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GEOMETRIC CONSTRUCTION OF CRYSTAL BASES

MASAKI KASHIWARA AND YOSHIHISA SAITO

ABSTRACT. We realize the crystal associated to the quantized enveloping algebras
with a symmetric generalized Cartan matrix as a set of Lagrangian subvarieties of
the cotangent bundle of the quiver variety. As a by-product, we give a counterexam-
ple to the conjecture of Kazhdan—Lusztig on the irreducibility of the characteristic
variety of the intersection cohomology sheaves associated with the Schubert cells
of type A and also to the similar problem asked by Lusztig on the characteristic
variety of the perverse sheaves corresponding to canonical bases.

1. INTRODUCTION

1.1. G.Lusztig [[L3] gave a realization of the quantized universal enveloping algebras
as the Grothendieck group of a category of perverse sheaves on the quiver variety.
Let (1,9) be a finite oriented graph (=quiver), where [ is the set of vertices and
is the set of arrows. Let us associate a complex vector space V; to each vertex ¢ € I.

We set
EV,Q = QQQ Hom (‘/out(T)7 ‘/IH(T))

and
Xy =Fvao® E‘*/Q

They are finite-dimensional vector spaces with the action of the algebraic group Gy =
[Ticr GL(Vi). We regard Xy as the cotangent bundle of Eyv . Lusztig [[3] realized a
half of the quantized universal enveloping algebra U; (g) as the Grothendieck group
of Qvg. Here Qv g is a subcategory of the derived category DE(EV@) of the bounded
complex of constructible sheaves on Ey . The irreducible perverse sheaves in Qv g
form a base of U (g), which is called canonical basis.

In [L3] he asked the following problem.
Problem 1. If the underlying graph is of type A, D or F, then the singular support
of any canonical base is irreducible.

One of the purpose of this paper is to construct a counterexample of this problem
for type A.
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1.2. Let (G be a connected complex semisimple algebraic group, B a Borel subgroup
of G and X = GG/ B the flag variety. Let Dy denote the sheaf of differential operators
on X. We denote the half sum of positive roots by p and the Weyl group by W.
For w € W, let M,, be the Verma module with highest weight —w(p) — p and L,, its
simple quotient. By the Beilinson-Bernstein correspondence, M,, and L., correspond
to regular holonomic Dx-modules 91,, and £, on X, respectively. The characteristic
varieties Ch(91,) and Ch(£,) are Lagrangian subvarieties of the cotangent bundle
T*X. Each irreducible component of Ch(91,,) and Ch(£,,) is the closure of the conor-
mal bundle 7% X of a Schubert cell X, = ByB/B for some y € W. Let M be the
abelian category consisting of regular holonomic systems on X whose characteristic
varieties are contained in [[,ew T, X. Its Grothendieck group K(M) has two bases,
([Mu])wew and ([€u])wew. For M € M let Ch(IM) = 3, cw mu(M)[T5, X] be the
characteristic cycle. Here m, (91) is the multiplicity of 9 along 7% X. Then Ch
extends to an additive map from K (M) to the group of algebraic cycles of T*X.
Let y be a Z-linear isomorphism from K (M) onto the group ring Z[W] defined
by x([9M,]) = w. Then there exists a unique basis {b(w)},ew of Z[W] such that
Ch(x ! (b(w))) = [T%,X] (See [KL1] and [KT].). This basis is related to the Springer
representation of the Weyl group. Set a(w) = x([€u]) = X ew my(Lu)b(y). The
basis {a(w)},ew is related to the left cell representation of the Weyl group. There-
fore an explicit knowledge of m,(£,) gives an explicit relation between the Springer
representation and the left cell representation. If Ch(£,) is an irreducible variety,
that is,

1 ify=w,

0 otherwise,

(1.2.1) my(L,) = {

then the Springer representation coincides with the left cell representation. Due to
Tanisaki, there is a counterexample of (1.2.1) in the case of By (See [T]). In [KL2]
Kazhdan and Lusztig conjectured that Ch(£,) is irreducible for G = S L, (C). In this
paper, as a corollary of Problem 1, we shall show that there is a counterexample of
this conjecture in the case of G = S Lg(C) and this conjecture is true for G = SL,,(C)
with n < 7.

1.3. On the other hand, the first author [K1] constructed the crystal base and
the global crystal base of U7 (g) and the highest weight integrable representations
of Uy(g) in an algebraic way. Grojnowski and Lusztig [GL] showed that the global
crystal base coincides with the canonical base of Lusztig [LL3].

In this paper, we shall construct the crystal base in a geometrical way. We define
the nilpotent subvariety of the cotangent bundle of the quiver varieties, following
Lusztig. The nilpotent variety is a Lagrangian subvariety. We shall define a crystal
structure on the set of its irreducible components, and we prove that it is isomorphic
to the crystal associated with U (g).
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1.4. Let us briefly summarize the contents of this paper. In section 2 and 3 we give
a review of the theory of crystal base [K1,2,3,4]. After recalling quiver varieties in
section 4, we define the crystal structure on the set of irreducible components of the
nilpotent varieties and prove that it coincides with the crystal base of U, (g) in section
5. In section 6, we recall the relation of the quantized universal enveloping algebras
and perverse sheaves on the quiver varieties. In section 7, we give a negative answer
to Problem 1. In the last section, we give a counterexample of the irreducibility of
the characteristic variety of the irreducible perverse sheaf with the Schubert cell as
its support in the case of SLs.
We thank T.Tanisaki for stimulating discussions.

2. PRELIMINARIES

2.1. Definition of U,(g). We shall give the definition of U,(g) associated with a
symmetrizable Kac-Moody Lie algebra g. We follow the notations in [K1,2,3.,4].

Definition 2.1.1. Let us consider following data:

) a finite-dimensional Q-vector space t,

) an index set [ (of simple roots),

) alinearly independent subset {o;; ¢ € [} of t* and a subset {h;; ¢ € [} of ¢,
) an inner product ( , ) on t* and

) alattice P (a weight lattice) of t*.

These data are assumed to satisfy the following conditions:

)

{(hi,a;)} is a generalized Cartan matrix

(le. (hi, i) =2, (hi,0;) € Zico for @ # 7 and (hi, ;) =0 & (hj,a;) = 0),

(7) (aivai) € 2Z>07

(8)  (hiy Ay =2(ay, A)/ (v, ) for any @ € I and A € ¢,

(9) a,€Pandh, e PP={het;(h P)ecZ}.

