�'(x) > 0;then the solution of (2) blows-up, whereas iflim supx!1 x"+1=�'(x) = 0;then the solution of (2) exists globally.Note that without additional diÆulty we may replae the operator � in (2)with the generator �� given by��f(x) = Z 10 (f(x+ y)� f(x))e��yy dy; x 2 R+ ;where � is a stritly positive parameter. Indeed, for f 2 Dom(��) we have the relation��f(x) = �f�(�x), where f�(x) = f(x=�). This means that f� is solution of (2) ifand only if f is solution of (2) with �� in plae of � .In the ase of systems of equations of the form8>>><>>>: �ut�t = ��ut + �u1+�1t v�2t ; u0 = '1;�vt�t = ��vt + Ft(ut; vt); v0 = '2;with � 6= �, the solution annot be onstruted diretly from the ase � = � = 1,nevertheless the existene and blow-up riteria for solutions are independent of thevalues of �; � > 0. In this ase we show that if '1(x) � x�a1 and '2(x) � x�a2 ,for x large enough, then blow-up ours provided a1�1 + a2�2 < 1. We also study thesemilinear system 8>>><>>>: �ut�t = ��1ut + �1u�11t v�12t ; u0 = '1;�vt�t = ��2vt + �2u�21t v�22t ; v0 = '2;4



�1; �2 > 0, with integer exponents �ij � 1 and initial values satisfying '1(x) � 1x�a1and '2(x) � 2x�a2 for x large enough, where a1; a2 2 (1;1). We show that thissystem admits a global solution provided (a1 ^ a2)[(�11 + �12) ^ (�11 + �12)� 1℄ > 1and the onstants 1; 2 > 0 are suÆiently small. In partiular, the solution of thesystem 8>>><>>>: �ut�t = �ut + utvt�vt�t = �vt + utvt;with u0(x) � x�a1 and v0(x) � x�a2 for x large enough, is global if min(a2; a1) > 1and  is suÆiently small. We also show that blow-up ours if min(a2; a1) < 1,and deal under additional assumptions with ritial ases with time-dependent non-linearities.Our methods of proof are inspired in the approahes developed in [1℄ and [9℄.To prove explosion of semilinear equations we use the Feynman-Ka representation aswell as estimates of probability transition densities, analogously to the �-stable aseas treated in [1℄. Existene of global solutions is dedued using a general riterion,originally obtained in [9℄.The paper is organized as follows. In Setion 2 we reall some basi fats aboutthe gamma proess and its in�nitesimal generator, and obtain bounds for the gammasemigroup that will be useful in the sequel. In Setion 3 we reall the Feynman-Karepresentation of (2), and derive from this representation a riterion for blow-up ofsemilinear PDE's. Using a general argument dedued from [15℄, we show existene ofglobal solutions in Setion 4. Blow-up of solutions of (2) is dealt with in Setion 5,and systems of semilinear PDE's with gamma generators are onsidered in Setion 6.2 Estimates of the gamma semigroupLet G(t) = Z 10 xt�1e�x dx; t > 0;denote the gamma funtion, and let (X�t )t2R+ denote the standard gamma proesswith densities t(x) = xt�1G(t)e�x1[0;1)(x); x 2 R; t > 0;5



