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BLOW-UP AND STABILITY OF SEMILINEAR
PDE’S WITH GAMMA GENERATORS

José Alfredo Lépez-Mimbela Nicolas Privault

Abstract

We investigate finite-time blow-up and stability of semilinear partial differen-
tial equations of the form dw,; /0t = Iy —I—I/t"thﬁ, wo(z) = o(z) >0,z € Ry,
where I' is the generator of the standard gamma process and v > 0, 0 € R,
B > 0 are constants. We show that any initial value satisfying c;2~% < ¢(z),
x > x¢ for some positive constants xg,c1,aq, yields a non-global solution if
mpf <l+o,orifaf=1+0and > 1. If p(x) < cox™ 2, © > x5, where
Ty, C2,a9 > 0, and aeff > 1 + o, then the solution w; is global and satisfies
0 <wy(z) < Ct %2,z >0, for some constant C' > 0. This extends the results
previously obtained in the case of a-stable generators. Systems of semilinear
PDE’s with gamma generators are also considered.

Key words: Semilinear partial differential equations, Feynman-Kac representation, blow-
up of semilinear systems, gamma, processes.
Mathematics Subject Classification: 60H30, 35K57, 35B35, 60J57, 60E07, 60J75.

1 Introduction

Critical exponents for blowup of semilinear Cauchy problems of the prototype

ow
a—ft = Lw; + wngﬂ, Wy = @, (1)

where L is a Lévy generator, 5 > 0 is constant and ¢ > 0, have been studied by
many authors during the last years. The case of d-dimensional Laplacian L = A has
been thoroughly investigated (see e.g. [7] and [4] for surveys), and has originated
many techniques that are now standard tools in the theory of semilinear problems.
When L is the fractional power A, = —(—A)®? of the Laplacian, 0 < o < 2, it was

shown in a series of papers [1, 8, 9, 12, 13] that the critical parameter for blow-up



of (1) is d. := «/f, meaning that if d < d. then (1) possesses no global nontrivial
solutions, and if d > d,, then (1) admits a nontrivial global solution for all sufficiently
small initial values. The approaches developed in those works use subtle comparison
arguments [13], or probabilistic representations of solutions (in terms of branching
particle systems [8, 9], or by means of the Feynman-Kac formula [1, 12]). A feature
common to these methods is that they rely significantly on the symmetry and scaling
properties of stable distributions.

In this paper we investigate finite-time blow-up and existence of non-trivial

global solutions of the semilinear equation

0
% = Tw; + vt®w; P, wo(z) = (), r € Ry, (2)

where ¢ is a nonnegative function, v, ¢ and [ are positive constants, and I" is the

pseudo-differential operator

rie) = [ G - @) dy
0 !
i.e. the generator of the standard gamma process. In the linear case, such equations
are of interest in reliability models based on the gamma process [16]. The symmetrized

generator

- o0 e~ 1yl
Frw) = [ () - 1)y

0 Yl

has symbol
log(1+1¢) = lima (1 +]€)" 1), EER

and can be viewed as the weak limit of o ' ((1 — Ay /2)* —I) as « goes to 0. Similarly,
the one-sided stable process can be renormalized to converge in distribution to a
gamma process, cf. [3], [14]. Thus, another motivation for studying (2) is that it
constitutes a natural follow-up to the previous investigations, as it can be considered
in a sense as a “limiting case” o — 0, although, unlike in the a-stable case, the gamma
process enjoys no scaling or symmetry property, or dimensional-dependent behavior.
However, its density function is explicitly known and this allows us to follow closely
the approaches in [1] and [9] to make work the probabilistic representations of (2) for
Our purposes.

Our solutions will be understood in the mild sense (see e.g. [11]), and there-
fore we can consider bounded, measurable initial values ¢ > 0. We will show as a

consequence of Corollary 4.2 and Theorem 5.1 that any initial value satisfying

cx” M < p(z), T > Xg,



for some positive constants zy, ¢, a;, yields a non-global solution of (2) if ;4 < 140,

orif a1 =1+ 0 and § > 1. Similarly, if the initial value of (2) satisfies

az

(10(‘/17) S CQ-/Ei ) T > Zo,

where x, ¢9, as are positive numbers and a,3 > 1 + o, then the solution u; is global
and satisfies 0 < uy(x) < Ct~*, x > 0, for some constant C' > 0. For the particular
case 0 = 0, if p(x) ~y 0o cx™® for some ¢ > 0 and a > 0, then blow-up of (2) occurs
if af < 1lorif B =a"' > 1, and a global solution exists if a3 > 1. Hence, if 0 = 0
and for some £ > 0

liminfz = tY%p(z) > 0,

T—00

then the solution of (2) blows-up, whereas if

limsup z° T8 p(z) = 0,

z—300
then the solution of (2) exists globally.

Note that without additional difficulty we may replace the operator I" in (2)
with the generator I'y given by

—\y

Nf(e) = / Tty - f@) S dy,  weR,,

where A is a strictly positive parameter. Indeed, for f € Dom(Iy) we have the relation
I\f(x) = I'fx(Ax), where fy(x) = f(z/A). This means that f is solution of (2) if
and only if f is solution of (2) with I'y in place of I'.

In the case of systems of equations of the form

ou :

= = Dt vu o =g,
ov

8—; = Loy + Fy(ug, vp), Yo = P2,

with A # p, the solution cannot be constructed directly from the case A = p = 1,
nevertheless the existence and blow-up criteria for solutions are independent of the
values of A\, x> 0. In this case we show that if ¢1(z) > ez~ and pq(z) > ca™*,
for x large enough, then blow-up occurs provided a;5; + as3, < 1. We also study the

semilinear system

Oy
T B11, B2 _
= Dyu +vug oy Uy = V1,
ot
an

A B21, B22 _
5 = Iy, v + vouy? vy, Vg = P2,



vy, v > 0, with integer exponents f;; > 1 and initial values satisfying ¢ (z) < ¢y2™®

and po(z) < cox™® for x large enough, where aj,ay € (1,00). We show that this
system admits a global solution provided (a; A a9)[(f11 + f12) A (P11 + Bia) — 1] > 1

and the constants ¢y, co > 0 are sufficiently small. In particular, the solution of the

system
aut
— = luy + wyw
ot t Ut
a?)t
— = T'vy + ugvy,
ot t tVt

with ug(z) ~ cx™® and vo(x) ~ cx= for x large enough, is global if min(ag, a;) > 1
and ¢ is sufficiently small. We also show that blow-up occurs if min(as,a;) < 1,
and deal under additional assumptions with critical cases with time-dependent non-
linearities.