Then the Q(q)-algebra U,(g) is the algebra generated by e;, f;(: € I) and ¢"(h € P¥)
with the following defining relations:

(10) ¢" =1 for h = 0 and ¢"*" = ¢"¢",

(11) ¢ eiqg™" = q"e; and ¢ fiqg7" = g7 £

(12) [en, fil = 8ij(ti = t71)/(gi — gi") where g; = )/ and t; = g2/,
b b

(13) 2 (=1)eeel ™ = & (~1n T = 0

n=0 n=0

where ¢ # j and b =1 — (h;, a;).

Here we used the notations [n]; = (¢ — ¢;")/(¢: — ¢ '), ]! = Tizy [k, egn) =

e?/[n];! and fi(n) = fI'/[n]):!. We understand egn) = fi(n) = 0 for n < 0. We set
Q = Yier Lo, Qy = YierZsoa; and Q- = —Q)4. Let Py be the set of dominant
integral weights.

We denote by U (g) the Q(g)-subalgebra of U,(g) generated by f; (: € I).
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As in [K], we define the Q(¢)-algebra anti-automorphism * of U,(g) by
e =e;, 7= fiand (¢") =q7".
Note that #? = 1.

2.2. Crystal base. In this subsection we give a review of the theory of crystal base.
See [K1,2,3,4] for details.

Let M be an integrable U,(g)-module and let M = @&,epM, be the weight space
decomposition. By the theory of integrable representation of U, (s[(2)), we have

M = &) fi(n)(Ker e; N M,).

0<n<(hi,v)

We define the endomorphisms ¢; and f; of M by

K3

() = £ and

5¢(f¢(n)u) = fi(n_l)u

for u € Kere; N M, with 0 <n < (h;,v).
Let A be the subring of Q(gq) consisting of rational functions without pole at ¢ = 0.

Definition 2.2.1. A pair (L, B) is called a crystal base of M if it satisfies the fol-
lowing conditions:

(2.2.1) L is a free sub-A-module of M such that M = Q(q) @4 L.
(2.2.2) B is a base of the Q-vector space L/qL.
(2.2.3) &L C Land fiL C L for any 1.
Therefore, ¢; and f; act on L/qL.
(2.2.4) ¢&B C BU{0} and f;B c BU{0}.

L= L, and B = B,
UQQP " 1/|€|P
where L, = LN M, and B, = BN (L,/qL,).
(2.2.6) For b, 0" € B, t/ = f;bif and only if b = é;b'.

For A € P;, we denote by V() the simple U,(g)-module of highest weight A. The
highest weight vector of V/(A) is denoted by u,. We consider the sub-A-module L(})

of V(X) generated by fi - fi,un and the subset B(A) of L(A)/qL()\) consisting of

the non-zero vectors of the form le o o

Theorem 2.2.2. (L()), B(}X)) is a crystal base of V().
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2.3. Crystal base of U, (g). Next we shall define a crystal base of U (g).

Lemma 2.3.1. For any P € U7 (g), there exist unique Q, R € U7 (g) such that

4HQ —t7'R
lei, Pl = ————=—.
9 — ¢;

By this lemma, €{(P) = R defines an endomorphism e of U~ (g).
According to [K1] we have

U7(e)= & [Kere,.

4 n>0

We define the endomorphisms €; and f; of U7 (g) by

FPa) = fU P and

K3

(fe) = f

for u € Kerel.

Definition 2.3.2. A pair (L, B) is called a crystal base of U (g) if it satisfies the
following conditions:

(2.3.1) L is a free sub-A-module of U (g) such that U (g) = Q(q) @4 L.
(2.3.2) B is a base of the Q-vector space L/qL.
(2.3.3) &L C Land fiL C L for any 1.
Therefore ¢; and f; act on L/qL.
(2.3.4) ¢&B C BU{0} and f;B C B.

L= @& L,and B= |_| B,
vEQ- VEQ —
where Ll,h = [h/ﬂ U&_(;g)y, B, = BN (L,/qL,) and U (g), = {P €
U7 (g); ¢"Pq" = ¢"""' P for any h € P*}.

(2.3.6) For b € B such that €;b # 0, we have b = ﬁ'e}b.

We introduce the sub-A-module L(oo) of U;(g) generated by fi - fi, -1 and

the subset B(oo) of L(oco)/qL(c0) consisting of the non-zero vectors of the form

Juro B

Theorem 2.3.3. (L(c0), B(o0)) is a crystal base of Uy (g).
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3. CRYSTALS
3.1. Definition of Crystal.

Definition 3.1.1. A crystal B is a set endowed with
(3.1.1) maps wt: B— P, ¢;: B— ZU{—00}, ¢,: B— ZU{—0c} and

(3.1.2) ¢ :B— BU{0}, fi: B— BU{0}.
They are subject to the following axioms:
(C1) wi(b) = €i(b) + (hi, wi(b)).
(C2) If b€ B and ¢;b € B then,
Wt(ézb) = Wt((z) + Qa;y, 52(526) = 52(6) —1 and @Z(ézb) = @Z(b) + 1.
(C2) It b€ B and fib € B, then i
wt(fib) = wt(b) — ay, &;(fib) = €;(b) + 1 and ¢;( f;b ) wi(b) — 1.
(C3) For b,b' € Band ¢ € I,/ = €;b if and only if b = L.
(C4) For b € B, if p;(b) = —o0, then €b = f;b = 0.

For two crystals By and B;, a morphism ¢ from B; to B, is a map By U {0} —
By L {0} that satisfies the following conditions:

(3.1.3) ¥ (0) =0,

(3.1.4) If b € By and ¢(b) € By, then
wi(e(b)) = wt(b), ei(¥(b)) = i(b), and pi(¥ (b)) = @i(b),

(3.1.5) If b,0' € By and @ € [ satisfy fi(b) = b’ and ¢(b), ¥(V') € Bz, then we
have fi(v(b)) = (V).

A morphism ¥ : B; — B, is called strict, if it commutes with all ¢; and f;.

A morphism ¢ : By — By is called an embedding, if 1) induces an injective map
from By U{0} to By U {0}.
For two crystals By and B,, we define its tensor product By @ By as follows:

B1®B2 = {bl®bz 3 bl € B1 andbg € BQ},
ci(by @by) = max (52»(51), ci(by) —wti(bl)),

©i(by @ by) = max (S«Qi(bl) + wt;(bs), %(bz))7
wt(by @ by) = wt(by) + wt(bs).