and generator �f(x) = Z 10 (f(x+ y)� f(x))e�yy dy:Let fT �t , t � 0g denote the operator semigroup generated by � , whih is given byT �t '(y) = E['(X�t + y)℄ = Z 10 '(x + y)t(x)dx = Z 1y '(x)t(x� y)dx; (3)y 2 R+ . In the next lemma we prove asymptoti estimates for the semigroup fT �t ; t �0g, using results of [2℄ on the median of the gamma density. Reall that for t > 1, tis inreasing on [0; t� 1℄ and dereasing on [t� 1;1).Lemma 2.1 Let ' : R+ ! R+ be bounded and measurable. Assume that there exist1 2 [0;1), 2 2 (0;1℄, and a1 � a2 > 0 suh that for all x large enough,1x�a1 � '(x) � 2x�a2 : (4)Then, for all � � 0 and 0 < " � 1 there exists t0 = t0("; �) > 0 suh that1. For all t > t0 and all y � 0,�1� "3 �a1 12 t�a11[0;t+�℄(y) � T �t '(y) � 2(1 + ")t�a2 : (5)2. For all t > t0 and any 0 � y � � + t=2,(1� ") 121+a1 t�a11[0;�+t=2℄(y) � T �t (1[t�1=3;2t℄')(y) � 2(1 + ")t�a2 : (6)3. For all t > t0 and any 0 � y � � � 1,(1� ") �1p2� t�a1�1=21[0;�℄(y) � T �t (1[t��;t℄')(y) � (1 + ") �2p2�t�a2�1=2: (7)
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Proof. There exists x0 > 0 suh that for all 0 < y < t + �,T �t '(y) = Z 10 '(x + y)t(x)dx� 1 Z 1x0 (x+ y)�a1t(x)dx� 1 Z 1x0 (x+ t + �)�a1t(x)dx� 1G(t� a1)G(t) Z 1x0 (1 + (t+ �)=x)�a1t�a1(x)dx� 1G(t� a1)G(t) Z 1t�a1�1=3(1 + (t + �)=x)�a1t�a1(x)dx� 1G(t� a1)G(t) Z 1t�a1�1=3 �1 + t + �t� a1 � 1=3��a1 t�a1(x)dx� 1G(t� a1)G(t) (1� ")a12a1 Z 1t�a1�1=3 t�a1(x)dx� 12 (1� ")a1(3� ")a1 t�a1 ;for all suÆiently large t, provided (a1 + 1=3)=t < " and �=t < ". Here we usedthe equivalene G(t� a)=G(t) � t�a as t!1 whih follows from Stirling's formulaG(t) � p2�tt�1=2e�t, and the fat that the median of the gamma distribution withparameter t� a1 is greater than t� a1� 1=3, see Theorem 2 of [2℄. Similarly we havefor all y > 0 and t big enough:T �t '(y) = Z 10 '(x+ y)t(x)dx� 2 Z 10 (x + y)�a2t(x)dx� 2 Z 10 x�a2t(x)dx� 2G(t� a2)G(t) Z 10 t�a2(x)dx� 2(1 + ")t�a2 ;
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whih proves (4). Conerning (6) we have for 0 < y � �+ t=2 and t suÆiently large:Z 2tt�1=3 '(x)t(x� y)dx � 1 Z 2tt�1=3 x�a1t(x� y)dx� 1(2t)�a1 Z 2tt�1=3 t(x� y)dx� 1(2t)�a1 Z ��+3t=2t�1=3 t(x)dx� 1(2t)�a�12 � Z 1��+3t=2 t(x)dx�� (1� ")12 (2t)�a;sine R1t�1=3 t(x)dx � 1=2 and R1��+3t=2 t(x)dx = P (X�t � ��+ 3t2 )! 0 as t!1 bythe law of large numbers. Similarly we have for t large enough:Z 2tt�1=3 '(x)t(x� y)dx � 2 Z 2tt�1=3 x�a2t(x� y)dx� 2(t� 1=3)�a2 Z 2tt�1=3 t(x� y)dx� 2(t� 1=3)�a2� (1 + ")2t�a2 :Conerning (7) we have, for 0 < y � � � 1 and t > 2:t(t� 1) Z tt�� '(x)dx � Z tt�� '(x)t(x� y)dx � (t(t) ^ t(t� 2)) Z tt�� '(x)dx:Sine for any l � 0,t(t� l) = (t� l)t�1G(t) e�t+l � (t� l)t�1elp2�tt�1=2 � t�1=2p2� ; t!1;it follows that for any 0 < " < 1 and for all suÆiently large t,(1 + ")t�1=2p2� Z tt�� '(x)dx � Z tt�� '(x)t(x� y)dx � (1� ")t�1=2p2� Z tt�� '(x)dx:It remains to note thatZ tt�� x�adx = t�a1� a(1� (1� �=t)1�a) � �t�afor all a � 0 as t goes to in�nity, and to use (4). �8