Our methods of proof are inspired in the approaches developed in [1] and [9].
To prove explosion of semilinear equations we use the Feynman-Kac representation as
well as estimates of probability transition densities, analogously to the a-stable case
as treated in [1]. Existence of global solutions is deduced using a general criterion,
originally obtained in [9].

The paper is organized as follows. In Section 2 we recall some basic facts about
the gamma process and its infinitesimal generator, and obtain bounds for the gamma
semigroup that will be useful in the sequel. In Section 3 we recall the Feynman-Kac
representation of (2), and derive from this representation a criterion for blow-up of
semilinear PDE’s. Using a general argument deduced from [15], we show existence of
global solutions in Section 4. Blow-up of solutions of (2) is dealt with in Section 5,

and systems of semilinear PDE’s with gamma generators are considered in Section 6.

2 Estimates of the gamma semigroup

Let

denote the gamma function, and let (X} )ir, denote the standard gamma process

with densities
o1
T) = > 11000 (), reR, t>0,
Ye(x) G’ o () x




and generator

rf(a) = / ety - f(:c))%y dy.

Let {T], t > 0} denote the operator semigroup generated by I', which is given by
T ol) = Ele(X} +9) = [ oo+ ypu)s = [ paputa - y)ds, 3)
J0 Jy

y € R, . In the next lemma we prove asymptotic estimates for the semigroup {7}, ¢ >
0}, using results of [2] on the median of the gamma density. Recall that for ¢ > 1, v,

is increasing on [0,¢ — 1] and decreasing on [t — 1, 00).

Lemma 2.1 Let ¢ : R, — Ry be bounded and measurable. Assume that there exist

c1 € [0,00), ¢y € (0,00], and a; > ay > 0 such that for all x large enough,
" < pr) < cx®. (4)
Then, for alln > 0 and 0 < & < 1 there exists ty = to(e,n) > 0 such that

1. For allt >ty and all y > 0,

1—-e\" e, a
(F57) 5t " lowwn ) £ Tol0) < calt 20 o)

2. For allt >ty and any 0 <y <n+1/2,

1 —a —a
(1= )t ™ o () < TF (1120 9)(y) < 2(1+2)E™ (6)

3. Forallt >ty and any 0 <y <n <1,

NCL , g NC2 | gy
(1) Tt 1) < T (L)) < (14 ) 2 (7



Proof. There exists xy > 0 such that for all 0 < y <t + 7,

T ely) = /000 o(x + y)y(z)de

g Cl/ (z +y) " ye(w)da
J g

> 6’1/ (z +t+n)"“"y(z)d
zo
G(t—a o

> oS [T i) e e
G(t*ﬂ,]) /OO _

> g 14+ (t+n)/x) v q (v)de
S [ e )
G(t*ﬂ,]) /OO t—|—77 T

> —— 1+ — _ay (2)d

> a0 A +t—a1—1/3 Vi—a, (7)dz
G(t—ay) (1 —g)™ /oo

> ¢ —a, (T)dz

= G 21 1541171/3%t @)

> C_lﬂt*fll,
2(3—¢g)m

for all sufficiently large ¢, provided (a; + 1/3)/t < ¢ and 7/t < . Here we used
the equivalence G(t — a)/G(t) ~ ¢t * as t — oo which follows from Stirling’s formula
G(t) ~ V27t 1/2e7t, and the fact that the median of the gamma distribution with
parameter ¢t — a; is greater than ¢t — a; — 1/3, see Theorem 2 of [2]. Similarly we have

for all y > 0 and ¢ big enough:

T oly) = /0 oz +y)v(x)de
02/ (z +y) “y(r)dr
0
< 02/ x Py (z)de
Jo

G(t — CLQ) o
CQW/O Vi—ay(T)dx

co(1+e)t 2,

IN

IN

IN



which proves (4). Concerning (6) we have for 0 < y < n+%/2 and ¢ sufficiently large:

2t 2t
/ o(@)n(e —y)de > ¢ / 2"y (x — y)da
t t

~1/3 ~1/3

v

2
c1(2t)~ ™ / Yi(x — y)dx
¢

~1/3

v

—n+3t/2
c(2t)" / Ye(x)dx

t—1/3

1 [e.e]
o (3 [ o)
J —n+3t/2

> (1-¢)

since ftojl/g vi(x)dx > 1/2 and ff7+3t/2 Yi(z)de = P(X] > —n+3) = 0as ¢t — oo by

the law of large numbers. Similarly we have for ¢ large enough:

2t 2t
/ e(@)n(r —y)dr < 62/ z y(r —y)do

t—1/3 t—1/3
2t
< elt—1/3) / SE——
Ji-1y3
S Cg(t*1/3)7a2

S (1 + 8)621&7@.

Concerning (7) we have, for 0 <y <np<1andt>2:
t t t
w(t=1) [ elade> [ elehue - pds > uO) At -2) [ ele)ds
t—mn t—mn t—mn

Since for any [ > 0,

(t - l)t—l i (t - l)t—lel 75—1/2
— €

Gt) T Vo2 T \an

it follows that for any 0 < £ < 1 and for all sufficiently large ¢,

Y(t—1)= t — oo,

—1/2 gt t —1/2  pt
a +e)tﬂ [ sty > /tﬁ(”%(x )z > (1- e)Yfm /tﬁ(x)d”

It remains to note that

t 4a
[ anar = @) e
. {;—77 ]_

—a

for all @ > 0 as ¢ goes to infinity, and to use (4). O



Remark 2.1 Let {T}, t > 0} be the operator semigroup having generator I'y. From
the relation T} o(x) = [T @\ (A\x) we get for t > tq and y > 0:

¢ l—e¢ “ t o t —a2
51 ( 3 > <X> Loy () < Tro(y) < (1 +¢) <X> :
t

C1 t T T
(1 - 5)214-(1,1 (X> 1[0,n+t/2}(y) < Ttr(l[tq/s',zt}@)(y) < 02(1 + 6) (X) )

-2 (4) " rua) < Tl < 0+ 22 (3)

Recall that for 0 < s < ¢ and = > 0, the conditional law of X! given X} = x is the
beta distribution with density

e MBS0 e
8

Using the result of [10] on the median of the beta distribution we obtain the following

estimates.