Here wt;(b) denotes (h;, wt(b)).
The action of ¢; and f; are defined by

~ . ézbl & bz if Soz(bl) 2 i
€ilbr®ba) = { b @éby i i) < eilb),



GEOMETRIC CONSTRUCTION OF CRYSTAL BASES 7
; fibi @by if @i(by) > ei(ba)
(b @by) = = .
Jilhy 2) { b1 @ fib, if ©i(b1) < ei(ba).
Example 3.1.1. For 1 € I, B; is the crystal defined as follows
BZ' = {bz(n), n < Z},

We write b; for b;(0).

Example 3.1.2. For A € P, B(\) denotes the crystal associated with the crystal
base of the simple highest weight module with highest weight A. For b € B()) we

set ;(b) = max {k > 0; &"b # 0}, p;(b) = max{k >0 ; ﬁkb # 0} and wt(b) is the
weight of b.

Example 3.1.3. B(oo) is the crystal associated with the crystal base of U, (g). For
b € B(oo) we set g;(b) = max{k >0 ; &b # 0} and ©i(b) = ;(b) + (hi, wt(b)). We

denote u., by the unique element with weight 0.

3.2. We have L(c0)* = L(o0) and # induces an endomorphism of L(o0)/qL(00).
Theorem 3.2.1.

We define the operators €%, fF of U7 (g) by

K3

(3.2.2) & = wépe, and 7 = 4 % |

Theorem 3.2.2. (1) For any i, there exists a unique strict embedding of crystals
U, : B(oo) = B(oo) @ B;

that sends us, to Uy @ b;. .
(2) If W;(b) =¥ ®Nfi”bi (n >0), then £;(b*) =n, &,(b") =0 and b= f; "V.
(3) Im W, = {b® f;"b; ; be B(cx), i(b*) =0, n>0}.

In fact the above properties characterize B(oo) as seen in the following proposition.
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Proposition 3.2.3. Let B be a crystal and by an element of B with weight 0. Assume

the following conditions.

) wi(B) C Q.

) by is a unique element of B with weight 0.

) €i(bo) =0 for every i.

) €i(b )EZforanybandi

) For every i, there exists a strict embedding ¥, : B - B® B;.

6) W ()CBx{f b“n>0}

7) For any b € B such that b # by, there exists i such that U;(b) =0 @ £:"b; with
n > 0.

Then B is isomorphic to B(oo).

Proof. First note that W;(by) = by @ b; by ([ll), (B) and (B).

We shall show that for any b € B with b # by there exists ¢ such that €(b) # 0.
Take i such that W,(b) = b'® f;"b; with n > 0. If b = by then &(b) = bo@ J;" b; # 0.
If b = by, then the induction on the weight implies the existence of j € [ such that
éj(b/) 7£ 0. Then é](b) 7£ 0.

Hence any element of B has the form ﬁl = -ﬁlbo with 2,4 € I.

Now take a sequence (iy,12,---) in [ in which every element of I appears infinitely
many times. Let us consider the composition @, of the following chain of crystal
morphisms.

(1
(2
(3
(4
(5
(
(

O, B % BoB, 2% BOB, OB, =2 BB, @0 By,
Then for any b € B there exists n such that ®,,(b) has the form bo@ﬁi" bin®fa" b, ©

) falb The sequence (ay,az, - ,a,,0,0,---) does not depend on such a choice

of n. Let B be the set of sequences (a1, ag,- -+ ,a,,0,0,---) of integers such that
a, = 0 for n >> 0. Then B has a crystal structure by (ay, g, ,ay,0,0,---) —

- @ biy(—az) @ bi, (—ay). Then both B(oco) and B are strictly embedded into B and
their images coincide with the smallest strict subcrystal of B containing (0,0, --- ).
Therefore, they are isomorphic. [

4. QUIVERS AND ASSOCIATED VARIETIES ([L5,6] AND [N1,2])

4.1. Definition of quiver. We shall recall the formulation due to Lusztig [L5,6].

Suppose a finite graph is given. In this graph, two different vertices may be joined
by several edges, but any vertex is not joined with itself by any edges. Let [ be the set
of vertices of our graph, and let H be the set of pairs of an edge and its orientation.
The precise definition is as follows.

Definition 4.1.1. Suppose that following data (1) ~ (5) are given:
(1) a finite set [,
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(2) a finite set H,

(3) amap H — [ denoted 7 — out(7),

(4) a map H — [ denoted 7+ in(7) and

(5) an involution 7+ 7 of H.
We assume that they satisfy the following conditions;
(4.1.1) in(7) = out(7), out(7) =in(7) and
(4.1.2) out(r) # in(7) for all 7 € H.

An orientation of the graph is a choice of a subset 0 C H such that
QUO=Hand QNQ = ¢.
We call a quiver a graph with an orientation.

To a graph (I, H) we associate a root system with simple roots {«; }ic; and simple
coroots {h;}er with
2, 1= 7,
t{re H i outl(r) =i, in(r) = j}, 4]

We denote by g the corresponding Kac-Moody Lie algebra and U,(g) the correspond-
ing quantized universal enveloping algebra.

(hiyaj) = (ai, ) = {

4.2. Let V be the family of /-graded complex vector spaces V' = @;c; V;. We set
dimV = =Y ,c/(dimV))oy € Q_. For v € Q_, let V, be the family of I-graded
complex vector spaces V with dimV = v.

Let us define the complex vector spaces Fy g and Xy by

EV,Q - GQQ Hom (‘/out(ﬂ')v ‘/iH(T))7
X = H ‘/ou T 7‘/in 7))
vo= 8 Hom (Vougn), Vinr))

In the sequel, a point of Eyg or Xy will be denoted as B = (B;). Here B; is in
Hom (‘/Ollt(T)7 ‘/IH(T))
We define the symplectic form w on Xy by
(4.2.1) w(B,B') = Z e(7)tr(B:BYL),
TEH

where e(7) = 1if 7 € Q, e(7) = —1 if 7 € Q. We sometimes identify Xy and the
cotangent bundle of Ey g via w.

The group Gy = [I;c; GL(V;) acts on Eyg and Xy by
Gv > g = (gz) : (BT) = (gin(T)BTgo_ult(q—))v
where g; € GL(V;) for each 1 € I.
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The Lie algebra of Gy is gy = @;c; End (V). We denote an element of gy by
A = (Ai)ier with A; € End (V;). The infinitesimal action of A € gy on Xy at B € Xy
is given by [A, B]. Let u : Xy — gy be the moment map associated with the Gy -
action on the symplectic vector space Xy. Its i-th component y; : Xy — End (V}) is
given by

(B = Y =(r)BB..