Remark 2.1 Let fT �t ; t � 0g be the operator semigroup having generator ��. Fromthe relation T �t '(x) = [T �t '�℄(�x) we get for t > t0 and y � 0:12 �1� "3 �a1 � t���a1 1[0;t+�℄(y) � T �t '(y) � 2(1 + ")� t���a2 ;(1� ") 121+a1 � t���a1 1[0;�+t=2℄(y) � T �t (1[t�1=3;2t℄')(y) � 2(1 + ")� t���a2 ;(1� ") �1p2� � t���a1 1[0;�℄(y) � T �t (1[t��;t℄')(y) � (1 + ") �2p2� � t���a2 :Reall that for 0 � s < t and x > 0, the onditional law of X�s given X�t = x is thebeta distribution with density�s;t(z; x) := s(z)t�s(x� z)t(x) = 1x G(t)G(s)G(t� s) �zx�s�1 �1� zx�t�s�1 ; z 2 [0; x℄:(8)Using the result of [10℄ on the median of the beta distribution we obtain the followingestimates.Lemma 2.2 Let � > 0. We havePy(0 < X�s < s+ �jX�t = x) � 1=2 (9)for all 0 < s < t=2, 0 < y < �, 0 < t� 2� < t� � < x < t, andPy(0 < X�s < 2s+ t=2jX�t = x) � 1=2 (10)for all 0 < s < t=2, 0 < y < t=2 and 0 < t=2 < x < 2t.Proof. We havePy(0 < X�s < s+ �jX�t = x) = P (0 < y +X�s < s+ �jX�t = x� y)� P (0 < X�s < sjX�t = x� y)= Z s0 �s;t(z; x� y)dz= G(t)G(s)G(t� s) Z s=(x�y)0 zs�1(1� z)t�s�1dz� G(t)G(s)G(t� s) Z s=t0 zs�1(1� z)t�s�1dz= Z s=t0 �s;t(z; 1)dz� 1=2;9



sine from Theorem 1 of [10℄, the median ms;t of the standard beta density �s;t(�; 1)with mean s=t satis�es 0 < ms;t < st < ms;t + t� 2s(t� 2)t;provided s < t=2. Similarly we havePy(0 < X�s < 2s+ t=2jX�t = x) = P (0 < y +X�s < 2s+ t=2jX�t = x� y)� P (0 < X�s < 2sjX�t = x� y)= Z 2s0 �s;t(z; x� y)dz= G(t)G(s)G(t� s) Z 2s=(x�y)0 zs�1(1� z)t�s�1dz� G(t)G(s)G(t� s) Z s=t0 zs�1(1� z)t�s�1dz� 1=2: �3 Feynman-Ka representation and subsolutionsLet (Xt)t2R+ be a L�evy proess in R+ having generator L and operator semigroupfTt; t � 0g. We assume that the transition densities pt, t > 0 of (Xt)t2R+ satisfypt(x; y) = pt(y � x) for all x; y 2 R+ , and that pt(x; y) = 0 if y < x. Reall (see e.g.[5℄) that the mild solution of�wt�t (y) = Lwt(y) + �t(y)wt(y); w0 = '; (11)admits the Feynman-Ka representationwt(y) = E �'(y +Xt) exp Z t0 �t�s(y +Xs)ds� ; t � 0; y � 0: (12)If �t is positive (12) implieswt(y) � E ['(y +Xt)℄ = Tt'(y); y 2 R+ ; t � 0:Thus, the solution of �wt�t = Lwt; w0 = ' � 0;is also a subsolution of (11) provided �t � 0. By linearity this implies the followinglemma. 10



Lemma 3.1 Let ' � 0 be bounded and measurable. If ut; vt respetively solve�ut�t (y) = Lut(y) + �t(y)ut(y); �vt�t (y) = Lvt(y) + �t(y)vt(y);with u0 � v0 and �t � �t, then ut � vt.We will use the fat (whih follows from Lemma 3.1) that if ut is a subsolution of�wt�t (y) = Lwt(y) + �w1+�t (y); w0 = '; (13)where �; � > 0, then any solution of�vt�t (y) = Lvt(y) + �u�t (y)vt(y); v0 = ';remains a subsolution of (13). Notie that from the Feynman-Ka representation,wt(y) = Z 10 '(y + x)E �exp Z t0 �t�s(y +Xs) ds���Xt = x� pt(x)dx= Z 1y '(x)pt(x� y)E �exp Z t0 �t�s(y +Xs)ds���y +Xt = x� dx= Z 1y '(x)pt(x� y)Ey �exp Z t0 �t�s(Xs)ds���Xt = x� dx� Z 1y '(x)pt(x� y) exp�Ey �Z t0 �t�s(Xs)ds���Xt = x�� dx; (14)where on the last line we used Jensen's inequality. Hene, when L = � , (14) readswt(y) � Z 1y '(x)t(x� y) exp�Z t0 Z xy �s;t(z � y; x� y)�t�s(z)dzds� dx;where �s;t(z � y; x� y) is given by (8). We lose this setion with a lemma that willbe helpful in the proof of explosion, see x4 of [6℄ for the ase L = �.Lemma 3.2 Let � 2 R and � > 0. Assume that the solution ut of�wt�t (y) = �wt(y) + �t�vt(y)wt(y); w0 = '; (15)satis�es limt!1 inf0�x�1 ut(x) =1;where v : R2+ ! R+ is a measurable funtion suh that u�t � vt for all t � 0. Then utblows-up in �nite time, in the sense that there exists t > 0 suh thatZ 10 ut(x) dx =1:In partiular, explosion in Lp(R+)-norm ours for all p 2 [1;1℄.11