Lemma 2.2 Letn > 0. We have

P,(0< X! <s+nX =z)>1/2 (9)
forall0 <s<t/2,0<y<n 0<t—2n<t—n<z<t, and

P,(0 < X! <2s+t/2|X] =12) >1/2 (10)
forall0 < s <t/2,0<y<t/2 and 0 <t/2 <z <2t

Proof. We have

P,(0 < X! < s+n|X] =2) PO<y+ X! <s+nX, =2 —vy)

> P0< X! <s|X] =x—y)
- /&,zx—u )z
Gl S 9
= GM&QQA S U
G(t) A sl
> § 1 §
z G(s)G(t—s>/o @ ma)d
s/t
= Bs,t(z,l)dz
0
> 1/2,



since from Theorem 1 of [10], the median m,; of the standard beta density f;,(-,1)
with mean s/t satisfies

t— 2s

S
O0<mgy < =< mygy +—r,
ms,t t ms,t (t o 2)t

provided s < t/2. Similarly we have

P,(0< X! <2s+t/2|X] =2) = PO<y+X, <2s+1t/2|X] =z —y)
> P0< X! <2s]X] =2 —y)

- ’ Bst(zaa7 - y)dZ
0
_ G(t) 2#/(e=) s—1 t—s—1
G(S)G(t—s)/o =2z
G(t) S/t s—1 t—s—1
= G(S)G(t—s)/g S

3 Feynman-Kac representation and subsolutions

Let (X;)icr, be a Lévy process in R, having generator L and operator semigroup
{T}, t > 0}. We assume that the transition densities p;, t > 0 of (X});er, satisfy
pe(z,y) = pi(y — ) for all z,y € Ry, and that p;(z,y) = 0 if y < x. Recall (see e.g.
[5]) that the mild solution of

awt

W(?J) = Luy(y) + G(y)wi(y),  wo =, (11)

admits the Feynman-Kac representation

t
wi(y) =FE {gp(y + X3) exp/ Gosly+ Xs)ds} , t>0, y>0. (12)
0
If ; is positive (12) implies

wi(y) > Eloly + Xy)] = Tip(y), yeRy, t>0.

Thus, the solution of

awf
—— = Ly, wy = @ > 0,
It t 0— ¥z

is also a subsolution of (11) provided ¢; > 0. By linearity this implies the following

lemma.

10



Lemma 3.1 Let ¢ > 0 be bounded and measurable. If uy, v, respectively solve
Oy ov;
ot ot

with ug > vy and (; > &, then uy > vy.

(y) = Lus(y) + G(y)ue(y), (y) = Lu(y) + &(y)vi(y),

We will use the fact (which follows from Lemma 3.1) that if u; is a subsolution of

ow,

—r (W) = Lwi(y) + v P (y),  we =, (13)

where v, f > 0, then any solution of

avt

E(?J) = Luy(y) + V?Jf(y)vt(y), Vg = @,

remains a subsolution of (13). Notice that from the Feynman-Kac representation,

oo t
wi(y) = / oly+x)E [exp/ Grs(y + X5) ds‘Xt = T:| pi(x)dx
0 0
oo t
= / o(x)p(r — y)E {exp/ Gs(y+ Xs)ds‘y + X, = T:| dx
y 0

= Aoo o(z)pi(z — y)E, [eXp /Ot Cs(X,)ds

X; :x} dx

> [T et e (5| eoxasixi=s] a9

where on the last line we used Jensen’s inequality. Hence, when L = I'; (14) reads

wy(y) > / o()v(r — y) exp (/0 / Bsi(z —y, v — y)(ts(z)dzds> dz,
Ty Jo Jy

where f,,(z —y,x — y) is given by (8). We close this section with a lemma that will

be helpful in the proof of explosion, see §4 of [6] for the case L = A.

Lemma 3.2 Let 0 € R and v > 0. Assume that the solution u; of

610,5

ﬁ(y) = I'w(y) + vt®u(y)w(y), wy = @, (15)

satisfies

lim inf w(z) = oo,
t—o0 0<z<1

where v : ]Ri — R, is a measurable function such that utﬁ < wy for allt > 0. Then u,

blows-up in finite time, in the sense that there exists t > 0 such that

/01 u(z) d = oo,

In particular, explosion in LP(Ry)-norm occurs for all p € [1,00].

11



Proof. Given ty > 0, let u; = wy,4, and K (ty) = info<y<1 wy,(y). The mild solution

of (15) is given by

we) = [ty =ty dy-+o [ N [ ety = D)) dy s,

Thus, for any € € (0,1) and t < (1 —¢)B A1,

1
/Ut()dT
Jo
1
> // Yy — x)ug(y)dydx + v s/
0 o Jo
t 11
> //'yt — x)up(y dydT+V/9//’yt5 2)ul ™ (y)dydads
0 0

g
:%
=
|
&
S
+
ISy
v
Y
<
Y
g
=Y
VA

> K(to) / / Yz — y) dey+l// 57 / 5 / Yi_s(x — y)dzdyds
0 0

> K(to)/ / *yt(x)dxdy—i-y/ s”/ ui*’ﬂ(y)/ Yi—s(x)dxdyds

> 1+ﬁ

> o)// Gl dey+ / /u / fongdyd"’

Z )

IK 0 1+ﬂ yt
dyd
4tG(t)/0 / / (i)
1
> —K(to)/ yPdy + — / / Wy 1ﬂwalyds
0
> 1+5 1*5)5
= 1+6 / / dyds,

where we used the inequalities 0 <t—s <t < (1—¢g)fand 0 < tG(t) <1,0<t< 1.
Holder’s inequality yields

1+8

1 1 1 B
< / us(y)dy> < < / U?ﬁ(y)y“f)ﬂdy> ( / y“”f@)
0 0 0

1
—= €7ﬂ / “fl+ﬁ(y)y(]7€)ﬁdy’
0

hence letting a(t) = fol us(x)dz we get

veP
a(t) > %4—7/0 570" P (s)ds, t<(l—¢)BA1.