TEH
t=out(T)
For a non-negative integer n, we set
S, ={o=(r,m, - ,7); 7 € Hjin(m) = out(m),- - ,in(7,—1) = out(7,)},
and set & = U,506,. For o = (7,79, ,7,), we set out(c) = out(r),in(c) =

in(7,). For B € Xy we set B, = B, -+ By : Vou(n) = Vi) ' n = 0, we
understand that &, = {1} and Bj is the identity. An element B of Xy is called
nilpotent if there exists a positive integer n such that B, = 0 for any 0 € &,,.

Definition 4.2.1. We set
Xov ={B € Xy; u(B) =0}
and
Ay ={B € Xy ; pu(B) =0 and B is nilpotent}.

It is clear that Ay is a Gy-stable closed subvariety of Xy. It is known that Ay is

a Lagrangian variety [[LLJ].
5. LAGRANGIAN CONSTRUCTION OF CRYSTAL BASE

5.1. Foreach v € Q_, let us take V() € V, and set X(v) = Xy (), Xo(v) = Xov(
and A(v) = Ay(,y. For v, v/ and v in Q_ with v = v/ + 1, we consider the diagram
(5.1) Xo(7) x Xo(V') &= X{(7, V') 25 Xo(v).
Here X} (v,1) is the variety of (B, ,¢') where B € Xo(v) and ¢ = (¢;), ¢ = (¢)

give an exact sequence

(5.2) 0 V() B V), BV (), =0

%
such that Im ¢ is stable by B. Hence B induces 3 V(
V(v'). We define ¢1(B, ¢,¢') = (B, B') and ¢ B, ¢, ¢)

The following lemma is easily proved.

: ) V(D) and B : V() —

N

—
B.

Lemma 5.1.1. Under the above notations the following two conditions are equiva-
lent.

(a) B is nilpotent.

(b) Both B' and B are nilpotent.
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By this lemma, the diagram (B.1]) induces the diagram
(5.3) A7) x A(V) &= N (v, ') 25 Av).

Here A'(v,v') = qz_l(/\(u)) =q;t (A(D) X A(V’)).

For ¢ € I and p € Z3o we consider
Xo(w)ip = {B € Xo(v); ei(B) = p},

where

e:(B) = dim Coker ( D V(V)out(r) ﬂ V(I/)Z').

Tiin(7)=1

It is clear that Xo(v);, is a locally closed subvariety of Xo(v).

5.2. In this and tbe next subsections, we assume that v = v — ca; for ¢ € Zo. We
set V=V(v)and V =V(v).
Let us consider the special case of (B.]). Note that Xo(—ca;) = {0}.

(5.4) Xo(7) & Xo(v) x Xo(—ca;) < X0, —ca;) =2 Xo(v).

Lemma 5.2.1. Let p € Z>o. Then we have
@y (Xo(#)ip) = @3 (Xo(V)i,pe)-

Proof. This follows immediately from the diagram (5.9). O

Definition 5.2.2. We set
Xy, —car)y = w1 (Xo(P)iy) = 27 (Xo(w )i o)
Suppose p = 0. Then we have following diagram
(5.5) Xo(7) D Xo(0)i0 < X} (0, —cai)o —2 Xo(v)ie C Xo(v).
Note that Xo(7);0 is an open subvariety of Xo(7).

Lemma 5.2.3. (1) s X{(v, —cay)o —> Xo(v)ie is a principal fiber bundle with
GL(C) x [L;e; GL(V(7);) as fiber.

(2) w1+ Xi(v, —cai)o— Xo(V)io s a smooth map whose fiber is a connected

2
rational variety of dimension )¢ (dim V(I/)]‘) —c(a;,v).
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Proof. (1) The fiber of w; over B € Xy(v);. is the set of families of isomorphisms

V() =V(v); (5 #1),
V(%mmmwvwm )= V(v);) and
Coker ( @ V(V)out(r V(v)) =V (—ca;);.

in(7)=¢

Hence we obtain (1).

(2) Let B € Xo(v);0 and take (B, ¢,¢') € @y *(B). Consider the following diagram :

= 77’ _ elT Bi— _
V(V)z B;> @out(ﬂ'):i V(V)in(q—) L V(I/)Z

éi IJ éi

s(7)B=

V(V)z i> @out(ﬂ'):i V(V)in(q—) E— V(I/)Z

Since B € u~(0) and B € M_I(O) the compositions of horizontal arrows vanish.
On the other hand (g(7)B;) is surjective because B belongs to Xo(#);0. Therefore,
for a given B, the fiber of @, over B is the set of elements (¢,, ¢') such that the
composition of

®i

Vi) SV S Ker( & V() = V(o))

Tiout(7)=1

coincides with the morphism induced by B. Hence the fiber w;~1(B) is connected
and locally isomorphic to

[I GL(V(v);) x Hom (Cc, Ker ( g(%) V()ingry — V(I/)i))/HOHl (C,V(v)).
jel Tout(7)=1
]

Now we denote by B(oco;r) the set of irreducible components of A(v). For A €
B(oo;v), we define ¢;(A) = ¢;(B) by taking a generic point B of A . For [ € Z>q, we
set B(oo;v);,; the set of all elements of B(oo; 1) such that ¢;(A) = [.

The preceding lemma implies the following proposition.

Proposition 5.2.4.
B(oo; )0 = B(oo; 1)

Definition 5.2.5. Suppose that A € B(oco;)o corresponds to A € B(oo;v). by

this isomorphism. Then we define maps ﬁ : B(oo;v)g — B(oojv). and €M

B(oo;v). — B(oco;v)o by
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Furthermore we define the maps

é | | B(oosv) = | | B(oo;v) L {0} and

ﬁ' : |_|B(oo;1/) — |_|B(oo;1/)

as follows. If ¢ > 0 then we define
€ : B(oo;v). i B(oo; ) f’—_> B(ooj v+ a;)e-1,
and €;(A) =0 for A € B(oo;1)o. We define f: by

~ s.max ~‘C+1
fi: B(oosv), SN B(oo; 7)o f’—> B(oo; v — a;)eq1-

Then the maps €™ (resp. ﬁc) which is constructed in the definition may be

considered as the c-th power of €; (resp. f;). Let us define amap wt : ||, B(oco;v) — P
by wt(A) = v € P for A € B(oo;v). We set ¢;(A) = e;(A) + (hy, wt(A)).