Proof. Given t0 > 0, let ut = wt0+t and K(t0) = inf0�y�1 wt0(y). The mild solutionof (15) is given byut(x) = Z 10 t(y � x)u0(y) dy + � Z t0 s� Z 10 t�s(y � x)us(y)vs+t0(y) dy ds:Thus, for any " 2 (0; 1) and t < (1� ")� ^ 1,Z 10 ut(x) dx� Z 10 Z 10 t(y � x)u0(y)dydx+ � Z t0 s� Z 10 Z 10 t�s(y � x)u1+�s (y)dydxds� Z 10 Z 1x t(y � x)u0(y)dydx+ � Z t0 s� Z 10 Z 1x t�s(y � x)u1+�s (y)dydxds� K(t0) Z 10 Z y0 t(x� y)dxdy + � Z t0 s� Z 10 u1+�s (y) Z y0 t�s(x� y)dxdyds� K(t0) Z 10 Z y0 t(x)dxdy + � Z t0 s� Z 10 u1+�s (y) Z y0 t�s(x)dxdyds� 14K(t0) Z 10 Z y0 xt�1G(t)dxdy + �4 Z t0 s� Z 10 u1+�s (y) Z y0 xt�s�1G(t� s)dxdyds� 14K(t0)tG(t) Z 10 ytdy + �4 Z t0 s� Z 10 u1+�s (y) yt�s(t� s)(t� s)dyds� 14K(t0) Z 10 y�dy + �4 Z t0 s� Z 10 u1+�s (y)y(1�")�dyds� K(t0)4(1 + �) + �4 Z t0 s� Z 10 u1+�s (y)y(1�")�dyds;where we used the inequalities 0 � t� s � t < (1� ")� and 0 � tG(t) � 1, 0 � t � 1.H�older's inequality yields�Z 10 us(y)dy�1+� � �Z 10 u1+�s (y)y(1�")�dy��Z 10 y�(1�")dy��= "�� Z 10 u1+�s (y)y(1�")�dy;hene letting ~u(t) = R 10 ut(x)dx we get~u(t) � K(t0)4(1 + �) + �"�4 Z t0 s�~u1+�(s)ds; t < (1� ")� ^ 1:It remains to hoose t0 suh that the blow-up time of the equation~u(t) = K(t0)4(1 + �) + �"�4 Z t0 s�~u1+�(s)ds; t < (1� ")� ^ 1;is smaller than (1� ")� ^ 1. �12



Choosing vt = u�t in Lemma 3.2 yields immediately:Corollary 3.1 Let � 2 R and � > 0. If the solution ut of�wt�t (y) = �wt(y) + �t�w1+�t (y); w0 = ';satis�es limt!1 inf0�x�1 ut(x) =1;then ut blows-up in �nite time, in the sense that there exists t > 0 suh thatZ 10 ut(x) dx =1: �4 Existene of global solutionsWe have the following non-explosion result, obtained originally by Nagasawa and Sirao[9℄ for integer � � 1.Theorem 4.1 Let � 2 R and �; � > 0. Assume thatZ 10 r�kT �r 'k�1 dr < b��for some b > 0. Then the equation�wt�t = �wt + �t�w1+�t ; w0 = '; (16)admits a global solution ut(x) whih satis�es0 � ut(x) � b1=�T �t '(x)�b� �� R t0 r�kT �r 'k�1dr�1=� ; x 2 R+ ; t � 0:Proof. This is an adaptation of the proof of Theorem 3 in [15℄ to our ontext oftime-dependent non-linearities. Reall that the mild solution of (16) is given byut(x) = T �t '(x) + � Z t0 r�T �t�ru1+�r (x) dr: (17)De�ning B(t) = �b� �� Z t0 r�kT �r 'k�1dr��1=� ; t � 0;13