It remains to choose ty such that the blow-up time of the equation

B
u(t) = % + %/0 570 P (s)ds, t<(1—¢)BAN1,

is smaller than (1 —¢)5 A 1. O

12



Choosing v, = uf in Lemma 3.2 yields immediately:

Corollary 3.1 Let 0 € R and v > 0. If the solution u; of

Owy

= ) = Twy) + vt w (), wo=g,

satisfies

lim inf wu(z) = oo,
=00 0<a <1

then u; blows-up in finite time, in the sense that there exists t > 0 such that

1
/ u(z) dr = oco.
0

4 Existence of global solutions

We have the following non-explosion result, obtained originally by Nagasawa and Sirao

[9] for integer § > 1.

Theorem 4.1 Let 0 € R and f,v > 0. Assume that

& b
r? Trrgo godr < —
| il <

for some b > 0. Then the equation

0
% = Iw, + Vt”werﬂ, wy = @, (16)

admits a global solution wu,(x) which satisfies
AT} ()

0 S 'U,t(.’l',‘) S 1/8°
(b= w8 Jy ol Tr e )

reRy, t>0.

Proof.  This is an adaptation of the proof of Theorem 3 in [15] to our context of

time-dependent non-linearities. Recall that the mild solution of (16) is given by

t
u(z) = Ttrgo(:r) + V/ T”thrui% (x) dr. (17)
0

Defining
t —1/8
B(t) = (b—ﬁv [ T”IITstIIfch> s
J0

13



we have B(0) = b~'/# and

d

t —-1-1/8
B0 =l (v v [ ITeldr) = I LB )
0

hence .
Blt) = b5 + y/ P (| TE || B3 (1)
0

Let (¢, x) — v;(z) be a continuous function such that v,(-) € Co(Ry), t > 0, and
Tie(e) <ul) <bVIBUT pe), >0, 2 €R,.

Let now

¢
R(v)(t,z) = Ttrgo(:r) +v / T”thrvﬁﬁ (x)dr.
Jo

We have

t

"B (r) T (T, () Pdr

t
" B ()T, Ty (o) |Ty ol s dr

R(v)(t,z) < Ttrgo(m)+vb1/ﬂ/

J0

< T'o(z) —i—ybl/ﬂ/
0

t
T ) (wﬂ v TUB1+ﬁ<r>||TIso||§odr) ,
0

hence
T o(z) < R(v)(t, z) < bP BT o(x), t>0, xeRy.
Let
u)(z) =T p(z), and ul*'(z) = R(u")(t,r), ne€N
Then u?(z) < uj(x), t > 0, x € R,. Since T} is non-negative, using induction we
obtain
0 < ul(z) < ult(x), n > 0.
Letting n — oo yields, for ¢ > 0 and z € R, ,

WYAT  p(x
0 < u(w) = lim uf'(x) < BB, p(x) < L 217) < oo

n o ]/ﬁ ’
: (b= v Jy ro| T el edr)

Consequently, u, is a global solution of (17) due to the monotone convergence theorem.

O

As a consequence, an existence result can be obtained under an integrability condition

on .

14



Corollary 4.1 Let 1 < g < oo, 0 > ~1 andv > 0. If ¢ € LY(R,) is non-negative

and > 2q(1 + o), then the solution u; of

ow
a—tt = Tw; + Vta’ll)ngﬁ, Wy = @,

15 global and satisfies, for some ¢ > 0,

0 < uy(z) < et 1D, r e Ry,

for all t large enough.

Proof.  From Hoélder’s inequality and (3) we have

7y o)l < llellollull,  1/p=1-1/q,

where

S Tp(t*l) l/p
= = e Prdx
el (A o )

— L/p -1) 1/p
_ G(p(t —1) +1 / e
PGt G(p f— 1)+ 1)

G(p(t — 1)+ 1)1/P
pt7]+]/pG(t)
(p(t _ 1) + 1)(t7])+]/(2p)617]/p

- —1/2+1/(2p)
pt-1+1/pgt-1/2 (2m) P

1 (L= 1/t +1/(pt)! (p(t — 1) + 1)/CPIe =1/ 9. 1/(20)
t (t—1+1/p)p'77 (2)

1/(2
£1/2 (pt - 1)+ 1)/ p)( 7.()*1/(2!1)

(t—141/p)p'/r
#1241 O0) 1/ CD) (9 0y 1/ (20)

~ (2mt) V@01 Cn)

as t — oo. Hence for some ty > 0 and ¢ > 0,

00 to o]
| ool < el [ ede+eliel [ el < oc
0 0

to

provided 8 > 2¢(1 4 o), and the conclusion follows from Theorem 4.1.

]

Under a polynomial growth assumption on ¢ we get the following more precise result

as another corollary of Theorem 4.1.

15



Corollary 4.2 Let 0 € R and assume that there exist ¢ > 0, a > 0 and ©o > 0 such
that

o(x) <cx?, T > Tp.
If a > 1+ o then the solution u; of

ow
—t:Fwt+Vt”wtl+6, Wy = @

ot

15 global, and there exists C > 0 such that
0 <ufzx) <Ct°, r€eR,,

for all t large enough.

Proof.  Apply Theorem 4.1 and (5) of Lemma 2.1. O

5 Blow-up of solutions

In this section we obtain a partial converse to Corollary 4.2.