Theorem 5.2.6. | |, B(co;v) is a crystal in the sense of Definition B.1.1].

Proof. By the definition, (C1) and (C3) are automatically satisfied. By the definition
of €, we have ¢;(&,A) = ¢ — 1 = ¢;(A) — 1. Similarly we have &;(f;A) = &;(A) + 1.
Therefore (C2) and (C2’) are satisfied. Since there is no A such that ¢;(A) = —oo,
(C4) is satisfied. O

Lemma 5.2.7. If A € B(oo;v) satisfies ¢;(A) = 0 for every i, then v = 0.
Proof. By the assumption, @inery=i V(¥)out(r) ﬂ V(v); is surjective for a generic
point B of A. Hence for every n,

.0(66%11‘ V(V)out(cr) -

is surjective. Then the nilpotency of B implies V(rv); = 0. O
5.3.  We shall use the diagram (5.1.1) in the opposite way to (f.4).

(5.6) Xo(7) 2 Xo(—ca) x Xo(#) S XY (—cas, 7) 2 Xo(v).
We define for B € Xo(v)
eX(B) = dimKer (V(r); £ B Vo).
T out(T)=1
For A € B(oo;v) we define e7(A) as €7(B) by taking a generic point B of A. We set
Xo(v)i ={B € Xo(v); €i(B) = p},
B(oo;v)i = {A € B(oo;v); &7(A) = p}.
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We choose an isomorphism between V(v); and its dual for every i. Then * : B — 'B
gives an automorphism of Xo(r) and A(v) is invariant by this automorphism. This
induces an automorphism * : B(oo;v) — B(oo;v). Since A(v) is Gy(,)-invariant,
this does not depend of the choice of isomorphisms V(v)* ~ V(v). The diagrams
(B-4) and (B.§) are transformed by *. We have

5?(/\) = 52(/\*)
We define

prmax o éimax 0 *,

€ = *0¢€ 0,

.]?i* = %0 .]?2 (0] >I<7
i) = (A7)
Note that &€ and ﬁ* may be defined as €; and ﬁ using (p.6) instead of (F-4). We

have

€M™ 1 B(oo; I/)C1>B(oo; D)O

Proposition 5.3.1. Let A be an irreducible component of A(v). We set ¢ = €7(A)
and A = &;"™** A. Then we have

(1)
(2) fori# 7,

&M (€5(A)) = &(A).
(3) Assume ¢;(A) > 0. Then we have

and

Proof. Since (2) may be proved in a similar way to (3) with an easier argument, we
shall only prove (1) and (3). Consider the diagram (B.f]). Let us take a generic point
B of A. Then a generic point B of @}z ™' (B) is a generic point of A.

Fix a surjection

¢ V()= V(D).
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Set

N = Coker (V(I/)Z' — V(v) ﬂ (@) 'V(V)in(T))'
out(7)=1
Then
&mNz&m( ® V@mm)—&mva:&mva+mm4
out(r)=1
The maps B; induces a map ¢ : N — V(v);. Let ¢, : N — V(v); be a generic
map such that
= ¢iop.

Then B is given as follows.

- if in(7), out(r) # 1,

(
(

=

B = V) 2 V(@) B V()i if out(r) = i,
in(r) —7

v) & V(W) = N B V() ifin(r) =1.

Since ¢ is generic, we have

(5.7) dimKerp = max(dimKery — ¢,0)

<

Let us calculate ¢;(B). Since Im (@in(q—):i V(V)out(ry — V(I/)Z') = Im(N 5

gi(B) = dimV(v); — dimIm (¢)
= dimV(v); —dim N + dim Ker (¢)

= max (dim V(v); —dim N + dim Ker (¢p) — ¢, dim V(v); — dim N)
= max (dim Coker v, ¢ — (ay, 1/))

= max (52'(/\)7 ¢ — (aivV))

Thus we obtain (1).

Now let us prove (3). Set v/ = v 4+ a; and ¥ = v + ;. Let us take a generic
hyperplane H of V(v); containing Im (¢). Then taking V(') ~ H, we obtain a
generic point B’ of €;,(A). Similarly, taking a generic hyperplane H of V(#); containing
Im (¢»), we obtain a generic point of &(A).

If dim Kers) > ¢ (i.e. 5;(A) > ¢ — (ay, 7)), then Im () D Ker (¢!) and hence ¢!(H)
is a hyperplane of V(#);. Therefore £(&(A)) = ¢ and & ™ (&(A)) = &(A).

If dimKery < ¢, then Im(¢) 2 Ker(¢!) and hence ¢/(H) = V(v);. Therefore
5*(52(/\)) =c¢—1 and éi*max GNZ(A) = A ]

K3

We recall that B(oo) is the crystal base of U (g).
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Theorem 5.3.2. We have an tsomorphism of crystals

| | B(oojv) = B(o) .

VEQ —
Proof. We define a map ®; : ||, B(oo;v) — L, B(oo;v) @ B; by A — &M (A) @
ﬁ's" (A)bi. It is clear that this map is well-defined and injective. Moreover, it is a strict

morphism of crystals by the preceding lemma. Now we can apply Proposition B.2.3
because the condition ([i]) is satisfied by Lemmap.2.7. O

We denote by Ay € |,cq_ B(oo;v) the corresponding element to b € B(oo) under
this isomorphism. The following proposition is proved by Lusztig.

Proposition 5.3.3. A(v) is a Lagrangian subvariety of Xo(v).

By this result, any Ay in B(oo;v) is an irreducible Lagrangian subvariety of Xo(v).

6. REVIEW OF THE THEORY OF CANONICAL BASE

6.1. Canonical base. Let us recall the results on Lusztig on canonical bases. We
write D(X) for the bounded derived category of complexes of sheaves of C-vector
spaces on the associated complex variety with an algebraic variety X over C. Objects
of D(X) are referred to as complexes. We shall use the notations of [BBD]; in
particular, [d] denotes a shift by [d] degrees, and for a morphism [ of algebraic
varieties, f* denotes the inverse image functor, fi denotes direct image with compact
support, etc.