we have B(0) = b�1=� andddtB(t) = �t�kT �t 'k�1�b� �� Z t0 r�kT �r 'k�1dr��1�1=� = �t�kT �t 'k�1B1+�(t);hene B(t) = b�1=� + � Z t0 r�kT �r 'k�1B1+�(r) dr:Let (t; x) 7! vt(x) be a ontinuous funtion suh that vt(�) 2 C0(R+), t � 0, andT �t '(x) � vt(x) � b�1=�B(t)T �t '(x); t � 0; x 2 R+ :Let now R(v)(t; x) = T �t '(x) + � Z t0 r�T �t�rv1+�r (x)dr:We haveR(v)(t; x) � T �t '(x) + �b�1=� Z t0 r�B1+�(r)T �t�r(T �r '(x))1+�dr� T �t '(x) + �b�1=� Z t0 r�B1+�(r)T �t�rT �r '(x)kT �r 'k�1dr= b1=�T �t '(x)�b�1=� + � Z t0 r�B1+�(r)kT �r 'k�1dr� ;hene T �t '(x) � R(v)(t; x) � b1=�B(t)T �t '(x); t � 0; x 2 R+ :Let u0t (x) = T �t '(x); and un+1t (x) = R(un)(t; x); n 2 N:Then u0t (x) � u1t (x), t � 0, x 2 R+ . Sine T �t is non-negative, using indution weobtain 0 � unt (x) � un+1t (x); n � 0:Letting n!1 yields, for t � 0 and x 2 R+ ,0 � ut(x) = limn!1unt (x) � b1=�B(t)T �t '(x) � b1=�T �t '(x)�b� �� R t0 r�kT �r 'k�1dr�1=� <1:Consequently, ut is a global solution of (17) due to the monotone onvergene theorem.�As a onsequene, an existene result an be obtained under an integrability onditionon '. 14



Corollary 4.1 Let 1 � q < 1, � > �1 and � > 0. If ' 2 Lq(R+) is non-negativeand � > 2q(1 + �), then the solution ut of�wt�t = �wt + �t�w1+�t ; w0 = ';is global and satis�es, for some  > 0,0 � ut(x) � t�1=(2q); x 2 R+ ;for all t large enough.Proof. From H�older's inequality and (3) we havejT �t '(y)j � k'kqktkp; 1=p = 1� 1=q;where ktkp = �Z 10 xp(t�1)G(t)p e�pxdx�1=p= G(p(t� 1) + 1)1=ppt�1G(t) �Z 10 (px)p(t�1)G(p(t� 1) + 1)e�pxdx�1=p= G(p(t� 1) + 1)1=ppt�1+1=pG(t)� (p(t� 1) + 1)(t�1)+1=(2p)e1�1=ppt�1+1=ptt�1=2 (2�)�1=2+1=(2p)� t1=2 (1� 1=t+ 1=(pt))t(p(t� 1) + 1)1=(2p)e1�1=p(t� 1 + 1=p)p1=p (2�)�1=(2q)� t1=2 (p(t� 1) + 1)1=(2p)(t� 1 + 1=p)p1=p (2�)�1=(2q)� t�1=2t1=(2p)p�1=(2p)(2�)�1=(2q)� (2�t)�1=(2q)p�1=(2p);as t!1. Hene for some t0 > 0 and  > 0,Z 10 t�kT �t 'k�1dt � k'k�1 Z t00 t�dt+ k'k�q Z 1t0 t�ktk�pdt <1provided � > 2q(1 + �), and the onlusion follows from Theorem 4.1. �Under a polynomial growth assumption on ' we get the following more preise resultas another orollary of Theorem 4.1. 15



Corollary 4.2 Let � 2 R and assume that there exist  � 0, a � 0 and x0 � 0 suhthat '(x) � x�a; x > x0:If a� > 1 + � then the solution ut of�wt�t = �wt + �t�w1+�t ; w0 = 'is global, and there exists C > 0 suh that0 � ut(x) � Ct�a; x 2 R+ ;for all t large enough.Proof. Apply Theorem 4.1 and (5) of Lemma 2.1. �5 Blow-up of solutionsIn this setion we obtain a partial onverse to Corollary 4.2.Theorem 5.1 Assume that ' � 0 satis�es '(x) � x�a for all x large enough, wherea;  � 0. Let � > 0, � > 0 and a� < 1 + �. Then the equation�wt�t = �wt + �t�w1+�t ; w0 = ';blows up in �nite time. In the ritial ase a� = 1 + �, a 6= 0, �nite-time blow-upours under the additional assumption � > 1, i.e. a < 1 + �.This result is a onsequene of the lemmas 3.1 and 3.2 above, and of the lemmas 5.1and 5.2 below.Lemma 5.1 Assume that ' � 0 is suh that '(x) � x�a for all x large enough,where a;  � 0. Let � > 0, � > 0 and a� < 1 + �. Let gt be the solution of�wt�t (y) = �wt(y) + �t�(T �t ')�(y)wt(y); w0 = ': (18)Then limt!1 inf0�x�1 gt(x) =1:
16



