
JOURNAL OF FORMALIZED MATHEMATICS

Volume10, Released 1998, Published 2003

Inst. of Computer Science, Univ. of Białystok

Introduction to Meet-Continuous Topological
Lattices1

Artur Korniłowicz
University of Białystok

MML Identifier: YELLOW13.

WWW: http://mizar.org/JFM/Vol10/yellow13.html

The articles [21], [8], [26], [27], [6], [7], [11], [24], [19], [28], [25], [10], [15], [14], [1], [20], [4],
[22], [5], [2], [3], [13], [12], [9], [29], [16], [17], [23],and [18] provide the notation and terminology
for this paper.

1. PRELIMINARIES

Let S be a finite 1-sorted structure. Note that the carrier ofS is finite.
Let S be a trivial 1-sorted structure. Note that the carrier ofS is trivial.
Let us mention that every set which is trivial is also finite.
Let us mention that every 1-sorted structure which is trivial is also finite.
Let us note that every 1-sorted structure which is non trivial is also non empty.
One can verify the following observations:

∗ there exists a 1-sorted structure which is strict, non empty, and trivial,

∗ there exists a relational structure which is strict, non empty, and trivial, and

∗ there exists a FR-structure which is strict, non empty, and trivial.

We now state the proposition

(1) For everyT1 non empty topological spaceT holds every finite subset ofT is closed.

Let T be aT1 non empty topological space. One can check that every subsetof T which is finite
is also closed.

Let T be a compact topological structure. Note thatΩT is compact.
Let us note that there exists a topological space which is strict, non empty, and trivial.
Let us observe that every non empty topological space which is finite andT1 is also discrete.
Let us mention that every topological space which is finite isalso compact.
One can prove the following propositions:

(2) Every discrete non empty topological space is aT4 space.

(3) Every discrete non empty topological space is aT3 space.

(4) Every discrete non empty topological space is aT2 space.
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(5) Every discrete non empty topological space is aT1 space.

One can verify that every topological space which is discrete and non empty is alsoT4, T3, T2,
andT1.

One can check that every non empty topological space which isT4 andT1 is alsoT3.
Let us note that every non empty topological space which isT3 andT1 is alsoT2.
Let us note that every topological space which isT2 is alsoT1.
Let us observe that every topological space which isT1 is alsoT0.
We now state three propositions:

(6) LetS be a reflexive relational structure,T be a reflexive transitive relational structure,f be
a map fromS into T , andX be a subset ofS. Then↓( f ◦X) ⊆ ↓( f ◦↓X).

(7) LetS be a reflexive relational structure,T be a reflexive transitive relational structure,f be
a map fromS into T , andX be a subset ofS. If f is monotone, then↓( f ◦X) = ↓( f ◦↓X).

(8) For every non empty posetN holds IdsMap(N) is one-to-one.

Let N be a non empty poset. Note that IdsMap(N) is one-to-one.
The following proposition is true

(9) For every finite latticeN holds SupMap(N) is one-to-one.

Let N be a finite lattice. Observe that SupMap(N) is one-to-one.
One can prove the following three propositions:

(10) For every finite latticeN holdsN and〈Ids(N),⊆〉 are isomorphic.

(11) LetN be a complete non empty poset,x be an element ofN, andX be a non empty subset
of N. Thenx⊓� preserves inf ofX .

(12) For every complete non empty posetN and for every elementx of N holdsx⊓� is meet-
preserving.

Let N be a complete non empty poset and letx be an element ofN. Observe thatx ⊓� is
meet-preserving.

2. ON THE BASIS OFTOPOLOGICAL SPACES

We now state several propositions:

(13) LetT be an anti-discrete non empty topological structure andp be a point ofT . Then{the
carrier ofT} is a basis ofp.

(14) Let T be an anti-discrete non empty topological structure,p be a point ofT , andD be a
basis ofp. ThenD = {the carrier ofT}.

(15) LetT be a non empty topological space,P be a basis ofT , andp be a point ofT . Then
{A;A ranges over subsets ofT : A ∈ P ∧ p ∈ A} is a basis ofp.