We fix an orientation  of quiver. Let v € )_ and let S, be the set of all pairs
(i, a) where i = (i1,12, -+ , i) is a sequence of elements of [ and a = (ay, az, - , )
is a sequence of non-negative integers such that >, ¢ja;, = —v. Now let V €V, and
let (i,a) € S,. A flag of type (i,a) is, by definition, a sequence ¢ = (V = V% D
VD ... D V™ =0) of I-graded subspace of V such that, for any [ = 1,2,--- ,m,
the [-graded vector space VI_IZVZ is zero in degrees # ¢; and has dimension «a; in
degree i;. We define a variety F;, of all pairs (B, ¢) such that B € Fygq and ¢ is a
B-stable flag of type (i,a). The group Gy acts on .7:"173 in natural way. We denote by
Tia® .73173 — By g the natural projection. We note that 7, is a Gy-equivariant proper
morphism. We set L;.0 = (mah(l) € D(FEvg). Here 1 € D(]:"La) is the constant
sheaf on .7}la By the decomposition theorem [BBD], L; ..q is a semisimple complex.

Let Py be the set of isomorphism class of simple perverse sheaves L on Eyg
such that L[d] appears as direct summand of L;,.q for some (i,a) € S, and some
d € Z. We write Qy g for the subcategory of D(Fyq) consisting of all complexes that
are isomorphic to finite direct sums of complexes of the form L[d] for various simple
perverse sheaves L € Py and various d € Z. Any complex in Qv is semisimple
and Gy-equivariant.
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Take V € V,, V' € V,,V €V, forv =1+ in Q_). We consider the diagram

(61) EV,Q X EV/@ & E/ % E” ﬁ} EV@ .

Here E' is the variety of (B, ®,¢') where B € Eyg and 0 — V NS VNS VY (B
a B-stable exact sequence of [-graded vector spaces, and E” is the variety of (B, (')
where B € FEyg and (' is a B-stable I-graded subspace of V' with dim(C' = v. The
morphisms P1, P2 and p3 are defined by pl(B,QB, qb/) = (B|V7B|V')7 pQ(ngbv qb/) =
(B,Im(¢)) and p3(B,C) = B. Note that p; is smooth with connected fiber, p, is a
principal Gy x Gy-bundle, and ps is proper.

Let L' € Qv and L € Qy . Consider the exterior tenser product LEL'. Then
there is (py),pi (LR L") € D(E") such that (p2)*(p2)yp}(LEL') = p3(LRL'). We define
L'x L € Qva by (pa)i(p2)hpi(LRL)[d, — dy] where d; is the fiber dimension of p;
(1 = 1,2). Let Ky,q be the Grothendieck group of Q. We considered as a Z[q, ¢~']-
module by ¢(L) = L[1], ¢"'(L) = L[—1]. Then Kq = @,eq_ Kv ), has a structure
of an associative graded Z[q,¢ ']-algebra by the operation *. We denote by F; €
Kv(-a;) the element attached to 1 € D(Ey (—a;),0)-

Theorem 6.1.1. [L3] There is a unique Q(q)-algebra isomorphism
Fo:U;(g) =Ko © Qq)
Z[g,q7")

such that To(f;) = F.

Let us identify L € Py with L&1 € Kq @z(,,,-17Q(¢). Weset B = I's' (Uvey Pva)
and call it the canonical basis of U (g). By [GL], B and B(oco) are canonically
identified. For b € B(co) the corresponding perverse sheaf is denoted by Ly q.

6.2. Let Y be a smooth algebraic variety. For any L € D(Y'), we denote by SS(L)
the singular support (or the characteristic variety) of L. It is known that SS(L) is a

closed Lagrangian subvariety of 7*Y (See [KY]).
We recall that T Ey g is identified with Xy . By the Fourier transform method, we
have

Theorem 6.2.1. [LY] SS(Lyq) does not depend on the choice of €.

We say ¢ € [ is sink (resp. source) of € if there is no arrow ¢ — j (resp. j — ¢) in
Q.

Theorem 6.2.2. (1) For any L € Pyg the singular support SS(L) is a union of
irreducible components of Ay.
(2) For any b € B(oo) and i € I, we have

(6.2) Ay C SS(L[LQ) C Ay U U Ay
&i(b')>ei(b)



18 MASAKI KASHIWARA AND YOSHIHISA SAITO

Proof. The first statement is due to Lusztig [LJ]. By taking € such that 7 is a sink,
the second statement follows from [[L3]. O

Note that if there is a bijection s : B(co) — B(oo) such that SS(Lyq) D Ay for
any b € B(oo), then s must be the identity (¢f. Problem in [[J]). In fact, by the
decreasing induction on ¢;(b), (6.4) implies s(b) = b.

The following problem is also asked by Lusztig [[L3].

Problem 1. If the underlying graph is of type A, D, E. then the singular support of
any L € Pygq is irreducible.

Furthermore he noted that the next conjecture [KLZ] follows from Problem 1 for
type A (see §B.1]). In fact it is easy to see that they are equivalent.

Conjecture 2. Let X be the flag manifold for SL(n) and let X,, be the Schubert
variety of SL(n) which corresponds to the element w of the Weyl group W. Then
the singular support of "Cy,, is irreducible.

In the next section we construct a counterexample of Problem 1 for a graph of type

A.

7. COUNTEREXAMPLE TO PROBLEM 1

7.1. In this and the next section we assume that the underlying graph is of type A.

Let us take v € _ and V € V,. Let Og be a Gy-orbit in Eyg. As the underlying
graph is of type A, Eyvg has finitely many Gy-orbits. By [LJ] we know that there
is one-to-one correspondence between Gy-orbits O in Ey g between the crystal basis
b € B(oo) of Uy (g) of weight v by Ay = T5Ey,q. For b € B(oo), we denote by Oy q
the corresponding G'y-orbit. The next theorem is due to Lusztig (See [L].).

Theorem 7.1.1. Let b € B(oo). Then we have
Lyg ="Co,,
where Com is the constant sheaf on Oy q and 7 is the minimal extension functor.

Note that SS(Lygq) depends only on b € B(oo) and not on  (cf. Theorem [.2.1]).

7.2. In the rest of the section, we shall present a counterexample of Problem 1 when
the underlying graph is of type As. Let us take a graph of type As and its orientation
Q as follows;



GEOMETRIC CONSTRUCTION OF CRYSTAL BASES 19

V= 3123 fif3 132 fitue. Then the following points By and B of Ey g are in Oy g
and Oy g, respectively.

1 0 0 0
1 00 0 01 00
(Bo)ﬂ_(o 01 0)’(30)72_ 000 0]
0 0 01

1 00 0 0 0

01 00 1 0

(BO)TS_ 001 0 7(B0)7'4_ 0 0l

0000 0 1
1 0 0 0
o foo 10y, _|lo1o0o0
e P RN PR
00 00

1 00 0 0 0

o lo1o00 oo

(BO)TS_ 0O 0 0 0 7(B0)7'4_ 1 0

0000 0 1

Now we can state a counterexample of Conjecture 1.