Proof. Let 0 < � < 1. The Feynman-Ka representation and (5) yield, for 0 < y <� + t=2, t > 6t0 (where t0 is de�ned in Lemma 2.1), and some 0 > 0:gt(y) = Z 1y '(x)t(x� y)Ey �exp�� Z t0 (t� s)�(T �t�s'(X�s ))�ds� ���X�t = x� dx� Z 1y '(x)t(x� y)Ey "exp 0� Z t=2t0 1[0;�+t�s℄(X�s )(t� s)��a�ds!���X�t = x# dx� Z 2tt�1=3 '(x)t(x� y) exp 0� Z t=2t0 (t� s)��a�Py(0 < X�s < � + t� sjX�t = x)ds! dx� Z 2tt�1=3 '(x)t(x� y) exp 0� Z t=6t0 (t� s)��a�Py(0 < X�s < 2s+ t=2jX�t = x)ds! dx� 11[0;�+t=2℄(y)t�a exp 0�2 Z t=6t0 (t� s)��a�ds! ;where we used (6) and (10) to obtain the last inequality. Henegt(y) � 1[0;�+t=2℄(y)1t�a exp 0�2 Z t=6t0 (t� s)��a�ds! (19)= 1[0;�+t=2℄(y)1t�a exp 0�2(1 + � � a�)  (t� t0)1+��a� � �5t6 �1+��a�!! ;and it suÆes that a� < 1 + � in order to get inf0<y<1 gt(y)!1 as t!1. �Notie that the riteria for blow-up of Lemma 5.1 an easily be adapted to othertime-dependent non-linearities. We now turn to the ritial ase a� = 1 + �.Lemma 5.2 Let � > �1, � > 0, and assume that ' � 0 is suh that '(x) �x�(1+�)=� for all x large enough, where � > 1. Then the solution ht of the equation�wt�t (y) = �wt(y) + �t�wt(y)g�t (y); w0 = ';where gt solves (18), satis�es limt!1 inf0�x�1 ht(x) =1.Proof. Let 0 < � < 1. Sine a� = 1 + �, with a > 0, we see from (19) that thereexists t0 > 0 suh that for all t > 3t0,gt(y) � t�a1[0;�+t=2℄(y): (20)
17



Jensen's inequality, (7) and (9) yield, for t > t0 and 0 < y < �,ht(y) = Z 1y '(x)t(x� y)Ey �exp�� Z t0 (t� s)�g�t�s(X�s )ds� ���X�t = x� dx� Z 1y '(x)t(x� y) exp�� Z t0 Ey h(t� s)�g�t�s(X�s )���X�t = xi ds� dx� Z tt�� '(x)t(x� y) exp � Z t=3t0 (t� s)��aPy(0 < X�s < � + (t� s)=2jX�t = x)ds! dx� Z tt�� '(x)t(x� y) exp � Z t=3t0 (t� s)��aPy(0 < X�s < � + sjX�t = x)ds! dx� Z tt�� '(x)t(x� y) exp �2 Z t=3t0 (t� s)��ads! dx= 3t�(1+�)=��1=2 exp �2(1 + � � a)  (t� t0)��a+1 � �2t3 ���a+1!! :Hene the onlusion holds provided � � a+ 1 > 0, i.e. � > 1. �6 Systems of semilinear equationsFirst we onsider the following system of semilinear equations8>>><>>>: �ut�t = ��1ut + �1u�11t v�12t�vt�t = ��2vt + �2u�21t v�22t ; (21)where u0 = '1 and v0 = '2 are nonnegative bounded measurable funtions, �1; �2 > 0,and �ij 2 f1; 2; : : :g, i; j = 1; 2. The solution of this system an be expressed in termsof a ontinuous-time, two-type branhing proess evolving in the following way. Thepartiles of type i = 1; 2 live independent exponential lifetimes of mean 1=�i. Duringits lifetime a type-i partile develops an independent Markov motion of generator��i and, at the end of its life, it branhes, leaving behind �i1 individuals of type 1and �i2 individuals of type 2 that appear where the parent partile died, and evolveindependently under the same rules. The state spae of suh branhing proess is thespae Nf(S) of �nite ounting measures on S := R+ � f1; 2g, where a measure� = nXi=1 Æ(xi;1) + mXj=1 Æ(yj ;2)18



