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Abstract

Traditionally, ecient algorithms for computing a minimal
triangulation of a graph (i.e. embedding a graph into
a triangulated graph by adding an inclusion-minimal set
of edges) required rst computing a special ordering on
the vertices of the graph, called a minimal ordering. We
give a new algorithm which eciently computes a minimal
triangulation using an arbitrary ordering on the vertices.

1 Introduction.

Computing a minimal triangulation consists in embedding a given graph into a triangulated graph by adding
a set of edges (called a ll). If the set of edges added
is inclusion-minimal, the ll is said to be minimal, and
the corresponding triangulated graph is called a minimal triangulation. Finding a ll that is minimum is
NP-complete ([10]).
Given a graph G and any ordering on its vertices, an associated ll can be computed by repeatedly
choosing the next vertex x in order , adding the edges
necessary to make the neighborhood of x into a clique
(i.e. by making x simplicial), before deleting x; this
process simulates the well-known simplicial elimination
scheme de ned by Fulkerson and Gross in [4] for the
characterization of triangulated graphs.
Finding an ordering that produces a ll that is
minimal is important in many areas of computer science,
as database management, etc. (see [2]). The current
best-time algorithm for producing a minimal ordering
and the corresponding minimal ll is LEX M, from the
celebrated paper of Rose, Tarjan and Lueker ([7]), with
an O(nm) worst-time. Despite its complexity merits, as
yet unparalleled, LEX M has been shown to yield only a
restricted family of minimal orderings, which moreover
produce lls which are far from minimum ([2]).
As a result, costly heuristics have been proposed for
nding orderings which produce low (non-minimal) lls,
and then removing extra edges, in order to obtain a ll
that is minimal.
We present a very simple algorithm which, given
any ordering on the vertices, produces a ll that is

minimal by adding only the necessary edges at each
step, instead of making the current vertex simplicial.
This process can yield any minimal triangulation, (and
actually characterizes minimal triangulation), and can
be implemented to run in the same O(nm) time as
LEX M.

2 Notations.

The input graph is denoted G = (V; E ), with j V j= n,
j E j= m. The transitory graph obtained at the end of
each step of the algorithm is denoted H = (V; E + F ),
j E + F j= m . NG [x] is the set of vertices adjacent
to x in graph G (and contains x); for C  V; NG(C ) =
([x C NG [x]) ? C , and for S  V , CG(S ) is the set
of connected components of G(V ? C ) . S is called
a separator if j CG (S )  1 j, a minimal separator if
9C1 ; C2 2 CG (S ) j N (C1 ) = N (C2 ) = S .
0
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3 Algorithm.

Algorithm Lb-Triang

Input: A graph G = (V; E ), an ordering on V .
Output: A minimal ll-in F of G,
A minimal triangulation H = (V; E + F ) of G.
Initialization: H G; F ;;
For each vertex x in V taken in order do
For each connected component C in CG (NH [x]) do
Make NG(C ) into a clique by adding edge set F ;
F F + F ; H (V; E + F );
0
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Example. Figure 1 shows the minimal triangulation obtained by processing vertices in order
(a; b; c; d; e; f; g; h; i) on input graph G represented by
the non-dotted edges.
Step 1: NH [a] = fa; b; c; d; eg, CG (NH [a]) =
fff; gg; fh; igg, NG (ff; gg) = fb; cg; ll-in edge bc is
added; NG (fh; ig) = fb; d; eg; ll-in edges bd, be and de
are added.
Step 2: NH [b] = fa; b; c; d; e; f; hg, CG(NH [b]) =
ffgg; figg, NG (fgg) = fc; f g; ll-in edge cf is added;
NG(fig) = fe; hg; ll-in edge eh is added. At this stage,
 lirmm, 161, Rue Ada, 34 392, Montpellier, france, the graph is already triangulated, and no further edge
will be added during the rest of the execution.
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when only clique minimal separators are used, which
is precisely what an improvement suggested by Tarjan
himself in [8] does, although the author did not know
it.
At the end of each step of our algorithm, the minimal separators contained in the vertex neighborhood are
cliques and can be used as clique separators to decompose the graph; the process is then recursively repeated
on each of the subgraphs obtained. This recursive version is similar to the minimal triangulation algorithm
presented in [5], the complexity of which was however
estimated as O(n3 ).
Strong invariants of clique minimal separator decomposition ([1]) ensure that at each step of such a
decomposition, the remaining minimal separators are
partitioned into the subgraphs obtained; thus when a
minimal separator is chosen in a vertex neighborhood
of some subgraph in the course of the triangulating process, it is a minimal separator in its own right for the
global graph, just as if the graph had not been decomposed. Since the graph searches are run on subgraphs,
it is reasonable to conjecture that the mean-time complexity of this recursive version is very interesting and
possibly linear.

a

1
0

d

1
0

1
b0

1e
0
1c
0

1
f 0

1g
0

1
h 0

1i
0

Figure 1: Graph H ; ll-in edges are dotted.

4 Mechanism and complexity.

This algorithm forces an arbitrary graph into respecting a not widely known characterization for triangulated
graphs given by the otherwise famous (see[3]) paper of
Lekkerkerker and Boland ([6]), which implicitly checks
whether every minimal separator contained in the current vertex neighborhood is a clique. Unlike the characterization given in [4], upon which algorithm LEX M
is based, the vertices can be processed in any order.
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5 Recursive version using clique minimal
separator decomposition.
Clique minimal separator decomposition consists in
copying some clique minimal separator S at each step
into each component C of C (S ). (More precisely,
N (C )  S is copied into component C (see [1])). A
weaker version of this decomposition was studied by
Tarjan ([8]); the decomposition turns out to be unique
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