Theorem 5.1 Assume that ¢ > 0 satisfies () > cx~® for all x large enough, where
a,c>0. Letv>0, >0 andaf <1+ o. Then the equation

awf
, 1
— = T'w; + vtw, +ﬁ’ wy = @,

ot

blows up in finite time. In the critical case af = 14 o, a # 0, finite-time blow-up

occurs under the additional assumption B> 1, i.e. a < 14 0.

This result is a consequence of the lemmas 3.1 and 3.2 above, and of the lemmas 5.1

and 5.2 below.

Lemma 5.1 Assume that ¢ > 0 is such that p(x) > cx™® for all x large enough,
where a,¢ > 0. Let v >0, >0 and af <1+ 0. Let g; be the solution of

Owy

— () = T'wn(y) + v’ (T} @) (y)wi(y),  wo = . (18)

Then

lim inf g (z) = occ.
t—o0 0<x<1
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Proof. Let 0 < n < 1. The Feynman-Kac representation and (5) yield, for 0 < y <
n+t/2,t > 6ty (where tq is defined in Lemma 2.1), and some ¢y > 0:

%@w—émam%myw@Fw(uA%@%ﬂpmxgw@)pT—ﬂdm

t/2
exp (coy/ Togt—s (XDt — 5)”“%13) ‘Xtr = x] dx

to

> /OO p(x)vi(r —y) By

2t t/2
> / o(x)y(z — y) exp (coy/ (t—5)7 PP,(0 < X <n+t—s/X] = x)ds) dx
t—1/3 to
2t £/6
> / o(x)y(z — y) exp coy/ (t—5)7 P00 < X! <25 +t/2|X} = x)ds | da
t—1/3 to
>

t/6
—a coV .
1oz (y)t " exp (07/ (t—s) ﬂds) ;

to

where we used (6) and (10) to obtain the last inequality. Hence

Jtg

1+0—af
_ a cov roas (B
=1 t ™ (=
[0,77+t/2](y)61 eXp (2(1 +o— U//B) (( 0) ( 6 ’

and it suffices that a8 < 1+ o in order to get infocy<1 g:(y) — 00 as t — oo. O

cov [
9(y) > ljoge(y)eit “exp 7/ (t—s)”*"ﬂds (19)

Notice that the criteria for blow-up of Lemma 5.1 can easily be adapted to other

time-dependent non-linearities. We now turn to the critical case af =1+ 0.

Lemma 5.2 Let 0 > —1, v > 0, and assume that ¢ > 0 is such that p(x) >

cx= 4B for all x large enough, where B > 1. Then the solution h, of the equation

ow,

5 ) = Touly) + 7wyl (v),  wo =4,

where g, solves (18), satisfies limy_,q, info<,<1 hy(z) = o0.

Proof. Let 0 < n < 1. Since aff = 1 + o, with a > 0, we see from (19) that there
exists tg > 0 such that for all ¢ > 31,

9i(y) > et Lig yyry2(y). (20)
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Jensen’s inequality, (7) and (9) yield, for ¢ > t; and 0 < y < 7,

) = [ eteruta =0y [oxo (v [ (0= st xt)as) [xF = o] a

p(x)y(r —y )exp< /OtEy [(t—S)"gf,s(Xf)‘X{:x} dg) da

Jtg

/3
o(x)v(r —y)exp | ev / (t—s)" "P,(0< X, <n+s|X] = m)ds) dx

Jg

cv (M3

P}/t €T — y) exp — (f — S)Uiads d’I‘
2 /i

/

> / o(@) 7z — y)exp | ev /t/B(t —8)7 P, (0< XD <+ (t— 5)/2/XF = x)ds) dz
[,
[,

: AN
— et B2 [ gy (2 .
“ P\ 305, g |0 3

Hence the conclusion holds provided 0 —a +1 > 0, i.e. g > 1. O

6 Systems of semilinear equations

First we consider the following system of semilinear equations

ou
87‘t I ug + 14 uﬂ“ /ﬁ“
/ (21)
oy
=I\v + v uﬁm 5227
at Ao Ut 2

where ug = 7 and vy = @ are nonnegative bounded measurable functions, v, v, > 0,
and f;; € {1,2,...}, 1,7 = 1,2. The solution of this system can be expressed in terms
of a continuous-time, two-type branching process evolving in the following way. The
particles of type i = 1,2 live independent exponential lifetimes of mean 1/v;. During
its lifetime a type-i particle develops an independent Markov motion of generator
I'y, and, at the end of its life, it branches, leaving behind f;; individuals of type 1
and [, individuals of type 2 that appear where the parent particle died, and evolve
independently under the same rules. The state space of such branching process is the

space N;(S) of finite counting measures on S := R, x {1,2}, where a measure

o= Z O(z;1) + Z Oy;.2)
i1

18



represents a population consisting of n individuals of type 1 at positions x1,...,z,,
and m individuals of type 2 at positions yy, ..., yn. Let X} be the random element of
N;(S) representing the population configuration at time ¢ > 0, starting from a given

p € N¢(S). For any bounded measurable f : S — [0, 00) we define

-5 T 50|, wenys. o
| e
where E,, denotes expectation with respect to P(-|Xy = p), and S; = v, fﬂt Nsqds +
Vo fot N; o ds, where N ; is the number of particles of type 7 in the population at time
s. Choosing f so that f(-,7) = ¢; for i = 1,2, one can show [8] that the solution of
(21) is given by u; = wy(+-,1) and v; = wy(+,2), where for shortness of notation we

write wy(x, i) when p = d(,4). We now prove the following theorem.

Theorem 6.1 Let the initial values @1,y of (21) be bounded measurable functions
such that 0 < p1(z) < ™ and 0 < po(x) < cox™® for x large enough and some
constants 1, ¢y > 0, where ay, ay € (1,00). If (ay Aag)[(Br1 + Bi2) A(Br1 + Br2) — 1] > 1

and ¢y, ¢y are sufficiently small, then the solution of (21) is global.