represents a population onsisting of n individuals of type 1 at positions x1; : : : ; xn,and m individuals of type 2 at positions y1; : : : ; ym. Let X�t be the random element ofNf(S) representing the population on�guration at time t � 0, starting from a given� 2 Nf(S). For any bounded measurable f : S ! [0;1) we de�newt(�) = E� 24eSt Yz2supp(X�t ) f(z)35 ; � 2 Nf(S); t � 0;where E� denotes expetation with respet to P ( � jX0 = �), and St = �1 R t0 Ns;1 ds+�2 R t0 Ns;2 ds, where Ns;i is the number of partiles of type i in the population at times. Choosing f so that f(�; i) = 'i for i = 1; 2, one an show [8℄ that the solution of(21) is given by ut = wt(�; 1) and vt = wt(�; 2), where for shortness of notation wewrite wt(x; i) when � = Æ(x;i). We now prove the following theorem.Theorem 6.1 Let the initial values '1; '2 of (21) be bounded measurable funtionssuh that 0 � '1(x) � 1x�a1 and 0 � '2(x) � 2x�a2 for x large enough and someonstants 1; 2 > 0, where a1; a2 2 (1;1). If (a1^a2)[(�11+�12)^(�11+�12)�1℄ > 1and 1; 2 are suÆiently small, then the solution of (21) is global.Proof. Without loss of generality we assume that f(x; i) := 'i(x) � i(x�ai ^ 1) forall x > 0 and i = 1; 2. Let � = �(t) denote the number of branhings ourring in theinterval [0; t℄, and let w(k)t (�) = E� heStQz2supp(X�t ) f(z); � = ki, � 2 Nf(S), k 2 N .Therefore, wt(�) = 1Xk=0 w(k)t (�); � 2 Nf(S); t � 0:Writing �it for the transition densities of the gamma proess of parameter �i, i = 1; 2,and de�ning �tf(x; i) := ZR f(y; i)�it (y � x) dy; (x; i) 2 S; t � 0;we see that, for � =Pni=1 Æ(xi;1) +Pmj=1 Æ(yj ;2),w(0)t (�) =  nYi=1 �tf(xi; 1)! mYj=1 �tf(yj; 2)!
19



and w(1)t (�) = 1fn6=0g�1 nXi=1 Z t0 ZR p�1s (z � xi) (�t�sf(z; 1))�11 (�t�sf(z; 2))�12 dz� nYl=1l6=i �sw(0)t�s(xl; 1) mYh=1�sw(0)t�s(yh; 2) ds+ 1fm6=0g�2 mXj=1 Z t0 ZR p�2s (z � yj) (�t�sf(z; 1))�21 (�t�sf(z; 2))�22 dz� nYl=1 �sw(0)t�s(xl; 1) mYh=1h6=j �sw(0)t�s(yh; 2) ds� �1n nYl=1 �tf(xl; 1) mYh=1�tf(yh; 2) Z t0 �supz2S �sf(z)��11+�12�1 ds+ �2m nYl=1 �tf(xl; 1) mYh=1�tf(yh; 2) Z t0 �supz2S �sf(z)��21+�22�1 ds;where we used kfk1 � 1 and �sw(0)t�s(z; i) = �tf(z; i) , (z; i) 2 S; t � 0 . Hene,w(1)t (�) � (�1 _ �2)(n+m)w(0)t (�) Z t0 �supz2S �sf(z)�[(�11+�12)^(�21+�22)℄�1 ds;� = nXi=1 Æ(xi;1) + mXj=1 Æ(yj ;2); t � 0:By indution on k one an prove that for t � 0 , � = Pni=1 Æ(xi;1) +Pmj=1 Æ(yj ;2) andk � 1,w(k)t (�) � �kk! k�1Yi=0(n+m + i(�� � 1)) Z t0 �supz2S �sf(z)����1 ds!k w(0)t (�); (22)where � = �1 _ �2 , �� = (�11+�12) ^(�21+�22) and �� = (�11+�12) _ (�21+�22) .Setting X0 = � = Æ(z;i) in (22) yieldswt(z; i) � �tf(z; i) 1 + 1Xk=1 vk(t)! ; t � 0; (23)where vk(t) = 1k! k�1Yi=0(1 + i(�� � 1)) � Z t0 �supz2S �sf(z)����1 ds!k :Taking M > 0 large enough we obtain from Remark 2.1 thatvk(t) �  ��� Z M0 �supz2S �sf(z)����1 ds+ Const: Z 1M �(1 _ 2)s�a1^a2����1 ds!!k :If 1, 2 are so small that vk(t) < 1 uniformly in t for all k, then the solution of (21)is global. �20