Theorem 7.2.1.
SS(W(CO@Q) DAy U Ay

Remark 1. In fact, although we don’t give a proof (relying on Lemmas B.2.1] and

R.2.2)), they coincide.

Let U be the subvariety of Eyqo consisting of elements B = (B;,, Bs,, B, Br,) €
Ev g of the form B :(X ]) B, = Ly Yy B, = Ly 2y and B,, = 0

V,Q n 1, 12), Dr, 0, Y, P 0, 7, 4 I
1 0
0 1

Let M be the complex vector space of (A;);ez/az Where each A; is a 2 x 2-matrix,
let S be the closed subvariety of M consisting all elements such that A;;1A; = 0
and rank(A;) <1 and let S be the subvariety of M consisting of elements such that
Ais1A; =0 and rank(A;) = 1. It is clear that S is the closure of S.

where [, = ) and X1, Y7, Y5, Z;1, Z, are 2 x 2-matrices.

Lemma 7.2.2. (1) OponU =5,
(2) OpaNU ={By} and Oy g and U intersect transversally.
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Proof. Let us prove (1). B = (B, B;,, B+, Br,) € Oy oNU is characterized following
properties;
(i) rank B, = rank(Xy, 1) = 2,
(ii) rank B, B, = rank(Xy,X;Y1 + Y3) =1,
(iii) rank B, By, By, = rank( X1, X171 + (X1Y1 + Y32)7Z,) = 1,
(iv) rank B, By, B,, B, = rank (X1Z; + (X1Y1 + Y2) ) = 0,
_ [27 1/1 _
(v) rank B,, = rank (07 1/2) =3,

Ly, 7y +le2) _y

(vi) rank B, B;, = rank 0 Y, Z,

(vii) rank B;, B, B;, = rank (Zl + YIZQ) =1,

Y22,

- L. 74\
(viii) rank B,, = rank (07 Zz) =3,

(ix) rank By, B;, = rank (Zl) =1,
Zy

(x) rank B,, = (0) = 2.
I,

Set 7, = Z,+ Y1 Zs. By a direct calculation, we conclude that Oy oMU is isomorphic
to the set of (Xy, Y3, 71, Z3) such that

rank X; = rank Y, = rank 7, = rank Z, = 1,

(cof Y2) Xy = X1 2y = Yy Zy = Zy(cof Zy) = 0.
Here we denote the cofactor of A by cof A. This proves (1).
The similar arguments yield (2). O
To see Theorem 7.2.1, it is enough to show that
(7.2.1) SS("Cs) is not an irreducible variety.

Let Bgja—ss be the D-module of the delta function on S in M — 9.5 where 95 =
S — S. By the Riemann-Hilbert correspondence, (7.2.1) is equivalent to

(7.2.2) SS("Bsim—ss) is not an irreducible variety.

7.3. In this subsection we shall prove (7.2.2).

Assuming that SS("Bgsj—as) = TiM, we shall deduce a contradiction.

We denote by I+ the Fourier transformation functor. Then there is an isomorphism
FoT(M;9m) — T(M*;79) such that /o x; = 0, 0 I, etc.. Here M is a D-module

on M, z; is a local coordinate of M and §; is the corresponding dual coordinate.
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According to [KS] we have
SS("Bspr-as) = SS(F Bsjr-as)

under the identification T"M = T*M* where M* is the dual space of M. On the
other hand, it is known that

SUPP(FWleM—as) = SS(FWB&M_@S) Ny M™.
Set S* = supp(FWBSW_aS). Then S* is the polar variety of S, i.e.

S* =TeM N T} M* C M.

Let (A;) € M and let A; = i yi' for ¢ € Z/4Z. We note that x;, y;, z;, w; are

Z; Wy

coordinates of M. Let &, n;, (i, p; be the corresponding dual coordinates of M*. Set

N P

By an easy calculation, we see that S* is the variety of (A})icz/az € M* such that
two eigenvalues of the 2 x 2-matrix A7A3A5A; coincide. That is,

St={(A7) e M™; =0}

011 012
01 022
Hence SS(FWBS|M_QS) is an irreducible Djss-module supported on S*. There is a
(C*)* x GL(C?*)*action on M, by which ((¢;),(g:)) € (C)* x GL(C*)* sends (A;)
to (¢;igiz1Aigi"). Then S is invariant by this action and hence "Bsim—as is (C*)* x
GL(C?)*-equivariant. Hence its Fourier transform FWBS|M_35 is also (C*)* x GL(C?*)*-
equivariant.

Let S% be a unique open (C*)* x GL(C*)*-orbit of S*. Then its isotropy subgroup
1s connected. Since supp(FWBSW_aS) = 5™ and FWBS|M_35 is irreducible, we have

where f = (0171 — 0272)2 + 401720271 with ( ) = ATA;A;;AZ

" Bsim—os = "(Bsppve—asy @ L)

where L is an irreducible (C*)* x GL(C?)*-equivariant local system on Sg. As the

isotropy subgroup of Sg is connected, any irreducible (C*)* x GL(C?)*-equivariant

local system on S; must be trivial. Therefore we have FWBS|M_35 = ”BS§|M*_35§.
The next result is due to Barlet-Kashiwara [BK].

Proposition 7.3.1 (Barlet-Kashiwara). (1) "B me—asy C On<[1/f]]On=.
(2) g—gﬁ(f) € "B ar—os: where §(f) =1/f mod Op+ is the delta function.
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Since Proposition 7.3.1, supp =10, f)6(f) C S and det A; vanishes on S, Hilbert-
Nullstellensatz guarantees the existence of a positive integer m such that

m
T, Y
Z; Ww;

(@ f)o(f)) = 0.

Applying the Fourier transformation, we have

afi aCi "

(7.3.1) Oy, O, (9e, [)O(f) = 0.

On the other hand, a direct calculation leads

0 7 B D)IVE) = (k= 2)d(, S

where d = det(Af A7, AT, 5). As d is a polynomial free from &, ¢, ns, pi, we get

m—1

(0:.13() =TT (4k = 2))d" (.13 ().

k=0

afi aCi
am api

Since k is a integer, the right hand side never vanishes. This contradicts (7.3.1).
Thus we complete the proof of Theorem [[.2.].