(16) LetT be a non empty topological structure,A be a subset ofT , andp be a point ofT . Then
p ∈ A if and only if for every basisK of p and for every subsetQ of T such thatQ ∈ K holds
A meetsQ.

(17) LetT be a non empty topological structure,A be a subset ofT , andp be a point ofT . Then
p ∈ A if and only if there exists a basisK of p such that for every subsetQ of T such that
Q ∈ K holdsA meetsQ.

Let T be a topological structure and letp be a point ofT . A family of subsets ofT is said to be
a generalized basis ofp if:
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(Def. 1) For every subsetA of T such thatp ∈ IntA there exists a subsetP of T such thatP ∈ it and
p ∈ IntP andP ⊆ A.

Let T be a non empty topological space and letp be a point ofT . Let us note that the generalized
basis ofp can be characterized by the following (equivalent) condition:

(Def. 2) For every neighbourhoodA of p there exists a neighbourhoodP of p such thatP ∈ it and
P ⊆ A.

Next we state two propositions:

(18) LetT be a topological structure andp be a point ofT . Then 2the carrier ofT is a generalized
basis ofp.

(19) For every non empty topological spaceT and for every pointp of T holds every generalized
basis ofp is non empty.

Let T be a non empty topological space and letp be a point ofT . One can verify that every
generalized basis ofp is non empty.

Let T be a topological structure and letp be a point ofT . Note that there exists a generalized
basis ofp which is non empty.

Let T be a topological structure, letp be a point ofT , and letP be a generalized basis ofp. We
say thatP is correct if and only if:

(Def. 3) For every subsetA of T holdsA ∈ P iff p ∈ IntA.

Let T be a topological structure and letp be a point ofT . One can verify that there exists a
generalized basis ofp which is correct.

Next we state the proposition

(20) LetT be a topological structure andp be a point ofT . Then{A;A ranges over subsets of
T : p ∈ IntA} is a correct generalized basis ofp.

Let T be a non empty topological space and letp be a point ofT . Observe that there exists a
generalized basis ofp which is non empty and correct.

The following propositions are true:

(21) LetT be an anti-discrete non empty topological structure andp be a point ofT . Then{the
carrier ofT} is a correct generalized basis ofp.

(22) Let T be an anti-discrete non empty topological structure,p be a point ofT , andD be a
correct generalized basis ofp. ThenD = {the carrier ofT}.

(23) For every non empty topological spaceT and for every pointp of T holds every basis ofp
is a generalized basis ofp.

Let T be a topological structure. A family of subsets ofT is said to be a generalized basis ofT
if:

(Def. 4) For every pointp of T holds it is a generalized basis ofp.

One can prove the following two propositions:

(24) For every topological structureT holds 2the carrier ofT is a generalized basis ofT .

(25) For every non empty topological spaceT holds every generalized basis ofT is non empty.

Let T be a non empty topological space. Observe that every generalized basis ofT is non empty.
Let T be a topological structure. Observe that there exists a generalized basis ofT which is non

empty.
Next we state two propositions:
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(26) For every non empty topological spaceT and for every generalized basisP of T holds the
topology ofT ⊆ UniCl(IntP).

(27) For every topological spaceT holds every basis ofT is a generalized basis ofT .

Let T be a non empty topological space-like FR-structure. We say thatT satisfies conditions of
topological semilattice if and only if:

(Def. 5) For every mapf from [:T, (T qua topological space) :] into T such thatf = ⊓T holds f is
continuous.

One can verify that every non empty topological space-like FR-structure which is reflexive and
trivial satisfies also conditions of topological semilattice.

Let us mention that there exists a FR-structure which is reflexive, trivial, non empty, and topo-
logical space-like.

The following proposition is true

(28) LetT be a non empty topological space-like FR-structure satisfying conditions of topolog-
ical semilattice andx be an element ofT . Thenx⊓� is continuous.

Let T be a non empty topological space-like FR-structure satisfying conditions of topological
semilattice and letx be an element ofT . Observe thatx⊓� is continuous.
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