Proof. Without loss of generality we assume that f(x,i) := ¢;(z) < ¢;(z7% A1) for
all z > 0 and ¢ = 1,2. Let k = £(t) denote the number of branchings occurring in the
interval [0, ], and let w{® (1) = E, [est [Lcouppxry f(2); £=F|, pne N;(S), k € N.

Therefore,

wy(p) = Zwﬁk)(u), pw e Ng(S), t>0.

k=0

o

Writing %)"' for the transition densities of the gamma process of parameter \;, i = 1, 2,

and defining
mf(w,1) = / vy —=)dy, (i) €S, >0,
R

we see that, for =377 0(a,1) + 2200 0y, ),

w” (n) = (H i f (@, 1)) (H e f (45, 2))
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and

wgl)(ﬂ) - 1{n¢0}l/12/ / Zle 7rt sf(Z 1))ﬁ11( tfsf(Z,Q))ﬂm dz

X ﬂw,g:c;, Hﬂwtgyh,
2

ot

+ 1{m#0}l/22/ / (z —y;) (m—s f(2, 1))ﬂ21( tfsf(Z,Q))ﬂQQ ds

X stwt (7,1 7r5wt 5 (Yn, 2
h#]
n t B11+p12—1
< V]nHWtf(ml,l)Hwtf(yh,Q)/ (Sll};ﬂ'sf(z)> ds
. K4S
B21+B22—1
+ VzmHm xy, 1 Hﬂf Yns 2 / <SUIS?7r f(z )) ds,
FAS

where we used || f||o < 1 and Wsiz)gg)s(z, i) =mf(z,1), (2,i) € S, t > 0. Hence,

t [(B11+B12)A(B21+B22)]—1
w(p) < (1 Vwm)(n+ m)wt(o)(,u)/ <sup 7r5f(z)> ds,
0 2z€S
n= Y 0w+ ) O, 20,
i=1 j=1
By induction on & one can prove that for ¢ > 0, p = > | 1)+ Z O(y;,2) and
k>1,
Vk k—1 t ﬂ**l k
w® (p) < o (n+m+i(8*—1)) (/ <sup ﬁsf(z)> ds) w(n),  (22)
* =0 0 z€S

where v = vy Vg, B, = (Bi1+Fi2) A(Bar+Pa2) and 5* = (S11+Fi2) V (Ba1+ Paz) -
Setting Xo = p1 = 0.5 in (22) yields

wy(z,1) < mf(z,1 ( +ka ) t>0, (23)
k=1

t Ba—1 k
vr(t) = 7 H (1+i(8" —1)) ( /0 <21€157rsf(2)> d5>

Taking M > 0 large enough we obtain from Remark 2.1 that

M Bx—1 00 k
vp(t) < <ﬁ*y (/0 (5;1611; 7rsf(z)> ds + Const. /M ((c1 v 02)57“‘/\“2)&7] ds)) :

If ¢1, ¢y are so small that vg(¢) < 1 uniformly in ¢ for all k, then the solution of (21)

is global. O

where
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Next, consider the nonlinear system of equations:

ou

% = F)‘Ut + Vtou%_l—ﬂ] UEQ

a : (24)
Ut

a—tf = F“Ut + Ft(Ut, Ut)’

Ug = Y1, Vg = Y9, A\, i, v > 0, where F} is a positive and measurable function.

Proposition 6.1 Assume that p1(x) > cx™™ and py(x) > cx™* for x large enough,
with ay,ay > 0. Then (24) blows-up if a181 + asfe < 1+ 0, and also if a1y + asfy =
1+ o under the additional assumption 3; > 1.

Proof. From Lemma 3.1 and Lemma 2.1 we have T} ¢o(y) > cop®t *1p4(y), and
o (y) = (T pa(y)™ > g™t 10,4 (y).
We conclude by an application of Theorem 5.1 and Lemma 3.1. (]

In the remaining part of this section we obtain conditions for explosion in finite time

of the system

ou
% = Fut + tm UtV
(25)
0
% f FUt + (1 V t)(TQUtUt,

with ug = 1, vg = 9, and 01,09 € R.

Lemma 6.1 Assume that o9 > oy and that for some initial conditions @ < @9, the
solution u; of (25) satisfies

inf w(z) = o0
0<z<1

as t — oo. Then u; blows-up in finite time, in the sense that there exists t > 0 such

that :
/ u(z)dr = oc.
0

Proof. By linearity, u; — v; is solution of

0 o1 o2
&(ut — ) = I'(ug — vg) + wpop (87" — (1 V £)72), (26)

with ug — vg = ¢1 — 2 < 0, hence from the integral form of (26):

¢
(uy —vy) () = T} (ug — vo) + / (570 — (1V 8)7)T) ,(ugw,)(z)ds,
0

we have u; — v, <0, ¢t > 0. It remains to apply Lemma 3.2 to the equation
Ouy
ot
with # =1, v =1, and to use the inequality v; > wu;. (]

(y) = Tug(y) + 17 v (y)ue(y),

21



The above explosion criterion also implies blow-up in all L? norms, p € [1, o], and is

used in the next proposition.

Proposition 6.2 Assume that o9 > o1 and ¢1(x) > cx™", @o(x) > cx™*2, for x large
enough. Then (25) blows-up if min(ay,as) < 14+0y. In the critical case min(ay, as) =
1+ o1, blow-up occurs if max(ay,as) < 1+ o9.