8. RELATION WITH SCHUBERT CELLS

8.1. We consider the Dynkin diagram of type As,_; and take its orientation y as
follows:

T1 2 To T2n—2 2n0_1

QO; O% — -

Let vy = 377 —vg(i)a; where vg(i) =4 (for 1 <7< n),=2n—1 (forn <i <
2n — 1) and let V; € V,,,.

Let us set
E‘h/ ={B € Ev,q,; B, is injective for 1 <i <n—1 and surjective n < i < 2n—2}.

It 1s clear that E‘h/ 1s Gly-invariant.

Let G’ be G L(n, C) B a Borel subgroup of G, W the Weyl group of G and X = G/B
the flag variety. We set X,, = BwB/B (w € W). Then X = ||,,ew Xu gives a cellular
decomposition of X.

The decomposition of X x X to G-orbits is given by X x X = ||,cw Y, with
Y, = G- ({eB} x X,,). Then, the following two conditions are equivalent:

(8.1.1) SS("Cx,, ) is an irreducible variety.

(8.1.2) SS("Cy, ) is an irreducible variety.
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We have a G-equivariant isomorphism
By /1] GL(Vaj) = X x X.
J#n
Therefore there is a one-to-one correspondence between G-orbits of X x X and Gy,,-

orbits of E‘h/cl. Let us denote by O, q, the Gy ,-orbit of E‘h/cl corresponding to Y.
Then we have

(8.1) The irreducibility of SS("Cx,, ) is equivalent to that of SS("Co,, ,, ).

8.2. For an orientation € we say that ¢ € [ is sink (resp. source) of € if there is no
arrow ¢ — j (resp. 7 — 1) in €.

Lemma 8.2.1. (1) Let b € B(co). If SS(Lia) D A, then g,(b) < &,(b') for any
1e 1.
(2) If e;(b) = ;(b), then the condition SS(Lyq) D Ay is equivalent to

SS(L@;nax b,Q) D) Aé;nax bl
Proof. (1) is already seen in Theorem [5.2.9. Let us prove (2). Let us choose an

orientation € such that ¢ is a sink. Set v = wt(b), m = ¢;(b) and v = v + mo;. Let
Z be the subvariety of Ey(,)q consisting of B such that
S VY)our = V()i

TEN
in(7)=1

has cokernel of dimension m. Similarly let ¥ be the subvariety of Ey ;) q consisting
of B such that
T@ﬂ V(P)out(r) = VI(P)i
in(7)=1
is surjective.

Then there is a GL(V(v);)-bundle p : Z7 — Y. Then Ogmpq and Ogmp g are

contained in Y, and
Opa =p (Ogmaxyg) and Opg = p~ ' (Ogmaxyq).
This shows immediately (2). O

For an orientation €, let s,Q (¢ € I) be the orientation obtained from £ by reversing
each arrow that ends or starts at 1.

We define a map S; : {b € B(co); e;(b) = 0} — {b € B(co); er(b) = 0} by
Si(b) = ffi (b)éfmax b. Then S; is bijective. Note that wt(.5;(b)) = s;(wt(b)) (see [S]).
Here s; is the simple reflection.

Lemma 8.2.2. Assume that b,b' € B(co) has the same weight and that i € I satisfies
gi(b) = ,(b') = 0. Then the following two conditions are equivalent;

(1) SS(L[LQ) D) Ab’;
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(2) SS(Ls,p),s0) D As; vy

Proof. We choose an orientation § such that i is a sink. Set v = wt(b). Set V = V(v)
and V = V(siv)

Let 7 ={B € Eygq; Dreqiin(r)=i Vour(r) — Vi 18 surjective.}. It is clear that Z is
an open subvariety of Ey g and contains both Oy g and Oy . The group GL(V;) acts
freely on Z. Let m: Z — Z/GL(V;) be the projection.

Let 7 = {B € Fy,a: Vi = Sresitout(n)=i Vm(T) is injective} and let 7 : 7 —
Z/GL( ;) be the natural projection.

We define a map Z : Z/GL(V;) — Z/GL(V;) as follows. We fix isomorphisms

V; ~ Vi (j #1). For B € Z, we take an isomorphism V; ~ Ker (@in(T):iVout(T) — Vi).

Then define B = =(B) by: for 7 € s, B, is B, if out(r) # i, and B; is the

composition

Ker ( & Vous(ry — W) — d Vour(ry = Vous(r)

T'eQ;in(7)=1 T'€s;Q;in(7")=1

Vi

I

if out(7) = 1.
It is easy to see that = is well-defined and an isomorphism. There are b and

' € B(oo) such that
(05 0) = E(m(Ovg)) and 7(0; ) = Z(7(Ova))-
Then the equivalence of (1) and (2) is reduced to
(8.2) b= Si(b) and ¥ = S;(¥).
In order to see this, set V = V(v + ma;) and take a generic point B of A,. Then
} Vi if j i
Vi~ Im( . Vi) 225 v, 122, e Vinm) =
in(7)=¢ out(7’)=2

gives a point B of Xy . It is easy to see that B is a generic point of €™ b and also
a generic point of €™ b. Hence we have €™ b = ¢}, and (B.2) follows. [

8.3. Only by using Lemma and we can show

Proposition 8.3.1. Conjecture 2 is true for 1 <n <7.

In fact we used a computer to check this.
There is a counterexample in the n = 8 case derived by the counterexample in

Theorem [[.2.1].
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Example 8.3.1. Let

W = 851535954535554535251565756555453 and

!
w = 51535453555453S57.

Here {s;};c; are the standard generators of symmetric group. Then we have

S5("Co,0,) = 15, 5 Eviao U TS, Eva,.

This singularity is also realized by a partial flag manifold as follows. Let X' be the
set of flags {F;} of C* with 0 = Fy C Fy C I, C F3C Fy = C® and dim F; = 25 (
J=1,2,3). Set Z = X' x X' ={(F,F') € X' x X'}. Let Z; be the SL(8)-orbit of
7 given by the following table of dim Gr! GrJF/:

Nl 12 3 4
1|1 0 1 0
2 10 1 0 1
3 /1 0 1 0
410 1 0 1

and Z, is given by

Nl 12 3 4
12 0 0 0
2 00 0 2 0
300 2 0 0
410 0 0 2

Then Y, (resp. Y, ) is the inverse image of Z; (resp. Z3) by the canonical morphism
X x X — X’ x X'. Hence the characteristic variety of the intersection cohomology
sheaf of Z; contains the conormal bundle of Z5. The singularity of Z; at Z, is the
same as the one of the counterexample in Theorem [[.2.1].
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