Next, onsider the nonlinear system of equations:8>>><>>>: �ut�t = ��ut + �t�u1+�1t v�2t�vt�t = ��vt + Ft(ut; vt); (24)u0 = '1, v0 = '2, �; �; � > 0, where Ft is a positive and measurable funtion.Proposition 6.1 Assume that '1(x) � x�a1 and '2(x) � x�a2 for x large enough,with a1; a2 � 0. Then (24) blows-up if a1�1 + a2�2 < 1 + �, and also if a1�1 + a2�2 =1 + � under the additional assumption �1 > 1.Proof. From Lemma 3.1 and Lemma 2.1 we have T �t '2(y) � 2�a2t�a21[0;t℄(y), andv�2t (y) � (T �t '2(y))�2 � �22 �a2�2t�a2�21[0;t℄(y):We onlude by an appliation of Theorem 5.1 and Lemma 3.1. �In the remaining part of this setion we obtain onditions for explosion in �nite timeof the system 8>>><>>>: �ut�t = �ut + t�1utvt�vt�t = �vt + (1 _ t)�2utvt; (25)with u0 = '1, v0 = '2, and �1; �2 2 R.Lemma 6.1 Assume that �2 � �1 and that for some initial onditions '1 � '2, thesolution ut of (25) satis�es inf0�x�1 ut(x)!1as t ! 1. Then ut blows-up in �nite time, in the sense that there exists t > 0 suhthat Z 10 ut(x)dx =1:Proof. By linearity, ut � vt is solution of��t(ut � vt) = � (ut � vt) + utvt(t�1 � (1 _ t)�2); (26)with u0 � v0 = '1 � '2 � 0, hene from the integral form of (26):(ut � vt)(x) = T �t (u0 � v0) + Z t0 (s�1 � (1 _ s)�2)T �t�s(usvs)(x)ds;we have ut � vt � 0, t � 0. It remains to apply Lemma 3.2 to the equation�ut�t (y) = �ut(y) + t�1vt(y)ut(y);with � = 1, � = 1, and to use the inequality vt � ut. �21



The above explosion riterion also implies blow-up in all Lp norms, p 2 [1;1℄, and isused in the next proposition.Proposition 6.2 Assume that �2 � �1 and '1(x) � x�a1 , '2(x) � x�a2 , for x largeenough. Then (25) blows-up if min(a1; a2) < 1+�1. In the ritial ase min(a1; a2) =1 + �1, blow-up ours if max(a1; a2) < 1 + �2.Proof. It suÆes to prove blow-up for any pair of funtions '1, '2 suh that '1(x) =x�a1 and '2(x) = x�a2 for x large enough. Moreover, without loss of generality wemay assume that a1 � a2 and '1 � '2. From (5) of Lemma 2.1, there exists t0 > 0suh that for all t � t0 and y 2 R+ ,ut(y) � T �t '1(y) � t�a11[0;t+�℄(y)and vt(y) � T �t '2(y) � t�a21[0;t+�℄(y):The Feynman-Ka formula, (6) and (10) yield, for 0 � y � � + t=2 and t > 2 _ t0,ut(y) = Z 1�1 '1(x)t(x� y)Ey �exp Z t0 vt�s(X�s )ds���X�t = x� dx� Z 1y '1(x)t(x� y)Ey "exp  Z t=6t0 (t� s)�a2+�11[0;�+t�s℄(X�s )ds!���X�t = x# dx� Z 2tt�1=3 '1(x)t(x� y)� exp  Z t=6t0 (t� s)�a2+�1Py(0 < X�t�s < � + t� sjX�t = x)ds! dx� Z 2tt�1=3 '1(x)t(x� y)� exp  Z t=6t0 (t� s)�a2+�1Py(0 < X�t�s < 2s+ t=2jX�t = x)ds! dx� Z 2tt�1=3 '1(x)t(x� y) exp 2 Z t=6t0 (t� s)�a2+�1ds! dx� 2t�a1 exp 12 Z t=6t0 (t� s)�a2+�1ds!� 2t�a1 exp 2(1 + �1 � a2)  (t� t0)�1�a2+1 � �5t6 ��1�a2+1!! :Hene, with � = 1, we infer blow-up from Lemma 6.1 if a2 < 1 + �1. Turning to theritial ase, if a2 = 1 + �1 the above estimate yields ut(y) � 21[0;�+t=2℄(y)t�a1 , and22
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