Proof. Tt suffices to prove blow-up for any pair of functions ¢y, s such that ¢;(x) =
cx” ™ and @y(x) = cz~® for z large enough. Moreover, without loss of generality we
may assume that a; > as and ¢ < ps. From (5) of Lemma 2.1, there exists ¢, > 0

such that for all ¢ > ¢t5 and y € R,

u(y) > Ttrsﬁl(y) > ct™ " 1,4y ()

and
uly) > T oaly) > et 1o 440 (y)-

The Feynman-Kac formula, (6) and (10) yield, for 0 <y <n-+1t/2 and ¢t > 2V t,

o) t
u(y) = / o1(x)n(r —y)E, {exp / 7)t,S(XSF)ds‘XF = ’I“:| dx
J- Jo

o

00 t/6
> / e1(2)ve(z — y)Ey |exp ((’/ (t—5) """ Lot (X:)d,s> ‘XF = T] dx
Jy Jig
2t
> [ et -y
Ji-1/3
/6
xexp | ¢ / (t—s) =P (0< X, ,<n+t—s|X] =x)ds|drx
Jtg
21
> / o1 () ve(r — y)
Ji-1/3
t/6
xexp | ¢ / (t—s) =t P,(0 < X; , <2s5+1/2|X] =x)ds | dx
Jtg
>

2 o (U8
[ arute—pew (5 [ @5 ors) s
Jt-1/3 2 J o
1 t/6
> ot Mexp | = / (t — s)">*7ds
2 J g
5t o1—az+1
> et M exp ¢ (t— to)n—eett (2 .
2(1 + 01 — CLQ) 6

Hence, with n = 1, we infer blow-up from Lemma 6.1 if a; < 1 + ¢;. Turning to the

critical case, if ay = 1 + oy the above estimate yields wu:(y) > calpontt/2(y)t™ ", and
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from (9) and (7) we have, for all 0 < y <7,

w) = [ e, o [ (XD

o

X/ :x} dx

> [ et

t
X exp (CQ / (t—s) "t P,(0 < Xi <n+(t—s)/2|X] = x)ds) dx

Jtg

¢
> [ enute )
Ji—n
t/3
X exp (52/ (t—s) TP, (0 < X! <n+s|X] =1z)ds | dz
to
¢ TE
> (:2/ @o(z) dz " exp —2/ (t — s) 1+ 72(s
/] 2 to

/3
c
> et 2 2exp 52/ (t — 5)" 1172 (s
¢

L0

Hence, Lemma 6.1 implies blow-up provided a; < 1 4+ o5. [

R
[1]

eferences

M. Birkner, J.A. Lépez-Mimbela, and A. Wakolbinger. Blow-up of semilinear PDE’s at the criti-
cal dimension. A probabilistic approach. Proc. Amer. Math. Soc., 130(8):2431-2442 (electronic),
2002.

J. Chen and H. Rubin. Bounds for the difference between median and mean of gamma and
Poisson distributions. Statist. Probab. Lett., 4(6):281 283, 1986.

N. Cressie. A note on the behaviour of the stable distributions for small index . Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete, 33(1):61-64, 1975/76.

K. Deng and H.A. Levine. The role of critical exponents in blow-up theorems: the sequel. J.
Math. Anal. Appl., 243(1):85 126, 2000.

M. Freidlin. Functional integration and partial differential equations, volume 109 of Annals of
Mathematics Studies. Princeton University Press, Princeton, NJ, 1985.

K. Kobayashi, T. Sirao, and H. Tanaka. On the growing up problem for semilinear heat equa-
tions. J. Math. Soc. Japan, 29(3):407 424, 1977.

H.A. Levine. The role of critical exponents in blowup theorems. SIAM Rev., 32(2):262 288,
1990.

J.A. Lépez-Mimbela and A. Wakolbinger. Length of Galton-Watson trees and blow-up of
semilinear systems. J. Appl. Probab., 35(4):802 811, 1998.

M. Nagasawa and T. Sirao. Probabilistic treatment of the blowing up of solutions for a nonlinear
integral equation. Trans. Amer. Math. Soc., 139:301-310, 1969.

M. E. Payton, L.J. Young, and J.H. Young. Bounds for the difference between median and
mean of beta and negative binomial distributions. Metrika, 36(6):347 354, 1989.

23



[11] A. Pazy. Semigroups of linear operators and applications to partial differential equations, vol-
ume 44 of Applied Mathematical Sciences. Springer-Verlag, New York, 1983.

[12] S. Portnoy. Transience and solvability of a non-linear diffusion equation. Ann. Probability,
3(3):465-477, 1975.

[13] S. Sugitani. On nonexistence of global solutions for some nonlinear integral equations. Osaka
J. Math., 12:45 51, 1975.

[14] A. Vershik and M. Yor. Multiplicativité du processus gamma et étude asymptotique des lois
stables d’indice a, lorsque a tend vers 0. Prépublication No 289, Laboratoire de Probabilités
de I"Université Paris VI, 1995.

[15] F. B. Weissler. Existence and nonexistence of global solutions for a semilinear heat equation.
Israel J. Math., 38(1-2):29-40, 1981.

[16] M. L. Wenocur. A reliability model based on the gamma process and its analytic theory. Adv.
in Appl. Probab., 21(4):899 918, 1989.

Centro de Investigacion en Matematicas
Apartado Postal 402

36000 Guanajuato, Mexico
jalfredo@cimat.mx

Département de Mathématiques
Université de La Rochelle

Avenue Michel Crépeau

17042 La Rochelle Cedex 1, France

nprivaul@univ-1r.fr

24



Liste des prépublications

99-1 Monique Jeanblanc et Nicolas Privault. A complete market model with Poisson and Brownian
components. A paraitre dans Proceedings of the Seminar on Stochastic Analysis, Random
Fields and Applications, Ascona, 1999.

99-2 Laurence Cherfils et Alain Miranville. Generalized Cahn-Hilliard equations with a logarithmic
free energy. A paraitre dans Revista de la Real Academia de Ciencias.

99-3 Jean-Jacques Prat et Nicolas Privault. Explicit stochastic analysis of Brownian motion and
point measures on Riemannian manifolds. Journal of Functional Analysis 167 (1999) 201-242.

99-4 Changgui Zhang. Sur la fonction ¢-Gamma de Jackson. A paraitre dans Aequationes Math.

99-5 Nicolas Privault. A characterization of grand canonical Gibbs measures by duality. A paraitre
dans Potential Analysis.

99-6 Guy Wallet. La variété des équations surstables. A paraitre dans Bulletin de la Société
Mathématique de France.

99-7 Nicolas Privault et Jiang-Lun Wu. Poisson stochastic integration in Hilbert spaces. Annales
Mathématiques Blaise Pascal, 6 (1999) 41-61.

99-8 Augustin Fruchard et Reinhard Schifke. Sursabilité et résonance.

99-9 Nicolas Privault. Connections and curvature in the Riemannian geometry of configuration
spaces. C. R. Acad. Sci. Paris, Série I 330 (2000) 899-904.

99-10 Fabienne Marotte et Changgui Zhang. Multisommabilité des séries entieres solutions formelles
d’une équation aux g¢-différences linéaire analytique. A paratre dans Annales de ’Institut
Fourier, 2000.

99-11 Knut Aase, Bernt @ksendal, Nicolas Privault et Jan Ubge. White noise generalizations of
the Clark-Haussmann-Ocone theorem with application to mathematical finance. Finance and
Stochastics, 4 (2000) 465-496.

00-01 Eric Benoit. Canards en un point pseudo-singulier noeud. A paraitre dans Bulletin de la
Société Mathématique de France.

00-02 Nicolas Privault. Hypothesis testing and Skorokhod stochastic integration. Journal of Applied
Probability, 37 (2000) 560-574.

00-03 Changgui Zhang. La fonction théta de Jacobi et la sommabilité des séries entieres ¢-Gevrey,
I. C. R. Acad. Sci. Paris, Série I 331 (2000) 31-34.

00-04 Guy Wallet. Déformation topologique par changement d’échelle.

00-05 Nicolas Privault. Quantum stochastic calculus for the uniform measure and Boolean convo-
lution. A paraitre dans Séminaire de Probabilités XXXV.

00-06 Changgui Zhang. Sur les fonctions g-Bessel de Jackson.

00-07 Laure Coutin, David Nualart et Ciprian A. Tudor. Tanaka formula for the fractional Brownian
motion. A paraitre dans Stochastic Processes and their Applications.

00-08 Nicolas Privault. On logarithmic Sobolev inequalities for normal martingales. Annales de la
Fuculté des Sciences de Toulouse 9 (2000) 509-518.

01-01 Emanuelle Augeraud-Veron et Laurent Augier. Stabilizing endogenous fluctuations by fiscal
policies; Global analysis on piecewise continuous dynamical systems. A paraitre dans Studies
in Nonlinear Dynamics and Econometrics

25



01-02 Delphine Boucher. About the polynomial solutions of homogeneous linear differential equa-
tions depending on parameters. A paraitre dans Proceedings of the 1999 International Sympo-
sium on Symbolic and Algebraic Computation: ISSAC 99, Sam Dooley Ed., ACM, New York
1999.

01-03 Nicolas Privault. Quasi-invariance for Lévy processes under anticipating shifts.

01-04 Nicolas Privault. Distribution-valued iterated gradient and chaotic decompositions of Poisson
jump times functionals.

01-05 Christian Houdré et Nicolas Privault. Deviation inequalities: an approach via covariance
representations.

01-06 Abdallah El Hamidi. Remarques sur les sentinelles pour les systmes distribus

02-01 Eric Benoit, Abdallah El Hamidi et Augustin Fruchard. On combined asymptotic expansions
in singular perturbation.

02-02 Rachid Bebbouchi et Eric Benoit. Equations diffrentielles et familles bien nes de courbes
planes.

02-03 Abdallah ElI Hamidi et Gennady G. Laptev. Nonexistence of solutions to systems of higher-
order semilinear inequalities in cone-like domains.

02-04 Hassan Lakhel, Youssef Ouknine, et Ciprian A. Tudor. Besov regularity for the indefinite
Skorohod integral with respect to the fractional Brownian motion: the singular case.

02-05 Nicolas Privault et Jean-Claude Zambrini. Markovian bridges and reversible diffusions with
jumps.

02-06 Abdallah El Hamidi et Gennady G. Laptev. Existence and Nonexistence Results for Reaction-
Diffusion Equations in Product of Cones.

02-07 Guy Wallet. Nonstandard generic points.
02-08 Gilles Bailly-Maitre. On the monodromy representation of polynomials.

02-09 Abdallah El Hamidi. Necessary conditions for local and global solvability of nondiagonal
degenerate systems.

02-10 Abdallah El Hamidi et Amira Obeid. Systems of Semilinear higher order evolution inequalities
on the Heisenberg group.

03-01 Abdallah El Hamidi et Gennady G. Laptev. Non existence de solutions d’inquations semili-
naires dans des domaines coniques.

03-02 Eris Benoit et Marie-Joélle Rochet. A continuous model of biomass size spectra governed by
predation and the effects of fishing on them.

03-03 Catherine Stenger: On a conjecture of Wolfgang Wasow concerning the nature of turning
points.

03-04 Christian Houdré et Nicolas Privault. Surface measures and related functional inequalities
on configuration spaces.

03-05 Abdallah El Hamidi et Mokhtar Kirane. Nonexistence results of solutions to systems of
semilinear differential inequalities on the Heisenberg group.

03-06 Uwe Franz, Nicolas Privault et René Schott. Non-Gaussian Malliavin calculus on real Lie
algebras.

04-01 Abdallah El Hamidi. Multiple solutions to a nonlinear elliptic equation involving Paneitz
type operators

26



04-02 Mohamed Amara, Amira Obeid et Guy Vallet. Relaxed formulation and existence result of
the degenerated elliptic small disturbance model.

04-03 Hippolyte d’Albis et Emmanuelle Augeraud-Veron. Competitive Growth in a Life-cycle
Model: Existence and Dynamics

04-04 Sadjia Ait-Mokhtar: Third order differential equations with fixed critical points.

04-05 Mokhtar Kirane et Nasser-eddine Tatar. Asymptotic Behavior for a Reaction Diffusion
System with Unbounded Coefficients.

04-06 Mokhtar Kirane, Eric Nabana et Stanislav I. Pohozaev. Nonexistence of Global Solutions to
an Elliptic Equation with a Dynamical Boundary Condition.

04-07 Khaled M. Furati, Nasser-eddine Tatar and Mokhtar Kirane. Existence and asymptotic
behavior for a convection Problem.

04-08 José Alfredo Lépez-Mimbela et Nicolas Privault. Blow-up and stability of semilinear PDE’s

with gamma generator.

27



